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MODERN CONTROL SYSTEMS—THE BOOK 


The Mars Exploration Rover (MER-A), also known as Spirit, was launched on a 
Delta II rocket, in June 2003 to Mars, the Red Planet. Spirit entered the Martian 
atmosphere seven months later in January, 2004. When the spacecraft entered the 
Martian atmosphere it was traveling 19,300 kilometers per hour. For about four 
minutes in the upper atmosphere, the spacecraft aeroshell decelerated the vehicle to 
a velocity of 1,600 kilometers per hour. Then a parachute was deployed to slow the 
spacecraft to about 300 kilometers per hour. At an altitude of about 100 meters, 
retrorockets slowed the descent and airbags were inflated to cushion the shock of 
landing. The Spirit struck the Martian ground at around 50 km/hr and bounced and 
rolled until it stopped near the target point in the Gusev Crater. The target landing 
site was chosen because it looks like a crater lakebed. The Spirit mobile rover has 
reached interesting places in the Gusev Crater to perform in-situ tests to help scien- 
tists answer many of the lingering questions about the history of our neighbor planet. 
In fact, Spirit discovered evidence of an ancient volcanic explosion near the landing 
site in Gusev Crater. The successful entry, descent, and landing of Spirit is an aston- 
ishing illustration of the power of control systems. Given the large distances to Mars, 
it is not possible for a spacecraft to fly through the atmosphere while under ground 
control—the entry, descent, and landing must be controlled autonomously on-board 
the spacecraft. Designing systems capable of performing planetary entry is one of 
the great challenges facing control system engineers. 

The precursor NASA Mars mission, known as the Mars Pathfinder, also jour- 
neyed to the Red Planet and landed on July 4, 1997. The Pathfinder mission, one of 
the first of the NASA Discovery-class missions, was the first mission to land on Mars 
since the successful Viking spacecraft in the 1970s. Pathfinder deployed the first- 
ever autonomous rover vehicle, known as the Sojourner, to explore the landing site 
area. The mobile Sojourner had a mass of 10.5 kilograms and traveled a total of 100 
meters (never straying more than 12 meters or so from the lander) in its 30-day mis- 
sion. By comparison, the Spirit rover has a mass of 180 kilograms and is designed to 
roam about 40 meters per day. Spirit has spent four years exploring Mars and has 
driven over 7 kilometers. The fast pace of development of more capable planetary 
rovers is evident. Plans for the Mars Science Laboratory planetary rover (scheduled 
for launch in 2009) call for a 1000-kilogram rover with a mission duration of 500 
days and the capability to traverse 30 kilometers over the mission lifetime. 

Control engineers play a critical role in the success of the planetary exploration 
program. The role of autonomous vehicle spacecraft control systems will continue to 
increase as flight computer hardware and operating systems improve. Pathfinder 
used a commercially produced, multitasking computer operating system hosted in a 
32-bit radiation-hardened workstation with 1-gigabyte storage, programmable in C. 


xiii 


xiv 


Preface 


This was quite an advancement over the Apollo computers, which had a fixed (read- 
only) memory of 36,864 words (one word was 16 bits) together with an erasable 
memory of 2,048 words. The Apollo “programming language” was a pseudocode no- 
tation encoded and stored as a list of data words “interpreted” and translated into a 
sequence of subroutine links.'The MER computer in the Spirit rover utilizes a 32- 
bit Rad 6000 microprocessor operating at a speed of 20 million instructions per sec- 
ond. This is a radiation-hardened version of the PowerPC chip used in many 
Macintosh computers. The on-board memory includes 128 megabytes of random ac- 
cess memory, 256 megabytes of flash memory, and smaller amounts of other non- 
volatile memory to protect against power-off cycles so that data will not be 
unintentionally erased. The total memory and power of the MER computers is ap- 
proximately the equivalent memory of a typical powerful laptop. As with all space 
mission computers, the Spirit computer contains special memory to tolerate the 
extreme radiation environment from space. Interesting real-world problems, such as 
planetary mobile rovers like Spirit and Sojourner, are used as illustrative examples 
throughout the book. For example, a mobile rover design problem is discussed in 
the Design Example in Section 4.8. 

Control engineering is an exciting and a challenging field. By its very nature, 
control engineering is a multidisciplinary subject, and it has taken its place as a 
core course in the engineering curriculum. It is reasonable to expect different 
approaches to mastering and practicing the art of control engineering. Since the 
subject has a strong mathematical foundation, we might approach it from a strictly 
theoretical point of view, emphasizing theorems and proofs. On the other hand, 
since the ultimate Objective is to implement controllers in real systems, we might 
take an ad hoc approach relying only on intuition and hands-on experience when 
designing feedback control systems. Our approach is to present a control engi- 
neering methodology that, while based on mathematical fundamentals, stresses 
physical system modeling and practical control system designs with realistic system 
specifications. 

We believe that the most important and productive approach to learning is for 
each of us to rediscover and re-create anew the answers and methods of the past. 
Thus, the ideal is to present the student with a series of problems and questions and 
point to some of the answers that have been obtained over the past decades. The tra- 
ditional method—to confront the student not with the problem but with the finished 
solution—is to deprive the student of all excitement, to shut off the creative 
impulse, to reduce the adventure of humankind to a dusty heap of theorems. The 
issue, then, is to present some of the unanswered and important problems that we 
continue to confront, for it may be asserted that what we have truly learned and 
understood, we discovered ourselves. 

The purpose of this book is to present the structure of feedback control theory 
and to provide a sequence of exciting discoveries as we proceed through the text 
and problems. If this book is able to assist the student in discovering feedback con- 
trol system theory and practice, it will have succeeded. 


1For further reading on the Apollo guidance, navigation, and control system, see R. H. Battin, An Introduc- 
tion to the Mathematics arad Methods of Astrodynamics, ALAA Education Series, J. S. Pzemieniecki/Series 
Editor-in-Chief, 1987. 
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This text is designed for an introductory undergraduate course in control systems for 
engineering students. There is very little demarcation between aerospace, chemical, 
electrical, industrial, and mechanical engineering in control system practice; there- 
fore, this text is written without any conscious bias toward one discipline. Thus, it is 
hoped that this book will be equally useful for all engineering disciplines and, per- 
haps, will assist in illustrating the utility of control engineering. The numerous prob- 
lems and examples represent all fields, and the examples of the sociological, 
biological, ecological, and economic control systems are intended to provide the 
reader with an awareness of the general applicability of control theory to many 
facets of life. We believe that exposing students of one discipline to examples and 
problems from other disciplines will provide them with the ability to see beyond 
their own field of study. Many students pursue careers in engineering fields other 
than their own. For example, many electrical and mechanical engineers find them- 
selves in the aerospace industry working alongside aerospace engineers. We hope this 
introduction to control engineering will give students a broader understanding of 
control system design and analysis. 

In its first ten editions, Modern Control Systems has been used in senior-level 
courses for engineering students at more than 400 colleges and universities. It also 
has been used in courses for engineering graduate students with no previous back- 
ground in control engineering. 


THE ELEVENTH EDITION 


By 


A companion website is available to students and faculty using the eleventh edition. 
The website contains practice exercises, all the m-files in the book, Laplace and 
z-transform tables, written materials on matrix algebra, complex numbers, and sym- 
bols, units, and conversion factors. An icon will appear in the book margin whenever 
there is additional related material on the website. Also, since the website provides 
a mechanism for continuously updating and adding control-related materials of 
interest to students and professors, it is advisable to visit the website regularly dur- 
ing the semester or quarter when taking the course. The MCS website address is 
http://www.prenhall.com/dorf. 

With the eleventh edition, we continue to evolve the design emphasis that histori- 
cally has characterized Modern Control Systems. Using the real-world engineering 
problems associated with designing a controller for a disk drive read system, we pre- 
sent the Sequential Design Example (identified by an arrow icon in the text), which is 
considered sequentially in each chapter using the methods and concepts in that chap- 
ter. Disk drives are used in computers of all sizes and they represent an important ap- 
plication of control engineering. Various aspects of the design of controllers for the disk 
drive read system are considered in each chapter. For example, in Chapter 1 we identify 
the control goals, identify the variables to be controlled, write the control specifications, 
and establish the preliminary system configuration for the disk drive. Then, in Chapter 2, 
we obtain models of the process, sensors, and actuators. In the remaining chapters, we 
continue the design process, stressing the main points of the chapters. 
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In the same spirit as the Sequential Design Example, we present a design prob- 
lem that we call the Continuous Design Problem (identified by a triple arrow icon in 
the text) to give students the opportunity to build upon a design problem from 
chapter to chapter. High-precision machinery places stringent demands on table 
slide systems. In the Continuous Design Problem, students apply the techniques and 
tools presented in each chapter to the development of a design solution that meets 
the specified requirements. 





The computer-aided design and analysis component of the book continues to 
evolve and improve. The end-of-chapter computer problem set is identified by the 
graphical icon in the text. Also, many of the solutions to various components of 
the Sequential Design Example utilize m-files with corresponding scripts included 
in the figures. 


The book is organized around the concepts of control system theory as they have 
been developed in the frequency and time domains. An attempt has been made to 
make the selection of topics, as well as the systems discussed in the examples and 
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problems, modern in the best sense. Therefore, this book includes discussions on 
robust control systems and system sensitivity, state variable models, controllability 
and observability, computer control systems, internal model control, robust PID con- 
trollers, and computer-aided design and analysis, to name a few. However, the classi- 
cal topics of control theory that have proved to be so very useful in practice have 
been retained and expanded. 


Building Basic Principles: From Classical to Modern. Our goal is to present a clear 
exposition of the basic principles of frequency- and time-domain design techniques. 
The classical methods of control engineering are thoroughly covered: Laplace trans- 
forms and transfer functions; root locus design; Routh-Hurwitz stability analysis; 
frequency response methods, including Bode, Nyquist, and Nichols; steady-state 
error for standard test signals; second-order system approximations; and phase and 
gain margin and bandwidth. In addition, coverage of the state variable method is 
significant. Fundamental notions of controllability and observability for state vari- 
able models are discussed. Full state feedback design with Ackermann’s formula for 
pole placement is presented, along with a discussion on the limitations of state vari- 
able feedback. Observers are introduced as a means to provide state estimates when 
the complete state is not measured. 

Upon this strong foundation of basic principles, the book provides many oppor- 
tunities to explore topics beyond the traditional. Advances in robust control theory 
are introduced in Chapter 12. The implementation of digital computer control sys- 
tems is discussed in Chapter 13. Each chapter (but the first) introduces the student 
to the notion of computer-aided design and analysis. The book concludes with an 
extensive references section, divided by chapter, to guide the student to further 
sources of information on control engineering. 


Progressive Development of Problem-Solving Skills. Reading the chapters, attending 
lectures and taking notes, and working through the illustrated examples are all part of 
the learning process. But the real test comes at the end of the chapter with the prob- 
lems. The book takes the issue of problem solving seriously. In each chapter, there are 
five problem types: 


U Exercises 
Problems 
Advanced Problems 


DOC 


Design Problems 
2 Computer Problems 


For example, the problem set for The Root Locus Method, Chapter 7 (see page 
407) includes 27 exercises, 39 problems, 13 advanced problems, 13 design problems, 
and 9 computer-based problems. The exercises permit the students to readily utilize 
the concepts and methods introduced in each chapter by solving relatively straight- 
forward exercises before attempting the more complex problems. Answers to one- 
third of the exercises are provided. The problems require an extension of the 
concepts of the chapter to new situations. The advanced problems represent prob- 
lems of increasing complexity. The design problems emphasize the design task; the 
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computer-based problems give the student practice with problem solving using 
computers. In total, the book contains more than 800 problems. Also, the MCS web- 
site contains practice exercises that are instantly graded, so they provide quick feed- 
back for students. The abundance of problems of increasing complexity gives 
students confidence in their problem-solving ability as they work their way from the 
exercises to the design and computer-based problems. A complete instructor manual, 
available for all adopters of the text for course use, contains complete solutions to 
all end-of-chapter problems. 

A set of m-files, the Modern Control Systems Toolbox, has been developed by 
the authors to supplement the text. The m-files contain the scripts from each com- 
puter-based example in the text. You may retrieve the m-files from Prentice Hall at 
http://www.prenhall.com/dorf. 


Design Emphasis without Compromising Basic Principles. The all-important topic 
of design of real-world, complex control systems is a major theme throughout the 
text. Emphasis on design for real-world applications addresses interest in design by 
ABET and industry. 

The design process consists of seven main building blocks which we arrange 
into three groups: 


1. Establishment of goals and variables to be controlled, and definition of 
specifications (metrics) against which to measure performance 

2. System definition and modeling 

3. Control system design and integrated system simulation and analysis 


In each chapter of this book, we highlight the connection between the design 
process and the main topics of that chapter. The objective is to demonstrate differ- 
ent aspects of the design process through illustrative examples. Various aspects of 
the control system design process are illustrated in detail in the following examples: 


2 insulin delivery control system (Section 1.8, page 27) 


Q fluid flow modeling (Section 2.8, page 83) 

Q space station orientation modeling (Section 3.8, page 176) 

3 blood pressure control during anesthesia (Section 4.8, page 237) 
2 attitude control of an airplane (Section 5.9,page 319) 

a robot-controlled motorcycle (Section 6.5, page 375) 

I automobile velocity control (Section 7.7, page 452) 

2 control of one leg of a six-legged robot (Section 8.6, page 526) 
Q hot ingot robot control (Section 9.8,page 610) 

Q milling machine control system (Section 10.12, page 714) 

3 diesel electric locomotive control (Section 11.9, page 798) 

U digital audio tape controller (Section 12.8, page 861) 

Q fly-by-wire aircraft control surface (Section 13.10, page 928) 
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B Topics emphasized in this example 






Shading indicates the 
topics that are emphasized 

in each chapter. Some chapters 
will have many shaded blocks, 


and other chapters will emphasize 


just one or two topics. 















Establish the control goals 








Identify the variables to be controlled | 











Write the specifications 


actuator, and the sensor 


parameters to be adjusted 


Optimize the parameters and 
analyze the performance 


If the performance does not meet the 
specifications, then iterate the configuration. 







Establish the system configuration 


Obtain a model of the process, the 










Describe a controller and select key 
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In this column remarks 
relate the design topics on 
the left to specific sections, 
figures, equations, and tables 
in the example. 


| 


(1) Establishment of goals, 
variables to be controlled, 
and specifications. 


(2) System definition 
and modeling. 


(3) Control system design, 
simulation, and analysis. 


If the performance meets the specifications, 
then finalize the design. 


Each chapter includes a section to assist students in utilizing computer-aided 
design and analysis concepts and rework many of the design examples. In Chapter 5, 
the Sequential Design Example: Disk Drive Read System is analyzed using computer- 
based methods. An m-file script that can be used to analyze the design is presented in 
Figure 5.47, p. 335. In general, each script is annotated with comment boxes that 
highlight important aspects of the script. The accompanying output of the script 
(generally a graph) also contains comment boxes pointing out significant elements. 
The scripts can also be utilized with modifications as the foundation for solving 


other related problems. 
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Kengo, <——__ssest | 
t=[0:0.01:1]; 

ne=[Ka*5];de=[1]; sysc=tf(nc,dc); 
ng=[1];dg=[1 20 0]; sysg=tt(ng,dg); 
sys1=series(sysc,sysq); 
sys=feedback(sys1, [1]); 
y=slep(sys,t); 

plot(ty), grid 
xlabel(‘Time (s)') 
ylabel('y(t)’) 


Compute the 
m— closed-loop 
transfer function. 














(a) 








0 01 02 03 04 OS 06 07 08 09 1 
Time (s) 


(b) 


Learning Enhancement. Each chapter begins with a chapter preview describing 
the topics the student can expect to encounter. The chapters conclude with an 
end-of-chapter summary, as well as terms and concepts. These sections reinforce 
the important concepts introduced in the chapter and serve as a reference for 
later use. 

A second color is used to add emphasis when needed and to make the graphs 
and figures easier to interpret. Design Problem 4.4, page 217, asks the student to de- 
termine the value of K of the controller so that the response, denoted by Y(s), toa 
step change in the position, denoted by R(s), is satisfactory and the effect of the dis- 
turbance, denoted by T,(s), is minimized. The associated Figure DP4.4, p. 272, assists 
the student with (a) visualizing the problem and (b) taking the next step to develop 
the transfer function model and to complete the design. 
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THE ORGANIZATION 


Chapter 1 Introduction to Control Systems. Chapter 1 provides an introduction to 
the basic history of control theory and practice. The purpose of this chapter is to 
describe the general approach to designing and building a control system. 


Chapter 2 Mathematical Models of Systems. Mathematical models of physical sys- 
tems in input-output or transfer function form are developed in Chapter 2. A wide 
range of systems (including mechanical, electrical, and fluid) are considered. 


Chapter 3 State Variable Models. Mathematical models of systems in state vari- 
able form are developed in Chapter 3. Using matrix methods, the transient response 
of control systems and the performance of these systems are examined. 


Chapter 4 Feedback Control System Characteristics. The characteristics of feed- 
back control systems are described in Chapter 4. The advantages of feedback are 
discussed, and the concept of the system error signal is introduced. 
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Chapter 5 The Performance of Feedback Control Systems. In Chapter 5, the per- 
formance of control systems is examined. The performance of a control system is 
correlated with the s-plane location of the poles and zeros of the transfer function of 
the system. 


Chapter 6 The Stability of Linear Feedback Systems. The stability of feedback sys- 
tems is investigated in Chapter 6. The relationship of system stability to the charac- 
teristic equation of the system transfer function is studied. The Routh-Hurwitz 
stability criterion is introduced. 


Chapter 7 The Root Locus Method. Chapter 7 deals with the motion of the 
roots of the characteristic equation in the s-plane as one or two parameters are var- 
ied. The locus of roots in the s-plane is determined by a graphical method. We also 
introduce the popular PID controller. 


Chapter 8 Frequency Response Methods. In Chapter 8, a steady-state sinusoid 
input signal is utilized to examine the steady-state response of the system as the fre- 
quency of the sinusoid is varied. The development of the frequency response plot, 
called the Bode plot, is considered. 


Chapter 9 Stability in the Frequency Domain. System stability utilizing frequency 
response methods is investigated in Chapter 9. Relative stability and the Nyquist 
criterion are discussed. 


Chapter 10 The Design of Feedback Control Systems. Several approaches to de- 
signing and compensating a control system are described and developed in Chapter 
10. Various candidates for service as compensators are presented and it is shown 
how they help to achieve improved performance. 


Chapter 11 The Design of State Variable Feedback Systems. The main topic of 
Chapter 11 is the design of control systems using state variable models. Full-state 
feedback design and observer design methods based on pole placement are dis- 
cussed. Tests for controllability and observability are presented, and the concept of 
an internal model design is discussed. 


Chapter 12 Robust Control Systems. Chapter 12 deals with the design of highly 
accurate control systems in the presence of significant uncertainty. Five methods for 
robust design are discussed, including root locus, frequency response, ITAE meth- 
ods for robust PID controllers, internal models, and pseudo-quantitative feedback. 


Chapter 13 Digital Control Systems. Methods for describing and analyzing the 
performance of computer control systems are described in Chapter 13. The stability 
and performance of sampled-data systems are discussed. 


Appendixes. The appendixes are as follows: 


A MATLAB Basics 
B MathScript Basics 
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PREVIEW 


In this chapter, we discuss open- and closed-loop feedback control systems. A con- 
trol system consists of interconnected components to achieve a desired purpose. We 
examine examples of control systems through the course of history. These early sys- 
tems incorporated many of the same ideas of feedback that are employed in modern 
manufacturing processes, alternative energy, complex hybrid automobiles, and so- 
phisticated robots. A design process is presented that encompasses the establish- 
ment of goals and variables to be controlled, definition of specifications, system 
definition, modeling, and analysis. The iterative nature of design allows us to handle 
the design gap effectively while accomplishing necessary trade-offs in complexity, 
performance, and cost. Finally, we introduce the Sequential Design Example: Disk 
Drive Read System. This example will be considered sequentially in each chapter of 
this book. It represents a very important and practical control system design problem 
while simultaneously serving as a useful learning tool. 


DESIRED OUTCOMES 
Upon completion of Chapter 1, students should: 


Q Possess a basic understanding of control system engineering and be able to offer 
some illustrative examples and their relationship to key contemporary issues. 


2 Be able to recount a brief history of control systems and their role in society. 


Q Be capable of discussing the future of controls in the context of their evolution- 
ary pathways. 


. Recognize the elements of control system design and possess an appreciation of 
controls in the context of engineering design. 
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1.1 INTRODUCTION 


FIGURE 1.1 
Process to be 
controlled. 


FIGURE 1.2 
Open-loop control 
system (without 
feedback). 


Engineering is concerned with understanding and controlling the materials and 
forces of nature for the benefit of humankind. Control system engineers are con- 
cerned with understanding and controlling segments of their environment, often 
called systems, to provide useful economic products for society. The twin goals of 
understanding and controlling are complementary because effective systems con- 
trol requires that the systems be understood and modeled. Furthermore, control en- 
gineering must often consider the control of poorly understood systems such as 
chemical process systems. The present challenge to control engineers is the model- 
ing and control of modern, complex, interrelated systems such as traffic control sys- 
tems, chemical processes, and robotic systems. Simultaneously, the fortunate 
engineer has the opportunity to control many useful and interesting industrial au- 
tomation systems. Perhaps the most characteristic quality of control engineering is 
the opportunity to control machines and industrial and economic processes for the 
benefit of society. 

Control engine ering is based on the foundations of feedback theory and linear 
system analysis, and it integrates the concepts of network theory and communica- 
tion theory. Therefore control engineering is not limited to any engineering disci- 
pline but is equally applicable to aeronautical, chemical, mechanical, environmental, 
civil, and electrical engineering. For example, a control system often includes elec- 
trical, mechanical, and chemical components. Furthermore, as the understanding of 
the dynamics of business, social, and political systems increases, the ability to control 
these systems will also increase. 

A control system is an interconnection of components forming a system configu- 
ration that will provide a desired system response. The basis for analysis of a system 
is the foundation provided by linear system theory, which assumes a cause-effect re- 
lationship for the components of a system. Therefore a component or process to be 
controlled can be represented by a block, as shown in Figure 1.1. The input-output 
relationship represents the cause-and-effect relationship of the process, which in turn 
represents a processing of the input signal to provide an output signal variable, often 
with a power amplification. An open-loop control system uses a controller and an ac- 
tuator to obtain the desired response, as shown in Figure 1.2. An open-loop system is 
a system without feedback. 


An open-loop control system utilizes an actuating device to control the process 
directly without using feedback. 


Input Output 


Desired output 


Controller Actuator Process Output 
response 





FIGURE 1.3 
Closed-loop 
feedback control 
system (with 
feedback), 
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Sensor 
Measurement output Feedback 


Tn contrast to an open-loop control system, a closed-loop control system utilizes 
an additional measure of the actual output to compare the actual output with the 
desired output response. The measure of the output is called the feedback signal. A 
simple closed-loop feedback control system is shown in Figure 1.3. A feedback con- 
trol system is a control system that tends to maintain a prescribed relationship of 
one system variable to another by comparing functions of these variables and using 
the difference as a means of control. With an accurate sensor, the measured output 
is a good approximation of the actual output of the system. 

A feedback control system often uses a function of a prescribed relationship be- 
tween the output and reference input to control the process. Often the difference 
between the output of the process under control and the reference input is amplified 
and used to control the process so that the difference is continually reduced. In gen- 
eral, the difference between the desired output and the actual output is equal to the 
error, which is then adjusted by the controller. The output of the controller causes the 
actuator to modulate the process in order to reduce the error. The sequence is such, 
for instance, that if a ship is heading incorrectly to the right, the rudder is actuated to 
direct the ship to the left. The system shown in Figure 1.3 is a negative feedback con- 
trol system, because the output is subtracted from the input and the difference is 
used as the input signal to the controller. The feedback concept has been the founda- 
tion for control system analysis and design. 
















Error, Actual 


output 





Desired output 
response 








A closed-loop control system uses a measurement of the output and feedback of 
this signal to compare it with the desired output (reference or command). 


Due to the increasing complexity of the system under control and the interest in 
achieving optimum performance, the importance of control system engineering has 
grown in the past decade. Furthermore, as the systems become more complex, the in- 
terrelationship of many controlled variables must be considered in the control 
scheme. A block diagram depicting a multivariable control system is shown in 
Figure 1.4. 

A common example of an open-loop control system is a microwave oven set to 
operate for a fixed time. An example of a closed-loop control system is a person 
steering an automobile (assuming his or her eyes are open) by looking at the auto’s 
location on the road and making the appropriate adjustments. 

The introduction of feedback enables us to control a desired output and can im- 
prove accuracy, but it requires attention to the issue of stability of response. 
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FIGURE 1.4 Multivariable control system. 


1.2 BRIEF HISTORY OF AUTOMATIC CONTROL 


FIGURE 1.5 
Watt's flyball 
governor. 


The use of feedback to control a system has a fascinating history. The first applications of 
feedback control appeared in the development of float regulator mechanisms in Greece 
in the period 300 to 1 B.C. [1, 2, 3]. The water clock of Ktesibios used a float regulator 
(refer to Problem 1.11). An oil lamp devised by Philon in approximately 250 B.C. used a 
float regulator in an oil lamp for maintaining a constant level of fuel oil. Heron of 
Alexandria, who lived in the first century A.D., published a book entitled Pneumatica, 
which outlined several forms of water-level mechanisms using float regulators [1]. 

The first feedback system to be invented in modern Europe was the tempera- 
ture regulator of Cornelis Drebbel (1572-1633) of Holland [1]. Dennis Papin 
(1647-1712) invented the first pressure regulator for steam boilers in 1681. Papin’s 
pressure regulator was a form of safety regulator similar to a pressure-cooker valve. 

The first autormatic feedback controller used in an industrial process is gener- 
ally agreed to be James Watt’s flyball governor, developed in 1769 for controlling 
the speed of a steam engine [1, 2]. The all-mechanical device, shown in Figure 1.5, 


Measured Boiler 








Shaft axis 


shaft 


FIGURE 1.6 
Water-level float 
regulator. 
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Water 





measured the speed of the output shaft and utilized the movement of the flyball to 
control the steam valve and therefore the amount of steam entering the engine. As 
depicted in Figure 1.5, the governor shaft axis is connected via mechanical link- 
ages and beveled gears to the output shaft of the steam engine. As the steam en- 
gine output shaft speed increases, the ball weights rise and move away from the 
shaft axis and through mechanical linkages the steam valve closes and the engine 
slows down. 

The first historical feedback system, claimed by Russia, is the water-level float 
regulator said to have been invented by I. Polzunov in 1765 [4]. The level regulator 
system is shown in Figure 1.6. The float detects the water level and controls the valve 
that covers the water inlet in the boiler. 

The next century was characterized by the development of automatic control 
systems through intuition and invention. Efforts to increase the accuracy of the 
control system led to slower attenuation of the transient oscillations and even to 
unstable systems. It then became imperative to develop a theory of automatic con- 
trol. In 1868, J.C. Maxwell formulated a mathematical theory related to control the- 
ory using a differential equation model of a governor [5]. Maxwell’s study was 
concerned with the effect various system parameters had on the system perfor- 
mance. During the same period, I. A. Vyshnegradskii formulated a mathematical 
theory of regulators [6]. 

Prior to World War II, control theory and practice developed differently in the 
United States and western Europe than in Russia and eastern Europe. The main im- 
petus for the use of feedback in the United States was the development of the tele- 
phone system and electronic feedback amplifiers by Bode, Nyquist, and Black at 
Bell Telephone Laboratories [7—10, 12]. 

Harold S. Black graduated from Worcester Polytechnic Institute in 1921 and 
joined Bell Laboratories of American Telegraph and Telephone (AT&T). In 1921, 
the major task confronting Bell Laboratories was the improvement of the telephone 
system and the design of improved signal amplifiers. Black was assigned the task of 
linearizing, stabilizing, and improving the amplifiers that were used in tandem to 
carry conversations over distances of several thousand miles. 
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Black reports [8]: 


Then came the morning of Tuesday, August 2, 1927, when the concept of the negative 
feedback amplifier came to me in a flash while I was crossing the Hudson River on the 
Lackawanna Ferry, on my way to work. For more than 50 years I have pondered how 
and why the idea came, and I can’t say any more today than I could that morning. All I 
know is that after several years of hard work on the problem, I suddenly realized that if 
I fed the amplifier output back to the input, in reverse phase, and kept the device from 
oscillating (singing, as we called it then), I would have exactly what I wanted: a means 
of canceling out the distortion in the output. I opened my morning newspaper and on a 
page of The New York Times I sketched a simple canonical diagram of a negative feed- 
back amplifier plus the equations for the amplification with feedback. I signed the 
sketch, and 20 minutes later, when I reached the laboratory at 463 West Street, it was 
witnessed, understood, and signed by the late Earl C. Blessing. 

I envisioned this circuit as leading to extremely linear amplifiers (40 to 50 dB of 
negative feedback), but an important question is: How did I know I could avoid self- 
oscillations over very wide frequency bands when many people doubted such circuits 
would be stable? My confidence stemmed from work that I had done two years earlier 
on certain novel Oscillator circuits and three years earlier in designing the terminal cir- 
cuits, including the filters, and developing the mathematics for a carrier telephone system 
for short toll circuits. 


The frequency domain was used primarily to describe the operation of the feed- 
back amplifiers in terms of bandwidth and other frequency variables. In contrast, 
the eminent mathematicians and applied mechanicians in the former Soviet Union 
inspired and dominated the field of control theory. Therefore, the Russian theory 
tended to utilize a time-domain formulation using differential equations. 

The control of an industrial process (manufacturing, production, and so on) by 
automatic rather than manual means is often called automation, Automation is 
prevalent in the chemical, electric power, paper, automobile, and steel industries, 
among others. The Concept of automation is central to our industrial society. Auto- 
matic machines are used to increase the production of a plant per worker in order to 
offset rising wages and inflationary costs. Thus industries are concerned with the 
productivity per worker of their plants. Productivity is defined as the ratio of physi- 
cal output to physical input [26]. In this case, we are referring to labor productivity, 
which is real output per hour of work. 

The transformation of the U.S. labor force in the country’s brief history follows 
the progressive mechanization of work that attended the evolution of the agrarian 
republic into an industrial world power. In 1820, more than 70 percent of the labor 
force worked on the farm. By 1900, less than 40 percent were engaged in agriculture. 
Today, less than 5 percent works in agriculture [15]. 

In 1925, some 588,000 people—about 1.3 percent of the nation’s labor force— 
were needed to mine 520 million tons of bituminous coal and lignite, almost all of it 
from underground. By 1980, production was up to 774 million tons, but the work 
force had been reduced to 208,000. Furthermore, only 136,000 of that number were 
employed in underground mining operations. The highly mechanized and highly 
productive surface mines, with just 72,000 workers, produced 482 million tons, or 62 
percent of the total [27]. 

A large impetus to the theory and practice of automatic control occurred during 
World War II when it became necessary to design and construct automatic airplane 
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piloting, gun-positioning systems, radar antenna control systems, and other military 
systems based on the feedback control approach. The complexity and expected per- 
formance of these military systems necessitated an extension of the available con- 
trol techniques and fostered interest in control systems and the development of new 
insights and methods. Prior to 1940, for most cases, the design of control systems was 
an art involving a trial-and-error approach. During the 1940s, mathematical and an- 
alytical methods increased in number and utility, and control engineering became an 
engineering discipline in its own right [10-12]. 

Another example of the discovery of an engineering solution to a control system 
problem was the creation of a gun director by David B. Parkinson of Bell Telephone 
Laboratories. In the spring of 1940, Parkinson was a 29-year-old engineer intent on 
improving the automatic level recorder, an instrument that used strip-chart paper to 
plot the record of a voltage. A critical component was a small potentiometer used to 
control the pen of the recorder through an actuator. 

Parkinson had a dream about an antiaircraft gun that was successfully felling 
airplanes. Parkinson described the situation [13]: 


After three or four shots one of the men in the crew smiled at me and beckoned me to 
come closer to the gun. When I drew near he pointed to the exposed end of the left 
trunnion. Mounted there was the control potentiometer of my level recorder! 


The next morning Parkinson realized the significance of his dream: 


If my potentiometer could control the pen on the recorder, something similar could, 
with suitable engineering, control an antiaircraft gun. 


After considerable effort, an engineering model was delivered for testing to the 
US. Army on December 1, 1941. Production models were available by early 1943, 
and eventually 3000 gun controllers were delivered. Input to the controller was pro- 
vided by radar, and the gun was aimed by taking the data of the airplane’s present 
position and calculating the target’s future position. 

Frequency-domain techniques continued to dominate the field of control follow- 
ing World War II with the increased use of the Laplace transform and the complex fre- 
quency plane. During the 1950s, the emphasis in control engineering theory was on the 
development and use of the s-plane methods and, particularly, the root locus ap- 
proach. Furthermore, during the 1980s, the use of digital computers for control com- 
ponents became routine. The technology of these new control elements to perform 
accurate and rapid calculations was formerly unavailable to control engineers. There 
are now over 400,000 digital process control computers installed in the United States 
[14, 27]. These computers are employed especially for process control systems in 
which many variables are measured and controlled simultaneously by the computer. 

With the advent of Sputnik and the space age, another new impetus was impart- 
ed to control engineering. It became necessary to design complex, highly accurate 
control systems for missiles and space probes. Furthermore, the necessity to mini- 
mize the weight of satellites and to control them very accurately has spawned the 
important field of optimal control. Due to these requirements, the time-domain 
methods developed by Liapunov, Minorsky, and others have been met with great in- 
terest in the last two decades. Recent theories of optimal control developed by L. S. 
Pontryagin in the former Soviet Union and R. Bellman in the United States, as well 
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Table 1.1 Selected Historical Developments of Control Systems 


1769 James Watt’s steam engine and governor developed. The Watt steam engine 
is often used to mark the beginning of the Industrial Revolution in Great 
Britain. During the Industrial Revolution, great strides were made in the 
development of mechanization, a technology preceding automation. 

1800 Eli Whitney’s concept of interchangeable parts manufacturing demonstrated 
in the production of muskets. Whitney’s development is often considered 
to be the beginning of mass production. 












































1868 J. C. Maxwell formulates a mathematical model for a governor control of a 
steam engine. 
1913 Henry Ford’s mechanized assembly machine introduced for automobile 
production. 
1927 H. S. Black conceives of the negative feedback amplifier and H. W. Bode 
analyzes feedback amplifiers. 
1932 H. Ny quist develops a method for analyzing the stability of systems. 
1941 Creation of first antiaircraft gun with active control. 
1952 Numerical control (NC) developed at Massachusetts Institute of Technology 
for control of machine-tool axes. 
1954 George Devol develops “programmed article transfer,” considered to be the 
first industrial robot design. 
957 Sputnik launches the space age leading, in time, to miniaturization of 
computers and advances in automatic control theory. 
1960 First Unimate robot introduced, based on Devol’s designs. Unimate 
insta lled in 1961 for tending die-casting machines. 
1970 State-variable models and optimal control developed. 
980 Robust control system design widely studied. 
983 Introduction of the personal computer (and control design software soon 
thereafter) brought the tools of design to the engineer’s desktop. 
1990 Export-oriented manufacturing companies emphasize automation. 
1994 Feedback control widely used in automobiles. Reliable, robust systems 
demanded in manufacturing. 
997 First ever autonomous rover vehicle, known as Sojourner, explores the 





Martian surface. 
1998-2003 Advances in micro- and nanotechnology. First intelligent micromachines 
are developed and functioning nanomachines are created. 








as recent studies of robust systems, have contributed to the interest in time-domain 
methods. It now is clear that control engineering must consider both the time-do- 
main and the frequency-domain approaches simultaneously in the analysis and de- 
sign of control systems. 

A selected history of control system development is summarized in Table 1.1. 


1.3 EXAMPLES OF CONTROL SYSTEMS 


Control engineering is concerned with the analysis and design of goal-oriented sys- 
tems. Therefore the mechanization of goal-oriented policies has grown into a hierarchy 
of goal-oriented comtrol systems. Modern control theory is concerned with systems 
that have self-organizing, adaptive, robust, learning, and optimum qualities. 


FIGURE 1.7 

(a) Automobile 
steering control 
system. (b) The 
driver uses the 
difference between 
the actual and the 
desired direction of 
travel to generate a 
controlled 
adjustment of the 
steering wheel. 

(c) Typical direction- 
of-travel response. 
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Feedback control is a fundamental fact of modern industry and society. Driving 
an automobile is a pleasant task when the auto responds rapidly to the driver’s com- 
mands. Many cars have power steering and brakes, which utilize hydraulic ampli- 
fiers for amplification of the force to the brakes or the steering wheel. A simple 
block diagram of an automobile steering control system is shown in Figure 1.7(a). 
The desired course is compared with a measurement of the actual course in order to 
generate a measure of the error, as shown in Figure 1.7(b). This measurement is ob- 
tained by visual and tactile (body movement) feedback, as provided by the feel of 
the steering wheel by the hand (sensor). This feedback system is a familiar version 
of the steering control system in an ocean liner or the flight controls in a large air- 
plane. A typical direction-of-travel response is shown in Figure 1.7(c). 
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FIGURE 1.8 

A manual control 
system for 
regulating the level 
of fluid in a tank by 
adjusting the output 
valve. The operator 
views the level of 
fluid through a port 
in the side of the 
tank. 
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A basic, manually controlled closed-loop system for regulating the level of fluid 
in a tank is shown in Figure 1.8. The input is a reference level of fluid that the oper- 
ator is instructed to maintain. (This reference is memorized by the operator.) The 
power amplifier is the operator, and the sensor is visual. The operator compares the 
actual level with the desired level and opens or closes the valve (actuator), adjusting 
the fluid flow out, to maintain the desired level. 

Other familiar control systems have the same basic elements as the system 
shown in Figure 1.3. A refrigerator has a temperature setting or desired temperature, 
a thermostat to measure the actual temperature and the error, and a compressor 
motor for power arnplification. Other examples in the home are the oven, furnace, 
and water heater. In industry, there are many examples, including speed controls; 
process temperature and pressure controls; and position, thickness, composition, and 
quality controls [14, 17, 18]. 

In its modern usage, automation can be defined as a technology that uses pro- 
grammed commands to operate a given process, combined with feedback of infor- 
mation to determine that the commands have been properly executed. Automation 
is often used for processes that were previously operated by humans. When auto- 
mated, the process can operate without human assistance or interference. In fact, 
most automated systems are capable of performing their functions with greater ac- 
curacy and precision, and in less time, than humans are able to do. A semiautomated 
process is one that incorporates both humans and robots. For instance, many auto- 
mobile assembly line operations require cooperation between a human operator 
and an intelligent robot. 

Feedback control systems are used extensively in industrial applications. Thou- 
sands of industrial and laboratory robots are currently in use. Manipulators can pick 
up objects weighing hundreds of pounds and position them with an accuracy of one- 
tenth of an inch or better [28]. Automatic handling equipment for home, school, and 
industry is particularly useful for hazardous, repetitious, dull, or simple tasks. Ma- 
chines that automatically load and unload, cut, weld, or cast are used by industry to 
obtain accuracy, safety, economy, and productivity [14, 27, 28, 41]. The use of com- 
puters integrated with machines that perform tasks like a human worker has been 
foreseen by several authors. In his famous 1923 play, entitled R.U.R. [48], Karel 
Capek called artificial workers robots, deriving the word from the Czech noun 
robota, meaning “work.” 


Fluid rig 





Fluid output 


FIGURE 1.9 

The Honda P3 
humanoid robot. P3 
walks, climbs stairs, 
and turns corners. 
Photo courtesy of 
American Honda 
Motor, Inc. 
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A robot is a computer-controlled machine and involves technology closely asso- 
ciated with automation. Industrial robotics can be defined as a particular field of au- 
tomation in which the automated machine (that is, the robot) is designed to substitute 
for human labor [18, 27, 33]. Thus robots possess certain humanlike characteristics. 
Today, the most common humanlike characteristic is a mechanical manipulator that is 
patterned somewhat after the human arm and wrist. Some devices even have anthro- 
pomorphic mechanisms, including what we might recognize as mechanical arms, 
wrists, and hands [14, 27, 28]. An example of an anthropomorphic robot is shown in 
Figure 1.9. We recognize that the automatic machine is well suited to some tasks, as 
noted in Table 1.2, and that other tasks are best carried out by humans, 

Another very important application of control technology is in the control of the 
modern automobile [19, 20]. Control systems for suspension, steering, and engine 


Table 1.2 Task Difficulty: Human Versus Automatic Machine 





Tasks Difficult for a Machine Tasks Difficult for a Human 
Inspect seedlings in a nursery. Inspect a system in a hot, toxic 
Drive a vehicle through rugged terrain. environment. 

Identify the most expensive jewels on Repetitively assemble a clock. 


a tray of jewels. Land an airliner at night, in bad weather. 
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control have been introduced. Many new autos have a four-wheel-steering system, as 
well as an antiskid control system. 

A three-axis control system for inspecting individual semiconductor wafers is 
shown in Figure 1.10. This system uses a specific motor to drive each axis to the de- 
sired position in the x-y-z-axis, respectively. The goal is to achieve smooth, accurate 
movement in each axis. This control system is an important one for the semiconductor 
manufacturing industry. 

There has been considerable discussion recently concerning the gap between 
practice and theory in control engineering. However, it is natural that theory pre- 
cedes the applications in many fields of control engineering. Nonetheless, it is in- 
teresting to note that in the electric power industry, the largest industry in the 
United States, the gap is relatively insignificant. The electric power industry is pri- 
marily interested in energy conversion, control, and distribution. It is critical that 
computer control be increasingly applied to the power industry in order to improve 
the efficient use of energy resources. Also, the control of power plants for minimum 
waste emission has become increasingly important. The modern, large-capacity 
plants, which exceed several hundred megawatts, require automatic control sys- 
tems that account for the interrelationship of the process variables and optimum 
power production. It is common to have 90 or more manipulated variables under 
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FIGURE 1.10 A three-axis control system for inspecting individual semiconductor wafers with a 
highly sensitive camera 


FIGURE 1.11 
Coordinated control 
system for a 
boiler-generator. 
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coordinated control. A simplified model showing several of the important control 
variables of a large boiler-generator system is shown in Figure 1.11. This is an ex- 
ample of the importance of measuring many variables, such as pressure and oxy- 
gen, to provide information to the computer for cońtrol calculations. 

The electric power industry has used the modern aspects of control engineering 
for significant and interesting applications. It appears that in the process industry, 
the factor that maintains the applications gap is the lack of instrumentation to mea- 
sure all the important process variables, including the quality and composition of 
the product. As these instruments become available, the applications of modern 
control theory to industrial systems should increase measurably. 

Another important industry, the metallurgical industry, has had considerable 
success in automatically controlling its processes. In fact, in many cases, the control 
theory is being fully implemented. For example, a hot-strip steel mill, which involves 
a $100-million investment, is controlled for temperature, strip width, thickness, and 
quality. 

Rapidly rising energy costs coupled with threats of energy curtailment are re- 
sulting in new efforts for efficient automatic energy management. Computer con- 
trols are used to control energy use in industry and to stabilize and connect loads 
evenly to gain fuel economy. 

There has been considerable interest recently in applying the feedback control 
concepts to automatic warehousing and inventory control. Furthermore, automatic 
control of agricultural systems (farms) is receiving increased interest. Automatically 
controlled silos and tractors have been developed and tested. Automatic control of 
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wind turbine generators, solar heating and cooling, and automobile engine perfor- 
mance are important modern examples [20, 21]. 

Also, there have been many applications of control system theory to biomedical 
experimentation, diagnosis, prosthetics, and biological control systems [22, 23, 51]. 
The control systems under consideration range from the cellular level to the central 
nervous system and include temperature regulation and neurological, respiratory, 
and cardiovascular control. Most physiological control systems are closed-loop sys- 
tems. However, we find not one controller but rather control loop within control 
loop, forming a hierarchy of systems. The modeling of the structure of biological 
processes confronts the analyst with a high-order model and a complex structure. 
Prosthetic devices that aid the 46 million handicapped individuals in the United 
States are designed to provide automatically controlled aids to the disabled [22, 27, 42]. 
The robotic hand shown in Figure 1.12 belongs to Obrero, a humanoid robot devel- 
oped at MIT that is capable of sensitive manipulation. The Obrero robot is respon- 
sive to the properties of the object it holds and does not rely on vision as the main 
sensor. The hand has position and force control of the fingers employing very sensi- 
tive tactile sensors and series elastic actuators in its joints. 

Finally, it has become interesting and valuable to attempt to model the feedback 
processes prevalent in the social, economic, and political spheres. This approach is 
undeveloped at present but appears to have a reasonable future. Society, of course, 
is composed of many feedback systems and regulatory bodies, such as the Federal 
Reserve Board, which are controllers exerting the forces on society necessary to 
maintain a desired output. A simple lumped model of the national income feedback 
control system is shown in Figure 1.13. This type of model helps the analyst to under- 
stand the effects of government control—granted its existence—and the dynamic ef- 
fects of government spending. Of course, many other loops not shown also exist, since, 
theoretically, government spending cannot exceed the tax collected without generat- 
ing a deficit, which is itself a control loop containing the Internal Revenue Service and 
the Congress. In a socialist country, the loop due to consumers is de-emphasized and 





(a) Computer-aided drawing (Courtesy of Eduardo Torres-Jara), (b) The Obrero robotic hand (Photo by Iuliu Vasilescu). 


FIGURE 1.12 The Obrero robot is responsive to the properties of the object it holds and does not 
rely on vision as the main sensor but as a complement. Obrero is part of the Humanoid Robotics 
Group at the MIT Computer Science and Artificial Intelligence Laboratory. 


FIGURE 1.13 

A feedback control 
system model of 
the national income. 


FIGURE 1.14 

An unmanned aerial 
vehicle. (Used with 

permission. Credit: 

DARPA.) 
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government control is emphasized. In that case, the measurement block must be 
accurate and must respond rapidly; both are very difficult characteristics to realize 
from a bureaucratic system. This type of political or social feedback model, while 
usually nonrigorous, does impart information and understanding. 

The ongoing area of research and development of unmanned aerial vehicles 
(UAVs) is full of potential for the application of control systems. An example of a 
UAV is shown in Figure 1.14. UAVs are unmanned but are usually controlled by 
ground operators. Typically they do not operate autonomously and their inability to 
provide the level of safety of a manned plane keeps them from flying freely in the 
commercial airspace. One significant challenge is to develop control systems that 
will avoid in-air collisions. Ultimately, the goal is to employ the UAV autonomously 
in such applications as aerial photography to assist in disaster mitigation, survey 
work to assist in construction projects, crop monitoring, and continuous weather 
monitoring. In a military setting, UAVs can perform intelligence, surveillance, and 
reconnaissance missions [83]. Smart unmanned aircraft will require significant de- 
ployment of advanced control systems throughout the airframe. 
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1.4 ENGINEERING DESIGN 


Engineering design is the central task of the engineer. It is a complex process in 
which both creativity and analysis play major roles. 


Design is the process of conceiving or inventing the forms, parts, and details of a 
system to achieve a specified purpose. 


Design activity can be thought of as planning for the emergence of a particu- 
lar product or system. Design is an innovative act whereby the engineer creatively 
uses knowledge and materials to specify the shape, function, and material content 
of a system. The design steps are (1) to determine a need arising from the values 
of various groups, covering the spectrum from public policy makers to the con- 
sumer; (2) to specify in detail what the solution to that need must be and to em- 
body these values; (3) to develop and evaluate various alternative solutions to 
meet these specifications; and (4) to decide which one is to be designed in detail 
and fabricated. 

An important factor in realistic design is the limitation of time. Design takes 
place under imposed schedules, and we eventually settle for a design that may be less 
than ideal but considered “good enough.” In many cases, time is the on/y competitive 
advantage. 

A major challenge for the designer is writing the specifications for the technical 
product. Specifications are statements that explicitly state what the device or prod- 
uct is to be and do. The design of technical systems aims to provide appropriate de- 
sign specifications and rests on four characteristics: complexity, trade-offs, design 
gaps, and risk. 

Complexity of design results from the wide range of tools, issues, and knowledge 
to be used in the process. The large number of factors to be considered illustrates the 
complexity of the design specification activity, not only in assigning these factors 
their relative importance in a particular design, but also in giving them substance ei- 
ther in numerical or written form, or both. 

The concept of trade-off involves the need to resolve conflicting design goals, all 
of which are desirable. The design process requires an efficient compromise between 
desirable but conflicting criteria. 

In making a technical device, we generally find that the final product does not 
appear as originally visualized. For example, our image of the problem we are solv- 
ing does not appeax in written description and ultimately in the specifications. Such 
design gaps are intrinsic in the progression from an abstract idea to its realization. 

This inability to be absolutely sure about predictions of the performance of a 
technological object leads to major uncertainties about the actual effects of the de- 
signed devices and products. These uncertainties are embodied in the idea of unin- 
tended consequences or risk. The result is that designing a system is a risk-taking 
activity. 

Complexity, trade-off, gaps, and risk are inherent in designing new systems and 
devices. Although they can be minimized by considering all the effects of a given de- 
sign, they are always present in the design process. 
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Within engineering design, there is a fundamental difference between the two 
major types of thinking that must take place: engineering analysis and synthesis. 
Attention is focused on models of the physical systems that are analyzed to provide 
insight and that indicate directions for improvement. On the other hand, synthesis is 
the process by which these new physical configurations are created. 

Design is a process that may proceed in many directions before the desired 
one is found. It is a deliberate process by which a designer creates something new 
in response to a recognized need while recognizing realistic constraints. The de- 
sign process is inherently iterative—we must start somewhere! Successful engi- 
neers learn to simplify complex systems appropriately for design and analysis 
purposes. A gap between the complex physical system and the design model is in- 
evitable. Design gaps are intrinsic in the progression from the initial concept to 
the final product. We know intuitively that it is easier to improve an initial con- 
cept incrementally than to try to create a final design at the start. In other words, 
engineering design is not a linear process. It is an iterative, nonlinear, creative 
process. 

The main approach to the most effective engineering design is parameter analy- 
sis and optimization. Parameter analysis is based on (1) identification of the key pa- 
rameters, (2) generation of the system configuration, and (3) evaluation of how well 
the configuration meets the needs. These three steps form an iterative loop. Once 
the key parameters are identified and the configuration synthesized, the designer 
can optimize the parameters. Typically, the designer strives to identify a limited set 
of parameters to be adjusted. 


1.5 CONTROL SYSTEM DESIGN 


The design of control systems is a specific example of engineering design. The goal 
of control engineering design is to obtain the configuration, specifications, and iden- 
tification of the key parameters of a proposed system to meet an actual need. 

The control system design process is illustrated in Figure 1.15. The design 
process consists of seven main building blocks, which we arrange into three groups: 


1. Establishment of goals and variables to be controlled, and definition of specifications 
(metrics) against which to measure performance 


2. System definition and modeling 
3. Control system design and integrated system simulation and analysis 


In each chapter of this book, we will highlight the connection between the de- 
sign process illustrated in Figure 1.15 and the main topics of that chapter. The objec- 
tive is to demonstrate different aspects of the design process through illustrative 
examples. We have established the following connections between the chapters in 
this book and the design process block diagram: 


1. Establishment of goals, control variables, and specifications: Chapters 1,3,4, and 13. 
2. System definition and modeling: Chapters 2—4, and 11-13. 
3. Control system design, simulation, and analysis: Chapters 4-13. 
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[| Topics emphasized in this example 


Shading indicates the 
topics that are emphasized 

in each chapter. Some chapters 
will have many shaded blocks, 


and other chapters will emphasize 


just one or two topics. 
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(2) System definition 
and modeling. 





Obtain a model of the process, the 
actuator, and the sensor 





Describe a controller and select key 
parameters to be adjusted 


(3) Control system design, 
simulation, and analysis. 
Optimize the parameters and 

analyze the performance 








If the performance meets the specifications, 
then finalize the design. 


If the performance does not meet the 
specifications, then iterate the configuration. 


FIGURE 1.15 The control system design process. 


The first step in the design process consists of establishing the system goals. For 
example, we may state that our goal is to control the velocity of a motor accurately. 
The second step is to identify the variables that we desire to control (for example, the 
velocity of the motor). The third step is to write the specifications in terms of the ac- 
curacy we must attain. This required accuracy of control will then lead to the identifi- 
cation of a sensor to measure the controlled variable. The performance specifications 
will describe how the closed-loop system should perform and will include (1) good 
regulation against disturbances, (2) desirable responses to commands, (3) realistic ac- 
tuator signals, (4) low sensitivities, and (5) robustness. 

As designers, we proceed to the first attempt to configure a system that will re- 
sult in the desired control performance. This system configuration will normally 
consist of a sensor, the process under control, an actuator, and a controller, as shown 
in Figure 1.3. The mext step consists of identifying a candidate for the actuator. This 
will, of course, depend on the process, but the actuation chosen must be capable of 
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effectively adjusting the performance of the process. For example, if we wish to con- 
trol the speed of a rotating flywheel, we will select a motor as the actuator. The sen- 
sor, in this case, must be capable of accurately measuring the speed. We then obtain 
a model for each of these elements. 

Students studying controls are often given the models, frequently represented 
in transfer function or state variable form, with the understanding that they repre- 
sent the underlying physical systems, but without further explanation. An obvious 
question is, where did the transfer function or state variable model come from? 
Within the context of a course in control systems, there is a need to address key 
questions surrounding modeling. To that end, in the early chapters, we will provide 
insight into key modeling concerns and answer fundamental questions: How is the 
transfer function obtained? What basic assumptions are implied in the model devel- 
opment? How general are the transfer functions? However, mathematical modeling 
of physical systems is a subject in and of itself. We cannot hope to cover the mathe- 
matical modeling in its entirety, but interested students are encouraged to seek out- 
side references (see for example [85-89]). 

The next step is the selection of a controller, which often consists of a summing 
amplifier that will compare the desired response and the actual response and then 
forward this error-measurement signal to an amplifier. 

The final step in the design process is the adjustment of the parameters of the 
system to achieve the desired performance. If we can achieve the desired perfor- 
mance by adjusting the parameters, we will finalize the design and proceed to docu- 
ment the results. If not, we will need to establish an improved system configuration 
and perhaps select an enhanced actuator and sensor. Then we will repeat the design 
steps until we are able to meet the specifications, or until we decide the specifica- 
tions are too demanding and should be relaxed. 

The design process has been dramatically affected by the advent of powerful 
and inexpensive computers and effective control design and analysis software. For 
example, the Boeing 777, which incorporates the most advanced flight avionics of 
any U.S. commercial aircraft, was almost entirely computer-designed [62, 63]. Verifi- 
cation of final designs in high-fidelity computer simulations is essential. In many ap- 
plications, the certification of the control system in realistic simulations represents a 
significant cost in terms of money and time. The Boeing 777 test pilots flew about 
2400 flights in high-fidelity simulations before the first aircraft was even built. 

Another notable example of computer-aided design and analysis is the McDon- 
nell Douglas Delta Clipper experimental vehicle DC-X, which was designed, built, 
and flown in 24 months. Computer-aided design tools and automated code-generation 
contributed to an estimated 80 percent cost savings and 30 percent time savings [64]. 

In summary, the controller design problem is as follows: Given a model of the 
system to be controlled (including its sensors and actuators) and a set of design 
goals, find a suitable controller, or determine that none exists. As with most of engi- 
neering design, the design of a feedback control system is an iterative and nonlinear 
process. A successful designer must consider the underlying physics of the plant under 
control, the control design strategy, the controller design architecture (that is, what 
type of controller will be employed), and effective controller tuning strategies. In ad- 
dition, once the design is completed, the controller is often implemented in hardware, 
and hence issues of interfacing with hardware can appear. When taken together, these 
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different phases of control system design make the task of designing and imple- 
menting a control system quite challenging [82]. 


1.6 MECHATRONIC SYSTEMS 


FIGURE 1.16 
The key elements of 
mechatronics [70]. 


A natural stage in the evolutionary process of modern engineering design is en- 
compassed in the area known as mechatronics [70]. The term mechatronics was 
coined in Japan in the 1970s [71-73]. Mechatronics is the synergistic integration of 
mechanical, electrical, and computer systems and has evolved over the past 30 
years, leading to a new breed of intelligent products. Feedback control is an integral 
aspect of modern mechatronic systems. One can understand the extent that mecha- 
tronics reaches into various disciplines by considering the components that make 
up mechatronics [74-77]. The key elements of mechatronics are (1) physical sys- 
tems modeling, (2) sensors and actuators, (3) signals and systems, (4) computers 
and logic systems, and (5) software and data acquisition. Feedback control encom- 
passes aspects of all five key elements of mechatronics, but is associated primarily 
with the element of signals and systems, as illustrated in Figure 1.16. 

Advances in computer hardware and software technology coupled with the de- 
sire to increase the performance-to-cost ratio has revolutionized engineering 
design. New products are being developed at the intersection of traditional disci- 
plines of engineering, computer science, and the natural sciences. Advancements in 
traditional disciplines are fueling the growth of mechatronics systems by providing 
“enabling technologies.” A critical enabling technology was the microprocessor 
which has had a profound effect on the design of consumer products. We should 
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FIGURE 1.17 
The hybrid fuel 
automobile can be 
viewed as a 
mechatronic 
system. (Used with 
permission of 
DOE/NREL. Credit: 
Warren Gretz.) 
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expect continued advancements in cost-effective microprocessors and microcon- 
trollers, novel sensors and actuators enabled by advancements in applications of 
microelectromechanical systems (MEMS), advanced control methodologies and 
real-time programming methods, networking and wireless technologies, and mature 
computer-aided engineering (CAE) technologies for advanced system modeling, 
virtual prototyping, and testing. The continued rapid development in these areas will 
only accelerate the pace of smart (that is, actively controlled) products. 

An exciting area of future mechatronic system development in which control 
systems will play a significant role is the area of alternative energy production and 
consumption. Hybrid fuel automobiles and efficient wind power generation are two 
examples of systems that can benefit from mechatronic design methods. In fact, the 
mechatronic design philosophy can be effectively illustrated by the example of the 
evolution of the modern automobile [70]. Before the 1960s, the radio was the only 
significant electronic device in an automobile. Today, many automobiles have 30-60 
microcontrollers, up to 100 electric motors, about 200 pounds of wiring, a multitude 
of sensors, and thousands of lines of software code. A modern automobile can no 
longer be classified as a strictly mechanical machine—it has been transformed into a 
comprehensive mechatronic system. 


EXAMPLE 1.1 Hybrid fuel vehicles 


Recent research and development has led to the next-generation hybrid fuel auto- 
mobile, depicted in Figure 1.17. The hybrid fuel vehicle utilizes a conventional inter- 
nal combustion engine in combination with a battery (or other energy storage device 
such as a fuel cell or flywheel) and an electric motor to provide a propulsion system 
capable of doubling the fuel economy over conventional automobiles. Although 
these hybrid vehicles will never be zero-emission vehicles (since they have internal 
combustion engines), they can reduce the level of harmful emissions by one-third to 
one-half, and with future improvements, these emissions may reduce even further. As 
stated earlier, the modern automobile requires many advanced control systems to 





FIGURE 1.18 
Efficient wind 
power generation in 
west Texas. (Used 
with permission of 
DOE/NREL. Credit: 
Lower Colorado 
River Authority.) 
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operate. The control systems must regulate the performance of the engine, including 
fuel-air mixtures, valve timing, transmissions, wheel traction control, antilock brakes, 
and electronically controlled suspensions, among many other functions. On the hy- 
brid fuel vehicle, there are additional control functions that must be satisfied. Espe- 
cially necessary is the control of power between the internal combustion engine and 
the electric motor, determining power storage needs and implementing the battery 
charging, and preparing the vehicle for low-emission start-ups. The overall effective- 
ness of the hybrid fuel vehicle depends on the combination of power units that are 
selected (e.g., battery versus fuel cell for power storage). Ultimately, however, the 
control strategy that integrates the various electrical and mechanical components 
into a viable transportation system strongly influences the acceptability of the hybrid 
fuel vehicle concept in the marketplace. m 


The second example of a mechatronic system is the advanced wind power gen- 
eration system. 


EXAMPLE 1.2 Wind power 


Many nations in the world today are faced with unstable energy supplies, often lead- 
ing to rising fuel prices and energy shortages. Additionally, the negative effects of 
fossil fuel utilization on the quality of our air are well documented. Many nations 
have an imbalance in the supply and demand of energy, consuming more than they 
produce. To address this imbalance, many engineers are considering developing ad- 
vanced systems to access other sources of energy, such as wind energy. In fact, wind 
energy is one of the fastest-growing forms of energy generation in the United States 
and in other locations around the world. A wind farm now in use in western Texas is 
illustrated in Figure 1.18. 

In 2006, the installed global wind energy capacity was over 59,000 MW. In the 
United States, there was enough energy derived from wind to power over 2.5 million 
homes, according to the American Wind Energy Association. For the past 35 years, 
researchers have concentrated on developing technologies that work well in high 
wind areas (defined to be areas with a wind speed of at least 6.7 m/s at a height of 10 m). 
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Most of the easily accessible high wind sites in the United States are now utilized, 
and improved technology must be developed to make lower wind areas more cost 
effective. New developments are required in materials and aerodynamics so that 
longer turbine rotors can operate efficiently in the lower winds, and in a related 
problem, the towers that support the turbine must be made taller without increasing 
the overall costs. In addition, advanced controls will be required to achieve the level 
of efficiency required in the wind generation drive train. m 


EXAMPLE 1.3 Embedded computers 


Many contemporary control systems are embedded control systems [90]. Embedded 
control systems employ on-board special-purpose digital computers as integral 
components of the feedback loop. Fig. 1.19 illustrates a student-built rover con- 
structed around the Compact RIO by National Instruments, Inc. that serves as the 
on-board embedded computer. In the rover design, the sensors include an optical 
encoder for measuring engine speed, a rate gyro and accelerometer to measure 
turns, and a Global Positioning System (GPS) unit to obtain position and velocity 
estimates of the vehicle. The actuators include two linear actuators to turn the front 
wheels and to brake and accelerate. The communications device permits the rover 
to stay in contact with the ground station. 

Advances in sensors, actuators, and communication devices are leading to a new 
class of embedded control systems that are networked using wireless technology, 
thereby enabling spatially-distributed control. Embedded control system designers 
must be able to understand and work with various network protocols, diverse oper- 
ating systems and programming languages. While the theory of systems and controls 
serves as the foundation for the modern control system design, the design process is 
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FIGURE 1.19 A rover using an embedded computer in the feedback loop. (Photo by R.H. Bishop.) 
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rapidly expanding into a multi-disciplinary enterprise encompassing multiple engi- 
neering areas, as well as information technology and computer science. m 


Advances in alternate energy products, such as the hybrid automobile and the 
generation of efficient wind power generators, provide vivid examples of mecha- 
tronics development. There are numerous other examples of intelligent systems 
poised to enter our everyday life, including autonomous rovers, smart home appli- 
ances (e.g., dishwashers, vacuum cleaners, and microwave ovens), wireless network- 
enabled devices, “human-friendly machines” [81] that perform robot-assisted 
surgery, and implantable sensors and actuators. 


1.7 THE FUTURE EVOLUTION OF CONTROL SYSTEMS 


FIGURE 1.20 
Future evolution of 
control systems 
and robotics. 


The continuing goal of control systems is to provide extensive flexibility and a high 
level of autonomy. Two system concepts are approaching this goal by different 
evolutionary pathways, as illustrated in Figure 1.20, Today’s industrial robot is per- 
ceived as quite autonomous—once it is programmed, further intervention is not 
normally required. Because of sensory limitations, these robotic systems have lim- 
ited flexibility in adapting to work environment changes; improving perception is 
the motivation of computer vision research. The control system is very adaptable, 
but it relies on human supervision. Advanced robotic systems are striving for task 
adaptability through enhanced sensory feedback. Research areas concentrating 
on artificial intelligence, sensor integration, computer vision, and off-line 
CAD/CAM programming will make systems more universal and economical. 
Control systems are moving toward autonomous operation as an enhancement to 
human control. Research in supervisory control, human-machine interface meth- 
ods, and computer database management are intended to reduce operator burden 
and improve operator efficiency. Many research activities are common to robotics 
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and control systems and are aimed at reducing implementation cost and expanding 
the realm of application. These include improved communication methods and ad- 
vanced programming languages. 

The easing of human labor by technology, a process that began in prehistory, is 
entering a new stage. The acceleration in the pace of technological innovation inau- 
gurated by the Industrial Revolution has until recently resulted mainly in the dis- 
placement of human muscle power from the tasks of production. The current 
revolution in computer technology is causing an equally momentous social change, 
the expansion of information gathering and information processing as computers 
extend the reach of the human brain [16]. 

Control systems are used to achieve (1) increased productivity and (2) improved 
performance of a device or system. Automation is used to improve productivity and 
obtain high-quality products. Automation is the automatic operation or control of a 
process, device, or system. We use automatic control of machines and processes to 
produce a product reliably and with high precision [28]. With the demand for flexible, 
custom production, a need for flexible automation and robotics is growing [17, 25]. 

The theory, practice, and application of automatic control is a large, exciting, 
and extremely useful engineering discipline. One can readily understand the moti- 
vation for a study of modern control systems. 


1.8 DESIGN EXAMPLES 


In this section we present illustrative design examples. This is a pattern that we will 
follow in all subsequent chapters. Each chapter will contain a number of interesting 
examples in a special section entitled Design Examples meant to highlight the main 
topics of the chapter. At least one example among those presented in the Design 
Example section will be a more detailed problem and solution that demonstrates 
one of more of the steps in the design process shown in Figure 1.15. In the first 
example presented here, a rotating disk speed control illustrates the concept of 
open-loop and closed-loop feedback control. The second example is an insulin 
delivery control system in which we determine the design goals, the variables to con- 
trol, and a preliminary closed-loop system configuration. 


EXAMPLE 1.4 Rotating disk speed control 


Many modern devices employ a rotating disk held at a constant speed. For example, 
a CD player requires a constant speed of rotation in spite of motor wear and varia- 
tion and other component changes. Our goal is to design a system for rotating disk 
speed control that will ensure that the actual speed of rotation is within a specified 
percentage of the desired speed [43, 46]. We will consider a system without feedback 
and a system with feedback. 

To obtain disk rotation, we will select a DC motor as the actuator because it 
provides a speed proportional to the applied motor voltage. For the input voltage to 
the motor, we will select an amplifier that can provide the required power. 

The open-loop system (without feedback) is shown in Figure 1.21(a). This system 
uses a battery source to provide a voltage that is proportional to the desired speed. This 
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FIGURE 1.21 
(a) Open-loop i Controller Actuator Process 
(without feedback) Desire DC Rotating Actual 
control of the speed speed Amplifier motor disk speed 
of a rotating disk. (voltage) 2 Pi 
(b) Block diagram 
model. (b) 
voltage is amplified and applied to the motor. The block diagram of the open-loop sys- 
tem identifying the controller, actuator, and process is shown in Figure 1.21(b). 
To obtain a feedback system, we need to select a sensor. One useful sensor is a 
tachometer that provides an output voltage proportional to the speed of its shaft. 
Thus the closed-loop feedback system takes the form shown in Fig. 1.22(a). The block 
diagram model of the feedback system is shown in Fig. 1.22(b). The error voltage is 
generated by the difference between the input voltage and the tachometer voltage. 
We expect the feedback system of Figure 1.22 to be superior to the open-loop 
system of Figure 1.21 because the feedback system will respond to errors and act to 
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FIGURE 1.23 
The blood glucose 
and insulin levels 
for a healthy 
person. 
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reduce them. With precision components, we could expect to reduce the error of the 
feedback system to one-hundredth of the error of the open-loop system. m 


EXAMPLE 1.5 Insulin delivery control system 


Control systems have been utilized in the biomedical field to create implanted auto- 
matic drug-delivery systems to patients [29-31]. Automatic systems can be used to reg- 
ulate blood pressure, blood sugar level, and heart rate. A common application of control 
engineering is in the field of open-loop system drug delivery, in which mathematical 
models of the dose-effect relationship of the drugs are used. A drug-delivery system im- 
planted in the body uses an open-loop system, since miniaturized glucose sensors are 
not yet available. The best solutions rely on individually programmable, pocket-sized in- 
sulin pumps that can deliver insulin according to a preset time history. More compli- 
cated systems will use closed-loop control for the measured blood glucose levels. 

The blood glucose and insulin concentrations for a healthy person are shown in 
Figure 1.23. The system must provide the insulin from a reservoir implanted within 
the diabetic person. Therefore, the control goal is: 

Control Goal 

Design a system to regulate the blood sugar concentration of a diabetic by con- 

trolled dispensing of insulin. 


Referring to Figure 1.23, the next step in the design process is to define the variable 
to be controlled. Associated with the control goal we can define the variable to be 
controlled to be: 


Variable to Be Controlled 
Blood glucose concentration 


In subsequent chapters, we will have the tools to quantitatively describe the control 
design specifications using a variety of steady-state performance specifications and 
transient response specifications, both in the time-domain and in the frequency domain. 
At this point, the control design specifications will be qualitative and imprecise. In that 
regard, for the problem at hand, we can state the design specification as: 
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FIGURE 1.24 
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control and 
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Control Design Specifications 
Provide a blood glucose level for the diabetic that closely approximates 
(tracks) the glucose level of a healthy person. 


Given the design goals, variables to be controlled, and control design specifications, 
we can now propose a preliminary system configuration. An open-loop system 
would use a preprogrammed signal generator and miniature motor pump to regu- 
late the insulin delivery rate as shown in Figure 1.24(a). The feedback control sys- 
tem would use a sensor to measure the actual glucose level and compare that level 
with the desired level, thus turning the motor pump on when it is required, as shown 
in Figure 1.24(b). m 


1.9 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


B 


This design example, identified by the arrow icon, will be considered sequentially in 
each chapter. We will use the design process of Figure 1.15 in each chapter to identi- 
fy the steps that we are accomplishing. For example, in Chapter 1 we (1) identify the 
control goal, (2) identify the variables to control, (3) write the initial specifications 
for the variables, and (4) establish the preliminary system configuration. 
Information can be readily and efficiently stored on magnetic disks. Disk drives 
are used in notebook computers and larger computers of all sizes and are essentially 
all standardized as defined by ANSI standards [54, 69]. Worldwide sales of disk drives 
are greater than 250 million units [55, 68]. In the past, disk drive designers have con- 
centrated on increasing data density and data access times. Beginning in the early 
1990s, disk drive densities increased at rates of over 60 percent per year and very 
recently, these rates exceed 100 percent per year. Figure 1.25 shows the disk drive den- 
sity trends. Designers are now considering employing disk drives to perform tasks his- 
torically delegated to central processing units (CPUs), thereby leading to improvements 
in the computing environment [69]. Three areas of “intelligence” under investigation 


FIGURE 1.25 
Disk drive data 
density trends 
(Source: IBM). 


FIGURE 1.26 
(a) A disk drive 
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(b) Diagram of a 
disk drive. 
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include off-line error recovery, disk drive failure warnings, and storing data across 
multiple disk drives. Consider the basic diagram of a disk drive shown in Fig. 1.26. The 
goal of the disk drive reader device is to position the reader head to read the data 
stored on a track on the disk. The variable to accurately control is the position of the 
reader head (mounted on a slider device). The disk rotates at a speed between 1800 
and 7200 rpm, and the head “flies” above the disk at a distance of less than 100 nm. 
The initial specification for the position accuracy is 1 zm. Furthermore, we plan to be 
able to move the head from track a to track b within 50 ms, if possible. Thus, we 
establish an initial system configuration as shown in Figure 1.27. This proposed closed- 
loop system uses a motor to actuate (move) the arm to the desired location on the 
disk. We will consider the design of the disk drive further in Chapter 2. 
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FIGURE 1.27 
Closed-loop control 
system for disk 
drive. 


1.10 SUMMARY 


EXERCISES 
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In this chapter, we discussed open- and closed-loop feedback control systems. Exam- 
ples of control systems through the course of history were presented to motivate and 
connect the subject to the past. In terms of contemporary issues, key areas of appli- 
cation were discussed, including humanoid robots, unmanned aerial vehicles, wind 
energy, hybrid automobiles, and embedded control. The central role of controls in 
mechatronics was discussed. Mechatronics is the synergistic integration of mechani- 
cal, electrical, and computer systems. Finally, the design process was presented in a 
structured form and included the following steps: the establishment of goals and 
variables to be controlled, definition of specifications, system definition, modeling, 
and analysis. The iterative nature of design allows us to handle the design gap effec- 
tively while accomplishing necessary trade-offs in complexity, performance, and cost. 


Exercises are straightforward applications of the concepts 
of the chapter. 


The following systems can be described by a block diagram 
showing the cause-effect relationship and the feedback (if 
present). Identify the function of each block and the de- 
sired input variable, output variable, and measured vari- 
able. Use Figure 1.3 as a model where appropriate. 


E1.1 A precise optical signal source can control the out- 
put power level to within 1 percent [32]. A laser is 
controlled by an input current to yield the power 
output. A microprocessor controls the input current 
to the laser. The microprocessor compares the de- 
sired power level with a measured signal proportional 
to the laser power output obtained from a sensor. 
Complete the block diagram representing this closed- 
loop control system shown in Figure E1.1, identifying 


Input 





Measured 
variable 






the output, input, and measured variables and the 
control device. 


E1.2 Draw the block diagram of a general feedback con- 
trol system and identify the plant, controller, desired 
output, actual output and measurement device. 


E1.3 All of us know that an automatic iron box set at 
“silk” will get heated upto a particular value, and if it 
is set at “wool” iron box will get heated upto a higher 
value, Draw a block diagram representing the control 
system. Identify the measuring device and controller. 


E1.4 Consider a semi-automatic washing machine. 
(a) Is it an open loop system or closed loop system? 
(b) Give reasons. 


(c) What is the desired output of a washing machine? 


Output 


FIGURE E1.1 Partial block diagram of an optical source. 


Problems 


E15 Because a sailboat can’t sail directly into the wind, 
and traveling straight downwind is usually slow, the 
shortest sailing distance is rarely a straight line. Thus 
sailboats tack upwind—the familiar zigzag course—and 
jibe downwind. A tactician’s decision of when to tack 
and where to go can determine the outcome of a race. 

Describe the process of tacking a sailboat as the 
wind shifts direction. Sketch a block diagram depicting 
this process. 


E16 Modern automated highways are being implemented 
around the world. Consider two highway lanes merg- 
ing into a single lane. Describe a feedback control system 
carried on the automobile trailing the lead automobile 
that ensures that the vehicles merge with a prescribed 
gap between the two vehicles. 


E1.7 You might have studied series regulator in your 
electronic circuits laboratory. Draw a block diagram 
and identify the desired output, actual output and the 
feedback element. 


E18 A samovar is a common sight in village tea shops. It 
is a metal urn used for heating water for making tea. 
Whenever boiling water is taken out, cold water may 
be poured into the samovar. This will decrease the 
temperature of the outlet value. To compensate this 
more charcoal may be added. The teamaker, some 
how, “usually” gets boiling water whenever he wants. 
Discuss the working of samovar in the perspective of 
control systems. 


E1.9 Future advanced commercial aircraft will be E-en- 
abled. This will allow the aircraft to take advantage of 
continuing improvements in computer power and 
network growth. Aircraft can continuously communi- 
cate their location, speed, and critical health parame- 
ters to ground controllers, and gather and transmit 
local meteorological data. Sketch a block diagram 
showing how the meteorological data from multiple 
aircraft can be transmitted to the ground, combined 
using ground-based powerful networked computers to 


PROBLEMS 


Problems require extending the concepts of this chapter to 
new situations. 


The following systems may be described by a block di- 
agram showing the cause-effect relationship and the 
feedback (if present). Each block should describe its 
function. Use Figure 1.3 as a model where appropriate. 


P1.1 Many luxury automobiles have thermostatically 
controlled air-conditioning systems for the comfort 
of the passengers. Sketch a block diagram of an air- 
conditioning system where the driver sets the desired 
interior temperature on a dashboard panel. Identify 
the function of each element of the thermostatically 


controlled cooling system. 
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FIGURE E1.11 Inverted pendulum control. 


create an accurate weather situational awareness, 
and then transmitted back to the aircraft for optimal 
routing. 

E1.10 Unmanned aerial vehicles (UAVs) are being de- 
veloped to operate in the air autonomously for long 
periods of time (see Section 1.3). By autonomous, we 
mean that there is no interaction with human ground 
controllers. Sketch a block diagram of an autonomous 
UAV that is tasked for crop monitoring using aerial 
photography. The UAV must photograph and transmit 
the entire land area by flying a pre-specified trajectory 
as accurately as possible. 

E1.11 Consider the inverted pendulum shown in Figure 
E1.11. Sketch the block diagram of a feedback control 
system using Figure 1.3 as the model. Identify the 
process, sensor, actuator, and controller. The objective 
is keep the pendulum in the upright position, that is to 
keep @ = 0, in the presence of disturbances. 

E1.12 Describe the block diagram of a person playing a 
video game. Suppose that the input device is a joystick 
and the game is being played on a desktop computer. 
Use Figure 1.3 as a model of the block diagram. 


P1.2 Consider a steel vessel filled 10% of its capacity 
with water placed on a gas stove. The gas stove 
is switched on and a mercury thermometer is used 
to measure the temperature of the water in the 
vessel. 


(a) If the gas stove is switched off when the temper- 
ature reached 75°C, will the temperature of the 
water increase further? 

(b) Ifno why? 


(c) If yes, explain the difficulty of heating the water 
to a specified value. 
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FIGURE P1.3 Chemical composition control. 


P1.3 In a chemical process control system, it is valuable 
to control the chemical composition of the product. 
To do so, a measurement of the composition can be 
obtained by using an infrared stream analyzer, as 
shown in Figure P1.3. The valve on the additive 
stream may be controlled. Complete the control feed- 
back loop, and sketch a block diagram describing the 
operation of the control loop. 


P1.4 The overflow of water from overhead tanks is a 
common sight in houses in towns and villages. If you 






Motor 


know the current level of water in the tank, volume of 
water in the tank and flow of water into the tank, sug- 
gest an open loop control system to control the motor 
which drives the pump used to fill the tank. 


P1.5 A light-seeking control system, used to track the 
sun, is shown in Figure P1.5. The output shaft, driven 
by the motor through a worm reduction gear, has a 
bracket attached on which are mounted two photocells. 
Complete the closed-loop system so that the system 
follows the light source. 


$ 


Light 
Photocell source 


tubes 


FIGURE P1.5 A photocell is mounted in each tube. The light reaching 
each cell is the same in both only when the light source is exactly in the 


middle as shown. 


P1.6 Feedback systems do not always involve negative 
feedback. Economic inflation, which is evidenced by 
continually rising prices. is a positive feedback sys- 
tem. A positive feedback control system, as shown in 
Figure P1.6, adds the feedback signal to the input sig- 
nal, and the resulting signal is used as the input to the 
process. A simple model of the price—wage inflation- 
ary spiral is shown in Figure P1.6. Add additional 
feedback loops, such as legislative control or control 
of the tax rate, to stabilize the system. It is assumed 
that an increase in workers’ salaries, after some time 
delay, results in an increase in prices. Under what 
conditions could prices be stabilized by falsifying or 
delaying the availability of cost-of-living data? How 
would a national wage and price economic guideline 
program affect the feedback system? 
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FIGURE P1.6 Positive feedback. 


Problems 


P1.7 The story is told about the sergeant who stopped at 
the jewelry store every morning at nine o'clock and 
compared and reset his watch with the chronometer in 
the window. Finally, one day the sergeant went into 
the store and complimented the owner on the accuracy 
of the chronometer. 

“Is it set according to time signals from Arlington?” 
asked the sergeant. 

“No,” said the owner, “I set it by the five o’clock can- 
non fired from the fort each afternoon. Tell me, Sergeant, 
why do you stop every day and check your watch?” 

The sergeant replied, “I’m the gunner at the fort!” 

Is the feedback prevalent in this case positive or 
negative? The jeweler’s chronometer loses two minutes 
each 24-hour period and the sergeant’s watch loses 
three minutes during each eight hours. What is the net 
time error of the cannon at the fort after 12 days? 


P18 The student-teacher learning process is inherently a 
feedback process intended to reduce the system error 
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FIGURE P1.9  Heart-rate control. 


to a minimum. With the aid of Figure 1.3, construct a 
feedback model of the learning process and identify 
each block of the system. 

P1.9 Models of physiological control systems are valu- 
able aids to the medical profession. A model of the 
heart-rate control system is shown in Figure P1.9 
[23, 24, 51]. This model includes the processing of the 
nerve signals by the brain. The heart-rate control 
system is, in fact, a multivariable system, and the 
variables x, y, w, v, z, and u are vector variables. In 
other words, the variable x represents many heart 
variables x1, X2,...,%,. Examine the model of the 
heart-rate control system and add or delete blocks, if 
necessary. Determine a control system model of one 
of the following physiological control systems: 


1. Respiratory control system 

2. Adrenaline control system 

3. Human arm control system 

4. Eye control system 

5. Pancreas and the blood-sugar-level control 
system 

6. Circulatory system 





Medulla, 
brain 





Pressure 
receptors 
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P1.10 The role of air traffic control systems is increasing as 
airplane traffic increases at busy airports. Engineers are 
developing air traffic control systems and collision 
avoidance systems using the Global Positioning System 
(GPS) navigation satellites [34, 61]. GPS allows each 
aircraft to know its position in the airspace landing cor- 
ridor very precisely. Sketch a block diagram depicting 
how an air traffic controller might use GPS for aircraft 
collision avoidance. 


P1.11 Automatic control of water level using a float level 
was used in the Middle East for a water clock [1, 11}. 
The water clock (Figure P1.11) was used from some- 
time before Christ until the 17th century. Discuss the 
operation of the water clock, and establish how the 
float provides a feedback control that maintains the ac- 
curacy of the clock. Sketch a block diagram of the feed- 
back system. 
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FIGURE P1.11 Water clock. (From Newton, Gould, and 
Kaiser, Analytical Design of Linear Feedback Controls. Wiley, 
New York, 1957, with permission.) 
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P1.12 An automatic turning gear for windmills was in- 
vented by Meikle in about 1750 [1, 11]. The fantail 
gear shown in Figure P1.12 automatically turns the 
windmill into the wind. The fantail windmill at right 
angle to the mainsail is used to turn the turret. The 
gear ratio is of the order of 3000 to 1. Discuss the 
operation of the windmill, and establish the feed- 
back operation that maintains the main sails into 
the wind. 





FIGURE P1.12 Automatic turning gear for windmills. 
(From Newton, Gould, and Kaiser, Analytical Design of 
Linear Feedback Controls. Wiley, New York, 1957, with 
permission.) 


P1.13 A common example of a two-input control system 
is a home shower with separate valves for hot and cold 
water. The objective is to obtain (1) a desired temper- 
ature of the shower water and (2) a desired flow of 
water. Sketch a block diagram of the closed-loop control 
system. 


P1.14 Adam Smith (1723-1790) discussed the issue of 
free competition between the participants of an econ- 
omy in his book Wealth of Nations. It may be said that 
Smith employed social feedback mechanisms to ex- 
plain his theories [44]. Smith suggests that (1) the 
available workers as a whole compare the various 
possible employments and enter that one offering the 
greatest rewards, and (2) in any employment the re- 
wards diminish as the number of competing workers 
rises. Let r = total of rewards averaged over all 
trades, c = total of rewards in a particular trade, and 
q = influx of workers into the specific trade. Sketch a 
feedback system to represent this system. 


P1.15 


(a) In the context of the solution of problem P1.4, 
what are the draw back of open loop system? 


(b) Suggest a manual closed loop system for the same 
problem. 


P1.16 All humans have experienced a fever associated 


with an illness. A fever is related to the changing 
of the control input in the body’s thermostat. This 
thermostat, within the brain, normally regulates 
temperature near 98°F in spite of external tempera- 
tures ranging from 0° to 100°F or more. For a fever, 
the input, or desired, temperature is increased. Even 
to many scientists, it often comes as a surprise to 
learn that fever does not indicate something wrong 
with body temperature control but rather well-con- 
trived regulation at an elevated level of desired 
input. Sketch a block diagram of the temperature 
control system and explain how aspirin will lower a 
fever. 


P1.17 Consider an electric furnace whose temperature 


can increase from 30°C to 630°C in one hour. If 
the thermometer used in the control system takes 
one minute to reach the steady value, will the closed 
loop system work satisfactorily. Explain your 
answer. 


P1.18 A cutaway view of a commonly used pressure 


regulator is shown in Figure P1.18. The desired 
pressure is set by turning a calibrated screw. This 
compresses the spring and sets up a force that 
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FIGURE P1.18 Pressure regulator. 


Problems 


opposes the upward motion of the diaphragm. The 
bottom side of the diaphragm is exposed to the 
water pressure that is to be controlled. Thus the mo- 
tion of the diaphragm is an indication of the pres- 
sure difference between the desired and the actual 
pressures. It acts like a comparator. The valve is con- 
nected to the diaphragm and moves according to the 
pressure difference until it reaches a position in 
which the difference is zero. Sketch a block diagram 
showing the control system with the output pressure 
as the regulated variable. 


P1.19 In a car, to control speed, there is accelerator and 
break. Suppose break is not there, will you be able to 
decrease the speed when desired. Explain the need for 
two control signals (accelerator and break). 


P1.20 A high-performance race car with an adjustable 
wing (airfoil) is shown in Figure P1.20. Develop a 
block diagram describing the ability of the airfoil to 
keep a constant road adhesion between the car’s tires 
and the race track surface. Why is it important to 
maintain good road adhesion? 


Adjustable wing 





FIGURE P1.20 A high-performance race car with an 
adjustable wing. 


P1.21 The potential of employing two or more heli- 
copters for transporting payloads that are too heavy 
for a single helicopter is a well-addressed issue in 
the civil and military rotorcraft design arenas [38]. 
Overall requirements can be satisfied more effi- 
ciently with a smaller aircraft by using multilift for 
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FIGURE P1.21 
large load. 


Two helicopters used to lift and move a 


infrequent peak demands. Hence the principal moti- 
vation for using multilift can be attributed to the 
promise of obtaining increased productivity without 
having to manufacture larger and more expensive 
helicopters. A specific case of a multilift arrange- 
ment where two helicopters jointly transport pay- 
loads has been named twin lift. Figure P1.21 shows a 
typical “two-point pendant” twin lift configuration in 
the lateral/vertical plane. 

Develop the block diagram describing the pilots’ 
action, the position of each helicopter, and the position 
of the load. 


P1.22. Engineers want to design a control system that will 
allow a building or other structure to react to the force 
of an earthquake much as a human would. The struc- 
ture would yield to the force, but only so much, before 
developing strength to push back [50]. Develop a 
block diagram of a control system to reduce the effect 
of an earthquake force. 


P1.23 Engineers at the Science University of Tokyo are 
developing a robot with a humanlike face [56]. The 
robot can display facial expressions, so that it can 
work cooperatively with human workers. Sketch a 
block diagram for a facial expression control system 
of your own design. 


P1.24 An innovation for an intermittent automobile 
windshield wiper is the concept of adjusting its wiping 
cycle according to the intensity of the rain [60]. Sketch 
a block diagram of the wiper control system. 


P1.25 In the past 40 years, over 20,000 metric tons of 
hardware have been placed in Earth’s orbit. During 
the same time span, over 15,000 metric tons of hard- 
ware returned to Earth. The objects remaining in 
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Earth’s orbit range in size from large operational 
spacecraft to tiny flecks of paint. There are about 
150,000 objects in Earth’s orbit 1 cm or larger in size. 
About 10,000 of the space objects are currently 
tracked from groundstations on the Earth. Space 
traffic control [67] is becoming an important issue, 
especially for commercial satellite companies that 
plan to “fly” their satellites through orbit altitudes 
where other satellites are operating, and through 
areas where high concentrations of space debris may 
exist. Sketch a block diagram of a space traffic con- 
trol system that commercial companies might use to 
keep their satellites safe from collisions while oper- 
ating in space. 


P1.26 NASA is developing a compact rover designed to 


transmit data from the surface of an asteroid back to 
Earth, as illustrated in Figure P1.26. The rover will use 
a camera to take panoramic shots of the asteroid sur- 
face. The rover can position itself so that the camera 
can be pointed straight down at the surface or straight 
up at the sky. Sketch a block diagram illustrating how 
the microrover can be positioned to point the camera 
in the desired direction. Assume that the pointing 
commands are relayed from the Earth to the micro- 
rover and that the position of the camera is measured 
and relayed back to Earth. 


P1.27 A direct methanol fuel cell is an electrochemical 


device that converts a methanol water solution to 
electricity [84]. Like rechargeable batteries, fuel cells 
directly convert chemicals to energy; they are very 


ADVANCED PROBLEMS 


Advanced problems represent problems of increasing com- 
plexity. 


AP1.1 The development of robotic microsurgery devices 


will have major implications on delicate eye and 
brain surgical procedures. The microsurgery devices 
employ feedback control to reduce the effects of the 
surgeon’s muscle tremors. Precision movements by an 
articulated robotic arm can greatly help a surgeon by 
providing a carefully controlled hand. One such de- 
vice is shown in Figure AP1.1. The microsurgical de- 
vices have been evaluated in clinical procedures and 
are now being commercialized. Sketch a block dia- 
gram of the surgical process with a microsurgical de- 
vice in the loop being operated by a surgeon. Assume 
that the position of the end-effector on the microsur- 
gical device can be measured and is available for 
feedback. 
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FIGURE P1.26 Microrover designed to explore an 
asteroid. (Photo courtesy of NASA.) 


often compared to batteries, specifically rechargeable 
batteries. However, one significant difference between 
rechargeable batteries and direct methanol fuel cells 
is that, by adding more methanol water solution, the 
fuel cells recharge instantly. Sketch a block diagram of 
the direct methanol fuel cell recharging system that 
uses feedback (refer to Figure 1.3) to continuously 
monitor and recharge the fuel cell. 


AP1.2 Advanced wind energy systems are being installed 


in many locations throughout the world as a way for 
nations to deal with rising fuel prices and energy short- 
ages, and to reduce the negative effects of fossil fuel 
utilization on the quality of the air (refer to Example 
1.2 in Section 1.6). The modern windmill can be viewed 
as a mechatronic system. Consider Figure 1.16, which 
illustrates the key elements of mechatronic systems. 
Using Figure 1.16 as a guide, think about how an ad- 
vanced wind energy system would be designed as a 
mechatronic system. List the various components of 
the wind energy system and associate each component 
with one of the five elements of a mechatronic system: 
physical system modeling, signals and systems, comput- 
ers and logic systems, software and data acquisition, 
and sensors and actuators. 


Advanced Problems 





FIGURE AP1.1 Microsurgery robotic manipulator. (Photo 
courtesy of NASA.) 


AP1.3 Many modern luxury automobiles have an au- 
topark option. This feature will parallel park an auto- 
mobile without driver intervention. Figure AP1.3 
illustrates the parallel parking scenario. Using Figure 
1.3 as a model, sketch a block diagram of the automat- 
ed parallel parking feedback control system. In your 
own words, describe the control problem and the chal- 
lenges facing the designers of the control system. 

AP1.4 Adaptive optics has applications to a wide variety of 
key control problems, including imaging of the human 
retina and large-scale, ground-based astronomical ob- 
servations [91]. In both cases, the approach is to use a 


Immobile parked 
automobiles 


Desired parking path ——_ # bet 
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wavefront sensor to measure distortions in the incoming 
light and to actively control and compensate to the er- 
rors induced by the distortions. Consider the case of an 
extremely large ground-based optical telescope, possi- 
bly an optical telescope up to 100 meters in diameter. 
The telescope components include deformable mirrors 
actuated by micro-electro-mechanical (MEMS) devices 
and sensors to measure the distortion of the incoming 
light as it passes through the turbulent and uncertain at- 
mosphere of Earth. 

There is at least one major technological barrier to 
constructing a 100-m optical telescope. The numerical 
computations associated with the control and com- 
pensation of the extremely large optical telescope can 
be on the order of 10!” calculations each 1.5 ms, To 
date, this computational power is unachievable. If we 
assume that the computational capability will ulti- 
mately be available, then one can consider the design 
of a feedback control system that uses the available 
computational power. We can consider many control 
issues associated with the large-scale optical tele- 
scope. Some of the controls problems that might be 
considered include controlling the pointing of the 
main dish, controlling the individual deformable mir- 
rors, and attenuating the deformation of the dish due 
to changes in outside temperature. 

Employing Figure 1.3 as a model for the block dia- 
gram, describe a closed-loop feedback control system 
to control one of the deformable mirrors to compen- 
sate for the distortions in the incoming light. Figure 
AP1.4 shows a diagram of the telescope with a single 
deformable mirror. Suppose that the mirror has an 
associated MEMS actuator that can be used to vary 
the orientation. Also, assume that the wavefront sen- 
sor and associated algorithms provide the desired 
configuration of the deformable mirror to the feed- 
back control system. 


Radar measurements 





FIGURE AP1.3 Automated parallel parking of an automobile. 
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FIGURE AP1.4 Extremely large optical telescope with deformable mirrors 


for atmosphere compensation. 


DESIGN PROBLEMS 


Design problems emphasize the design task. Continuous 
design problems (CDP) build upon a design problem from 
chapter to chapter. 


CDP1.1 Increasingly stringent requirements of modern, 
AA high-precision machinery are placing increasing de- 
C) mands on slide systems [57]. The typical goal is to 

accurately control the desired path of the table shown 
in Figure CDP1.1. Sketch a block diagram model of a 





Cutting 
tool 


FIGURE CDP1.1 


Machine tool with table. 


feedback system to achieve the desired goal. The table 
can move in the x direction as shown. 

DP1.1 The road and vehicle noise that invade an auto- 
mobile’s cabin hastens occupant fatigue [66]. Design 
the block diagram of an “antinoise” feedback system 
that will reduce the effect of unwanted noises. Indicate 
the device within each block. 

DP1.2 Many cars are fitted with cruise control that, at the 
press of a button, automatically maintains a set speed. 
In this way, the driver can cruise at a speed limit or 
economic speed without continually checking the 
speedometer. Design a feedback-control in block dia- 
gram form for a cruise control system. 

DP13 As part of the automation of a dairy farm, the au- 
tomation of cow milking is under study [37], Design a 
milking machine that can milk cows four or five times 
a day at the cow’s demand. Sketch a block diagram 
and indicate the devices in each block. 

DP1.4 A large, braced robot arm for welding large struc- 
tures is shown in Figure DP1.4. Sketch the block dia- 
gram of a closed-loop feedback control system for 
accurately controlling the location of the weld tip. 

DP1.5 Vehicle traction control, which includes antiskid 
braking and antispin acceleration, can enhance vehi- 
cle performance and handling. The objective of this 
control is to maximize tire traction by preventing locked 
brakes as well as tire spinning during acceleration. 
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DP1.7 A challenging application of control design is the 
use of nanorobots in medicine. Nanorobots will re- 
quire onboard computing capability, and very tiny 
sensors and actuators. Fortunately, advances in bio- 
molecular computing, bio-sensors, and actuators are 
promising to enable medical nanorobots to emerge 
within the next decade [92]. Many interesting medical 
applications will benefit from nanorobotics. For exam- 
ple, one use might be to use the robotic devices to pre- 
cisely deliver anti-HIV drugs or to combat cancer by 
targeted delivering of chemotherapy. 

At the present time, we cannot construct practical 
nanorobots, but we can consider the control design 
process that would enable the eventual development 
and installation of these tiny devices in the medical 
field. Consider the problem of designing a nanorobot 
to deliver a cancer drug to a specific location within 
the human body. The target site might be the location 
of a tumor, for example. Using the control design 
process illustrated in Figure 1.15, suggest one or more 
control goals that might guide the design process. Rec- 
ommend the yariables that should be controlled and 
provide a list of reasonable specifications for those 
variables. 






Weld tip 





Workpiece 





FIGURE DP1.4 Robot welder. 


Wheel slip, the difference between the vehicle speed 
and the wheel speed, is chosen as the controlled vari- 
able because of its strong influence on the tractive 
force between the tire and the road [19]. The adhesion 
coefficient between the wheel and the road reaches a 
maximum at a low slip. Develop a block diagram 
model of one wheel of a traction control system. 


DP1.6 The Hubble space telescope was repaired and 
modified in space on several occasions [47, 49, 52]. 
One challenging problem with controlling the Hub- 
ble is damping the jitter that vibrates the spacecraft 
each time it passes into or out of the Earth’s shadow. 
The worst vibration has a period of about 20 seconds, 
or a frequency of 0.05 hertz. Design a feedback sys- 





tem that will reduce the vibrations of the Hubble FIGURE DP1.7 An artist illustration of a 
space telescope. nanorobot interacting with human blood cells. 
TERMS AND CONCEPTS 


Automation The control of a process by automatic means. Control system An interconnection of components form- 


Closed-loop feedback control system A system that uses ing a system configuration that will provide a desired 


a measurement of the output and compares it with the response. 
desiredioutputitoieontroltireprocessi Design The process of conceiving or inventing the forms, 
Complexity of design The intricate pattern of interwoven parts, and details of a system to achieve a specified 


parts and knowledge required. purpose. 
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Design gap A gap between the complex physical system 
and the design model intrinsic to the progression from 
the initial concept to the final product. 

Engineering design 
system. 


The process of designing a technical 


Feedback signal A measure of the output of the system 
used for feedback to control the system. 


Flyball governor A mechanical device for controlling the 
speed of a steam engine. 


Hybrid fuel automobile An automobile that uses a con- 
ventional internal combustion engine in combination 
with an energy storage device to provide a propulsion 
system. 


Mechatronics The synergistic integration of mechanical, 
electrical, and computer systems. 

Multivariable control system A system with more than 
one input variable or more than one output variable. 


Negative feedback An output signal fed back so that it 
subtracts from the input signal. 


Open-loop control system A system that uses a device to 
control the process without using feedback. Thus the 
output has no effect upon the signal to the process. 


Optimization The adjustment of the parameters to achieve 
the most favorable or advantageous design. 
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Plant See Process. 


Positive feedback An output signal fed back so that it 
adds to the input signal. 


Process The device, plant, or system under control. 


Productivity The ratio of physical output to physical input 
of an industrial process. 


Risk Uncertainties embodied in the unintended conse- 
quences of a design. 


Robot Programmable computers integrated with a ma- 
nipulator. A reprogrammable, multifunctional manip- 
ulator used for a variety of tasks. 


Specifications Statements that explicitly state what the 
device or product is to be and to do. A set of prescribed 
performance criteria. 

Synthesis The process by which new physical configura- 
tions are created. The combining of separate elements 
or devices to form a coherent whole. 


System An interconnection of elements and devices for a 
desired purpose. 

Trade-off The result of making a judgment about how to 
compromise between conflicting criteria. 


CHAPTER 


Mathematical Models 
of Systems 





2.1 Introduction 42 

2.2 Differential Equations of Physical Systems 42 

2.3 Linear Approximations of Physical Systems 47 

2.4 The Laplace Transform 50 

2.5 The Transfer Function of Linear Systems 57 

2.6 Block Diagram Models 71 

2T Signal-Flow Graph Models 76 

2.8 Design Examples 82 

2.9 The Simulation of Systems Using Control Design Software 102 
2.10 Sequential Design Example: Disk Drive Read System 117 
2.11 Summary 119 


PREVIEW 


Mathematical models of physical systems are key elements in the design and analysis 
of control systems. The dynamic behavior is generally described by ordinary differen- 
tial equations. We will consider a wide range of systems, including mechanical, 
hydraulic, and electrical. Since most physical systems are nonlinear, we will discuss lin- 
earization approximations, which allow us to use Laplace transform methods. We will 
then proceed to obtain the input-output relationship for components and subsystems 
in the form of transfer functions. The transfer function blocks can be organized into 
block diagrams or signal-flow graphs to graphically depict the interconnections. Block 
diagrams (and signal-flow graphs) are very convenient and natural tools for designing 
and analyzing complicated control systems. We conclude the chapter by developing 
transfer function models for the various components of the Sequential Design 
Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 2, students should: 


4 Recognize that differential equations can describe the dynamic behavior of physical 
systems. 





Q Be able to utilize linearization approximations through the use of Taylor series expansions. 


Q Understand the application of Laplace transforms and their role in obtaining transfer 
functions. 

2 Be aware of block diagrams (and signal-flow graphs) and their role in analyzing control 
systems. 

Q Understand the important role of modeling in the control system design process. 
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2.1 INTRODUCTION 


To understand and control complex systems, one must obtain quantitative 
mathematical models of these systems. It is necessary therefore to analyze the rela- 
tionships between the system variables and to obtain a mathematical model. 
Because the systems under consideration are dynamic in nature, the descriptive 
equations are usually differential equations. Furthermore, if these equations can be 
linearized, then the Laplace transform can be used to simplify the method of solu- 
tion. In practice, the complexity of systems and our ignorance of all the relevant 
factors necessitate the introduction of assumptions concerning the system opera- 
tion. Therefore we will often find it useful to consider the physical system, express 
any necessary assumptions, and linearize the system. Then, by using the physical 
laws describing the linear equivalent system, we can obtain a set of linear differen- 
tial equations. Finally, using mathematical tools, such as the Laplace transform, we 
obtain a solution describing the operation of the system. In summary, the approach 
to dynamic system modeling can be listed as follows: 


1. Define the system and its components. 


2. Formulate the mathematical model and fundamental necessary assumptions based on 
basic principles. 


. Obtain the differential equations representing the mathematical model. 
. Solve the equations for the desired output variables. 


. Examine the solutions and the assumptions. 


au > W 


. If necessary, reanalyze or redesign the system. 


2.2 DIFFERENTIAL EQUATIONS OF PHYSICAL SYSTEMS 


The differential equations describing the dynamic performance of a physical system 
are obtained by utilizing the physical laws of the process [1-3]. This approach applies 
equally well to mechanical [1], electrical [3], fluid, and thermodynamic systems [4]. 
Consider the torsional spring-mass system in Figure 2.1 with applied torque 7,(t). 
Assume the torsional spring element is massless. Suppose we want to measure the 
torque 7,(¢) transmitted to the mass m. Since the spring is massless, the sum of the 
torques acting on the spring itself must be zero, or 


R(t) — T(t) = 0, 
which implies that 7,(t) = 7,(t). We see immediately that the external torque T,(t) 
applied at the end of the spring is transmitted through the torsional spring. Because 


of this, we refer to the torque as a through-variable. In a similar manner, the angular 
rate difference associated with the torsional spring element is 


olt) = w(t) — walt). 


FIGURE 2.1 

(a) Torsional 
spring-mass 
system. (b) Spring 
element. 
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Thus, the angular rate difference is measured across the torsional spring element and is 
referred to as an across-variable. These same types of arguments can be made for most 
common physical variables (such as force, current, volume, flow rate, etc.). A more 
complete discussion on through- and across-variables can be found in [30, 33]. A sum- 
mary of the through- and across-variables of dynamic systems is given in Table 2.1 [5]. 
Information concerning the International System (SI) of units associated with the var- 
ious variables discussed in this section can be found at the MCS website.’ For example, 
variables that measure temperature are degrees Kelvin in SI units, and variables that 
measure length are meters. Important conversions between SI and English units are 
also given at the MCS website. A summary of the describing equations for lumped, 


Table 2.1 Summary of Through- and Across-Variables for Physical Systems 





Variable Integrated Variable Integrated 
Through Through- Across Across- 
System Element Variable Element Variable 
Electrical Current, i Charge, q Voltage Flux linkage, Àz; 
difference, v3; 
Mechanical Force, F Translational Velocity Displacement 
translational momentum, P difference, v21 difference, yz 
Mechanical Torque, T Angular Angular velocity Angular 
rotational momentum, h difference, w21 displacement 
difference, 03 
Fluid Fluid Volume, V Pressure Pressure 
volumetric rate difference, Py, momentum, y2; 
of flow, Q 
Thermal Heat flow Heat energy, Temperature 
rate, q H difference, Fy, 





*The companion website is found at www.prenhall.com/dorf. 
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linear, dynamic elements is given in Table 2.2 [5]. The equations in Table 2.2 are ideal- 
ized descriptions and only approximate the actual conditions (for example, when a 
linear, lumped approximation is used for a distributed element). 


Table 2.2 Summary of Governing Differential Equations for Ideal Elements 





Type of Physical Governing Energy E or 
Element Element Equation Power P Symbol 
di 1 L i 
Electrical inductance vy = Le E= z v ANNM +0 vi 
; ? 1 dF LF k v 
Translational spring UA dh E= 2k w AY NNN F 
Inductive storage 
‘ Rotational sprin, Lat: EB im ; cof 
A Sar mia 2 OL YY Yo 
i spring oa = Ee Dk w 7 
OS dQ 15 I 
Fluid inertia Py = a E= 3/2 P, Waaa aia P, 


3 ‘ l duz 1 TE 
Electrical capacitance i= a E= youn Vy o] |» vy 











dv: 1 aro | [+o 
Translational mass F=M— E = Mv? À Vy M hr 
dt 2 es constant 
do. 1 T —o J Hg = 
Capacitive storage Rotational mass T = J= E = 5Jw,? w do 
dt 2 constant 
dP, 1 5 
Fluid capacitance O= G E = 5CjPa? a Pi 
dg; ro —o 
Thermal capacitance q=G a E = C 2 T, o F= 
constant 
r 3 1 1 R i 
Electrical resistance $= R% P= ROI vz 0— ANN i 
Translational damper F = buy P = bun? , > 
F =] $ vi 
Energy dissipators Rotational damper T = bar, P = bon? T — y] 7e Si 
2 Hp 
Fluid resistance Q= ip P= ap 3 R Q 
Re? Rp PNA =o P, 
Thermal resistan: : T P l J R 
ce = =— t q 
q R, 21 R, 21 g, q 7, 





FIGURE 2.2 
(a) Spring-mass- 
damper system. 
(b) Free-body 
diagram. 


Section 2.2 Differential Equations of Physical Systems 45 


Nomenclature 


2 Through-variable: F = force, T = torque, i = current, Q = fluid volumetric flow 
rate, g = heat flow rate. 

2 Across-variable: v = translational velocity, @ = angular velocity, v = voltage, 
P = pressure, J = temperature. 

Q Inductive storage: L = inductance, 1/k = reciprocal translational or rotational 
stiffness, 7 = fluid inertance. 

2 Capacitive storage: C = capacitance, M = mass, J = moment of inertia, Cp = fluid 
capacitance, C, = thermal capacitance. 

2 Energy dissipators: R = resistance, b = viscous friction, Ry = fluid resistance, 
R, = thermal resistance. 


The symbol v is used for both voltage in electrical circuits and velocity in trans- 
lational mechanical systems and is distinguished within the context of each differen- 
tial equation. For mechanical systems, one uses Newton’s laws; for electrical systems, 
Kirchhoff’s voltage laws. For example, the simple spring-mass-damper mechanical 
system shown in Figure 2.2(a) is described by Newton’s second law of motion. (‘This 
system could represent, for example, an automobile shock absorber.) The free-body 
diagram of the mass M is shown in Figure 2.2(b). In this spring-mass-damper exam- 
ple, we model the wall friction as a viscous damper, that is, the friction force is 
linearly proportional to the velocity of the mass. In reality the friction force may be- 
have in a more complicated fashion. For example, the wall friction may behave as a 
Coulomb damper. Coulomb friction, also known as dry friction, is a nonlinear func- 
tion of the mass velocity and possesses a discontinuity around zero velocity. For a 
well-lubricated, sliding surface, the viscous friction is appropriate and will be used 
here and in subsequent spring-mass-damper examples. Summing the forces acting 
on M and utilizing Newton’s second law yields 

PIO AO) 


aa tbir + kylt) = (0), (2.1) 





where k is the spring constant of the ideal spring and b is the friction constant. Equa- 
tion (2.1) is a second-order linear constant-coefficient differential equation. 


bý ky 


Wall 
friction, b 






Force r(t) 


(a) (b) 
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FIGURE 2.3 
RLC circuit. 


FIGURE 2.4 
Typical voltage 
response for 
underdamped RLC 
circuit. 
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Current 
source 





Alternatively, one may describe the electrical RLC circuit of Figure 2.3 by utiliz- 
ing Kirchhoff’s current law. Then we obtain the following integrodifferential equation: 


v(t) dv(t) 


aka wl y [ v(t) dt = r(t). (2.2) 


The solution of the differential equation describing the process may be ob- 
tained by classical methods such as the use of integrating factors and the method of 
undetermined coefficients [1]. For example, when the mass is initially displaced a 
distance y(0) = yo and released, the dynamic response of an underdamped system 
is represented by an equation of the form 


y(t) = Kye" sin(Byt + 01). (2.3) 


A similar solution is obtained for the voltage of the RLC circuit when the circuit 
is subjected to a constant current r(t) = 7. Then the voltage is 


v(t) = Kye cos(Bot + 62). (2.4) 


A voltage curve typical of an underdamped RLC circuit is shown in Figure 2.4. 
To reveal further the close similarity between the differential equations for the 
mechanical and electrical systems, we shall rewrite Equation (2.1) in terms of velocity: 








_ a&(t) 
v(t) = a 
Then we have 
du(t ‘ 
yO 4. wey eR i v(t) dt = r(t). (2.5) 
dt o 
Voltage 
Vv) 
4 





—> Time 
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One immediately notes the equivalence of Equations (2.5) and (2.2) where veloc- 
ity v(t) and voltage v(t) are equivalent variables, usually called analogous variables, 
and the systems are analogous systems. Therefore the solution for velocity is similar to 
Equation (2.4), and the response for an underdamped system is shown in Figure 2.4. 
The concept of analogous systems is a very useful and powerful technique for system 
modeling. The voltage—velocity analogy, often called the force-current analogy, is a 
natural one because it relates the analogous through- and across-variables of the elec- 
trical and mechanical systems. Another analogy that relates the velocity and current 
variables is often used and is called the force—voltage analogy [22, 24]. 

Analogous systems with similar solutions exist for electrical, mechanical, ther- 
mal, and fluid systems. The existence of analogous systems and solutions provides 
the analyst with the ability to extend the solution of one system to all analogous sys- 
tems with the same describing differential equations. Therefore what one learns 
about the analysis and design of electrical systems is immediately extended to an 
understanding of fluid, thermal, and mechanical systems. 


2.3 LINEAR APPROXIMATIONS OF PHYSICAL SYSTEMS 


A great majority of physical systems are linear within some range of the variables. 
In general, systems ultimately become nonlinear as the variables are increased with- 
out limit. For example, the spring-mass-damper system of Figure 2.2 is linear and 
described by Equation (2.1) as long as the mass is subjected to small deflections y(¢). 
However, if y(t) were continually increased, eventually the spring would be overex- 
tended and break. Therefore the question of linearity and the range of applicability 
must be considered for each system. 

A system is defined as linear in terms of the system excitation and response. 
In the case of the electrical network, the excitation is the input current z(t) and the 
response is the voltage v(¢). In general, a necessary condition for a linear system 
can be determined in terms of an excitation x(t) and a response y(t). When the 
system at rest is subjected to an excitation x(t), it provides a response y,(t). Fur- 
thermore, when the system is subjected to an excitation x(t), it provides a corre- 
sponding response y,(t). For a linear system, it is necessary that the excitation 
x(t) + x(t) result in a response y;(t) + y2(t). This is usually called the principle 
of superposition. 

Furthermore, the magnitude scale factor must be preserved in a linear system. 
Again, consider a system with an input x(¢) that results in an output y(t). Then the 
response of a linear system to a constant multiple B of an input x must be equal to 
the response to the input multiplied by the same constant so that the output is equal 
to By. This is called the property of homogeneity 


A linear system satisfies the properties of superposition and homogeneity. 


A system characterized by the relation y = x? is not linear, because the super- 
position property is not satisfied. A system represented by the relation y = mx + b 
is not linear, because it does not satisfy the homogeneity property. However, this 
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second system may be considered linear about an operating point xp, yo for small 
changes Ax and Ay. When x = x) + Ax and y = yọ + Ay, we have 


y=mx+b 


or 
yo + Ay = mxy + m Ax +b. 


Therefore, Ay = m Ax, which satisfies the necessary conditions. 

The linearity of many mechanical and electrical elements can be assumed over a 
reasonably large range of the variables [7]. This is not usually the case for thermal and 
fluid elements, which are more frequently nonlinear in character. Fortunately, however, 
one can often linearize nonlinear elements assuming small-signal conditions. This is the 
normal approach used to obtain a linear equivalent circuit for electronic circuits and 
transistors. Consider a general element with an excitation (through-) variable x(t) and 
a response (across-) variable y(/). Several examples of dynamic system variables are 
given in Table 2.1. The relationship of the two variables is written as 


yt) = g(t), (2.6) 
where g(x(t)) indicates y(t) is a function of x(¢). The normal operating point is desig- 


nated by x9. Because the curve (function) is continuous over the range of interest, a 
Taylor series expansion about the operating point may be utilized [7]. Then we have 











dg (x - x) dg (x = x)? 
= = glx) + — + Here QT 
y = g(x) = g(x) dx | vo, 1! de ier 2) (2.7) 
The slope at the operating point, 
dg 
dii ange 





is a good approximation to the curve over a small range of (x — xg), the deviation from 
the operating point. Then, as a reasonable approximation, Equation (2.7) becomes 


(x — xo) = Yo + m(x — xo), (2.8) 





dg 
= a + — 
y = g(x) ae 


x= 


where m1 is the slope at the operating point. Finally, Equation (2.8) can be rewritten 
as the linear equation 


O = Yo) = m(x — xo) 
or 
Ay = m Ax. (2.9) 
Consider the case of a mass, M, sitting on a nonlinear spring, as shown in Figure 2.5(a). 
The normal operating point is the equilibrium position that occurs when the spring force 
balances the gravitational force Mg, where g is the gravitational constant. Thus, we obtain 
fo = Mg, as shown. For the nonlinear spring with f = y°, the equilibrium position is 
yo = (Mg)'””. The linear model for small deviation is 


Af = mAy, 


FIGURE 2.5 

(a) A mass sitting 
on a nonlinear 
spring. (b) The 
spring force 
versus y. 
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as shown in Figure 2.5(b). Thus, 7 = 2yy. A linear approximation is as accurate as 
the assumption of small signals is applicable to the specific problem. 

If the dependent variable y depends upon several excitation variables, 
Xi X2,..., Xm then the functional relationship is written as 


Y = B(X1, X2,-- + Xn). (2.10) 


The Taylor series expansion about the operating point x1, X2: - +, Xm is useful for a 
linear approximation to the nonlinear function. When the higher-order terms are 
neglected, the linear approximation is written as 





ag ag 
Y= B(Xy Nyy ees Xiq) + Foy ag (4 = %,) + Hes ew, (x2 = xa) (2.11) 
ag 
Sivonen Xy — Xy)s 
bk, wn Km) 





where Xo is the operating point. Example 2.1 will clearly illustrate the utility of this 
method. 


EXAMPLE 2.1 Pendulum oscillator model 
Consider the pendulum oscillator shown in Figure 2.6(a). The torque on the mass is 
T = MgLsiné, (2.12) 


where g is the gravity constant. The equilibrium condition for the mass is 0) = 0°. 
The nonlinear relation between T and 8 is shown graphically in Figure 2.6(b). The 
first derivative evaluated at equilibrium provides the linear approximation, 
which is 

asin @ 


T —Ty) = MgL 
O [o=o 





(0 — 8o), 
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FIGURE 2.6 
Pendulum 
oscillator. 
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Length L 





Mass M 





(a) (b) 


where 7) = 0. Then, we have 
T = MgL(cos 0°)(@ — 0°) 
= MgLo. (2.13) 


This approximation is reasonably accurate for —7/4 < 0 < 7/4. For example, the 
response of the linear model for the swing through +30° is within 5% of the actual 
nonlinear pendulum response. m 


2.4 THE LAPLACE TRANSFORM 


The ability to obtain linear approximations of physical systems allows the analyst to 
consider the use of the Laplace transformation. The Laplace transform method sub- 
stitutes relatively easily solved algebraic equations for the more difficult differential 
equations [1, 3]. The time-response solution is obtained by the following operations: 


1, Obtain the linearized differential equations. 


2. Obtain the Laplace transformation of the differential equations. 
3. Solve the resulting algebraic equation for the transform of the variable of interest. 


The Laplace transform exists for linear differential equations for which the trans- 
formation integral converges. Therefore, for f(t) to be transformable, it is sufficient that 


| IOl at < 00, 
07 


for some real, positive a [1]. The 0” indicates that the integral should include any 
discontinuity, such as a delta function at t= 0. If the magnitude of f(t) is 
|F| < Me“ for all positive r, the integral will converge for 7, > a. The region of 
convergence is therefore given by 00 > g, > a, and g; is known as the abscissa of 
absolute convergence. Signals that are physically realizable always have a Laplace 
transform. The Laplace transformation for a function of time, f(s), is 

















F(s) = i f(the™ dt = L{F(t)}. (2.14) 
O 
The inverse Laplace transform is written as 
1 a+ joo 
ft) = ail F(s)" ds. (2.15) 
2Tj Jo-jo 
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The transformation integrals have been employed to derive tables of Laplace trans- 

_ forms that are used for the great majority of problems. A table of important Laplace 

my transform pairs is given in Table 2.3, and a more complete list of Laplace transform 
pairs can be found at the MCS website. 


Table 2.3 Important Laplace Transform Pairs 
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e™ sin wt 2 
(s + a) y 

rg sta 

e cos wt n 
(s + a) 4 


Hila - a) + o? Pe sin(wt + ), on 





= @ 
ġ = tar! 
a= 





2 
a 
eto sinon V1 — C40 <1 ome cont 
nN n 
1 1 
ee ™ sin(wt — == ae 
OVa + o ( 4) s[(s + a} + o°] 
o tant? 
1 5 On 
1 — —— et sin(w, V1 — 2 + 6), i pee 
n n 


stä 
s[(s + a)? + a°] 








52 


Chapter 2 Mathematical Models of Systems 


Alternatively, the Laplace variable s can be considered to be the differential 
operator so that 


s= 


(2.16) 


Then we also have the integral operator 


1 t 
== f dt. (217) 
A o 


The inverse Laplace transformation is usually obtained by using the Heaviside 
partial fraction expansion. This approach is particularly useful for systems analysis 
and design because the effect of each characteristic root or eigenvalue can be clear- 
ly observed. 

To illustrate the usefulness of the Laplace transformation and the steps involved 
in the system analysis, reconsider the spring-mass-damper system described by 
Equation (2.1), which is 


dy 


M—,; 
dt? 





d 
+ be + ky =r(0). (2.18) 


We wish to obtain the response, y, as a function of time. The Laplace transform of 
Equation (2.18) is 


u(s6) = spt j= Zo) + b(sY(s) — y(07)) + kY (s) = R(s). (2.19) 


When 
l 
r(t)=0, and y(0)= y» and a =0, 
dt 0" 
we have 
Ms?Y(s) — Msyo + bsY(s) — bya + kY(s) = 0. (2.20) 


Solving for Y(s), we obtain 
(Ms + b)yo _ pls) 


Y(s) = = à 
6) M’? +bs+k q(s) 


(2.21) 
The denominator polynomial q(s), when set equal to zero, is called the characteristic 
equation because the roots of this equation determine the character of the time 
response. The roots of this characteristic equation are also called the poles of the sys- 
tem. The roots of the numerator polynomial p(s) are called the zeros of the system; 
for example, s = —b/M is a zero of Equation (2.21). Poles and zeros are critical fre- 
quencies. At the poles, the function Y(s) becomes infinite, whereas at the zeros, the 
function becomes zero. The complex frequency s-plane plot of the poles and zeros 
graphically portrays the character of the natural transient response of the system. 

For a specific case, consider the system when k/M = 2 and b/M = 3. Then 
Equation (2.21) becomes 


(s + 3)yo 


Te) = r Tek Oy 


(2.22) 


FIGURE 2.7 
An s-plane pole and 
zero plot. 


FIGURE 2.8 
Graphical 
evaluation of the 
residues. 
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The poles and zeros of Y(s) are shown on the s-plane in Figure 2.7. 
Expanding Equation (2.22) in a partial fraction expansion, we obtain 


kı kə 


+ —— 2.23 
Sh SEZ (223) 


Y(s) = 





where k; and k3 are the coefficients of the expansion. The coefficients k; are called 
residues and are evaluated by multiplying through by the denominator factor of 
Equation (2.22) corresponding to k; and setting s equal to the root. Evaluating kı 
when yo = 1, we have 


_ (s = s)p(s) 


JO (2.24) 


ky 





S=s, 


_ (s + 1s + 3) 


~ (s+ Is + 2) ro 


sy=-l 





and k, = —1. Alternatively, the residues of Y(s) at the respective poles may be eval- 
uated graphically on the s-plane plot, since Equation (2.24) may be written as 


Pe 3 
saree 





(2.25) 





s==-1 


5, +3 
5, +2 





= 2. 





s=-1 


The graphical representation of Equation (2.25) is shown in Figure 2.8. The graphi- 
cal method of evaluating the residues is particularly valuable when the order of the 
characteristic equation is high and several poles are complex conjugate pairs. 


jo 
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FIGURE 2.9 

An s-plane plot of 
the poles and zeros 
of Ys). 
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The inverse Laplace transform of Equation (2.22) is then 


ee 2 E th 
=g L + i} TH 4 + z} (2:26) 


Using Table 2.3, we find that 








y(t) = 2e% — 1e™. (2.27) 


Finally, it is usually desired to determine the steady-state or final value of the re- 
sponse of y(t). For example, the final or steady-state rest position of the spring-mass- 
damper system may be calculated. The final value theorem states that 





| lim y(/) = lim sY (s), (2.28) 








where a simple pole of Y(s) at the origin is permitted, but poles on the imaginary 
axis and in the right half-plane and repeated poles at the origin are excluded. There- 
fore, for the specific case of the spring-mass-damper, we find that 


lim y() = lim sY (s) = 0. (2.29) 


Hence the final position for the mass is the normal equilibrium position y = 0. 

To illustrate clearly the salient points of the Laplace transform method, let us 
reconsider the spring-mass-damper system for the underdamped case. The equation 
for Y(s) may be written as 


s + b/M)y S + 2w 
YO = ( /M)yo A Eon) Yo = (2.30) 
sé t+ (b/M)s + k/M — 8° + 2fa,s + wy, 
where ¢ is the dimensionless damping ratio, and w, is the natural frequency of the 
system. The roots of the characteristic equation are 


51,82 = —Co, + OVE — 1, (2.31) 


where, in this case, w, = Vk/M and ¢ = b/(2V kM). When ¢ > 1, the roots are 
real; when ¢ < 1, the roots are complex and conjugates. When ¢ = 1, the roots are 
repeated and real, and the condition is called critical damping. 

When ¢ < 1, the response is underdamped, and 


512 = -bon + jo,V1 - 2. (2.32) 


The s-plane plot of the poles and zeros of Y(s) is shown in Figure 2.9, where 
6 = cos! ¢. As ¢ varies with w, constant, the complex conjugate roots follow a circular 
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FIGURE 2.10 
The locus of roots 
as ý varies with wy, 
constant. 


FIGURE 2.11 
Evaluation of the 
residue k4. 
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locus, as shown in Figure 2.10. The transient response is increasingly oscillatory as the 
roots approach the imaginary axis when ¢ approaches zero. 

The inverse Laplace transform can be evaluated using the graphical residue 
evaluation. The partial fraction expansion of Equation (2.30) is 


k k 
isg 2 
S— Ss, 8 — 59 





Y(s) = (2.33) 


Since s is the complex conjugate of s4, the residue k is the complex conjugate of kı 
so that we obtain 
kı ki 


Hers E 





where the asterisk indicates the conjugate relation. The residue k, is evaluated from 
Figure 2.11 as 


_ Yo(si + 26en) yoM e” 
si- Sy Mei”? 





kı 





(2.34) 


where M; is the magnitude of sı + 2£w,, and M3 is the magnitude of sı — s}. (A re- 
view of complex numbers can be found on the MCS website.) In this case, we obtain 











pE Yo(ne””) Yo (2.35) 
t= z z + . 
Do NI — Bel 21 — pA 
jo 
eae jo ~ 
Sı + 2g, 
mms 
o 
~ 2600, j 
=s 
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FIGURE 2.12 
Response of the 
spring-mass- 
damper system. 
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x) 


Yok Overdamped case 















0 > Time 
i Underdamped case 
7“e- £"! envelope 
where 0 = cos”! ¢. Therefore, 
ka Yo j(7/2-0) 2.36 
ky "a wie Tp . ( ` ) 


Finally, letting 8 = V1 — ¢?, we find that 
y(t) = kye + kye! 
Yo sa. = M = = ua 
= — 20 __(gil0- 7/2) gLont gionBt 4. e7270) gon gjwnBrt 
wile ( ) 
Yo Psd 2s 3 

= Vr od sin(w, V1 — Et + 8). (2.37) 
The solution, Equation (2.37), can also be obtained using item 11 of Table 2.3. The tran- 
sient responses of the overdamped (č > 1) and underdamped (¢ < 1) cases are 
shown in Figure 2.12. The transient response that occurs when ¢ < 1 exhibits an oscil- 
lation in which the amplitude decreases with time, and it is called a damped oscillation. 
The relationship between the s-plane location of the poles and zeros and the 
form of the transient response can be interpreted from the s-plane pole-zero 
plots. For example, as seen in Equation (2.37), adjusting the value of fw, varies 
the e” envelope, hence the response y(¢) shown in Figure 2.12, The larger the 
value of fw, the faster the damping of the response, y(t). In Figure 2.9, we see 
that the location of the complex pole s; is given by 5; = —{w, + jo,V1 — B, 
So, making fw, larger moves the pole further to the left in the s-plane. Thus, the 
connection between the location of the pole in the s-plane and the step response 
is apparent—moving the pole sı farther in the left half-plane leads to a faster 
damping of the transient step response. Of course, most control systems will 
have more than one complex pair of poles, so the transient response will be the 
result of the contributions of all the poles. In fact, the magnitude of the response 
of each pole, represented by the residue, can be visualized by examining the 
graphical residues on the s-plane. We will discuss the connection between the 
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pole and zero locations and the transient and steady-state response more in sub- 
sequent chapters. We will find that the Laplace transformation and the s-plane 
approach are very useful techniques for system analysis and design where em- 
phasis is placed on the transient and steady-state performance. In fact, because 
the study of control systems is concerned primarily with the transient and 
steady-state performance of dynamic systems, we have real cause to appreciate 
the value of the Laplace transform techniques. 


2.5 THE TRANSFER FUNCTION OF LINEAR SYSTEMS 


FIGURE 2.13 
An RC network. 


The transfer function of a linear system is defined as the ratio of the Laplace transform 
of the output variable to the Laplace transform of the input variable, with all initial 
conditions assumed to be zero. The transfer function of a system (or element) repre- 
sents the relationship describing the dynamics of the system under consideration. 

A transfer function may be defined only for a linear, stationary (constant para- 
meter) system. A nonstationary system, often called a time-varying system, has one 
or more time-varying parameters, and the Laplace transformation may not be uti- 
lized. Furthermore, a transfer function is an input-output description of the behav- 
ior of a system. Thus, the transfer function description does not include any 
information concerning the internal structure of the system and its behavior. 

The transfer function of the spring-mass-damper system is obtained from the 
original Equation (2.19), rewritten with zero initial conditions as follows: 


Ms’Y(s) + bsY(s) + k¥(s) = R(s). (2.38) 


Then the transfer function is 





Output = G(s) = Y(s) _ 1 


= = i 2,39 
Input R(s) Ms + bs +k (a9) 


The transfer function of the RC network shown in Figure 2.13 is obtained by 
writing the Kirchhoff voltage equation, yielding 


1 
V(s) = (« + rao (2.40) 
expressed in terms of transform variables. We shall frequently refer to variables and 
their transforms interchangeably. The transform variable will be distinguishable by 


the use of an uppercase letter or the argument (s). 
The output voltage is 


Vals) = 1092), (2.41) 


o+ 
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Therefore, solving Equation (2.40) for J(s) and substituting in Equation (2.41), we have 
(1/Cs)M(s) 


Wl) = "Re acs" 


Then the transfer function is obtained as the ratio V;(s)/Vj(s), which is 


VAs) 1 1 1/7 
V(s) RCs+1 rst+1 s+1/r 








G(s) = (2.42) 


where 7 = RC, the time constant of the network. The single pole of G(s) is 


s = —1/r. Equation (2.42) could be immediately obtained if one observes that the 
circuit is a voltage divider, where 
Vs Zs 
a(s) _ 2(s) (2.43) 


Vis) Zi(s) + Z8) 


and Z,(s) = R, Z2 = 1/Cs. 

A multiloop electrical circuit or an analogous multiple-mass mechanical sys- 
tem results in a set of simultaneous equations in the Laplace variable. It is usually 
more convenient to solve the simultaneous equations by using matrices and deter- 
minants [1, 3, 16]. An introduction to matrices and determinants can be found on 
the MCS website. 

Let us consider the long-term behavior of a system and determine the response 
to certain inputs that remain after the transients fade away. Consider the dynamic 
system represented by the differential equation 

d'y d'y d'r d?r 
am T irp tO + qoy = Pn- gami * Pa-2 nad + + por, (2.44) 
where y(f) is the response, and r(¢) is the input or forcing function. If the initial con- 
ditions are all zero, then the transfer function is the coefficient of R(s) in 
- -2 
p(s) Baas" T + paas + +++ + Do 


Ri = 
ais) O ST + gus | + + Go 





Y(s) = G(s)R(s) = R(s). (2.45) 


The output response consists of a natural response (determined by the initial 
conditions) plus a forced response determined by the input. We now have 





m(s) 4 PO) 
= a ae 
where q(s) = 0 is the characteristic equation. If the input has the rational form 
n(s) 
R(s) = as) 
then 
ye) = ZO s POTO L Ys) + HIS) + KOS), (246) 


qs) a(s) d(s) 
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where ¥;(s) is the partial fraction expansion of the natural response, Y;(s) is the par- 
tial fraction expansion of the terms involving factors of g(s), and ¥4(s) is the partial 
fraction expansion of terms involving factors of d(s). 

Taking the inverse Laplace transform yields 


y(t) = vit) + y(t) + y(t). 


The transient response consists of y(t) + y2(t), and the steady-state response is y3(t). 


EXAMPLE 2.2 Solution of a differential equation 


Consider a system represented by the differential equation 
dy dy 
<= 44 43y=2 
dt? Fi ay 2ni); 
y gy dy 
where the initial conditions are y(0) = 1,7, 0) = 0,andr(t) = 1,¢ = 0. 
The Laplace transform yields 
[sY (s) — sy(0)] + 4[s¥(s) — y(0)] + 3¥(s) = 2R(s). 
Since R(s) = 1/s and y(0) = 1, we obtain 
s+4 2 
2 E 2. ` 
seras t3  s(s* + 4s + 3) 








Y(s) 


where q(s) = s? + 4s +3 = (s + 1)(s + 3) = Ois the characteristic equation, and 
d(s) = s. Then the partial fraction expansion yields 


1 =| 22 + jf = + 1 t 2/3 _ Y(s) + ¥i(s) + ¥(6). 


sel 943i stl s+3 Ss 





Hence, the response is 


3 E 1 mA —t 1 —3t 2 
= + + + 
y(t) 7 e 2 ë le 3 e 3 


and the steady-state response is 





r 2 
j= 
dim; y(t) =". 


EXAMPLE 2.3 Transfer function of an op-amp circuit 


The operational amplifier (op-amp) belongs to an important class of analog inte- 
grated circuits commonly used as building blocks in the implementation of control 
systems and in many other important applications. Op-amps are active elements 
(that is, they have external power sources) with a high gain when operating in their 
linear regions. A model of an ideal op-amp is shown in Figure 2.14. 
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FIGURE 2.14 
The ideal op-amp. 


FIGURE 2.15 


An inverting amplifier 
operating with ideal 


conditions. 
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The operating conditions for the ideal op-amp are (1) i; = 0 and i, = 0, thus 
implying that the input impedance is infinite, and (2) vy — vı = 0 (or vı = v2). The 
input-output relationship for an ideal op-amp is 


w = Kv — v) = -Kv — v2), 


where the gain K approaches infinity. In our analysis, we will assume that the linear 
op-amps are operating with high gain and under idealized conditions. 

Consider the inverting amplifier shown in Figure 2.15. Under ideal conditions, 
we have i; = 0, so that writing the node equation at v; yields 


U1 — Vin + Up Uo _ 
Rı R 


Since v, = v; (under ideal conditions) and v = 0 (see Figure 2.15 and compare it 
with Figure 2.14), it follows that v; = 0. Therefore, 


Yin v 


“Eke 
and rearranging terms, we obtain 
Mo. Re 
Uin Ry 


We see that when R, = R}, the ideal op-amp circuit inverts the sign of the input, 
that is, % = —vj, when R, = Rj. m 


EXAMPLE 2.4 Transfer function of a system 


Consider the mechanical system shown in Figure 2.16 and its electrical circuit analog 
shown in Figure 2.17. The electrical circuit analog is a force-current analog as out- 
lined in Table 2.1. The velocities v;(t) and v2(t) of the mechanical system are directly 











FIGURE 2.16 
Two-mass 
mechanical system. 


FIGURE 2.17 
Two-node electric 
circuit analog 

Cy = My, C2 = Mo, 
L= 1/k, Ry = 1/by, 
R = 1/bo. 
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analogous to the node voltages v(t) and v(t) of the electrical circuit. The simultane- 
ous equations, assuming that the initial conditions are zero, are 


Mis Vi(s) + (by + b2)Vi(s) — biVa(s) = RCs), (2.47) 

















and 
vs) _ 


MasVi(s) + b\(VA(s) — Vi(s)) + kK = 0. (2.48) 


These equations are obtained using the force equations for the mechanical system 
of Figure 2.16. Rearranging Equations (2.47) and (2.48), we obtain 


(Mis + (by + by))Vi(s) + (=b1)V2(s) = R(s), 


(—b)Vi(s) + (ms +b + aco =0, 


or, in matrix form, 


Mis + by + by =b; v(s)] FR(s) Gas 


k = 
—by Mos + by + z x) 0 
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Assuming that the velocity of M; is the output variable, we solve for 4(s) by matrix 
inversion or Cramer’s rule to obtain [1, 3] 


(Mos + b; + k/s)R(s) 




















vV 5 2.50 
16) = Cs + b, + bles + b; + k/s) — b (s0) 
Then the transfer function of the mechanical (or electrical) system is 
eae (Mas + by + k/s) 
3 = RE) (Mis + bi + by)(Mys + b, + k/s) — bi? 
Mos" + bys +k 
(M2 1 ) = (2.51) 
(Ms + bi + b3)(Mos° + bys + k) — by*s 
If the transfer function in terms of the position x,(t) is desired, then we have 
X, VY(s G(s 
i(s) = (5) = (s) (2.52) m 





R(s)  sR(s) o sS 


As an example, let us obtain the transfer function of an important electrical 
control component, the DC motor [8]. A DC motor is used to move loads and is 
called an actuator. 


An actuator is a device that provides the motive power to the process. 


EXAMPLE 2.5 Transfer function of the DC motor 


The DC motor is a power actuator device that delivers energy to a load, as shown in 
Figure 2.18(a); a sketch of a DC motor is shown in Figure 2.18(b). The DC motor 
converts direct current (DC) electrical energy into rotational mechanical energy. A 
major fraction of the torque generated in the rotor (armature) of the motor is 
available to drive an external load. Because of features such as high torque, speed 
controllability over a wide range, portability, well-behaved speed-torque charac- 
teristics, and adaptability to various types of control methods, DC motors are widely 
used in numerous control applications, including robotic manipulators, tape trans- 
port mechanisms, disk drives, machine tools, and servovalve actuators. 

The transfer function of the DC motor will be developed for a linear approxi- 
mation to an actual motor, and second-order effects, such as hysteresis and the volt- 
age drop across the brushes, will be neglected. The input voltage may be applied to 
the field or armature terminals. The air-gap flux œ of the motor is proportional to 
the field current, provided the field is unsaturated, so that 


ob = Kyi; (2.53) 


The torque developed by the motor is assumed to be related linearly to œ and the 
armature current as follows: 


Tm = Kyhig(t) = Ki K fip(t)ig(0)- (2.54) 


FIGURE 2.18 
ADC motor 

(a) electrical 
diagram and 
(b) sketch. 
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It is clear from Equation (2.54) that, to have a linear system, one current must be 
maintained constant while the other current becomes the input current, First, we 


shall consider the field current controlled motor, which provides a substantial power 
amplification. Then we have, in Laplace transform notation, 


Tals) = (Ki Kyla\y(s) = Kinds(s), (2.55) 


where i, = J, is a constant armature current, and K,,, is defined as the motor con- 
stant. The field current is related to the field voltage as 


Vy(s) = (Rp + Lys)Ip(s). (2.56) 


The motor torque 7,,(s) is equal to the torque delivered to the load. This relation 
may be expressed as 


Tas) = Ty(s) + Tis), (2.57) 


where T}(s) is the load torque and 7;(s) is the disturbance torque, which is often 
negligible. However, the disturbance torque often must be considered in systems 
subjected to external forces such as antenna wind-gust forces. The load torque for 
rotating inertia, as shown in Figure 2.18, is written as 


T,(s) = Js°0(s) + bs0(s). (2.58) 


Rearranging Equations (2.55)-(2.57), we have 


T.(s) = Tn(s) — Tals). (2.59) 
Tals) = Kunl¢(s), (2.60) 
(s) = e) (2.61) 


Rp + Lys 


FIGURE 2.19 
Block diagram 
model of field- 
controlled DC 
motor. 
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Therefore, the transfer function of the motor-load combination, with 7;(s) = 0, is 


Os) _ Kn K,,/(JL;) fe 
V,(s) g s(Js + b)(Lys + Ry) g s(s + b/J)(s + R/L (62) 





The block diagram model of the field-controlled DC motor is shown in Figure 2.19. 
Alternatively, the transfer function may be written in terms of the time constants of the 
motor as 

a(s) Knm/(bRp) 
Sa GS) = a 2.63) 
ye T O i 


stris + iis + 1)’ 
where 7p = L;,/Rp and 7, = J/b. Typically, one finds that 7; > 7, and often the 
field time constant may be neglected. 
The armature-controlled DC motor uses the armature current i, as the control 
variable. The stator field can be established by a field coil and current or a permanent 
magnet. When a constant field current is established in a field coil, the motor torque is 


Tals) = (KiK lp ICs) = Kyyle(s). (2.64) 
When a permanent magnet is used, we have 
Tals) = Kinda(S), 


where K, is a function of the permeability of the magnetic material. 
The armature current is related to the input voltage applied to the armature by 


Vals) = (Ra + Las)lo(s) + Vols), (2.65) 


where V;(s) is the back electromotive-force voltage proportional to the motor 
speed. Therefore, we have 


Vi(s) = Kyoo(s), (2.66) 
where w(s) = sO(s) is the transform of the angular speed and the armature current is 


Vals) — Kyo(s) 
(s) = a biy (2.67) 


Equations (2.58) and (2.59) represent the load torque, so that 
T,(s) = Js0(s) + bsO(s) = Tals) — Tals). (2.68) 


FIGURE 2.20 
Armature-controlled 
DC motor. 
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The relations for the armature-controlled DC motor are shown schematically in 
Figure 2.20. Using Equations (2.64), (2.67), and (2.68) or the block diagram, and let- 
ting 7;(s) = 0, we solve to obtain the transfer function 
CON Kn 
Vals) s[(Ra + Las)(Js + b) + KiK m] 
Ie bn 
s(s? + 2fe,8 + o) 





G(s) 


(2.69) 


However, for many DC motors, the time constant of the armature, Ta = La/ Ra is 
negligible; therefore, 

o(s) Kin — Kn/ (Rab + KoKm) 
Vis) s[Ra(¥s + b) + KyKn] s(Tis + 1) 





G(s) = i (2.70) 


where the equivalent time constant 7; = R,J/(R,b + KiK m). 

Note that K, is equal to K,. This equality may be shown by considering the 
steady-state motor operation and the power balance when the rotor resistance is 
neglected. The power input to the rotor is (K,@)i,, and the power delivered to the 
shaft is Tw. In the steady-state condition, the power input is equal to the power de- 
livered to the shaft so that (K,@)i, = Tw; since T = K „i, (Equation 2.64), we find 
that Kp = Km- 

Electric motors are used for moving loads when a rapid response is not re- 
quired and for relatively low power requirements. Typical constants for a fractional 
horsepower motor are provided in Table 2.4. Actuators that operate as a result of 
hydraulic pressure are used for large loads. Figure 2.21 shows the usual ranges of 
use for electromechanical drives as contrasted to electrohydraulic drives. Typical 
applications are also shown on the figure. m 


Table 2.4 Typical Constants for a Fractional Horsepower DC Motor 


Motor constant K,, 50 x 10° N-m/A 
Rotor inertia J, 1 x 104.N-m-s?/rad 
Field time constant ry 1 ms 

Rotor time constant 7 100 ms 


Maximum output power 1, hp. 187 W 
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FIGURE 2.21 
Range of control 
response time and 
power to load for 
electromechanical 
and electrohy- 
draulic devices. 
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EXAMPLE 2.6 Transfer function of a hydraulic actuator 


A useful actuator for the linear positioning of a mass is the hydraulic actuator 
shown in Table 2.5, item 9 [9, 10]. The hydraulic actuator is capable of providing a 
large power amplification. It will be assumed that the hydraulic fluid is available 
from a constant pressure source and that the compressibility of the fluid is negligi- 
ble. A downward input displacement x moves the control valve; thus, fluid passes 
into the upper part of the cylinder, and the piston is forced downward. A small, low- 
power displacement of x(t) causes a larger, high-power displacement, y(t). The volu- 
metric fluid flow rate Q is related to the input displacement x(t) and the differential 
pressure across the piston as Q = g(x, P). Using the Taylor series linearization as in 
Equation (2.11), we have 


ag ag 
=|= x+ = = ka= i 
= = A p Hi Pá SE peN ae 


where g = g(x, P) and (xo, Po) is the operating point. The force developed by the 
actuator piston is equal to the area of the piston, A, multiplied by the pressure, P. 
This force is applied to the mass, so we have 


dy dy 
=M—5 + b—. 2; 
AP = M75 + b7 (2.72) 
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Thus, substituting Equation (2.71) into Equation (2.72), we obtain 


dy 
+ 3 2.793) 
dt oe? si) 








A 
(he O) = M 


Furthermore, the volumetric fluid flow is related to the piston movement as 


d 
Q = Aq. (2.74) 


Then, substituting Equation (2.74) into Equation (2.73) and rearranging, we have 











Ak, dy A \ dy 
=x = + H A 2.75 
kp ý M Je b kpj dt G3) 
Therefore, using the Laplace transformation, we have the transfer function 
Y (s 
(s) me 2 ee, (2.76) 
X(s) s(Ms + B) 
where 
Aky a 
= =b+—. 
K kp and B=b kr 


Note that the transfer function of the hydraulic actuator is similar to that of the elec- 
tric motor. For an actuator operating at high pressure levels and requiring a rapid 
response of the load, we must account for the effect of the compressibility of the 
fluid [4, 5]. 

Symbols, units, and conversion factors associated with many of the variables in 
Table 2.5 are located at the MCS website. The symbols and units for each variable can be 
found in tables with corresponding conversions between SI and English units. m 


The transfer function concept and approach is very important because it pro- 
vides the analyst and designer with a useful mathematical model of the system ele- 
ments. We shall find the transfer function to be a continually valuable aid in the 
attempt to model dynamic systems. The approach is particularly useful because the 
s-plane poles and zeros of the transfer function represent the transient response of 
the system. The transfer functions of several dynamic elements are given in Table 2.5. 

In many situations in engineering, the transmission of rotary motion from one 
shaft to another is a fundamental requirement. For example, the output power of an 
automobile engine is transferred to the driving wheels by means of the gearbox and 
differential. The gearbox allows the driver to select different gear ratios depending 
on the traffic situation, whereas the differential has a fixed ratio. The speed of the 
engine in this case is not constant, since it is under the control of the driver. Anoth- 
er example is a set of gears that transfer the power at the shaft of an electric motor 
to the shaft of a rotating antenna. Examples of mechanical converters are gears, 
chain drives, and belt drives. A commonly used electric converter is the electric 
transformer. An example of a device that converts rotational motion to linear mo- 
tion is the rack-and-pinion gear shown in Table 2.5, item 17. 
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Table 2.5 Transfer Functions of Dynamic Elements and Networks 
Element or System 
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(continued) 
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Table 2.5 Continued 
Element or System 


G(s) 
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5. DC motor, field-controlled, rotational actuator 





7. AC motor, two-phase control field, rotational actuator 
+ 


Jb 
© 
~ Reference 
field 








9. Hydraulic actuator 


x(t), Control valve 
} displacement 








Return ©. 


Pressure 
source 


Return ©. 


As) _ Km 
Vas)  s(Js + b)(Lys + Ry) 





o(s) Km 





Vals) s[(Ra + Las)(Js + b) + KiK] 





os) _ Km 
V.(s)  s(rs + 1) 
7 =J/(b — m) 
m = slope of linearized torque-speed 


curve (normally negative) 


V(s) = K/(ReRq) 
Vs) (STe + 1)(s7q + 1) 
to = Lf Ro, Tq = Lof Ra 





for the unloaded case, ig ~ 0, Te © Tye 
0.05s <7, < 0.58 


Vg: Va = Va 


Y(s) _ K 
X(s) s(Ms + B) 











g = g(x, P) = flow 


A = area of piston (continued) 
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Table 2.5 Continued 
Element or System G(s) 





10. Gear train, rotational transformer 















Gear ratio = n = Na 
N 
N01 = Nm, OL = nOn 
OL = NO), 
11. Potentiometer, voltage control 
Ry 

Vs) Rp _ R 
V,(s) R R+R 

R 6 

R Bmx 


' Tata] 


Vi(s) 





12. Potentiometer, error detector bridge 


V2(s) = ks(0ı(s)-02(s)) 


b 
= — Va(s) = Kscrror(S) 


6, VBattery va(s) Veatery 
Error k= 


voltage Omax 


13. Tachometer, velocity sensor 











ee Sr 

Shaft Vo(s) = K,w(s) = K,s6(s) 

V2(s) K, = constant 
A(s), w(s) 
L 

14. DC amplifier Vals) _ ka 
ets P Vi(s) s +1 
Vi(s) Vx(s) R, = output resistance 


= = C, = output capacitance 
T = RoCo, T < 1s 


and is often negligible for 
controller amplifier 


(continued) 
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Table 2.5 Continued 











Element or System G(s) 
15. Accelerometer, acceleration sensor X(t) = y(t) — xin(t), 
Frame X,(s) _ =s? 

Xin(s) s? + (b/M)s + k/M 
For low-frequency oscillations, where 
w < Oy, 
X,(jw) = wo 
Xin(jo) k/M 
g(s) 1 








, where 


a(s) Cs + (QS + 1/R,) 


T = IJ, — J, = temperature difference 
due to thermal process 


C, = thermal capacitance 


Q = fluid flow rate = constant 
S 





= specific heat of water 


Heater a P . 
R, = thermal resistance of insulation 


transform of rate of heat flow of 
heating element 


= 
2 
1 


17. Rack and pinion 


x=r0 
/ converts radial motion 
to linear motion 








2.6 BLOCK DIAGRAM MODELS 


The dynamic systems that comprise automatic control systems are represented math- 
ematically by a set of simultaneous differential equations. As we have noted in the 
previous sections, the Laplace transformation reduces the problem to the solution of a 
set of linear algebraic equations. Since control systems are concerned with the control of 
specific variables, the controlled variables must relate to the controlling variables. This 
relationship is typically represented by the transfer function of the subsystem relating 
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FIGURE 2.22 
Block diagram of a 
DC motor. 


FIGURE 2.23 
General block 
representation of 
two-input, two- 
output system. 


FIGURE 2.24 
Block diagram of 
interconnected 
system. 
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the input and output variables. Therefore, one can correctly assume that the transfer 
function is an important relation for control engineering. 

The importance of this cause-and-effect relationship is evidenced by the facility 
to represent the relationship of system variables by diagrammatic means. The block 
diagram representation of the system relationships is prevalent in control system en- 
gineering. Block diagrams consist of unidirectional, operational blocks that represent 
the transfer function of the variables of interest. A block diagram of a field-con- 
trolled DC motor and load is shown in Figure 2.22. The relationship between the dis- 
placement 6(s) and the input voltage V; (s) is clearly portrayed by the block diagram. 

To represent a system with several variables under control, an interconnection 
of blocks is utilized. For example, the system shown in Figure 2.23 has two input 
variables and two output variables [6]. Using transfer function relations, we can 
write the simultaneous equations for the output variables as 


Yi(s) = Guls)Ri(s) + Gir(s)Ra(s), (2.77) 
and 

¥V(s) = Gai(s)Ri(s) + Ga(s)R2(8), (2.78) 
where G;,(s) is the transfer function relating the ith output variable to the jth input vari- 


able. The block diagram representing this set of equations is shown in Figure 2.24. In 
general, for J inputs and I outputs, we write the simultaneous equation in matrix form as 


Yi(s) Gu(s) © Gu(s) || Ris) 
Ks) _ Ga(s) i Gy(s) Rls) (2.79) 
yo] Lens) = Guo) LR) 
or simply 
Y=GR. (2.80) 


R,(s) 








Rys) 
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Here the Y and R matrices are column matrices containing the 7 output and the J input 
variables, respectively, and G is an J by J transfer function matrix. The matrix representa- 
tion of the interrelationship of many variables is particularly valuable for complex multi- 
ay variable control systems. An introduction to matrix algebra is provided on the MCS 
website for those unfamiliar with matrix algebra or who would find a review helpful [22]. 
The block diagram representation of a given system often can be reduced to a 
simplified block diagram with fewer blocks than the original diagram. Since the 
transfer functions represent linear systems, the multiplication is commutative. Thus, 
in Table 2.6, item 1, we have 


X3(s) = G2(s)X2(s) = Gi(s)G2(s)%i(s). 


Table 2.6 Block Diagram Transformations 
Transformation Original Diagram Equivalent Diagram 


1. Combining blocks in cascade Xi X X; xX, Xx 





2. Moving a summing point 
behind a block 





3. Moving a pickoff point 
ahead of a block 





4. Moving a pickoff point 
behind a block 














5. Moving a summing point 
ahead of a block 





6. Eliminating a feedback loop 
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FIGURE 2.25 
Negative feedback 
control system. 
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When two blocks are connected in cascade, as in Table 2.6, item 1, we assume that 
X3(8) = Go(s)Gi(s)X4(s) 


holds true. This assumes that when the first block is connected to the second block, 
the effect of loading of the first block is negligible. Loading and interaction between 
interconnected components or systems may occur. If the loading of interconnected 
devices does occur, the engineer must account for this change in the transfer func- 
tion and use the corrected transfer function in subsequent calculations. 

Block diagram transformations and reduction techniques are derived by consid- 
ering the algebra of the diagram variables. For example, consider the block diagram 
shown in Figure 2.25. This negative feedback control system is described by the 
equation for the actuating signal, which is 


E,(s) = R(s) — B(s) = R(s) — H(s)Y (s). (2.81) 
Because the output is related to the actuating signal by G(s), we have 
¥(s) = G(s)U(s) = G(s)Ga(s)Z(s) = G(s)Ga(s)G.(s) Ea(s); (2.82) 
thus, 
¥(s) = G(s)Ga(s)G.(s)[R(s) — H(s)¥(s)]. (2.83) 
Combining the Y(s) terms, we obtain 
Y(s)[1 + G(s)Ga(s)G.(s)H(s)] = G(s)G,(s)G.(s)R(s). (2.84) 


Therefore, the transfer function relating the output Y(s) to the input R(s) is 





Y(s) _ G(s)G,(s)G.(s) 
R(s) 1 + G(s)G,(s)G.(s)H(s)” 





(2.85) 








This closed-loop transfer function is particularly important because it represents 
many of the existing practical control systems. 

The reduction of the block diagram shown in Figure 2.25 to a single block rep- 
resentation is one example of several useful techniques. These diagram transforma- 
tions are given in Table 2.6. All the transformations in Table 2.6 can be derived by 
simple algebraic manipulation of the equations representing the blocks. System 
analysis by the method of block diagram reduction affords a better understanding of 
the contribution of each component element than possible by the manipulation of 


FIGURE 2.26 
Multiple-loop 
feedback control 
system. 
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equations. The utility of the block diagram transformations will be illustrated by an 
example using block diagram reduction. 


EXAMPLE 2.7 Block diagram reduction 


The block diagram of a multiple-loop feedback control system is shown in Figure 2.26. 
It is interesting to note that the feedback signal H,(s)Y(s) is a positive feedback sig- 
nal, and the loop G3(s)G4(s)H,(s) is a positive feedback loop. The block diagram 
reduction procedure is based on the use of Table 2.6, transformation 6, which elim- 
inates feedback loops. Therefore the other transformations are used to transform 
the diagram to a form ready for eliminating feedback loops. First, to eliminate the 
loop G3G4H,, we move H, behind block G4 by using transformation 4, and obtain 
Figure 2.27(a). Eliminating the loop G3;G,H, by using transformation 6, we obtain 
Figure 2.27(b). Then, eliminating the inner loop containing H/G4, we obtain Figure 
2.27(c). Finally, by reducing the loop containing H;, we obtain the closed-loop sys- 
tem transfer function as shown in Figure 2.27(d). It is worthwhile to examine the 
form of the numerator and denominator of this closed-loop transfer function. We 
note that the numerator is composed of the cascade transfer function of the feed- 
forward elements connecting the input R(s) and the output Y(s). The denominator is 
composed of 1 minus the sum of each loop transfer function. The loop G3G4H;, has a 
plus sign in the sum to be subtracted because it is a positive feedback loop, whereas 
the loops G;G2G3G4H3 and GGH, are negative feedback loops. To illustrate this 
point, the denominator can be rewritten as 


q(s) = 1 — (+G3G4H, — G2G3H2 — G1G2G3G4H3). (2.86) 


This form of the numerator and denominator is quite close to the general form for 
multiple-loop feedback systems, as we shall find in the following section. m 


The block diagram representation of feedback control systems is a valuable 
and widely used approach. The block diagram provides the analyst with a graphi- 
cal representation of the interrelationships of controlled and input variables. Fur- 
thermore, the designer can readily visualize the possibilities for adding blocks to 
the existing system block diagram to alter and improve the system performance. 
The transition from the block diagram method to a method utilizing a line path 
representation instead of a block representation is readily accomplished and is 
presented in the following section. 
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FIGURE 2.27 
Block diagram 
reduction of the 
system of Figure 
2.26. 
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2.7 SIGNAL-FLOW GRAPH MODELS 


Block diagrams are adequate for the representation of the interrelationships of con- 
trolled and input variables. However, for a system with reasonably complex interre- 
lationships, the block diagram reduction procedure is cumbersome and often quite 
difficult to complete. An alternative method for determining the relationship be- 
tween system variables has been developed by Mason and is based on a representa- 
tion of the system by line segments [4, 25]. The advantage of the line path method, 
called the signal-flow graph method, is the availability of a flow graph gain formula, 
which provides the relation between system variables without requiring any reduc- 
tion procedure or manipulation of the flow graph. 

The transition from a block diagram representation to a directed line segment 
representation is easy to accomplish by reconsidering the systems of the previous 
section. A signal-flow graph is a diagram consisting of nodes that are connected by 
several directed branches and is a graphical representation of a set of linear rela- 
tions. Signal-flow graphs are particularly useful for feedback control systems be- 
cause feedback theory is primarily concerned with the flow and processing of signals 
in systems. The basic element of a signal-flow graph is a unidirectional path segment 
called a branch, which relates the dependency of an input and an output variable in 


FIGURE 2.28 
Signal-flow graph 
of the DC motor. 


FIGURE 2.29 
Signal-flow graph 
of interconnected 
system. 
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v) O——— 0O #s) 
Gils) 
Ris) ¥\(s) 
Gya(s) 
G(s) 
Ry(s) Y3(s) 
Gy(s) 


a manner equivalent to a block of a block diagram. Therefore, the branch relating 
the output @(s) of a DC motor to the field voltage Y (s) is similar to the block dia- 
gram of Figure 2.22 and is shown in Figure 2.28. The input and output points or junc- 
tions are called nodes. Similarly, the signal-flow graph representing Equations (2.77) 
and (2.78), as well as Figure 2.24, is shown in Figure 2.29. The relation between each 
variable is written next to the directional arrow. All branches leaving a node will 
pass the nodal signal to the output node of each branch (unidirectionally). The sum- 
mation of all signals entering a node is equal to the node variable. A path is a branch 
or a continuous sequence of branches that can be traversed from one signal (node) 
to another signal (node). A loop is a closed path that originates and terminates on 
the same node, with no node being met twice along the path. Two loops are said to 
be nontouching if they do not have a common node. Two touching loops share one 
or more common nodes. Therefore, considering Figure 2.29 again, we obtain 


Y(s) = Gu(s)Ri(s) + Gi2(s)Ro(s), (2.87) 

and 
¥A(s) = Goi(s)Ri(s) + Gro(s)Ro(s). (2.88) 
The flow graph is simply a pictorial method of writing a system of algebraic 


equations that indicates the interdependencies of the variables. As another example, 
consider the following set of simultaneous algebraic equations: 


auX + aX +r = x (2.89) 
aX + aX + r2 = Xz (2.90) 


The two input variables are r; and rp, and the output variables are x, and x. A sig- 
nal-flow graph representing Equations (2.89) and (2.90) is shown in Figure 2.30. 
Equations (2.89) and (2.90) may be rewritten as 


x(1 — an) + X2(-ay2) = n, (2.91) 
and 
X4(—Gq1) + x2(1 — an) = r2 (2.92) 


The simultaneous solution of Equations (2.91) and (2.92) using Cramer’s rule re- 
sults in the solutions 











f= ry + apr 1- 
( an)rı + an2 a2, + a2 ro, (2.93) 


a 
© (= an) = ay) — ana A A 
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FIGURE 2.30 
Signal-flow graph 
of two algebraic 
equations. 
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and 


ae (1 = an)r + axrı -12% p ta, 
2S = 2 r 
(1 = ai). — an) — anan A A 
The denominator of the solution is the determinant A of the set of equations 
and is rewritten as 





(2.94) 


A = (1 = an)(1 = an) — anan = 1 ~ ay) — an + anan — anan. (2.95) 


In this case, the denominator is equal to 1 minus each self-loop a11, 422, and 412421, 
plus the product of the two nontouching loops a), and az. The loops az and az1412 
are touching, as are ay, and az412. 

The numerator for x, with the input z; is 1 times 1 — ay), which is the value of A 
excluding terms that touch the path 1 from r; to x,. Therefore the numerator from rz 
to x, is simply a; because the path through a) touches all the loops. The numerator 
for x is symmetrical] to that of x4. 

In general, the linear dependence T; between the independent variable x; 
(often called the input variable) and a dependent variable x; is given by Mason’s 
signal-flow gain formula [11, 12], 


> Pie Aix 
Tj = ~o 


Pijx = gain of Ath path from variable x; to variable x;, 


(2.96) 


A = determinant of the graph, 
Ajjx = cofactor of the path Pjjx, 


and the summation is taken over all possible k paths from x; to x;. The path gain or 
transmittance P;z is defined as the product of the gains of the branches of the path, 
traversed in the direction of the arrows with no node encountered more than once. 
The cofactor Ajj, is the determinant with the loops touching the kth path removed. 
The determinant A is 


N 
ASl- Sit X Lla- DY Lalmi bes GID 
n=l nm nm, p 
nontouching nontouching 


where L; equals the value of the qth loop transmittance. Therefore the rule for eval- 
uating A in terms of loops L4, Lz, L3,..., Ly is 


FIGURE 2.31 
Two-path 
interacting system. 
(a) Signal-flow 
graph. (b) Block 
diagram. 
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A = 1- (sum of all different loop gains) 
+ (sum of the gain products of all combinations of two nontouching loops) 
— (sum of the gain products of all combinations of three nontouching loops) 
Þe, 
The gain formula is often used to relate the output variable Y(s) to the input 
variable R(s) and is given in somewhat simplified form as 





IP A n 
= LEK 98 
a (2.98) 











where T(s) = Y(s)/R(s). 

Several examples will illustrate the utility and ease of this method. Although the 
gain Equation (2.96) appears to be formidable, one must remember that it repre- 
sents a summation process, not a complicated solution process. 


EXAMPLE 2.8 Transfer function of an interacting system 


A two-path signal-flow graph is shown in Figure 2.31(a) and the corresponding block di- 
agram is shown in Figure 2.31(b). An example of a control system with multiple signal 
paths is a multilegged robot. The paths connecting the input R(s) and output Y(s) are 


P, = G;G,G3G,4(path1) and P3 = GsGgG7Gz (path 2). 

















G(s) T GAs) 
A 
H3(s) Y(s) 
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There are four self-loops: 
Ly = G2Ho, L = H;3G3, L; = G;Hęẹ, and Ly = GH}. 
Loops L; and L, do not touch L, and L4. Therefore, the determinant is 
A =1-— (Lı + Ly + L; + La) + (LiL; + LL, + LLa + LLa). (2.99) 
The cofactor of the determinant along path 1 is evaluated by removing the loops 
that touch path 1 from A. Hence, we have 
L,=L1,=0 and A= 1- (L; + L4). 
Similarly, the cofactor for path 2 is 
A, = 1- (Li + Ly). 
Therefore, the transfer function of the system is 
aa =T(s) = PA: = 
_  AiG2G3G41_ ~ L3 — L4) + G5G6G7Gs(1 ~ Li — L) 
1 — Ly — Ly — L; — Ly + LiL; + LiL, + Lolz + Lyly 


(2.100) 





A similar analysis can be accomplished using block diagram reduction techniques. 
The block diagram shown in Figure 2.31(b) has four inner feedback loops within the 
overall block diagram. The block diagram reduction is simplified by first reducing 
the four inner feedback loops and then placing the resulting systems in series. Along 
the top path, the transfer function is 


= G(s) G;(s) 
119 = 16] em | aomm ORO 








s. Gi(s)G(8)G3(8)G;(8) ] Re) 
(1 -= GOALS -GOB 


Similarly across the bottom path, the transfer function is 


T Ge(s) G(s) 
r | arom A 


[ Gis(s)Gs(s)Gr(s)Ga(s) | Rís) 
(1 — Go(s)He(s))(1 — G(s)H(s)) ` 
The total transfer function is then given by 

Gy(8)G2(s)G3(s)Ga(s) 
(1 — Ga(s)Aa(s))(1 — G3(s)H3(s)) 

















Y(s) = Yi(s) + Yz(s) [ 





Gis(s)Go(s)GH(s) Gas) | Ris). m 
(1 = GHLO = GOD 
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EXAMPLE 2.9 Armature-controlled motor 


The block diagram of the armature-controlled DC motor is shown in Figure 2.20. 
This diagram was obtained from Equations (2.64)-(2.68). The signal-flow diagram 
can be obtained either from Equations (2.64)-(2.68) or from the block diagram and 
is shown in Figure 2.32. Using Mason’s signal-flow gain formula, let us obtain the 
transfer function for 6(s)/V,(s) with 7,(s) = 0. The forward path is P,(s), which 
touches the one loop, L;(s), where 


PC) = <G(s)Gels)_ and Lals) = ~K,Gi(s)Gx6). 


Therefore, the transfer function is 
Pi(s) _ _A/s)Gi(s)Go(s)_ _ Km 
1—L,(s) 1+ KGi(s)Ga(s)  s[(Ra + Las)(Js + b) + KpKy] 








T(s) 
which is exactly the same as that derived earlier (Equation 2.69). m 


The signal-flow graph gain formula provides a reasonably straightforward ap- 
proach for the evaluation of complicated systems. To compare the method with 
block diagram reduction, which is really not much more difficult, let us reconsider 
the complex system of Example 2.7. 


EXAMPLE 2.10 Transfer function of a multiple-loop system 


A multiple-loop feedback system is shown in Figure 2.26 in block diagram form. 
There is no need to redraw the diagram in signal-flow graph form, and so we shall 
proceed as usual by using Mason’s signal-flow gain formula, Equation (2.98). There 
is one forward path P4 = G1G2G3G4. The feedback loops are 
Lı = —G,G3H, L, = G3G4H,, and L3; = —G\GG3G4H3. (2.101) 
All the loops have common nodes and therefore are all touching. Furthermore, the 
path P, touches all the loops, so A; = 1. Thus, the closed-loop transfer function is 
Y(s) i PA: 
Ris) 1-L- L,- L, 
= G,G2G3G, 
1 + GGH, — G3G,H; + G\G,G3G,H3 





T(s) 








(2.102) m 





__ Km Ty(s) need 
GIOS Ra Tas C= Fb 
Gis) Tal) 1 Tis) Ga(s) 
As) 
FIGURE 2.32 
The signal-flow 
graph of the 


armature-controlled 
DC motor. 
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FIGURE 2.33 
Multiple-loop 
system. 
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EXAMPLE 2.11 ‘Transfer function of a complex system 


Finally, we shall consider a reasonably complex system that would be difficult to re- 
duce by block diagram techniques. A system with several feedback loops and feed- 
forward paths is shown in Figure 2.33. The forward paths are 


Pi = GiG1G3G4G5G6, Pı = GıG2G-Gs, and P3 = G1G2G3G4Gx. 
The feedback loops are 
Li = -G2G3G4GsłHh, La = —GsGgpH, L3 = -GsłH, L4 = —G Gy 
Ls = —G,H, Ls = —G,G2G3GsG3G5H;, Lı = —G,G)G7G6H;, and 
Lg = —G,G,G3G4G3H. 


Loop L; does not touch loop L, or loop L7, and loop L; does not touch loop L4; but 
all other loops touch. Therefore, the determinant is 


A Sle Ly tebe, tiat dat dst Lg irt Lp) & Cela + Lela Baw) 





(2.103) 
The cofactors are 
A,=A3;=1 and A,=1-L;=1+ GH, 
Finally, the transfer function is 
Y P, + PaA, + P 
Gye e FE Pt Fay (2.104) m 


R(s) A 


Signal-flow graphs and Mason’s signal-flow gain formula may be used prof- 
itably for the analysis of feedback control systems, electronic amplifier circuits, sta- 
tistical systems, and mechanical systems, among many other examples. 


2.8 DESIGN EXAMPLES 


In this section we present five illustrative design examples. In the first example, we present 
a detailed look at modeling of the fluid level in a reservoir. The modeling is presented in a 
very detailed manner to emphasize the effort required to obtain a linear model in the form 
of a transfer function. The design process depicted in Figure 1.15 is highlighted in this 


FIGURE 2.34 
The fluid flow 
reservoir 
configuration. 
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example. The remaining four examples include an electric traction motor model develop- 
ment, a look at a mechanical accelerometer aboard a rocket sled, an overview of a labora- 
tory robot and the associated hardware specifications, and the design of a low-pass filter. 


EXAMPLE 2.12 Fluid flow modeling 


A fluid flow system is shown in Figure 2.34. The reservoir (or tank) contains water 
that evacuates through an output port. Water is fed to the reservoir through a pipe 
controlled by an input valve. The variables of interest are the fluid velocity V (m/s), 
fluid height in the reservoir H (m), and pressure p (N/m’). The pressure is defined 
as the force per unit area exerted by the fluid on a surface immersed (and at rest 
with respect to) the fluid. Fluid pressure acts normal to the surface. For further read- 
ing on fluid flow modeling, see [34-36]. 

The elements of the control system design process emphasized in this example 
are shown in Figure 2.35. The strategy is to establish the system configuration and 
then obtain the appropriate mathematical models describing the fluid flow reservoir 
from an input-output perspective. 

The general equations of motion and energy describing fluid flow are quite 
complicated. The governing equations are coupled nonlinear partial differential 
equations. We must make some selective assumptions that reduce the complexity of 
the mathematical model. Although the control engineer is not required to be a fluid 
dynamicist, and a deep understanding of fluid dynamics is not necessarily acquired 
during the control system design process, it makes good engineering sense to gain at 
least a rudimentary understanding of the important simplifying assumptions. For a 
more complete discussion of fluid motion, see [37-39]. 

To obtain a realistic, yet tractable, mathematical model for the fluid flow reser- 
voir, we first make several key assumptions. We assume that the water in the tank is in- 
compressible and that the flow is inviscid, irrotational and steady. An incompressible 
fluid has a constant density p (kg/m*). In fact, all fluids are compressible to some ex- 
tent. The compressibility factor, k, is a measure of the compressibility of a fluid. A 
smaller value of k indicates less compressibility. Air (which is a compressible fluid) has 
a compressibility factor of kair = 0.98 m?/N, while water has a compressibility factor 
of ky,0 = 4.9 X 107° m?/N = 50 x 10% atm. In other words, a given volume of 
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El Topics emphasized in this example 


Establish the control goals 


ty 


Identify the variables to be controlled 


J 


Write the specifications 































See Figure 2.34 for 
<4 water tank with input and 
output ports. 
See Eqs.(2.108) and (2.109) for 
the nonlinear model. 
See Eqs.(2.114) and (2.116) for 
the linear models. 





Establish the system configuration 
Obtain a model of the process, the 
actuator, and the sensor 
Describe a controller and select key 
parameters to be adjusted 


Optimize the parameters and 
analyze the performance 













If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 


FIGURE 2.35 Elements of the control system design process emphasized in the fluid flow 
reservoir example. 


water decreases by 50 one-millionths of the original volume for each atmosphere 
(atm) increase in pressure. Thus the assumption that the water is incompressible is 
valid for our application. 

Consider a fluid in motion. Suppose that initially the flow velocities are differ- 
ent for adjacent layers of fluid. Then an exchange of molecules between the two lay- 
ers tends to equalize the velocities in the layers. This is internal friction, and the 
exchange of momentum is known as viscosity. Solids are more viscous than fluids, 
and fluids are more viscous than gases, A measure of viscosity is the coefficient of 
viscosity u (N s/m?). A larger coefficient of viscosity implies higher viscosity. The co- 
efficient of viscosity (under standard conditions, 20°C) for air is 


Mair = 0.178 X 10-4 N s/m?, 
and for water we have 
uno = 1.054 X 10° N s/m?. 


So water is about 60 times more viscous than air. Viscosity depends primarily on tem- 
perature, not pressure. For comparison, water at 0°C is about 2 times more viscous 
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than water at 20°C. With fluids of low viscosity, such as air and water, the effects of 
friction are important only in the boundary layer, a thin layer adjacent to the wall of 
the reservoir and output pipe. We can neglect viscosity in our model development. 
We say our fluid is inviscid. 

If each fluid element at each point in the flow has no net angular velocity about 
that point, the flow is termed irrotational. Imagine a small paddle wheel immersed 
in the fluid (say in the output port). If the paddle wheel translates without rotating, 
the flow is irrotational. We will assume the water in the tank is irrotational. For an 
inviscid fluid, an initially irrotational flow remains irrotational. 

The water flow in the tank and output port can be either steady or unsteady. The 
flow is steady if the velocity at each point is constant in time. This does not neces- 
sarily imply that the velocity is the same at every point but rather that at any given 
point the velocity does not change with time. Steady-state conditions can be 
achieved at low fluid speeds. We will assume steady flow conditions. If the output 
port area is too large, then the flow through the reservoir may not be slow enough to 
establish the steady-state condition that we are assuming exists and our model will 
not accurately predict the fluid flow motion. 

To obtain a mathematical model of the flow within the reservoir, we employ 
basic principles of science and engineering, such as the principle of conservation of 
mass. The mass of water in the tank at any given time is 


m = pA,H, (2.105) 


where A; is the area of the tank, p is the water density, and H is the height of the 
water in the reservoir. The constants for the reservoir system are given in Table 2.7. 

In the following formulas, a subscript 1 denotes quantities at the input, and a 
subscript 2 refers to quantities at the output. Taking the time derivative of m in 
Equation (2.105) yields 


m = pA,H, 


where we have used the fact that our fluid is incompressible (that is, p = 0) and that 
the area of the tank, A;, does not change with time. The change in mass in the reser- 
voir is equal to the mass that enters the tank minus the mass that leaves the tank, or 

tn = pA\H = Q; ~ pAyvr, (2.106) 


where Q; is the steady-state input mass flow rate, v is the exit velocity, and A; is the 
output port area. The exit velocity, v2, is a function of the water height. From 
Bernoulli’s equation [39] we have 


1 1 
evi + P, + pgH = yore t B, 


Table 2.7 Water Tank Physical Constants 
p g A; Az H* Qe 
(kg/m*) (m/s*) (mê) (mô) (m) (kg/s) 
1000 9.8 1/4 7/400 1 34.77 
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where v; is the water velocity at the mouth of the reservoir, and P} and P; are the at- 
mospheric pressures at the input and output, respectively. But P, and P, are equal to 
atmospheric pressure, and Ap is sufficiently small (A, = A;,/100), so the water flows 
out slowly and the velocity v; is negligible. Thus Bernoulli’s equation reduces to 


v = V2gH. (2.107) 
Substituting Equation (2.107) into Equation (2.106) and solving for H yields 
. A 
H= J2 Vie |v pl gp. (2.108) 
Ay pA, 
Using Equation (2.107), we obtain the exit mass flow rate 
Q, = pAr = (pV2gA2)VH. (2.109) 


To keep the equations manageable, define 


Then, it follows that 

H = k VH + kQ, 

Q = k; VH. (2.110) 
Equation (2.110) represents our model of the water tank system, where the input is 
Q, and the output is Q). Equation (2.110) is a nonlinear, first-order, ordinary differ- 


ential equation model. The nonlinearity comes from the H! term. The model in 
Equation (2.110) has the functional form 


H = f(H,Q)), 
Q2 = h(H,Q)), 
where 
f(H, Qı) = kyVH + kQ, and A(H,Q,) = k; VH. 


A set of linearized equations describing the height of the water in the reservoir 
is obtained using Taylor series expansions about an equilibrium flow condition. 
When the tank system is in equilibrium, we have H = 0. We can define Q* and H* 
as the equilibrium input mass flow rate and water level, respectively. The relation- 
ship between Q* and H* is given by 


k 
Q*= - H* = pV2gA,V H". (2.111) 


2 
This condition occurs when just enough water enters the tank in A, to make up for the 
amount leaving through A>. We can write the water level and input mass flow rate as 


H = H* + Ad, (2.112) 
Qı = Q* + AQ, 
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where AH and AQ, are small deviations from the equilibrium (steady-state) values. 
The Taylor series expansion about the equilibrium conditions is given by 





























: af 
H = f(H,Q1) = f(H*,O*) + g an T H) (2.113) 
Q.=Q° 
of 
+ rani =x ES + ae 
a0, aay (Qt Q*) 
where 
af|  _ a(ky WH + kQ) 1k 
oH oc aH wom He 
and 
af a(kyVH + kQ1) 
= : ky. 
Qiang dQ: gagi 


Using Equation (2.111), we have 


vE = 2, 
pV2gAz 





so that 
af) _ Ad gp 
aH |w-# Ay Q* 
It follows from Equation (2.112) that 
H = AH, 


since H* is constant. Also, the term f(H*, Q*) is identically zero, by definition of 
the equilibrium condition. Neglecting the higher order terms in the Taylor series ex- 
pansion yields 


2 
AH = —-—~2_AH + — AQ. (2.114) 
P. 
Equation (2.114) is a linear model describing the deviation in water level AH from 


the steady-state due to a deviation from the nominal input mass flow rate AQ). 
Similarly, for the output variable Q, we have 


Q = Q3 + AQ, = h(H,Q1) (2.115) 
` ðh ðh 
= h(H*, Q*) + JA gout + 30; yoy Or 








where AQ; is a small deviation in the output mass flow rate and 
ðh gp’ Ay 


aH |e OF 


Q=" 
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and 
aj 
e 
Therefore, the linearized equation for the output variable Q; is 
Jind 
&p Ay 
AQ) = OF 
For control system design and analysis, it is convenient to obtain the input-output 
relationship in the form of a transfer function. The tool to accomplish this is the 


Laplace transform, discussed in Section 2.4. Taking the time-derivative of Equation 
(2.116) and substituting into Equation (2.114) yields the input-output relationship 





AH. (2.116) 


; A? gp Agp 
A +——A = —— AQ). 
Q2 A, OF Q AQF Qı 
If we define 
A? gp 
0 :=——, 2.117 
Ar OF (2.117) 
then we have 
AQ) + QAQ; = QAQ. (2.118) 


Taking the Laplace transform (with zero initial conditions) yields the transfer 
function 





Q 
AQ,(s)/AQ(s) = — (2.119) 
Equation (2.119) describes the relationship between the change in the output mass 
flow rate AQ,(s) due to a change in the input mass flow rate AQ;(s). We can also 
obtain a transfer function relationship between the change in the input mass flow 
rate and the change in the water level in the tank, AH(s). Taking the Laplace trans- 
form (with zero initial conditions) of Eq. (2.114) yields 





k 
AH(s)/AQi(s) = "5: (2.120) 


Given the linear time-invariant model of the water tank system in Equation (2.118), 
we can obtain solutions for step and sinusoidal inputs. Remember that our input 
AQ,(s) is actually a change in the input mass flow rate from the steady-state value Q*. 


Consider the step input 
AQi(s) = q./s, 
where q is the magnitude of the step input, and the initial condition is AQ,(0) = 0. 
Then we can use the transfer function form given in Eq. (2.119) to obtain 


FoQ 


AQ,(s) = tes OF 
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The partial fraction expansion yields 
—4o 4 do 


A = J 
2(s) s+ ss 
Taking the inverse Laplace transform yields 

AQA(t) = —qoe™ + qo. 


Note that Q > 0 (see Equation (2.117), so the term e™™ approaches zero as t ap- 
proaches œ. Therefore, the steady-state output due to the step input of magnitude q is 


AQ. = do- 


We see that in the steady state, the deviation of the output mass flow rate from the 
equilibrium value is equal to the deviation of the input mass flow rate from the equi- 
librium value. By examining the variable Q in Equation (2.117), we find that the 
larger the output port opening A», the faster the system reaches steady state. In 
other words, as Q gets larger, the exponential term e-™ vanishes more quickly, and 
steady state is reached faster. 

Similarly for the water level we have 


—qok 1 1 
AHG) = 9 (a = 3) 


Taking the inverse Laplace transform yields 








—qok 
Aang) = 452 (e-™ — 1). 
The steady-state change in water level due to the step input of magnitude gq, is 
qok2 
AH,, = a : 


Consider the sinusoidal input 
AQ\(t) = qo sin wt, 
which has Laplace transform 


qow 
LH 





AQ,(s) = 
Suppose the system has zero initial conditions, that is, AQ,(0) = 0. Then from Equa- 
tion (2.119) we have 
qov 
A ae ra 
QA) = GFO A 


Expanding in a partial fraction expansion and taking the inverse Laplace trans- 
form yields 








gm p sin(wt — ¢) ) 


AQ>(t) nao +0 WO + a2 
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where @ = tan '(w/Q). So, as t > 00, we have 
GQ, 
AQ (t > sin(wt — ¢). 
a(t) TEN ( ) 


The maximum change in output flow rate is 





Poel 
IAAD laws = Fas 
ay 


The above analytic analysis of the linear system model to step and sinusoidal 
inputs is a valuable way to gain insight into the system response to test signals. An- 
alytic analysis is limited, however, in the sense that a more complete representa- 
tion can be obtained with carefully constructed numerical investigations using 
computer simulations of both the linear and nonlinear mathematical models. A 
computer simulation uses a model and the actual conditions of the system being 
modeled, as well as actual input commands to which the system will be subjected. 

Various levels of simulation fidelity (that is, accuracy) are available to the con- 
trol engineer. In the early stages of the design process, highly interactive design soft- 
ware packages are effective. At this stage, computer speed is not as important as the 
time it takes to obtain an initial valid solution and to iterate and fine tune that solu- 
tion. Good graphics output capability is crucial. The analysis simulations are gener- 
ally low fidelity in the sense that many of the simplifications (such as linearization) 
made in the design process are retained in the simulation. 

As the design matures usually it is necessary to conduct numerical experiments 
in a more realistic simulation environment. At this point in the design process, the 
computer processing speed becomes more important, since long simulation times 
necessarily reduce the number of computer experiments that can be obtained and 
correspondingly raise costs. Usually these high-fidelity simulations are programmed 
in FORTRAN, C, C++, Matlab, LabVIEW or similar languages. 

Assuming that a model and the simulation are reliably accurate, computer sim- 
ulation has the following advantages [14]: 


(2.121) 


1, System performance can be observed under all conceivable conditions. 


2. Results of field-system performance can be extrapolated with a simulation model for 
prediction purposes. 


3. Decisions concerning future systems presently in a conceptual stage can be examined. 
4. Trials of systems under test can be accomplished in a much-reduced period of time. 
5. Simulation results can be obtained at lower cost than real experimentation. 


6. Study of hypothetical situations can be achieved even when the hypothetical situation 
would be unrealizable at present. 


7, Computer modeling and simulation is often the only feasible or safe technique to ana- 
lyze and evaluate a system. 


The nonlinear model describing the water level flow rate is as follows (using the 
constants given in Table 2.7): 


H = -0.0443VH + 1.2732 x 10° Q}, (2.122) 
Q = 34.77VH. 


FIGURE 2.36 

The tank water level 
time history ob- 
tained by integrat- 
ing the nonlinear 
equations of motion 
in Equation (2.122) 
with H(0) = 0.6 m 
and Q,(t) = 

Q* = 34.77 kg/s. 
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With H(0) = 0.5 m and Q,(t) = 34.77 kg/s, we can numerically integrate the non- 
linear model given by Equation (2.122) to obtain the time history of H(t) and Q(t). 
The response of the system is shown in Figure 2.36. As expected from Equation 
(2.111), the system steady-state water level is H* = 1m when Q* = 34.77 kg/m’. 

It takes about 250 seconds to reach steady-state. Suppose that the system is at 
steady state and we want to evaluate the response to a step change in the input mass 
flow rate. Consider 


AQi(t) = 1 kg/s. 


Then we can use the transfer function model to obtain the unit step response. The 
step response is shown in Figure 2.37 for both the linear and nonlinear models. 
Using the linear model, we find that the steady-state change in water level is 
AH = 5.75 cm. Using the nonlinear model, we find that the steady-state change in 
water level is AH = 5.835 cm. So we see a small difference in the results obtained 
from the linear model and the more accurate nonlinear model. 

As the final step, we consider the system response to a sinusoidal change in the 
input flow rate. Let 


AQ\(s) = 


z +o” 
where w = 0.05 rad/s and q, = 1. The total water input flow rate is 
Q(t) = Q* + AQ), 
where Q* = 34.77 kg/s. The output flow rate is shown in Figure 2.38. 
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FIGURE 2.37 
The response 
showing the linear 
versus nonlinear 
response to a step 
input. 


FIGURE 2.38 

The output flow rate 
response to a 
sinusoidal variation 
in the input flow. 
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The response of the water level is shown in Figure 2.39. The water level is sinu- 
soidal, with an average value of H,, = H* = 1 meter. As shown in Equation 











400 
Time (s) 


600 


(2.121), the output flow rate is sinusoidal in the steady-state, with 


|AQ2(t) Imax = 


Fo 


V0? + w? 


= 0.4 kg/s. 


1000 


FIGURE 2.39 
The water level 
response to a 
sinusoidal variation 
in the input flow. 


Section 2.8 Design Examples 93 





1.04 





1.02 


1.01 


H (m) 














0 200 400 600 800 1000 
Time (s) 


Thus in the steady-state (see Figure 2.38) we expect that the output flow rate will os- 
cillate at a frequency of w = 0.05 rad/s, with a maximum value of 


Qosa = O* + |AQ(t)|max = 35.18 kg/s. m 


EXAMPLE 2.13 Electric traction motor control 


A majority of modern trains and local transit vehicles utilize electric traction mo- 
tors. The electric motor drive for a railway vehicle is shown in block diagram form in 
Figure 2.40(a), incorporating the necessary control of the velocity of the vehicle. The 
goal of the design is to obtain a system model and the closed-loop transfer function 
of the system, w(s)/w,(s), select appropriate resistors R;, Rj, R3, and Ry, and then 
predict the system response. 

The first step is to describe the transfer function of each block. We propose the 
use of a tachometer to generate a voltage proportional to velocity and to connect 
that voltage, v,, to one input of a difference amplifier, as shown in Figure 2.40(b). 
The power amplifier is nonlinear and can be approximately represented by 
v = 2e" = g(v,), an exponential function with a normal operating point, 
vio = 1.5 V. Using the technique in Section 2.3, we then obtain a linear model: 


fi dg(v) 
2 dv, 





Av, = 2[3 exp(3v49)] Av, = 2(270) Av, = 540 Ary. (2.123) 


Vin 
Then, discarding the delta notation and using the Laplace transform, we find that 


V2(s) = 540V (s). 
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FIGURE 2.40 
Speed control of an 
electric traction 
motor. 
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Also, for the differential amplifier, we have 
= =. (2.124) 


We wish to obtain an input control that sets wg(t) = Vin, where the units of wy 
are rad/s and the units of vin are volts. Then, when Vin = 10 V, the steady-state speed 
is œ = 10 rad/s. We note that v, = K,wg in steady state, and we expect, in balance, 
the steady-state output to be 

1+ R/R: Rz 


— = K vin. (2.125) 


LS R3/Rq ma Rı 
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Table 2.8 Parameters of a Large DC Motor 


K,, = 10 be?) 
R,=1 b=0.5 
L, = 1 K, = 0.1 





When the system is in balance, v, = 0, and when K, = 0.1, we have 


1+ R/Ri _ R 


FRR Rae 


This relation can be achieved when 
R,/R, = 10 and R3/R, = 10. 


The parameters of the motor and load are given in Table 2.8. The overall system is 
shown in Figure 2.40(b). Reducing the block diagram in Figure 2.40(c) or the signal- 
flow graph in Figure 2.40(d) yields the transfer function 








ols) _ 540G;(s)G2(s) _ _ 540G,G, 
@,4(8) 1 + 0.1G\G; + 540G,;G,__ 1 + 540.1G,G, 
E 5400 5400 
(s + 1)(2s + 0.5) + 5401 25? + 2.55 + 5401.5 
2700 


See a oaa (2.126) 
s + 125s°+ 2700.75 
Since the characteristic equation is second order, we note that w, = 52 and 
¢ = 0.012, and we expect the response of the system to be highly oscillatory (under- 
damped). m 


EXAMPLE 2.14 Mechanical accelerometer 


A mechanical accelerometer is used to measure the acceleration of a levitated test 
sled, as shown in Figure 2.41. The test sled is magnetically levitated above a 
guide rail a small distance ô. The accelerometer provides a measurement of the 
acceleration a(t) of the sled, since the position y of the mass M, with respect to 
the accelerometer case, is proportional to the acceleration of the case (and the 
sled). The goal is to design an accelerometer with an appropriate dynamic respon- 
siveness. We wish to design an accelerometer with an acceptable time for the desired 
measurement characteristic, y(t) = ga(t), to be attained (q is a constant). 
The sum of the forces acting on the mass is 





dy & 
<b oe ky = M-30 + x) 
or P 
dy dy 2 
MZ 452 4p (2.127) 
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FIGURE 2.41 
An accelerometer 
mounted on a jet- 
engine test sled. 
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1 x = Case position 


Accelerometer 


Case 


Since 


dx 
M; de = F(t), 
is the engine force, we have 


gi 3 M 
Mý + bý + ky = -uO 
s 


or 


aar Die aor BO 
yay my" M (2.128) 


We select the coefficients where b/M = 3, k/M = 2, F(t)/M, = Q(t), and we 
consider the initial conditions y(0) = —1 and (0) = 2. We then obtain the Laplace 
transform equation, when the force, and thus Q(?), is a step function, as follows: 


(s°¥(s) — sy(0) — (0) + 3(s¥(s) — yO) + 2¥(s) = -Q(s). (2-129) 


Since Q(s) = P/s, where P is the magnitude of the step function, we obtain 





(s?¥(s) + s — 2) + 3(s¥(s) + 1) + 2¥(s) = -5, 








or 
-(2 +s +P 
(2 + 3s + 2)¥(s) = trth (2.130) 
Thus the output transform is 
=(®2 +s+ P) -(° +s+ P) 
Y(s) = (2.131) 


s(s? + 3s +2)  s(s + 1)(s + 2) 


FIGURE 2.42 
Accelerometer 
response. 
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Expanding in partial fraction form yields 

















Y(s) = a f e ae A (2.132) 
We then have : 
ie = ners a 4 (2.133) 
Similarly, k = +P and k3 = ae Thus, 
Y(s) SE aoe ge e (2.134) 


Qseecs eile 2E 2) 


Therefore, the output measurement is 
il 
N= sl BERRE = (P+ Qe], t=0. 


A plot of y(t) is shown in Figure 2.42 for P = 3. We can see that y(t) is propor- 
tional to the magnitude of the force after 5 seconds. Thus in steady state, after 5 sec- 
onds, the response y(t) is proportional to the acceleration, as desired. If this period is 
excessively long, we must increase the spring constant, k, and the friction, b, while 
reducing the mass, M. If we are able to select the components so that b/M = 12 and 
k/M = 32, the accelerometer will attain the proportional response in 1 second. (It is 
left to the reader to show this.) m 
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FIGURE 2.43 
Laboratory robot 
used for sample 
preparation. The 
robot manipulates 
small objects, such 
as test tubes, and 
probes in and out 
of tight places at 
relatively high 
speeds [15]. (Photo 
courtesy of 
Beckman Coulter, 
Inc.) 
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EXAMPLE 2.15 Design of a laboratory robot 


In this example, we endeavor to show the physical design of a laboratory device and 
demonstrate its complex design. We will also exhibit the many components com- 
monly used in a control system. 

A robot for laboratory use is shown in Figure 2.43. A laboratory robot’s work 
volume must allow the robot to reach the entire bench area and access existing ana- 
lytical instruments. There must also be sufficient area for a stockroom of supplies for 
unattended operation. 

The laboratory robot can be involved in three types of tasks during an ana- 
lytical experiment. The first is sample introduction, wherein the robot is trained 
to accept a number of different sample trays, racks, and containers and to intro- 
duce them into the system. The second set of tasks involves the robot transport- 
ing the samples between individual dedicated automated stations for chemical 
preparation and instrumental analysis. Samples must be scheduled and moved 
between these stations as necessary to complete the analysis. In the third set of 
tasks for the robot, flexible automation provides new capability to the analytical 
laboratory. The robot must be programmed to emulate the human operator or 
work with various devices. All of these types of operations are required for an 
effective laboratory robot. 
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Table 2.9 ORCA Robot Arm Hardware Specifications 





Articulated, Joy Stick with 
Arm Rail-Mounted Teach Pendant Emergency Stop 
Degrees of 6 Cycle time 4 s (move 1 inch up, 12 inch 
freedom across, 1 inch down, and back) 
Reach +54cm Maximum speed 75 cm/s 
Height 78 cm Dwell time 50 ms typical (for moves 
within a motion) 
Rail land2m Payload 0.5 kg continuous, 2.5 kg 
transient (with restrictions) 
Weight 8.0 kg Vertical deflection <1.5 mm at continuous payload 
Precision +0.25 mm Cross-sectional 1 m? 
work envelope 
Finger travel 40 mm 
(gripper) 


Gripper rotation +77 revolutions 





The ORCA laboratory robot is an anthropomorphic arm, mounted on a rail, de- 
signed as the optimum configuration for the analytical laboratory [15]. The rail can 
be located at the front or back of a workbench, or placed in the middle of a table 
when access to both sides of the rail is required. Simple software commands permit 
moving the arm from one side of the rail to the other while maintaining the wrist po- 
sition (to transfer open containers) or locking the wrist angle (to transfer objects in 
virtually any orientation). The rectilinear geometry, in contrast to the cylindrical 
geometry used by many robots, permits more accessories to be placed within the 
robot workspace and provides an excellent match to the laboratory bench. Move- 
ment of all joints is coordinated through software, which simplifies the use of the 
robot by representing the robot positions and movements in the more familiar 
Cartesian coordinate space. 

The physical and performance specifications of the ORCA system are shown in 
Table 2.9. The design for the ORCA laboratory robot progressed to the selection of 
the component parts required to obtain the total system. The exploded view of the 
robot is shown in Figure 2.44. This device uses six DC motors, gears, belt drives, and 
a rail and carriage. The specifications are challenging and require the designer to 
model the system components and their interconnections accurately. m 


EXAMPLE 2.16 Design of a low-pass filter 


Our goal is to design a first-order low-pass filter that passes signals at a frequency 
below 106.1 Hz and attenuates signals with a frequency above 106.1 Hz. In addition, 
the DC gain should be '⁄. 

A ladder network with one energy storage element, as shown in Figure 2.45(a), 
will act as a first-order low-pass network. Note that the DC gain will be equal to y 
(open-circuit the capacitor). The current and voltage equations are 


h= Vi vG, 
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Honeycomb platform 


FIGURE 2.44 Exploded view of the ORCA robot showing the components [15]. (Courtesy of 
Beckman Coulter, Inc.) 


D= MV) 
Y= (h — h)R, 
Y= LZ, 


where G = 1/R, Z(s) = 1/Cs, and I,(s) = I, (we omit the (s)). The signal-flow 
graph constructed for the four equations is shown in Figure 2.45(b), and the corre- 
sponding block diagram is shown in Figure 2.45(c). The three loops are 
Lı = -GR = -1, L} = -GR = —1, and L; = —GZ. All loops touch the forward 


path. Loops L; and L; are nontouching. Therefore, the transfer function is 
Vs P GZ 
“H 1=(l+ Lit la) t he 3+2GZ 
1 1/(3RC) 
3RCs +2 5s +2/(3RC) 








T(s) 











FIGURE 2.45 

(a) Ladder network, 
(b) its signal-flow 
graph, and (c) its 
block diagram. 
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1s) la(s) 
[R 








(a) 








If one prefers to utilize block diagram reduction techniques, one can start at the out- 
put with 
Ys) = Zh(s). 


But the block diagram shows that 
h(s) = G(V,(s) — V3(s)). 





Therefore, 
V(s) = ZGV,(s) — ZGV3(s) 
so 
1+ ZG 
Vs) = zg a). 


We will use this relationship between V4(s) and V4(s) in the subsequent develop- 
ment. Continuing with the block diagram reduction, we have 


V(s) = —ZGVA(s) + ZGR(A(s) — b(s)), 
but from the block diagram, we see that 


v 
h= GM) - Ws), b= 42. 
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Therefore, 
Us) = —ZGV(s) + ZG*R(V(s) — Vis) - GRV(s). 
Substituting for Y(s) yields 


(GR)(GZ) 
1 + 2GR + GZ + (GR\(GZ) 








Vs) Vi(s). 


But we know that GR = 1; hence, we obtain 


KE) =s aaa): 


GZ 
3 + 2GZ 


Note that the DC gain is '4, as expected. The pole is desired at p = 27(106.1) = 
666.7 = 2000/3. Therefore, we require RC = 0.001. Select R=1kQ and 
C = 1 pF. Hence, we achieve the filter 


333.3 


TS) = G4 666.7) 


2.9 THE SIMULATION OF SYSTEMS USING CONTROL DESIGN SOFTWARE 


Application of the many classical and modern control system design and analysis 
tools is based on mathematical models. Most popular control design software 
packages can be used with systems given in the form of transfer function descrip- 
tions. In this book, we will focus on m-file scripts containing commands and func- 
tions to analyze and design control systems. Various commercial control system 
packages are available for student use. The m-files described here are compatible 
with the MATLAB‘ Control System Toolbox and the LabVIEW MathScript.? 

We begin this section by analyzing a typical spring-mass-damper mathematical 
model of a mechanical system. Using an m-file script, we will develop an interac- 
tive analysis capability to analyze the effects of natural frequency and damping 
on the unforced response of the mass displacement. This analysis will use the fact 
that we have an analytic solution that describes the unforced time response of the 
mass displacement. 

Later, we will discuss transfer functions and block diagrams. In particular, we 
are interested in manipulating polynomials, computing poles and zeros of transfer 
functions, computing closed-loop transfer functions, computing block diagram re- 
ductions, and computing the response of a system to a unit step input. The section 
concludes with the electric traction motor control design of Example 2.13. 


“See Appendix A for an introduction to MATLAB. 
‘See Appendix B for an introduction to LabVIEW MathScipt. 


FIGURE 2.46 
Script to analyze 
the spring-mass- 
damper. 
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The functions covered in this section are roots, poly, conv, polyval, tf, pzmap, 
pole, zero, series, parallel, feedback, minreal, and step. 


Spring-Mass-Damper System. A spring-mass-damper mechanical system is 
shown in Figure 2.2. The motion of the mass, denoted by y(t), is described by the dif- 
ferential equation 


My(t) + by(t) + ky(t) = r(t). 


The unforced dynamic response y(t) of the spring-mass-damper mechanical 
system is 





y(t) = er iia sin(o, V1 -t+ 6), 








where w, = Vk/M,¢ = b/(2V kM), and 0 = cos! ¢. The initial displacement is 
y(0). The transient system response is underdamped when ¢ < 1, overdamped when 
¢ > 1, and critically damped when ¢ = 1. We can visualize the unforced time re- 
sponse of the mass displacement following an initial displacement of y(0). Consider 
the underdamped case: 


rad 1 k b 
a y(0) = 0.15m, a, = Va—, dees (£-22-1) 


The commands to generate the plot of the unforced response are shown in Figure 2.46. 
In the setup, the variables y(0), wn, t, and ¢ are input at the command level. Then the 
script unforced.m is executed to generate the desired plots. This creates an interac- 
tive analysis capability to analyze the effects of natural frequency and damping on 
the unforced response of the mass displacement. One can investigate the effects of 
the natural frequency and the damping on the time response by simply entering new 








>>y0=0.15; 

omsmeo; $$$, | 
>>zeta=1/(2"*sqrt(2)); 

S>te(0:0.1:10} Ee 
>>unforced 
unforced.m i 


%Compute Unforced Response to an Initial Condition 


% 

c=(y0/sqrt(1-zeta%2)); yOOWV1 — £2 
y=c*exp(-zeta*wn"t).*sin(wn*sqrt(1-zela2)*t+acos(zela)); 

% 

% 


plot(t,y,t,bu,'--',t,bl,'--'), grid 
xlabel(‘Time (s)'), ylabel(‘y(t) (m)') 
legend([‘\omega_n=',num2str(wn),' \zeta=',num2str(zeta)]) 
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FIGURE 2.47 
Spring-mass- 
damper unforced 
response. 
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values of w, and ¢ at the command prompt and running the script unforced.m again. 
The time-response plot is shown in Figure 2.47. Notice that the script automatically 
labels the plot with the values of the damping coefficient and natural frequency. This 
avoids confusion when making many interactive simulations. Using scripts is an im- 
portant aspect of developing an effective interactive design and analysis capability. 

For the spring-mass-damper problem, the unforced solution to the differential 
equation was readily available. In general, when simulating closed-loop feedback 
control systems subject to a variety of inputs and initial conditions, it is difficult to 
obtain the solution analytically. In these cases, we can compute the solutions numer- 
ically and to display the solution graphically. 

Most systems considered in this book can be described by transfer functions. 
Since the transfer function is a ratio of polynomials, we begin by investigating how to 
manipulate polynomials, remembering that working with transfer functions means 
that both a numerator polynomial and a denominator polynomial must be specified. 

Polynomials are represented by row vectors containing the polynomial coeffi- 
cients in order of descending degree. For example, the polynomial 


p(s) = $ + 35° +4 


is entered as shown in Figure 2.48. Notice that even though the coefficient of the s 
term is zero, it is included in the input definition of p(s). 

If p is a row vector containing the coefficients of p(s) in descending degree, then 
roots(p) is a column vector containing the roots of the polynomial. Conversely, if r is 
a column vector containing the roots of the polynomial, then poly(r) is a row vector 
with the polynomial coefficients in descending degree. We can compute the roots of 
the polynomial p(s) = s + 3s? + 4 with the roots function as shown in Figure 2.48. 
Tn this figure, we show how to reassemble the polynomial with the poly function. 


FIGURE 2.48 
Entering the 
polynomial 

p(s) = sè + 3s? + 4 
and calculating its 
roots. 


FIGURE 2.49 
Using conv and 
polyval to multiply 
and evaluate the 
polynomials 

(8s° + 2s + 1) 

(s + 4). 
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>>p=[1 3 0 4]; Ps) = 53 +352 +4 
>>r=roots(p) 
r= Calculate roots of p(s) = 0. 
-3.3553 

0.1777+ 1.0773i 

0.1777- 1.0773i 
>>p=poly(r) Reassemble polynomial from roots. 
p = 


1.0000 3.0000 0.0000 4.0000 








>>p=[3 2 1]; q=[1 4]; 


n= 
3 14 9 4 4— W(s) = 3s + 14s? + 95 + 4 











>>value=polyval(n,-5) 


value = Evaluate n(s) at s = —5. 


-66 











Multiplication of polynomials is accomplished with the conv function. Suppose 
we want to expand the polynomial 


n(s) = (3s? + 2s + 1)(s + 4). 


The associated commands using the conv function are shown in Figure 2.49. Thus, 
the expanded polynomial is 


n(s) = 3 + 14s? + 9s + 4, 


The function polyval is used to evaluate the value of a polynomial at the given 
value of the variable. The polynomial n(s) has the value n(—5) = —66, as shown in 
Figure 2.49. 

Linear, time-invariant system models can be treated as objects, allowing one to 
manipulate the system models as single entities. In the case of transfer functions, one 
creates the system models using the tf function; for state variable models one em- 
ploys the ss function (see Chapter 3). The use of tf is illustrated in Figure 2.50(a). 
For example, if one has the two system models 


10 
Si +2s+5 


| i 


G(s) = and G(s) = 


sei’ 
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FIGURE 2.50 

(a) The tf function. 
(b) Using the tf 
function to create 
transfer function 
objects and adding 
them using the “+” 
operator. 
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>> num1=[10];den1=[1 2 5]; 
>> sys1=tf(num1,den1) 


Transfer function: 


10 
Transfer function - Hn | o 
object G(s) = s^2+2s+5 


j J >> num2=[1];den2=[1 1]; 
>> sys2=tf(num2,den2) 





sys = tf(num,den) 


Transfer function: 


>> syS=sys1+sys2 


Transfer function: 

s^2+12s+15 
meseeeceeeeeenteentemensene G(s) + Gals) 
843 +38/2+75+5 


(a) (b) 














one can add them using the “+” operator to obtain 


x? +125 + 15 
Std) = Gus) + Gis) +32 +T +S 
The corresponding commands are shown in Figure 2.50(b) where sys1 represents 
G(s) and sys2 represents G(s). Computing the poles and zeros associated with a 
transfer function is accomplished by operating on the system model object with the 
pole and zero functions, respectively, as illustrated in Figure 2.51. 

In the next example, we will obtain a plot of the pole-zero locations in the com- 
plex plane. This will be accomplished using the pzmap function, shown in Figure 2.52. 
On the pole-zero map, zeros are denoted by an “o” and poles are denoted by an “x”. 
If the pzmap function is invoked without left-hand arguments, the plot is generated 
automatically. 


EXAMPLE 2.17 Transfer functions 
Consider the transfer functions 


6 +1 and HO (s + 1)(s + 2) 
$ +3% +3541 (s + 2i)(s — 2i)(s + 3) 





G(s) = 


Using an m-file script, we can compute the poles and zeros of G(s), the characteris- 
tic equation of H(s), and divide G(s) by H(s). We can also obtain a plot of the 
pole-zero map of G(s)/H(s) in the complex plane. 


FIGURE 2.51 

(a) The pole and 
zero functions. 

(b) Using the pole 
and zero functions 
to compute the 
pole and zero 
locations of a linear 
system. 


FIGURE 2.52 
The pzmap 
function. 
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>> sys=ti((1 10],[1 2 1]) 


Transfer function: 


s^2+2s+1 
sys 


p=pole(sys) Transfer >> p=pole(sys) 


function 
p= 





object 


$ The system poles 


z=zero(sys) 








z= 
-10 


(a) (b) 





CEN 


P: pole locations in column vector 
Z: zero locations in column vector 








[P.Z]=pzmap(sys) 








The pole-zero map of the transfer function G(s)/H(s) is shown in Figure 2.53, 
and the associated commands are shown in Figure 2.54. The pole-zero map shows 
clearly the five zero locations, but it appears that there are only two poles. This can- 
not be the case, since we know that for physical systems the number of poles must 
be greater than or equal to the number of zeros. Using the roots function, we can as- 
certain that there are in fact four poles at s = —1. Hence, multiple poles or multiple 
zeros at the same location cannot be discerned on the pole—zero map. m 


Block Diagram Models. Suppose we have developed mathematical models in 
the form of transfer functions for a process, represented by G(s), and a controller, 
represented by G,(s), and possibly many other system components such as sensors 
and actuators. Our objective is to interconnect these components to form a control 
system. 
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FIGURE 2.53 
Pole-zero map for 
G(sV/H(s). 


FIGURE 2.54 
Transfer function 
example for G(s) 
and H(s). 
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Imaginary Axis 











oQ 


53 -2.5 =2 =15 =| -0.5 
Real Axis 


>>numg=[6 0 1]; deng=[1 3 3 1];sysg=tf(numg,deng); 
>>z=zero(sysg) 


Compute poles and 


oe zeros of G(s) 


O + 0.4082i 
0 - 0.4082: 


>>p=pole(sysg) 


Expand A(s) 
-1.0000 


-1.0000 + 0.0000i 
-1.0000 - 0.0000i 


p= 





>oni=[1 1]; n2=[1 2]; d1=[1 2*i]; d2=[1 -2*i]; d3=[1 3]; 
>>numh=conv(n1,n2); denh=conv(d1 ,conv(d2,d3)); 
>>sysh=tf(numh,denh) 


Transfer function: 


s^2+3s+2 { 19 | 
893 +3s24+454+12 


>>sys=sysg/sysh 





Transfer function: 


6 s^5 + 18 sM + 25 8^3 +75 s^2 + 4s +12 
s^5 + 6 sM + 14593 + 168s^2+9s+2 














FIGURE 2.55 
Open-loop control 
system (without 
feedback). 


FIGURE 2.56 
(a) Block diagram. 
(b) The series 
function. 
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Controller | Uls) Process 


Ris) —>] Gs) G(s) 


Y(s) 








A simple open-loop control system can be obtained by interconnecting a 
process and a controller in series as illustrated in Figure 2.55. We can compute the 
transfer function from R(s) to Y(s), as follows. 


EXAMPLE 2.18 Series connection 
Let the process represented by the transfer function G(s) be 


1 


G(s) = =, 
© = Sos 
and let the controller represented by the transfer function G,(s) be 


sd 
s+2 





G(s) = 


We can use the series function to cascade two transfer functions G;(s) and G,(s), as 
shown in Figure 2.56. 

The transfer function G,(s)G(s) is computed using the series function as shown 
in Figure 2.57. The resulting transfer function is 


Std 


GelsIG(S) = S0 + 10008? 


sys, 


where sys is the transfer function name in the m-file script. m 
































j System 1 System 2 7 
Uts) =>] Gis) Gals) rk) 
(a) 
Yí 
| Ts) = a = sy: G,(s) = sys1 G(s) = sys2 

















| 
i 


[sys]=series(sys1,sys2) 











(b) 
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Ris) Yis) 
(a) 
>>numg=[1]; deng=[500 0 0]; sysg=tf(numg,deng); 
>>numh=[1 1]; denh=[1 2]; sysh=tf(numh,denh); 
>>sys=series(sysg,sysh); 
>>sys 
Transfer function: 
s+1 
A vay 
FIGURE 2.57 500 s^3 + 1000 s^2 
Application of the 
series function. (b) 
System 1 
G(s) 
Us) © Y(s) 
System 2 
Gs) 
(a) 
G,(s) = sys G(s) = sys2 
FIGURE 2.58 [sys]=parallel(sys1,sys2) 





(a) Block diagram. 
(b) The parallel 






















function. (b) 
Controller | U(s) Process 
Ris) Gs) Gls) Y(s) 
FIGURE 2.59 A 


basic control 
system with unity 
feedback. 
Block diagrams quite often have transfer functions in parallel. In such cases, the 
function parallel can be quite useful. The parallel function is described in Figure 2.58. 
We can introduce a feedback signal into the control system by closing the loop 
with unity feedback, as shown in Figure 2.59. The signal E£,(s) is an error signal; the 
signal R(s) is a reference input. In this control system, the controller is in the for- 
ward path, and the closed-loop transfer function is 


_ __G{s)G(s) 
T) = TEGO 


FIGURE 2.60 

(a) Block diagram. 
(b) The feedback 

function with unity 
feedback. 


FIGURE 2.61 

(a) Block diagram. 
(b) The feedback 
function. 
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© System 1 
(a) 
+1 - positive feedback 


G(s) = sys1 
OROT SE —1 - negative feedback (default) 


oe 


[sys]=feedback(sys1,[1],sign) 


R(s) Y(s) 





It 






































(b) 





System | 
G(s) 


System 2 
H(s) 


+1 - pos. feedback 
SO mays Hs) spsys2 —1- neg. feedback 
(default) 






R(s) Y(s) 





[sys]=feedback(sys1,sys2,sign) 





(b) 


We can utilize the feedback function to aid in the block diagram reduction 
process to compute closed-loop transfer functions for single- and multiple-loop 
control systems. 

It is often the case that the closed-loop control system has unity feedback, as il- 
lustrated in Figure 2.59. We can use the feedback function to compute the closed- 
loop transfer function by setting H(s) = 1. The use of the feedback function for 
unity feedback is depicted in Figure 2.60. 

The feedback function is shown in Figure 2.61 with the associated system con- 
figuration, which includes H(s) in the feedback path. If the input “sign” is omitted, 
then negative feedback is assumed. 
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FIGURE 2.62 
(a) Block diagram. 
(b) Application of 
the feedback 
function. 


FIGURE 2.63 
A basic control 
system with the 
controller in the 
feedback loop. 
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Yis) 














>>numg=[1]; deng=[500 0 0); sys1=tf(numg,deng); 
>>nume=[1 1]; denc=[1 2]; sys2=tf(numc,denc); 
>>sys3=series(sys1 ,sys2); 
>>sys=feedback(sys3,[1]) 








Transfer function: 
s+1 ¥(s) G{s)G(s) 
500 s43 + 1000 s^2 +s +1 RS) 1+ G(s)G(s) 








(b) 


Q 
h G(s) 


H(s) 





Ris) Y(s) 












EXAMPLE 2.19 The feedback function with unity feedback 


Let the process, G(s), and the controller, G,(s), be as in Figure 2.62(a). To apply the 
feedback function, we first use the series function to compute G,(s)G(s), followed 
by the feedback function to close the loop. The command sequence is shown in 
Figure 2.62(b). The closed-loop transfer function, as shown in Figure 2.62(b), is 


G,(s)G(s) SHL 
1+G(s)G(s) 500s? + 1000s? + s + 1 








T(s) = 





sys. m 


Another basic feedback control configuration is shown in Figure 2.63. In this case, 
the controller is located in the feedback path. The closed-loop transfer function is 


G(s) 

To= _. 

(0) =73 G(s)H(s) 
EXAMPLE 2.20 The feedback function 


Let the process, G(s), and the controller, H(s), be as in Figure 2.64(a). To compute 
the closed-loop transfer function with the controller in the feedback loop, we use 


FIGURE 2.64 
Application of the 


feedback function: 


(a) block diagram, 
(b) m-file script. 
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r + E,{s) asat 
(s) ‘: (s) = 5002 ¥(s) 
SFL 
a) HZ 
(a) 
>>numg=[1]; deng=[500 0 0]; sys1=tf(numg,deng); 
>>numh=[1 1]; denh=[1 2]; sys2=tf(numh,denh); 
>>sys=feedback(sys1,sys2); 
>>sys 
Transfer function: 
S+2 Xs) G(s) 
500 s43 + 1000 s^2 +s + 1 R(s) 1 + G(s)H(s) 
(b) 


the feedback function. The command sequence is shown in Figure 2.64(b). The 
closed-loop transfer function is 


gE 2 
500s? + 1000s? + s + 1 








T(s) 


= sys. m 


The functions series, parallel, and feedback can be used as aids in block dia- 
gram manipulations for multiple-loop block diagrams. 


EXAMPLE 2.21 Multiloop reduction 


A multiloop feedback system is shown in Figure 2.26. Our objective is to compute 
the closed-loop transfer function 

















T(s) = ae 
when 
Ci)" OSs; k 
ometti, omii 
and 
H,(s) = — > H,(s)=2, and H(s) = 1. 
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FIGURE 2.65 
Multiple-loop block 
reduction. 
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>>ng1=[1]; dg1=[1 10]; sysg1=tf(ng1,dg1); 
>>ng2=[1]; dg2=[1 1]; sysg2=tf(ng2,dg2); 
>>ng3=[1 0 1]; dg3=[1 4 4]; sysg3=tf(ng3,dg3); 
>>ng4=[1 1]; dg4=[1 6]; sysg4=tf(ng4,dg4); 
>>nht=[1 1]; dh1=[1 2]; sysh1=tf(nh1,dh1); 
>>nh2=[2]; dh2=[1]; sysh2=Hf(nh2,dh2); 
>>nh3=[1]; dh3=[1]; sysh3=tf(nh3,dh3); 
>>sys1=sysh2/sysg4; Step 2 
>>sys2=series(sysg3,sysg4); 
>>sys3=feedback(sys2,sysh1,+1); 





Step 1 











Step 3 











>>sys4=series(sysg2,sys3); 
>>sys5=feedback(sys4,sys1); Step 4 
>>sys6=series(sysg1,sys5); 
>>sys=feedback(sys6,sysh3); Step 5 











Transfer function: 


815 +484 +6543 +6512+55+2 
12 s^6 + 205 s^5 + 1066 s™~ + 2517 s^3 + 3128 s^2 + 2196 s +712 

















For this example, a five-step procedure is followed: 


O Step 1. Input the system transfer functions. 

O Step 2. Move H, behind Gy. 

O Step 3. Eliminate the G;G,H, loop. 

O Step 4. Eliminate the loop containing H3. 

2 Step 5. Eliminate the remaining loop and calculate T(s). 


The five steps are utilized in Figure 2.65, and the corresponding block diagram 
reduction is shown in Figure 2.27. The result of executing the commands is 


9 + 454 + 659 + 657 + 55 +2 
125° + 205s° + 1066s* + 2517s? + 3128s? + 2196s + 712° 








sys 


We must be careful in calling this the closed-loop transfer function. The transfer 
function is defined as the input-output relationship after pole-zero cancellations. 
If we compute the poles and zeros of T(s), we find that the numerator and denom- 
inator polynomials have (s + 1) as a common factor. This must be canceled before 
we can claim we have the closed-loop transfer function. To assist us in the 
pole-zero cancellation, we will use the minreal function. The minreal function, 
shown in Figure 2.66, removes common pole-zero factors of a transfer function. 
The final step in the block reduction process is to cancel out the common factors, as 
shown in Figure 2.67. After the application of the minreal function, we find that the 
order of the denominator polynomial has been reduced from six to five, implying 
one pole-zero cancellation. m 


FIGURE 2.66 
The minreal 
function. 


FIGURE 2.67 
Application of the 
minreal function. 


FIGURE 2.68 
Electric traction 
motor block 
reduction. 
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No common factors Possible common factors 
T(s) = sys G(s) = sysl 


Wee 


sys=minreal(sys1) 














>>num=[1 4 6 6 5 2]; den=[12 205 1066 2517 3128 2196 712]; 
>>sys1=tf(num,den); 


Transfer function: 
0.08333 s^4 + 0.25 s43 + 0.25 S42 + 0.25 s + 0.1667 





s^5 + 16.08 SM + 72.75 S93 + 137 s^2 + 123.7 s + 59.33 





EXAMPLE 2.22 Electric traction motor control 
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Finally, let us reconsider the electric traction motor system from Example 2.13. The 
block diagram is shown in Figure 2.40(c). The objective is to compute the closed-loop 
transfer function and investigate the response of w(s) to a commanded w,(s). The 
first step, as shown in Figure 2.68, is to compute the closed-loop transfer function 
w(s)/wa(s) = T(s). The closed-loop characteristic equation is second order with 
@n = 52 and ¢ = 0.012. Since the damping is low, we expect the response to be high- 
ly oscillatory. We can investigate the response w(t) to a reference input, w,(t), by uti- 
lizing the step function. The step function, shown in Figure 2.69, calculates the unit 
step response of a linear system. The step function is very important, since control 
system performance specifications are often given in terms of the unit step response. 





>>num1=[10]; den1=[1 1]; sys1=tf(num1,den1); 
>>num2=[1]; den2=[2 0.5]; sys2=tf(num2,den2); 
>>num3=[540]; den3=[1]; sys3=tf(num3,den3); 


>>num4=[0.1]; den4=[1]; sys4=tf(num4,den4); 
>>sys5=series(sys1,sys2); ¢ Eliminate 
>>sys6=feedback(sys5,sys4); inner loop 


>>sys7=series(sys3,sys6); 


>>sys=feedback(sys7,[1]) Gamindek 
transfer function 











Transfer function: 
5400 w(s) 
2 s^2 + 2.5 s + 5402 wyls) 
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FIGURE 2.69 
The step function. 
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y) 
Sep seH Output 
input 


u(t) A 





(a) 











T = simulation time GOSEN 





t = T: user-supplied time vector 


y(t) = output response at t or 
t = Tina: Simulation final time 
(optional) 





[y.T]=step(sys,t) 














(b) 


Wheel velocity 








D aSr THO ES 20 237720 
Time (s) 


(a) 








% This script computes the step 

% response of the traction motor 

% wheel velocity 

% 

num=[5400]; den=[2 2.5 5402]; sys=tf(num,den); 
t=[0:0.005:3]; 

ly,tl=step(sys,t); 

plot(t,y),grid 

xlabel(‘Time (s)') 


ylabel(‘Wheel velocity’) 
ke 








(b) 


FIGURE 2.70 (a) Traction motor wheel velocity step response. (b) m-file script. 


If the only objective is to plot the output, y(t), we can use the step function with- 
out left-hand arguments and obtain the plot automatically with axis labels. If we 
need y(t) for any purpose other than plotting, we must use the step function with 
left-hand arguments, followed by the plot function to plot y(t). We define ¢ as a row 
vector containing the times at which we wish the value of the output variable y(t). 
We can also select £ = ffna Which results in a step response from t = 0 to £ = tfinal 
and the number of intermediate points are selected automatically. 

The step response of the electric traction motor is shown in Figure 2.70. As 
expected, the wheel velocity response, given by y(t), is highly oscillatory. Note 


that the output is y(t) = w(t). m 
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2.10 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


> 


FIGURE 2.71 
Head mount for 
reader, showing 
flexure. 


FIGURE 2.72 
Block diagram 
model of disk drive 
read system. 


In Section 1.9, we developed an initial goal for the disk drive system: to position the 
reader head accurately at the desired track and to move from one track to another 
within 10 ms, if possible. We need to identify the plant, the sensor, and the controller. 
We will obtain a model of the plant G(s) and the sensor. The disk drive reader uses 
a permanent magnet DC motor to rotate the reader arm (see Figure 1.26). The DC 
motor is called a voice coil motor in the disk drive industry. The read head is mount- 
ed on a slider device, which is connected to the arm as shown in Figure 2.71. A flex- 
ure (spring metal) is used to enable the head to float above the disk at a gap of less 
than 100 nm. The thin-film head reads the magnetic flux and provides a signal to an 
amplifier. The error signal of Figure 2.72(a) is provided by reading the error from a 
prerecorded index track. Assuming an accurate read head, the sensor has a transfer 
function H(s) = 1, as shown in Figure 2.72(b). The model of the permanent magnet 
DC motor and a linear amplifier is shown in Figure 2.72(b). As a good approxima- 
tion, we use the model of the armature-controlled DC motor as shown earlier in 


Flexure 























Desired all Actuator and read arm Actual 
position position 









Sensor 





Read head and index track on disk 










(a) 


Motor and arm G(s) 


Km 
s(Is+b)(Ls+R) 






Ris) G(s) = Ys) 






(b) 
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FIGURE 2.73 
Block diagram of 
closed-loop 
system. 
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Table 2.10 Typical Parameters for Disk Drive Reader 





Parameter Symbol Typical Value 
Inertia of arm and 

read head J 1Nms?/rad 
Friction b 20 N m s/rad 
Amplifier Ky 10-1000 
Armature resistance R 10 
Motor constant Kye SNm/A 
Armature inductance E 1 mH 





Figure 2.20 with K, = 0. The model shown in Figure 2.72(b) assumes that the flex- 
ure is entirely rigid and does not significantly flex. In Chapter 4, we will consider the 
model when the flexure cannot be assumed to be completely rigid. 

Typical parameters for the disk drive system are given in Table 2.10. Thus, we have 


Gls) = Km 
w= s(Js + b)(Ls + R) 
5000 
-© s(s + 20)(s + 1000) (2:185) 
We can also write 
K,„/(bR 
G(s) = nl (OR) (2.136) 


where 7, = J/b = 50 ms and 7 = L/R = 1 ms. Since tT < 7;, we often neglect 7. 
Then, we would have 


— Km/(bR) 0.25 
G(s) * is +1) ~ s(005s + 1)’ 





or 


5 
C= 6 ay 


The block diagram of the closed-loop system is shown in Figure 2.73. Using the 
block diagram transformation of Table 2.6, we have 


Ys) _ _ K.G(s) 





(2.137) 


R(s) 1+ K,G(s) 





R(s) Ys) 








FIGURE 2.74 
The system 
response of the 
system shown in 
Figure 2.73 for 


Ris) = 21 


Section 2.11 Summary 119 





0.12 7 T T 


y(t) (rad) 














0 i 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
Time (s) 


Using the approximate second-order model for G(s), we obtain 
Y (s) = 5Ky 
R(s) $ + 20s + 5K," 

When K, = 40, we have 


200 


yee." 
(9) = 2y 20s + 200 


R(s). 


0.1 
We obtain the step response for R(s) = a rad, as shown in Figure 2.74. 


2.11 SUMMARY 


In this chapter, we have been concerned with quantitative mathematical models of con- 
trol components and systems. The differential equations describing the dynamic perfor- 
mance of physical systems were utilized to construct a mathematical model. The 
physical systems under consideration included mechanical, electrical, fluid, and thermo- 
dynamic systems. A linear approximation using a Taylor series expansion about the op- 
erating point was utilized to obtain a small-signal linear approximation for nonlinear 
control components. Then, with the approximation of a linear system, one may utilize 
the Laplace transformation and its related input-output relationship given by the trans- 
fer function. The transfer function approach to linear systems allows the analyst to 
determine the response of the system to various input signals in terms of the location 
of the poles and zeros of the transfer function. Using transfer function notations, block dia- 
gram models of systems of interconnected components were developed. The block 
relationships were obtained. Additionally, an alternative use of transfer function models 
in signal-flow graph form was investigated. Mason’s signal-flow gain formula was inves- 
tigated and was found to be useful for obtaining the relationship between system variables 
in a complex feedback system. The advantage of the signal-flow graph method was the 
availability of Mason’s signal-flow gain formula, which provides the relationship 
between system variables without requiring any reduction or manipulation of the flow 
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graph. Thus, in Chapter 2, we have obtained a useful mathematical model for feedback 
control systems by developing the concept of a transfer function of a linear system and 
the relationship among system variables using block diagram and signal-flow graph 
models. We considered the utility of the computer simulation of linear and nonlinear 
systems to determine the response of a system for several conditions of the system pa- 
rameters and the environment. Finally, we continued the development of the Disk Drive 
Read System by obtaining a model in transfer function form of the motor and arm. 


EXERCISES 


Exercises are straightforward applications of the concepts 

of the chapter. 

E2.1 A unity, negative feedback system has a nonlinear 
function y = f(e) = e, as shown in Figure E2.1. For an 
input rin the range of 0 to 4, calculate and plot the open- 
loop and closed-loop output versus input and show that 
the feedback system results in a more linear relationship. 





Close switch for closed loop 
FIGURE E2.1 Open and closed loop. 


E2.2 A thermistor has a response to temperature repre- 
sented by 
R= Re, 


where Rə = 10,000 Q, R = resistance, and T 
= temperature in degrees Celsius. Find the linear 

model for the thermistor operating at T = 20°C and for 
a small range of variation of temperature. 
Answer: AR = —135AT 

E2.3 The force versus displacement for a spring is shown 
in Figure E2.3 for the spring-mass-damper system of 
Figure 2.1. Graphically find the spring constant for the 
equilibrium point of y = 0.5 cm and a range of opera- 
tion of +1.5 cm. 


Force 







Spring 

‘breaks 

Displacement 
(em) 


Spring 
compresses 


FIGURE E2.3 Spring behavior. 


E24 The transfer function of the RC network given in 
Figure E2.4 is 


Y(s) _ 1 
R  TARGS 














FIGURE E2.4 A first order system. 


Given R= 1kQ, C= 1yE If switch S; is closed at ¢ = 0. 


(a) Obtain an expression for y(t) 
(b) Plot z(t) vst and y(t) vs t for ¢ = 0 to t = 10ms 
(c) What is the final value of y(t)? 


E2.5 A noninverting amplifier uses an op-amp as shown 
in Figure E2.5. Assume an ideal op-amp model and 
determine Vo/Vin- 

Ra 


Vo 
Answer: — = 1 + — 
Vin 1 





Ša, 








-o + 





FIGURE E2.5 A noninverting amplifier using an op-amp. 
E2.6 A nonlinear device is represented by the function 
y= f(x) =x, 


where the operating point for the input x is x, = 1/2. 
Determine the linear approximation in the form of 
Equation (2.9). 
Answer; Ay = Ax/V2 

E2.7 A lamp’s intensity stays constant when monitored by 
an optotransistor-controlled feedback loop. When the 


voltage drops, the lamp’s output also drops, and opto- 
transistor Q; draws less current. As a result, a power 


Exercises 


transistor conducts more heavily and charges a capaci- 
tor more rapidly [25]. The capacitor voltage controls 
the lamp voltage directly. A block diagram of the sys- 
tem is shown in Figure E2.7. Find the closed-loop trans- 
fer function, /(s)/R(s) where J(s) is the lamp intensity, 
and R(s) is the command or desired level of light. 


Ks) 





Filter 


T5 
{ } 
Y 
Iris 
(b) 


FIGURE E2.7 Lamp controller. 


Opaque tube 


E2.8 A control engineer, N. Minorsky, designed an innov- 
ative ship steering system in the 1930s for the U.S. 
Navy. The system is represented by the block diagram 
shown in Figure E2.8, where Y(s) is the ship’s course, 
R(s) is the desired course, and A(s) is the rudder angle 
[17]. Find the transfer function Y(s)/R(s). 

Y(s) 

R(s) 

KG,(s)G2(s)/s 
1+ G,(s)H3(s) + G,(s)G2(s)[H(s) + H2(s)] + KG\(s)G2(s)/s 


Answer: 








FIGURE E2.8 Ship steering system. 


121 


E2.9 A four-wheel antilock automobile braking system 


uses electronic feedback to control automatically the 
brake force on each wheel [16]. A block diagram 
model of a brake control system is shown in Figure E2.9, 
where F(s) and F(s) are the braking force of the 
front and rear wheels, respectively, and R(s) is the de- 
sired automobile response on an icy road. Find 
F,(s)/R(s). 





FIGURE E2.9 Brake control system. 


E2.10 One of the most potentially beneficial applica- 


tions of an automotive control system is the active 
control of the suspension system. One feedback con- 
trol system uses a shock absorber consisting of a 
cylinder filled with a compressible fluid that provides 
both spring and damping forces [18]. The cylinder has 
a plunger activated by a gear motor, a displacement- 
measuring sensor, and a piston. Spring force is gener- 
ated by piston displacement, which compresses the 
fluid. During piston displacement, the pressure imbal- 
ance across the piston is used to control damping. The 
plunger varies the internal volume of the cylinder. 
This feedback system is shown in Figure E2.10. 
Develop a linear model for this device using a block 
diagram model. 





Y(s) 
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E2.12 Off-road vehicles experience many disturbance in- 
puts as they traverse over rough roads, An active sus- 
pension system can be controlled by a sensor that looks 
“ahead” at the road conditions. An example of a simple 
suspension system that can accommodate the bumps is 
shown in Figure E2.12. Find the appropriate gain K; so 
that the vehicle does not bounce when the desired 
deflection is R(s) = 0 and the disturbance is Ty(s). 


Answer: KK, = 1 


Control output 















Plunger Gear motor 


Ww 
E2.13 Find the transfer function We) for the system 











T,(s) 
: shown in Figure E2.13. 
Damping 
orifice t E2.14 Obtain the transfer functions 
Piston rod Piston travel ¥,(s) 
(a) T) 
1 
FIGURE E2.10 Shock absorber. Y\(s) 
(b) — and 
Us) 
E2.11 A spring exhibits a force-versus-displacement (c) ¥2(s) 
characteristic as shown in Figure E2.11. For small de- U,(s) 
viations from the operating point xo, find the spring for the system given in Figure E2.14. 


constant when x, is (a) —1.4; (b) 0; (c) 3.5. 


E2.15 The position control system for a spacecraft plat- 
form is governed by the following equations: 






























S 40 ta d 
€ l Pe tap ae 
g dt? dt 
O = = 
o wer Pp 
E do 
a mw 0.602 
Ao 4 
tcl i v = mw. 
g The variables involved are as follows: 
Vy | | r(t) = desired platform position 
-2 -1 ore p(t) = actual platform position 
FIGURE E2.11 Spring characteristic. v(t) = amplifier input voltage 


Bump disturbance 







Preview of disturbance 


TAs) 


Vehicle 





dynamics Bounce of 
Desired RG) ee 
ny deflection 
deflection from 
horizontal 





FIGURE E2.12 Active suspension system. 
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FIGURE E2.13 Electric traction motor control. 


leary! tral 


G(s) 











FIGURE E2.14 Multi-input-multi-output system. 


v(t) = amplifier output voltage 
@(t) = motor shaft position 


Sketch a signal-flow diagram or a block diagram of 
the system, identifying the component parts and their 
transmittances; then determine the system transfer 
function P(s)/R(s). 


E2.16 A spring used in an auto shock absorber develops a 
force f represented by the relation 


v(s) 
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poke, 
where x is the displacement of the spring. Determine a 
linear model for the spring when x, = 1. 
E2.17 The output y and input x of a device are related by 


y=xt 14x}, 


(a) Find the values of the output for steady-state op- 
eration at the two operating points x, = 1 and x, = 2. 
(b) Obtain a linearized model for both operating 
points and compare them. i 





o 


FIGURE E2.19 Op-amp circuit. 




















E2.20 A high-precision positioning slide is shown in Figure 
E2.20. Determine the transfer function X,(s)/Xin(s) 


E Xin 
E2.18 The transfer function of a system is i Probe 1 
I >X, 
YO) __10(5 +2) i ba > i 
R(s) s + 85 + 15 1 H 
l F ai 
` s r è a Carriage Sliding 
Determine y(t) when r(t) is a unit step input. u_ =| P friction, b, 
Answer: y(t) = 1.33 + 1.67e* — 3e™, t 20 


E2.19 Determine the transfer function V )(s)/V(s) of the op- 

















erational amplifier circuit shown in Figure E2.19. Assume 
an ideal operational amplifier. Determine the transfer FIGURE E2.20 
function when R; = R, = 100k, C, = 10 uF, and 

Cy = SF. 





Precision slide. 
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when the drive shaft friction is by = 0.7, the drive shaft 
spring constant is ky = 2,m, = 1, and the sliding 
friction is b, = 0.8. 

E2.21 The rotational velocity œ of the satellite shown in 
Figure E2.21 is adjusted by changing the length of the 
beam L. The transfer function between o(s) and the 
incremental change in beam length AL(s) is 


o(s) ——_-2.5(s + 2) 
AL(s) (s + 5)(s + 1)? 


The beam length change is AL(s) = 1/(4s). Deter- 
mine the response of the velocity w(t). 


E] 3: 
Answer: w(t) = i + ee ae 


ee, 
128° ~ 32° 





Rotation 


FIGURE E2.21 Satellite with adjustable rotational velocity. 


E2.22 Determine the closed-loop transfer function T (s) = 
Y(s)/R(s) for the system of Figure E2.22. 





FIGURE E2.22 Control system with three feedback loops. 


E2.23 The block diagram of a system is shown in 
Figure E2.23. Determine the transfer function 
T(s) = ¥(s)/R(s). 

E2.24 An amplifier may have a region of deadband as 
shown in Figure E2.24. Use an approximation that uses 
a cubic equation y = ax? in the approximately linear 
region. Select a and determine a linear approximation 
for the amplifier when the operating point is x = 0.6. 
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rd 
Ris) Ys) 
FIGURE E2.23 Multiloop feedback system. 

r 

4 
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FIGURE E2.24 An amplifier with a deadband region. 


E2.25 Determine the transfer function X>(s)/F(s) for the 
system shown in Figure E2.25, Both masses slide on a 
frictionless surface, and k = 1 N/m. 








Answer: Xal) = p aS 
F(s) sè? + 2) 
}—> x, Xp 
rom LA 
lkg lkg 


l 





FIGURE E2.25 Two connected masses on a frictionless 
surface. 


E2.26 Find the transfer function Y(s)/T4(s) for the sys- 
tem shown in Figure E2.26. 


ERA O = GND). ae 
“Ti(s) 1 + G(s)Gx(s)H(s) 


Exercises 


Ty(s) 


Y(s) 





FIGURE E2.26 System with disturbance. 


E2.27 Determine the transfer function V;(s)/V(s) for the 
op-amp circuit shown in Figure E2.27 [1]. Let Ry = 
167 KQ, Ry = 240 KQ, R3 = 1 KQ, Ry = 100kO, and 
C = 1 pF. Assume an ideal op-amp. 
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E2.29 A system is shown in Figure E2.29, 


(a) Find the closed-loop transfer function Y(s)/R(s) 
10 
when G(s) = =————.. 
6) s + 2s +10 

(b) Determine Y(s) when the input R(s) is a unit step. 
(c) Compute y(t). 

E2.30 Determine the partial fraction expansion for V(s) 
and compute the inverse Laplace transform. The 
transfer function V(s) is given by: 


400 


V(s) = =————.. 
(#) s? + 8s + 400 





FIGURE E2.27 
Op-amp circuit. 


E2.28 A system is shown in Fig. E2.28(a). 


(a) Determine G(s) and H(s) of the block diagram 
shown in Figure E2.28(b) that are equivalent to 
those of the block diagram of Figure E2.28(a). 

(b) Determine Y(s)/R(s) for Figure E2.28(b). 





























Yis) 








(b) 
FIGURE E2.28 Block diagram equivalence. 








R(s) ¥(s) 





FIGURE E2.29 Unity feedback control system. 
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PROBLEMS 


Problems require an extension of the concepts of the chap- 
ter to new situations, 


P2.1 An electric circuit is shown in Figure P2.1. Obtain a 
set of simultaneous integrodifferential equations rep- 
resenting the network. 


Rs 











FIGURE P2.1 Electric circuit. 


P2.2 A dynamic vibration absorber is shown in Figure 
P2.2. This system is representative of many situations 
involving the vibration of machines containing unbal- 
anced components. The parameters M, and kı) may 
be chosen so that the main mass M, does not vibrate 
in the steady state when F(t) = a sin(wp £). Obtain the 
differential equations describing the system. 





FIGURE P2.2 Vibration absorber. 


P2.3 A coupled spring-mass system is shown in Figure 
P2.3. The masses and springs are assumed to be equal. 
Obtain the differential equations describing the system. 








FIGURE P2.3 Two-mass system. 
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P2.4 A nonlinear amplifier can be described by the fol- 
lowing characteristic: 


2 
th Un 20 
v(t) = ; 
ol!) 4 Vin < 0 


The amplifier will be operated over a range of +0.5 
volts around the operating point for vin, Describe 
the amplifier by a linear approximation (a) when 
the operating point is Vin = 0 and (b) when the oper- 
ating point is Vin = 1 volt. Obtain a sketch of the 
nonlinear function and the approximation for each 
case. 


P2.5 Fluid flowing through an orifice can be represented 
by the nonlinear equation 


Q = K(P; - P2)', 


where the variables are shown in Figure P2.5 and K is 
a constant [2]. (a) Determine a linear approximation 
for the fluid-flow equation. (b) What happens to the 
approximation obtained in part (a) if the operating 
point is P4 — P = 0? 





FIGURE P2.5 Flow through an orifice. 


P2.6 Obtain the transfer function 


for the two-mass system given in Figure P2.6. 


| i x) i— x2) 


F(t) l 5 ' b | 
ym, PWH n i} | 
ky = J ha! Mi 














FIGURE P2.6 Two-mass system. 


Problems 


P2.7 Obtain the transfer function of the differentiating 
circuit shown in Figure P2.7. 


ic Rs 











FIGURE P2.7 A differentiating circuit. 


P2.8 A bridged-T network is often used in AC control 
systems as a filter network [8]. The circuit of one 
bridged-T network is shown in Figure P2.8. Show that 
the transfer function of the network is 





FIGURE P2.8 Bridged-T network. 


Control 
field 
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Vs) 1+: 2R,Cs + RyR2C?s? 
Vals) 1 + (2R; + Ry)Cs + RyR2C*s”” 





Sketch the pole-zero diagram when R, = 0.5, R} = 1, 
andC = 0.5. 


P2.9 Determine the transfer function X,(s)/F(s) for the 
coupled spring-mass system of Problem 2.3. Sketch 
the s-plane pole-zero diagram for low damping when 
M = 1,b/k = 1, and 

wie BP 

2VkM 

P2.10 Determine the transfer function ¥j(s)/F(s) for the 
vibration absorber system of Problem 2.2. Determine 
the necessary parameters M3 and kız so that the mass 
M, does not vibrate in the steady state when 
F(t) = a sin(wt). 

P2.11 For electromechanical systems that require large 
power amplification, rotary amplifiers are often used 
(8, 19]. An amplidyne is a power amplifying rotary am- 
plifier. An amplidyne and a servomotor are shown in 
Figure P2.11. Obtain the transfer function 0(s)/V.(s), 
and draw the block diagram of the system. Assume 
va = kaiq and vg = kiio 


£ = OL. 


i, = Constant 
© Load J, b 








FIGURE P2.11  Amplidyne and armature-controlled motor. 


P2.12 For the open-loop control system described by the 
block diagram shown in Figure P2.12, determine the 
value of K such that y(t) — 10 as £ —> œ when z(t) is a 
unit step input. Assume zero initial conditions. 














Controller Process | 
R(s) = K : Y(s) 
q s+10 





FIGURE P2.12 Open-loop control system. 


P2.13 An electromechanical open-loop control system is 
shown in Figure P2.13. The generator, driven at a con- 
stant speed, provides the field voltage for the motor. The 
motor has an inertia J,, and bearing friction b,,. Obtain 
the transfer function 0; (s)/V;(s) and draw a block dia- 
gram of the system. The generator voltage v, can be as- 
sumed to be proportional to the field current i,. 


P2.14 A rotating load is connected to a field-controlled 
DC electric motor through a gear system. The motor is 
assumed to be linear. A test results in the output load 
reaching a speed of 1 rad/s within 0.5 s when a constant 
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Ry Ls R, Ry 
+ oV TE ta VVV 
+ 
V; Ly Vg Ly 
iş ig 
—o—+¢ < 
Generator 


FIGURE P2.13 Motor and generator. 


k, spring constant 


z 
qi l- 


FIGURE P2.15 Suspended spring-mass system. 


80 V is applied to the motor terminals. The output 
steady-state speed is 2.4 rad/s. Determine the transfer 
function 6(s)/V;(s) of the motor, in rad/V. The induc- 
tance of the field may be assumed to be negligible (see 
Figure 2.18). Also, note that the application of 80 V to 
the motor terminals is a step input of 80 V in magnitude. 


P2.15 Consider the spring-mass system depicted in Figure 
P2.15. Determine a differential equation to describe 
the motion of the mass m. Obtain the system response 
x(t) with the initial conditions x(0) = x9 and (0) = 0. 

P2.16 Obtain a signal-flow graph to represent the follow- 
ing set of algebraic equations where x; and x, are to 
be considered the dependent variables and 6 and 11 
are the inputs: 


x + 1.5x2 = 6, 2x, + 4x2 = 11. 


Determine the value of each dependent variable by 
using the gain formula. After solving for x, by Mason’s 
signal-flow gain formula, verify the solution by using 
Cramer’s rule. 

P2.17 A mechanical system is shown in Figure P2.17, 
which is subjected to a known displacement x;(ż) with 
respect to the reference. (a) Determine the two inde- 
pendent equations of motion. (b) Obtain the equations 
of motion in terms of the Laplace transform, assuming 
that the initial conditions are zero. (c) Sketch a signal- 
flow graph representing the system of equations. 





(d) Obtain the relationship 7;3(s) between X,(s) and 
X(s) by using Mason’s signal-flow gain formula. Com- 
pare the work necessary to obtain Tı3(s) by matrix 
methods to that using Mason’s signal-flow gain formula. 


Friction 








FIGURE P2.17 Mechanical system. 


P2.18 An LC ladder network is shown in Figure P2.18. 
One may write the equations describing the network 
as follows: 


h=YW-Wh, W=(h- td)Zr 
h= (Va- Va)¥x Y= Z4 


Construct a flow graph from the equations and deter- 
mine the transfer function V(s)/V (s). 





I Ë V, L h=0 
m POT \ 26 FI 
+ Yı Ley Y; + 
y his 
vis) Aeae Ae Vis) 
© © ° d 











FIGURE P2.18 LC ladder network. 


Problems 


P2.19 A voltage follower (buffer amplifier) is shown in 
Figure P2.19. Show that T = v9/vj, = 1. Assume an 
ideal op-amp. 


FIGURE P2.19 A buffer amplifier. 


P2.20 The source follower amplifier provides lower out- 
put impedance and essentially unity gain. The circuit 
diagram is shown in Figure P2.20(a), and the small-sig- 
nal model is shown in Figure P2.20(b). This circuit uses 
an FET and provides a gain of approximately unity. 
Assume that R} >> R; for biasing purposes and that 























(b) 


FIGURE P2.20 The source follower or common drain 
amplifier using an FET. 
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Rg >> Rz. (a) Solve for the amplifier gain. (b) Solve 
for the gain when g,, = 2000 uQ and R, = 10k0 
where R, = R, + R} (c) Sketch a block diagram that 
represents the circuit equations. 


P2.21 A hydraulic servomechanism with mechanical 
feedback is shown in Figure P2.21 [19]. The power pis- 
ton has an area equal to A. When the valve is moved a 
small amount Az, the oil will flow through to the cylin- 
der at a rate p+ Az, where p is the port coefficient. The 
input oil pressure is assumed to pe constant, From the 
=- tæ = y) - Fy. 
1 1 
(a) Determine the closed-loop signal-flow graph or 
block diagram for this mechanical system. (b) Obtain 
the closed-loop transfer function Y(s)/X(s). 





geometry, we find that Az = k 


Power 
cylinder 


Input 
pressure 

















Input, x t W 


| Output. y 


FIGURE P2.21 Hydraulic servomechanism. 


P2.22 Figure P2.22 shows two pendulums suspended 
from frictionless pivots and connected at their mid- 
points by a spring [1]. Assume that each pendulum can 
be represented by a mass M at the end of a massless 
bar of length L. Also assume that the displacement is 
small and linear approximations can be used for sin 6 
and cos @. The spring located in the middle of the bars 
is unstretched when @, = 6. The input force is repre- 
sented by f(t), which influences the left-hand bar only. 
(a) Obtain the equations of motion, and sketch a 
block diagram for them. (b) Determine the transfer 
function T(s) = 6;(s)/F(s). (c) Sketch the location of 
the poles and zeros of T(s) on the s-plane. 
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FIGURE P2.22 The bars are each of length L and the 
spring is located at L/2. 


P2.23 The small-signal circuit equivalent to a common- 
emitter transistor amplifier is shown in Figure P2.23. 








iy 
4 
R, i, hie i | 
rf 
Vee R, 
> 




















(a) 
FIGURE P2.24 Feedback amplifier. 




















FIGURE P2.25 H.S. 
Black’s amplifier. (a) 
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The transistor amplifier includes a feedback resistor 
R;. Determine the input-output ratio Vee/Vin 


P2.24 A two-transistor series voltage feedback amplifier 


is shown in Figure P2.24(a). This AC equivalent circuit 
neglects the bias resistors and the shunt capacitors. A 
block diagram representing the circuit is shown in 
Figure P2.24(b). This block diagram neglects the effect 
of h,e, which is usually an accurate approximation, and 
assumes that Rə + R; >> Rj. (a) Determine the volt- 
age gain Va/Vin. (b) Determine the current gain i,9/ip). 
(c) Determine the input impedance v;n/ip1- 


P2.25 H.S. Black is noted for developing a negative feed- 


back amplifier in 1927. Often overlooked is the fact 
that three years earlier he had invented a circuit de- 
sign technique known as feedforward correction [20]. 
Recent experiments have shown that this technique 
offers the potential for yielding excellent amplifier 
stabilization. Black’s amplifier is shown in Figure 
P2.25(a) in the form recorded in 1924. The block dia- 
gram is shown in Figure P2.25(b). Determine the 
transfer function between the output Y(s) and the 
input R(s) and between the output and the distur- 
bance T,(s). G(s) is used to denote the amplifier rep- 
resented by y in Figure P2.25(a). 








(b) 


Ris) Y(s) 








Problems 


P2.26 A robot includes significant flexibility in the arm 
members with a heavy load in the gripper [6, 21]. A 
two-mass model of the robot is shown in Figure. P2.26. 
Find the transfer function Y(s)/F(s). 











x $ => y 
F(t) ——>| M A 
HWW 
k 


FIGURE P2.26 The spring-mass-damper model of a 
robot arm. 


P2.27 Magnetic levitation trains provide a high-speed, very 
low friction alternative to steel wheels on steel rails. The 
train floats on an air gap as shown in Figure P2.27 [27]. 
The levitation force F; is controlled by the coil current i 
in the levitation coils and may be approximated by 





where z is the air gap. This force is opposed by the 
downward force F = mg. Determine the linearized 
relationship between the air gap z and the controlling 
current near the equilibrium condition. 






Train car 





Levitation Levitation 


coil 


FIGURE P2.27 


Conducting plate 





coil 
Cutaway view of train. 


P2.28 A multiple-loop model of an urban ecological system 
might include the following variables: number of people 
in the city (P), modernization (M), migration into the 
city (C), sanitation facilities (S), number of diseases (D), 
bacteria/area (B), and amount of garbage/area (G), 
where the symbol for the variable is given in parenthe- 
ses. The following causal loops are hypothesized: 

1. P>G>B>D>P 
2.P>M—>C—>P 

3. P>M—>S—>D—>P 

4, P>M—>S—>B->D—>P 
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Sketch a signal-flow graph for these causal relation- 
ships, using appropriate gain symbols. Indicate whether 
you believe each gain transmission is positive or nega- 
tive. For example, the causal link S to B is negative be- 
cause improved sanitation facilities lead to reduced 
bacteria/area. Which of the four loops are positive feed- 
back loops and which are negative feedback loops? 

P2.29 We desire to balance a rolling ball on a tilting beam 
as shown in Figure P2.29. We will assume the motor 
input current i controls the torque with negligible fric- 
tion. Assume the beam may be balanced near the hor- 
izontal (¢ = 0); therefore, we have a small deviation 
of @. Find the transfer function X(s)/J(s), and draw a 
block diagram illustrating the transfer function show- 
ing ¢(s), X(s), and J(s). 





Torque motor 





FIGURE P2.29 Tilting beam and ball. 


P2.30 The measurement or sensor element in a feedback 
system is important to the accuracy of the system [6]. 
The dynamic response of the sensor is important. 
Most sensor elements possess a transfer function 


k 
mt 





H(s) = 


Suppose that a position-sensing photo detector has 
7 = 4 ps and 0.999 < k < 1.001. Obtain the step re- 
sponse of the system, and find the k resulting in the 
fastest response—that is, the fastest time to reach 98% 
of the final value. 

P2.31 Consider the cable reel control system given in Figure 
P2.31. Find the value of K such that for a desired velocity 
of 50 m/s, the percent overshoot is less than 9%. 


P2.32 Obtain the overall transfer function of the system 
given in Figure P2.32. 
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His) 






































FIGURE P2.32 
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FIGURE P2.31 Cable reel control system. 








FIGURE P2.32 interacting System. 
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FIGURE P2.33 eoutral 
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P2.33 A system consists of two electric motors that are 


coupled by a continuous flexible belt. The belt also 
passes over a swinging arm that is instrumented to 
allow measurement of the belt speed and tension. The 
basic control problem is to regulate the belt speed and 
tension by varying the motor torques. 

An example of a practical system similar to that 
shown occurs in textile fiber manufacturing processes 
when yarn is wound from one spool to another at high 
speed. Between the two spools, the yarn is processed 
in a way that may require the yarn speed and tension 
to be controlled within defined limits. A model of the 
system is shown in Figure P2.33. Find ¥(s)/R;,(s). De- 
termine a relationship for the system that will make % 
independent of Rj. 


P2.34 Find the transfer function for Y(s)/R(s) for the idle- 


speed control system for a fuel-injected engine as 
shown in Figure P2.34. 


O Ys) 


Speed 


Yals) 
Tension 


Problems 





R(s) 
Speed command 


133 









FIGURE P2.34 Idle speed control system. 


P2.35 The suspension system for one wheel of an old- 
fashioned pickup truck is illustrated in Figure P2.35. 
The mass of the vehicle is m, and the mass of the wheel 
is m. The suspension spring has a spring constant kı and 
the tire has a spring constant k). The damping con- 
stant of the shock absorber is b. Obtain the transfer 
function ¥;(s)/X(s), which represents the vehicle re- 
sponse to bumps in the road. 





Shock 
absorber 





of road 


FIGURE P2.35 Pickup truck suspension. 


P2.36 A feedback control system has the structure shown 
in Figure P2.36. Determine the closed-loop transfer 
function ¥(s)/R(s) (a) by block diagram manipulation 
and (b) by using a signal-flow graph and Mason’s sig- 
nal-flow gain formula. (c) Select the gains K; and K> 
so that the closed-loop response to a step input is crit- 
ically damped with two equal roots at s = —10. (d) 
Plot the critically damped response for a unit step 


input. What is the time required for the step response 


to reach 90% of its final value? 






1 G5(s) q 
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FIGURE P2.36 


Multiloop feedback system. 


P2.37 


S Ol 
Sa E | (Gl) (542) 


Amplifier Plant 





Yw 

















FIGURE P2.37 A simple feedback control system. 


Y(s 
(a) Obtain the overall transfer function a of the 
S 


system given in Figure P2.37. 


(b) Obtain the closed-loop poles, open-loop poles and 
expression for step response when K =1. 
(c) Repeat (b) for K= 10. 


P2.38 
(a) Draw the signal flow graph corresponding to the 
system shown in Figure P2.38. 
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(b) Find the overall transfer function 


V4(s) 
Vis) 
using Masons Gain Formula. 
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FIGURE P2.38 A Ladder Network. 





P2.39 A winding oscillator consists of two steel spheres 
on each end of a long slender rod, as shown in 
Figure P2.39. The rod is hung on a thin wire that 
can be twisted many revolutions without breaking. 
The device will be wound up 4000 degrees. How 
long will it take until the motion decays to a swing 
of only 10 degrees? Assume that the thin wire has a 
rotational spring constant of 2 X 1074 N m/rad and 
that the viscous friction coefficient for the sphere 
in air is 2 X 10™* N ms/rad. The sphere has a mass of 
1kg. 


P2.40 For the circuit of Figure P2.40, determine the trans- 
form of the output voltage V(s). Assume that the 
circuit is in steady state when £ < 0. Assume that 
the switch moves instantaneously from contact 1 to 
contact 2 att = 0. 


P2.41 A damping device is used to reduce the undesired 
vibrations of machines. A viscous fluid, such as a 
heavy oil, is placed between the wheels, as shown in 
Figure P2.41. When vibration becomes excessive, the 
relative motion of the two wheels creates damping. 
When the device is rotating without vibration, there is 
no relative motion and no damping occurs. Find 6;(s) 
and 6,(s). Assume that the shaft has a spring constant 
K and that b is the damping constant of the fluid. The 
load torque is T. 





FIGURE P2.40 
Model of an 
electronic circuit. 





Chapter 2 Mathematical Models of Systems 


FIGURE P2.39 Winding oscillator. 
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FIGURE P2.41 Cutaway view of damping device. 


P2.42 The lateral control of a rocket with a gimbaled en- 
gine is shown in Figure P2.42. The lateral deviation 
from the desired trajectory is h and the forward rock- 
et speed is V. The control torque of the engine is 7: 
and the disturbance torque is Jj. Derive the describ- 
ing equations of a linear model of the system, and 
draw the block diagram with the appropriate transfer 
functions. 


IF 
0.5v 
a 
102 Su 











Problems 


Desired Actual 
trajectory trajectory 








FIGURE P2.42 Rocket with gimbaled engine. 


P2.43 In many applications, such as reading product 
codes in supermarkets and in printing and manufac- 
turing, an optical scanner is utilized to read codes, as 
shown in Figure P2.43. As the mirror rotates, a friction 
force is developed that is proportional to its angular 
speed. The friction constant is equal to 0.06 N s/rad, 
and the moment of inertia is equal to 0.1 kg m°. The 
output variable is the velocity w(t). (a) Obtain the dif- 
ferential equation for the motor. (b) Find the response 
of the system when the input motor torque is a unit 


step and the initial velocity at £ = 0 is equal to 0.7. 


Mirror 








Laser Motor 
Reflected light 
Lens 
Detector 
Microcomputer 


FIGURE P2.43 Optical scanner. 


P2.44 An ideal set of gears is shown in Table 2.5, item 10. 
Neglect the inertia and friction of the gears and as- 
sume that the work done by one gear is equal to that 
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of the other. Derive the relationships given in item 10 
of Table 2.5. Also, determine the relationship between 
the torques T, and T}. 


P2.45 An ideal set of gears is connected to a solid cylin- 
der load as shown in Figure P2.45. The inertia of the 
motor shaft and gear G3 is J,. Determine (a) the iner- 
tia of the load J; and (b) the torque T at the motor 
shaft. Assume the friction at the load is b; and the fric- 
tion at the motor shaft is b,,. Also assume the density 
of the load disk is p and the gear ratio is n. Hint: The 
torque at the motorshaft is given by T = T) + Tp 





FIGURE P2.45 Motor, gears, and load. 


P2.46 To exploit the strength advantage of robot manipu- 
lators and the intellectual advantage of humans, a class 
of manipulators called extenders has been examined 
[23]. The extender is defined as an active manipulator 
worn by a human to augment the human’s strength. 
The human provides an input U(s), as shown in Figure 
P2.46, The endpoint of the extender is P(s). Determine 
the output P(s) for both U(s) and F(s) in the form 


P(s) = Ty(s)U(s) + T2(s)F(s). 
P2.47 A load added to a truck results in a force F on the 
support spring, and the tire flexes as shown in Figure 
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FIGURE P2.46 Model of extender. 
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FIGURE P2.47 
Truck support 
model. (a) 


P2.47(a). The model for the tire movement is shown in 
Figure P2.47(b). Determine the transfer function 
X;(s)/F(s). 

P2.48 The water level A(t) in a tank is controlled by an 
open-loop system, as shown in Figure P2.48. A DC 
motor controlled by an armature current i, turns a 
shaft, opening a valve. The inductance of the DC 
motor is negligible, that is, L = 0. Also, the rota- 
tional friction of the motor shaft and valve is negli- 
gible, that is, b = 0. The height of the water in the 





kg Force of material 
placed in truck bed 
m, 





-= ip Truck vehicle mass 
x, J 


> 
L => ki > Shock absorber 








(b) 


tank is 

A(t) = fuo — h(t)] dt, 
the motor constant is K,, = 10, and the inertia of the 
motor shaft and valve is J = 6 X 10° kg m°. Deter- 


mine (a) the differential equation for A(t) and v(¢) and 
(b) the transfer function H(s)/V(s). 


Amplifier 102 











FIGURE P2.48 
Open-loop control 
system for the 
water level of a 
tank. 


Valve 


Advanced Problems 


P2.49 The circuit shown in Figure P2.49 is called a lead- 

lag filter. 

(a) Find the transfer function V4(s)/Vi(s). Assume an 
ideal op-amp. 

(b) Determine V(s)/Vi(s) when R, = 100k, 
Ry = 200 kQ, C, = 1 uF, and C, = 0.1 pF. 

(c) Determine the partial fraction expansion for 
VA(s)/Mi(s). 





€ 
\| 
JI 












FIGURE P2.49 Lead-lag filter. 


P2.50 A closed-loop control system is shown in Figure 
P2.50. 


(a) Determine the transfer function 
T(s) = Y(s)/R(s). 


(b) Determine the poles and zeros of 7(s). 

(c) Use a unit step input, R(s) = 1/s, and obtain the 
partial fraction expansion for Y(s) and the value 
of the residues. 

(d) Plot y(t) and discuss the effect of the real and 
complex poles of 7(s). Do the complex poles or 
the real poles dominate the response? 


O 6205 
A s(s? + 13s + 1281) g 


FIGURE P2.50 Unity feedback control system. 


Ys) 





ADVANCED PROBLEMS 


AP2.1 Anarmature-controlled DC motor is driving a load. 
The input voltage is 5 V. The speed at t = 2 seconds is 30 
rad/s, and the steady speed is 70 rad/s when t > 00. De- 
termine the transfer function w(s)/V (s). 


AP2.2 A system has a block diagram as shown in Figure 
AP2.2. Determine the transfer function 

¥(s) 

Ris) 

It is desired to decouple ¥4(s) from R;(s) by obtaining 


T(s) = 0. Select G;(s) in terms of the other G,(s) to 
achieve decoupling. 





T(s) = 
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P2.51 Obtain the transfer function of the RLC network 
shown in Figure P2.51. Given L =1H, C = 0.01 uF. Find 
the closed loop poles, damping ratio, natural frequen- 
cy of oscillation when 





(a) R=10k 
(b) R=2k 
R L=1H 
AAA, LYYY . 
Č —— Mn) 
= 0.01 uF ji 
. 








FIGURE P2.51 A second-order system. 


AP2.3 Consider the feedback control system in Figure 
AP2.3. Define the tracking error as 


E(s) = R(s) — Y (s). 


(a) Determine a suitable H(s) such that the tracking 
error is zero for any input R(s) in the absence of a 
disturbance input (that is, when 7;(s) = 0). (b) Using 
H(s) determined in part (a), determine the response 
Y(s) for a disturbance 7;(s) when the input R(s) = 0. 
(c) Is it possible to obtain Y(s) = 0 for an arbitrary 
disturbance 7;(s) when G,(s) # 0? Explain your 
answer. 
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Ry(s) ¥\(s) 
Rxs) Y4(s) 
FIGURE AP2.2 
Interacting control 
system. 
Y(s) 
FIGURE AP2.3 Feedback system with a disturbance AP2.5 For the three-cart system illustrated in Figure 
input. AP2.5, obtain the equations of motion. The system has 


three inputs 4, u2, and u3 and three outputs xj, X2, 

and x3. Obtain three second-order ordinary differen- 

AP2.4 Consider a thermal heating system given by tial equations with constant coefficients. If possible, 
F(s) 1 write the equations of motion in matrix form. 





a(s) Cis + (QS + 1/R,)’ 


where the output F(s) is the temperature difference 
due to the thermal process, the input q(s) is the rate of 
heat flow of the heating element. The system parame- 
ters are C,, Q, S, and R,. The thermal heating system is 
illustrated in Table 2.5. (a) Determine the response of 
the system to a unit step q(s) = 1/s. (b) As tf 00, 
what value does the step response determined in part 
(a) approach? This is known as the steady-state re- 
sponse. (c) Describe how you would select the system 


par ee a S,and R, to increase the speed ofre- FIGURE AP2.5 Three-cart system with Three inputs and 
sponse of the system to a step input. three outputs. 








Design Problems 


DESIGN PROBLEMS 


CDP2.1 We want to accurately position a table for a ma- 
lan chine as shown in Figure CDP2.1. A traction-drive 
ud) motor with a capstan roller possesses several desirable 
SZ characteristics compared to the more popular ball 
screw. The traction drive exhibits low friction and no 
backlash. However, it is susceptible to disturbances. De- 
velop a model of the traction drive shown in Figure 
CDP2.1(a) for the parameters given in Table CDP2.1. 
The drive uses a DC armature-controlled motor with a 
capstan roller attached to the shaft. The drive bar moves 
the linear slide-table. The slide uses an air bearing, so its 
friction is negligible. We are considering the open-loop 
model, Figure CDP2.1(b), and its transfer function in 
this problem. Feedback will be introduced later. 


Traction drive motor 
and capstan roller 











Linear slide 


(a) 


vio] oo | xo 
(b) 
FIGURE CDP2.1 (a) Traction drive, capstan roller, and 


linear slide. (b) The block diagram model. 


DP2.1 A control system is shown in Figure DP2.1. The 
transfer functions G(s) and H3(s) are fixed. Deter- 
mine the transfer functions G;(s) and H;(s) so that 


R(s) 


FIGURE DP2.1 
Selection of transfer 
functions. 
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Table CDP2.1 Typical Parameters for the 
Armature-Controlled DC Motor and the 
Capstan and Slide 


M, Mass of slide 5.693 kg 
Mp Mass of drive bar 6.96 kg 
dn Inertia of 10.91 - 10° kg m? 


roller, shaft, motor 
and tachometer 


r Roller radius 31.75: 10° m 

bin Motor damping 0.268 N ms/rad 
Ky, Torque constant 0.8379 N m/amp 
Kp Back emf constant 0.838 V s/rad 
Ry Motor resistance 1.36.0 

Diss Motor inductance 3.6 mH 





the closed-loop transfer function Y(s)/R(s) is exactly 
equal to 1. 

DP2.2 The television beam circuit of a television is repre- 
sented by the model in Figure DP2.2. Select the un- 
known conductance G so that the voltage v is 24 V. 
Each conductance is given in siemens (S). 

DP2.3 An input r(t) = ¢,t = 0, is applied to a black box 
with a transfer function G(s). The resulting output re- 
sponse, when the initial conditions are zero, is 

1 op Bd 


y(t) = et - qe gt hte 0. 


Determine G(s) for this system. 


DP2.4 An operational amplifier circuit that can serve as a 
filter circuit is shown in Figure DP2.4. (a) Determine 
the transfer function of the circuit, assuming an ideal 
op-amp. Find vo(r) when the input is v(t) = Ag, 
t=0, 


¥(s) 
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= iy 
83 2i, +8 20A fo 
FIGURE DP2.2 
Television beam 
circuit. u 
R; 
R; 
+o NVV 
i Ji 
vi € 
FIGURE DP2.4 o il 
Operational 


amplifier circuit. 


COMPUTER PROBLEMS 


CP2.1 Using MATLAB obtain the step responses of the 
first order system with transfer function 
Ys) _ 1 
R(s) 1+ ST 





for T = 2s, 5s, and 10s. 


CP2.2 Consider the feedback system depicted in Figure 
CP2.2. 


(a) Compute the closed-loop transfer function using 
the series and feedback functions. 

(b) Obtain the closed-loop system unit step response 
with the step function, and verify that final value 
of the output is 2/5. 


Yis) 





FIGURE CP2.2 A negative feedback control system. 


CP2.3 Consider the differential equation 
yr4oyt+4y =u, 


where y(0) = (0) = 0 and u(¢) is a unit step. Deter- 
mine the solution y(¢) analytically and verify by co- 
plotting the analytic solution and the step response 
obtained with the step function. 


CP2.4 Consider the RLC network given in Figure CP2.4. 
Using MATLAB 


(a) Find step response when R = 2K, 10K, 20K. 

(b) Obtain the poles corresponding to R = 2K, 10K, 
20K. 

(c) What is the effect of increasing value of R on damp- 
ing ratio and natural frequency of oscillation? 





R L=1H 
- WN í * 
t 
r(t) => Mt) 
| C=0.01uF 
e 2 








FIGURE CP2.4 A second order system. 


Computer Problems 


CP2.5 A satellite single-axis attitude control system can 
be represented by the block diagram in Figure CP2.5. 
The variables k, a, and b are controller parameters, 
and J is the spacecraft moment of inertia. Suppose the 
nominal moment of inertia is J = 10.8E8 (slug ft”), 
and the controller parameters are k = 10.8E8,a = 1, 
and b = 8. 


(a) Develop an m-file script to compute the closed- 
loop transfer function T(s) = 0(s)/6,(s). 

(b) Compute and plot the step response to a 10° step 
input. 

(c) The exact moment of inertia is generally unknown 
and may change slowly with time. Compare the 
step response performance of the spacecraft when 
J is reduced by 20% and 50%. Use the controller 
parameters k = 10.8E8,a = 1, and b = 8 anda 
10° step input. Discuss your results. 


CP2.6 Consider the block diagram in Figure CP2.6. 

(a) Use an m-file to reduce the block diagram in 
Figure CP2.6, and compute the closed-loop trans- 
fer function. 

(b) Generate a pole-zero map of the closed-loop 
transfer function in graphical form using the 
pzmap function. 

(c) Determine explicitly the poles and zeros of the 
closed-loop transfer function using the pole and 


Controller 


k(s + a) 





g(t) 
Desired 
attitude 
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zero functions and correlate the results with the 
pole-zero map in part (b). 
CP2.7 For the simple pendulum shown in Figure CP2.7, 
the nonlinear equation of motion is given by 


6(t) + sin 6=0, 


where L = 0.5m, m = 1kg, and g = 9.8 m/s*, When 
the nonlinear equation is linearized about the equi- 
librium point @ = 0, we obtain the linear time-invariant 
model, 

o g 

+26=0. 

(i L (o 
Create an m-file to plot both the nonlinear and the lin- 
ear response of the simple pendulum when the initial 
angle of the pendulum is 6(0) = 30° and explain any 
differences. 


CP2.8 A system has a transfer function 


X% _ 05/6 + 9 
R(s) st + 39+ 15° 





Plot the response of the system when R(s) is a unit 
step for the parameter z = 3, 6, and 12. 





Ot) 
Actual 
attitude 


Ys) 


FIGURE CP2.6 A multiple-loop feedback control system block diagram. 
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FIGURE CP2.7 | 
Simple pendulum. 1 


CP2.9 Consider the feedback control system in Figure 
CP2.9, where 


Ser d 


Coy +2 





and H(s) = 





st+1 


Ss 


Ys) 





FIGURE CP2.9 Control system with nonunity feedback. 
TERMS AND CONCEPTS 


Actuator The device that causes the process to provide 
the output. The device that provides the motive power 
to the process. 


Assumptions Statements that reflect situations and con- 
ditions that are taken for granted and without proof. 
In control systems, assumptions are often employed to 
simplify the physical dynamical models of systems 
under consideration to make the control design prob- 
lem more tractable. 


Block diagrams Unidirectional, operational blocks that 
represent the transfer functions of the elements of 
the system. 


Characteristic equation The relation formed by equating 
to zero the denominator of a transfer function. 


Closed-loop transfer function A ratio of the output signal 
to the input signal for an interconnection of systems 
when all the feedback or feedfoward loops have been 
closed or otherwise accounted for. Generally obtained 
by block diagram or signal-flow graph reduction. 


Critical damping The case where damping is on the 
boundary between underdamped and overdamped. 






L, length 


(a) Using an m-file, determine the closed-loop trans- 
fer function. 

(b) Obtain the pole-zero map using the pzmap func- 
tion. Where are the closed-loop system poles and 
zeros? 

(c) Are there any pole-zero cancellations? If so, use 
the minreal function to cancel common poles and 
zeros in the closed-loop transfer function, 

(d) Why is it important to cancel common poles and 
zeros in the transfer function? 


Damped oscillation An oscillation in which the ampli- 
tude decreases with time. 


Damping ratio A measure of damping. A dimensionless 
number for the second-order characteristic equation. 


DC motor An electric actuator that uses an input voltage 
as a control variable. 


Differential equation An equation including differentials 
of a function. 


Error signal The difference between the desired out- 
put R(s) and the actual output Y(s); therefore 
E(s) = R(s) — Y(s). 


Final value The value that the output achieves after all 
the transient constituents of the response have faded. 
Also referred to as the steady-state value. 


Final value theorem The theorem that states that 
lim y(t) = lim sY (s), where Y(s) is the Laplace 
100 st 
transform of y(t). 

Homogeneity The property of a linear system in which 


the system response, y(t), to an input u(t) leads to the 
response B y(t) when the input is u(t). 


Terms and Concepts 


Laplace transform A transformation of a function f(t) 
from the time domain into the complex frequency 
domain yielding F(s). 


Linear approximation An approximate model that re- 
sults in a linear relationship between the output and 
the input of the device. 


Linear system A system that satisfies the properties of 
superposition and homogeneity. 


Linearized Made linear or placed in a linear form. Taylor 
series approximations are commonly employed to 
obtain linear models of physical systems. 


Mason loop rule A rule that enables the user to obtain a 
transfer function by tracing paths and loops within 
a system. 


Mathematical models Descriptions of the behavior of a 
system using mathematics. 


Natural frequency The frequency of natural oscillation 
that would occur for two complex poles if the damp- 
ing were equal to zero. 


Necessary condition A condition or statement that must 
be satisfied to achieve a desired effect or result. For ex- 
ample, for a linear system it is necessary that the input 
u(t) + u(t) results in the response y;(t) + y(t), 
where the input u; (t) results in the response y,(t) and 
the input u(t) results in the response y(t). 


Overdamped The case where the damping ratio is > 1. 


Poles The roots of the denominator polynomial (i.e., 
the roots of the characteristic equation) of the trans- 
fer function. 


Principle of superposition The law that states that if two 
inputs are scaled and summed and routed through a 
linear, time-invariant system, then the output will be 
identical to the sum of outputs due to the individual 
scaled inputs when routed through the same system. 


Reference input The input to a control system often 
representing the desired output, denoted by R(s). 
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Residues The constants k; associated with the partial 
fraction expansion of the output Y(s), when the out- 
put is written in a residue-pole format. 


Signal-flow graph A diagram that consists of nodes 
connected by several directed branches and that 
is a graphical representation of a set of linear 
relations. 


Simulation A model of a system that is used to investigate 
the behavior of a system by utilizing actual input 
signals. 


Steady state The value that the output achieves after all 
the transient constituents of the response have faded. 
Also referred to as the final value. 


s-plane The complex plane where, given the complex 
number s = s + jw, the x-axis (or horizontal axis) is 
the s-axis, and the y-axis (or vertical axis) is the jw-axis. 
Taylor series A power series defined by g(x) = 
EON 


i xo)”. For m < œ, the series is an 
m=o m! 


approximation which is used to linearize functions 
and system models. 


Time constant The time interval necessary for a system to 
change from one state to another by a specified per- 
centage. For a first order system, the time constant is 
the time it takes the output to manifest a 63.2% 
change due to a step input. 


Transfer function The ratio of the Laplace transform of 
the output variable to the Laplace transform of the 
input variable. 


Underdamped The case where the damping ratio is ¢ < 1. 


Unity feedback A feedback control system wherein the 
gain of the feedback loop is one. 


Zeros The roots of the numerator polynomial of the 
transfer function. 
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PREVIEW 


In this chapter, we consider system modeling using time-domain methods. As before, 
we will consider physical systems described by an nth-order ordinary differential equa- 
tion. Utilizing a (nonunique) set of variables, known as state variables, we can obtain a 
set of first-order differential equations. We group these first-order equations using a 
compact matrix notation in a model known as the state variable model. The time-domain 
state variable model lends itself readily to computer solution and analysis. The rela- 
tionship between signal-flow graph models and state variable models will be investi- 
gated. Several interesting physical systems, including a space station and a printer belt 
drive, are presented and analyzed. The chapter concludes with the development of a 
state variable model for the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 


Upon completion of Chapter 3, students should: 
Q Understand the concept of state variables, state differential equations, and output 
equations. 


Q Recognize that state variable models can describe the dynamic behavior of physical 
systems and can be represented by block diagrams and signal flow graphs. 


2 Know how to obtain the transfer function model from a state variable model, and vice 
versa. 


Q Be aware of solution methods for state variable models and the role of the state transition 
matrix in obtaining the time responses. 


Q Understand the important role of state variable modeling in control system design. 
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3.1 INTRODUCTION 


In the preceding chapter, we developed and studied several useful approaches to 
the analysis and design of feedback systems. The Laplace transform was used to 
transform the differential equations representing the system to an algebraic 
equation expressed in terms of the complex variable s. Using this algebraic equa- 
tion, we were able to obtain a transfer function representation of the input-output 
relationship. 

The ready availability of digital computers makes it practical to consider the time- 
domain formulation of the equations representing control systems. The time-domain 
techniques can be used for nonlinear, time-varying, and multivariable systems. 


A time-varying control system is a system in which one or more of the 
parameters of the system may vary as a function of time. 


For example, the mass of a missile varies as a function of time as the fuel is ex- 
pended during flight. A multivariable system, as discussed in Section 2.6, is a system 
with several input and output signals. 

The solution of a time-domain formulation of a control system problem is facili- 
tated by the availability and ease of use of digital computers. Therefore we are in- 
terested in reconsidering the time-domain description of dynamic systems as they 
are represented by the system differential equation. The time domain is the mathe- 
matical domain that incorporates the response and description of a system in terms 
of time, t. 

The time-domain representation of control systems is an essential basis for modern 
control theory and system optimization. In Chapter 11, we will have an opportunity 
to design an optimum control system by utilizing time-domain methods. In this 
chapter, we develop the time-domain representation of control systems and illus- 
trate several methods for the solution of the system time response. 


3.2 THE STATE VARIABLES OF A DYNAMIC SYSTEM 


The time-domain analysis and design of control systems uses the concept of the 
state of a system [1-3, 5]. 


The state of a system is a set of variables whose values, together with the input 
signals and the equations describing the dynamics, will provide the future state 
and output of the system. 


For a dynamic system, the state of a system is described in terms of a set of state 
variables [x;(¢), x2(t),..., X,(t)]. The state variables are those variables that deter- 
mine the future behavior of a system when the present state of the system and the 
excitation signals are known. Consider the system shown in Figure 3.1, where y(t) 
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FIGURE 3.1 
System block 
diagram. 


FIGURE 3.2 
Dynamic system. 
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Input signals Output signals 


u(t) s y(t) 
u(t) psem y(r) 


and y(t) are the output signals and w(t) and u(t) are the input signals. A set of 
state variables (x1, x,...,x,,) for the system shown in the figure is a set such that 
knowledge of the initial values of the state variables [x;(¢g), x2(to),---, X»(to)] at the 
initial time fo, and of the input signals w,(t) and u(t) for t = fo, suffices to determine 
the future values of the outputs and state variables [2]. 


The state variables describe the present configuration of a system and can be 
used to determine the future response, given the excitation inputs and the 
equations describing the dynamics. 


The general form of a dynamic system is shown in Figure 3.2. A simple example 
of a state variable is the state of an on-off light switch. The switch can be in either 
the on or the off position, and thus the state of the switch can assume one of two 
possible values. Thus, if we know the present state (position) of the switch at to 
and if an input is applied, we are able to determine the future value of the state of 
the element. 

The concept of a set of state variables that represent a dynamic system can be 
illustrated in terms of the spring-mass-damper system shown in Figure 3.3. The num- 
ber of state variables chosen to represent this system should be as small as possible 
in order to avoid redundant state variables. A set of state variables sufficient to de- 
scribe this system includes the position and the velocity of the mass. Therefore, we 
will define a set of state variables as (x1, x2), where 


d 
x(t) = y(t) and xo = 20, 


The differential equation describes the behavior of the system and is usually written as 


dy dy 
— +b—+ky = u(t). 3.1 
Maz + ba + ky =u) (3.1) 


x(0) Initial 
conditions 






yt) 
Output 


Dynamic system 
state x(t) 





u(t) > 


Input 













Wall >, 
| | friction 
i < 
Wb < 


MO ult) 


FIGURE 3.3 
A spring-mass- 
damper system. 


FIGURE 3.4 
An RLC circuit. 
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To write Equation (3.1) in terms of the state variables, we substitute the state variables 
as already defined and obtain 


dx 
M + bx, + kx, = u(t). (3.2) 


Therefore, we can write the equations that describe the behavior of the spring-mass- 
damper system as the set of two first-order differential equations 





dx 
ae pa 
and 
dx, -b k T 
d Me M” + Tia (3.4) 


This set of differential equations describes the behavior of the state of the system in 
terms of the rate of change of each state variable. 

As another example of the state variable characterization of a system, consider 
the RLC circuit shown in Figure 3.4. The state of this system can be described by a set 
of state variables (x4, x2), where x; is the capacitor voltage v,(t) and xz is the induc- 
tor current i; (t). This choice of state variables is intuitively satisfactory because the 
stored energy of the network can be described in terms of these variables as 


$= SLi? + 5Coe. (3.5) 
Therefore x;(to) and x2(to) provide the total initial energy of the network and the 
state of the system at ¢ = tọ. For a passive RLC network, the number of state vari- 
ables required is equal to the number of independent energy-storage elements. Uti- 
lizing Kirchhoff’s current law at the junction, we obtain a first-order differential 
equation by describing the rate of change of capacitor voltage as 


dv, 
dt 


Kirchhoff’s voltage law for the right-hand loop provides the equation describing the 
rate of change of inductor current as 





i, = C—£ = +u(t) — ip. (3.6) 


di, ` 
Lir = —Ri; + Vve (3.7) 
The output of this system is represented by the linear algebraic equation 
v = Ri, (t). 





> 
i, L 
u(t) P r 
Current v c R 
source E A 
ie 
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We can rewrite Equations (3.6) and (3.7) as a set of two first-order differential 
equations in terms of the state variables x, and x, as follows: 


dx, 1 1 
t= in t 3. 
a ct ol, GH 
and 
dx 1 R 
di TTE (3.9) 
The output signal is then 
Vill) = Volt) = Rxz. (3.10) 


Utilizing Equations (3.8) and (3.9) and the initial conditions of the network represented 
by [x1(to), x2(to)], we can determine the system’s future behavior and its output. 

The state variables that describe a system are not a unique set, and several alter- 
native sets of state variables can be chosen. For example, for a second-order system, 
such as the spring-mass-damper or RLC circuit, the state variables may be any two 
independent linear combinations of x;(t) and x(t). For the RLC circuit, we might 
choose the set of state variables as the two voltages, v,(t) and v(t), where v, is the 
voltage drop across the inductor. Then the new state variables, x; and x3, are related 
to the old state variables, x, and x3, as 


=o, = x, (3.11) 


and 
X = v, = v — Ri, = xı — Rx. (3.12) 


Equation (3.12) represents the relation between the inductor voltage and the former 
state variables v, and i,. In a typical system, there are several choices of a set of state 
variables that specify the energy stored in a system and therefore adequately de- 
scribe the dynamics of the system. It is usual to choose a set of state variables that can 
be readily measured. 

An alternative approach to developing a model of a device is the use of the bond 
graph. Bond graphs can be used for electrical, mechanical, hydraulic, and thermal de- 
vices or systems as well as for combinations of various types of elements. Bond 
graphs produce a set of equations in the state variable form [7]. 

The state variables of a system characterize the dynamic behavior of a sys- 
tem. The engineer’s interest is primarily in physical systems, where the variables 
are voltages, currents, velocities, positions, pressures, temperatures, and similar 
physical variables. However, the concept of system state is not limited to the 
analysis of physical systems and is particularly useful in analyzing biological, so- 
cial, and economic systems. For these systems, the concept of state is extended be- 
yond the concept of the current configuration of a physical system to the broader 
viewpoint of variables that will be capable of describing the future behavior of 
the system. 
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3.3 THE STATE DIFFERENTIAL EQUATION 


The response of a system is described by the set of first-order differential equations 
written in terms of the state variables (x1, X2,..., X„) and the inputs (u, U2, ..., Um). 
These first-order differential equations can be written in general form as 





ži = a + anty + o + anty + byty + +++ + Dimm 
ža = ay% + anx + + + Ay_Xy + byi + +++ + bomm 
Xn = Aaa + Gaia oee t din + Batty + e bilin (3.13) 


where « = dx/dt. Thus, this set of simultaneous differential equations can be written 
in matrix form as follows [2, 5]: 


xı an an2 Anj 
dix a ‘a * bii: Bim || w 
AD a aes a . . 
=P |=] ot an2: : (3.14) 
dt $ 
Ont arate bnm Um 
Xn any an 1 Ann Xn 


The column matrix consisting of the state variables is called the state vector and is 
written as 


x=|%], (3.15) 


where the boldface indicates a vector. The vector of input signals is defined as u. 
Then the system can be represented by the compact notation of the state differential 


equation as 
x = Ax + Bu. (3.16) 


The differential equation (3.16) is also commonly called the state equation. 

The matrix A is an n X n square matrix, and B is an n X m matrix. The state 
differential equation relates the rate of change of the state of the system to the state 
of the system and the input signals. In general, the outputs of a linear system can be 
related to the state variables and the input signals by the output equation 


y = Cx + Du, (3.17) 


“Boldfaced lowercase letters denote vector quantities and boldfaced uppercase letters denote matri- 
ces. For an introduction to matrices and elementary matrix operations, refer to the MCS website and 
references [1] and [2]. 
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where y is the set of output signals expressed in column vector form. The state-space 
representation (or state-variable representation) comprises the state differential 
equation and the output equation. 

We use Equations (3.8) and (3.9) to obtain the state variable differential equation 
for the RLC of Figure 3.4 as 


= 


0 1 
bed hosel ee 
PT} a -RF |o kO (3.18) 
Te. G 
and the output as 
y=[0 Rx. (3.19) 


When R = 3, L = 1, and C = 1/2, we have 
x, | [HOR 2 3. 2 p 
S ER O 


y=[0 3)x. 


The solution of the state differential equation (Equation 3.16) can be obtained 
in a manner similar to the method for solving a first-order differential equation. 
Consider the first-order differential equation 


x = ax + bu, (3.20) 


and 


where x(t) and u(t) are scalar functions of time. We expect an exponential solution of 
the form e“. Taking the Laplace transform of Equation (3.20), we have 


sX(s) — x(0) = aX(s) + bU(s); 


therefore, 


0 
x0) b 
pay omy 








X(s) = U(s). (3.21) 


The inverse Laplace transform of Equation (3.21) can be shown to be 
t 
x(t) = ex(0) + f eV bu(r) dr. (3.22) 
0 


We expect the solution of the general state differential equation to be similar to 
Equation (3.22) and to be of exponential form. The matrix exponential function is 
defined as 








Ae? p Pi Ake 


At = s 
e exp(At) = I + At + z! i 





pens (3.23) 
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which converges for all finite t and any A [2]. Then the solution of the state differential 
equation is found to be 


x(t) = exp(Ar)x(0) + i. exp[A(¢ — 7)]Bu(z) dr. (3.24) 
0 


Equation (3.24) may be verified by taking the Laplace transform of Equation (3.16) 
and rearranging to obtain 


X(s) = [sl — A} 'x(0) + [sI — AJ "BU(s), (3.25) 


where we note that [sI — A]! = ®(s) is the Laplace transform of ®(r) = exp(At). 
Taking the inverse Laplace transform of Equation (3.25) and noting that the second 
term on the right-hand side involves the product ®(s)BU(s), we obtain Equation 
(3.24). The matrix exponential function describes the unforced response of the sys- 
tem and is called the fundamental or state transition matrix ®(¢), Thus, Equation 
(3.24) can be written as 





t 


x(t) = ®(t)x(0) + [ (¢ — 7)Bu(r) dr. (3.26) 





The solution to the unforced system (that is, when u = 0) is simply 


x(t) pult) © Pin) || (0) 
xt) |_| ba) Aalt) || x20) | (3.27) 


Xn(t) Gm) > banlt) JLXn(0) 


We note therefore that to determine the state transition matrix, all initial conditions 
are set to 0 except for one state variable, and the output of each state variable is eval- 
uated. That is, the term ¢j;(t) is the response of the ith state variable due to an initial 
condition on the jth state variable when there are zero initial conditions on all the 
other variables. We shall use this relationship between the initial conditions and the 
state variables to evaluate the coefficients of the transition matrix in a later section. 
However, first we shall develop several suitable signal-flow state models of systems 
and investigate the stability of the systems by utilizing these flow graphs. 


EXAMPLE 3.1 Two rolling carts 


Consider the system shown in Figure 3.5. The variables of interest are noted on the 
figure and defined as: M,, M = mass of carts, p,q = position of carts, u = external 
force acting on system, kı, k2 = spring constants, and b4, b} = damping coefficients. 
The free-body diagram of mass M; is shown in Figure 3.6(b), where p, g = velocity 
of M, and M), respectively. We assume that the cars have negligible rolling friction. 
We consider any existing rolling friction to be lumped into the damping coefficients, 
b and bz. 
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FIGURE 3.5 
Two rolling carts 
attached with 
springs and 
dampers. 
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Now, given the free-body diagram with forces and directions appropriately 
applied, we use Newton’s second law (sum of the forces equals mass of the object 
multiplied by its acceleration) to obtain the equations of motion—one equation for 
each mass. For mass M; we have 


Mip=ut fs + fa=u— ki(p - q) — bi(b - å), 
or 
MP + bip + kip =u + kiq + biġ, (3.28) 
where 
P, @ = acceleration of M; and Ms, respectively. 
Similarly, for mass M, we have 
Mog = ki(p — 4q) + bilb — å) — kag — bog, 
or 
Mog + (kı + ka)q + (bı + b2)q = kip + bip. (3.29) 
We now have a model given by the two second-order ordinary differential equations in 
Equations (3.28) and (3.29). We can start developing a state-space model by defining 
x1 = DP, 
x2 =q. 
We could have alternatively defined x, = q and x, = p. The state-space model is 


not unique. Denoting the derivatives of x, and x as x3 and x4, respectively, it 
follows that 














X3 = 1 = py (3.30) 
Xj = = @: (3.31) 
Taking the derivative of x3 and x, yields, respectively, 
z ws bi, k 1 kı bi . 
$ + t 3.32 
9D a Me ee ag US (3.32) 
‘ $ kı +k bitb. k bi. 
j = ae + + 3.33 
ky = G m 1 we 1t ee t m” (3.33) 
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where we use the relationship for p given in Equation (3.28) and the relationship 
for g given in Equation (3.29). But p = x3 and q = x4, so Equation (3.32) can be 
written as 





X2 x3 + Xa t u (3.34) 


ky ky + ko bı bi + by 
— = = 


+ 3 3.35 
M, X2 M,” M> 4 ( ) 





In matrix form, Equations (3.30), (3.31), (3.34), and (3.35) can be written as 








x = Ax + Bu 
where 
x} P 
X3 P 
X4 q 
0 0 1 0 0 
0 0 0 1 0 
A= k k, by b , and B=]; |, 
M, M TM M, M, 
ki EA b, b, + b, 0 
M; M: M M 


and u is the external force acting on the system (see Figure 3.6). If we choose p as the 
output, then 


y=[1 0 0 Ojx=Cx. 


Suppose that the two rolling carts have the following parameter values: kı = 150 N/m; 
k = 700 N/m; b, = 15 N s/m; b) = 30 N s/m; M, = 5kg; and M = 20kg. The 


kag e— k,(q-p) kip=0) E 

= . . . . Ki 
boa 4— b-h) bpi : 
(a) (b) 


FIGURE 3.6 Free-body diagrams of the two rolling carts. (a) Cart 2; (b) Cart 1. 
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FIGURE 3.7 
Initial condition 


response of the two 


cart system. 
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response of the two rolling cart system is shown in Figure 3.7 when the initial condi- 
tions are p(0) = 10 cm, q(0) = 0, and p(0) = q(0) = 0 and there is no input driving 
force, that is, u(t) = 0. m 


3.4 SIGNAL-FLOW GRAPH AND BLOCK DIAGRAM MODELS 


The state of a system describes that system’s dynamic behavior where the dynamics 
of the system are represented by a set of first-order differential equations. Alterna- 
tively, the dynamics of the system can be represented by a state differential equation 
as in Equation (3.16). In either case, it is useful to develop a graphical model of the 
system and use this model to relate the state variable concept to the familiar transfer 
function representation. The graphical model can be represented via signal-flow 
graphs or block diagrams. 

As we have learned in previous chapters, a system can be meaningfully de- 
scribed by an input-output relationship, the transfer function G(s). For example, if 
we are interested in the relation between the output voltage and the input voltage of 
the network of Figure 3.4, we can obtain the transfer function 





_ Vols) _ a 
ay = U(s) s+ Bsty (a30) 





FIGURE 3.8 
RLC network. 
(a) Signal-flow 
graph. (b) Block 
diagram. 
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where a, ß, and y are functions of the circuit parameters R, L, and C, respectively. 
The values of a, 8, and y can be determined from the differential equations that 
describe the circuit. For the RLC circuit (see Equations 3.8 and 3.9), we have 


f 1 1 

xy = En + eu, (3.37) 

: 1 R 

y= pe — 7 te (3.38) 
and 

Vo = Rxz. (3.39) 


The flow graph representing these simultaneous equations is shown in Figure 3.8(a), 
where 1/s indicates an integration. The corresponding block diagram model is shown 
in Figure 3.8(b). The transfer function is found to be 
Ws) +R/(LCs?) _ +R/(LC) (3.40) 
U(s) 1+ R/(Ls) + 1/(LCs?) s? + (R/L)s + 1/(LC) ? 
Unfortunately many electric circuits, electromechanical systems, and other control 
systems are not as simple as the RLC circuit of Figure 3.4, and it is often a difficult task 
to determine a set of first-order differential equations describing the system. There- 
fore, it is often simpler to derive the transfer function of the system by the techniques 
of Chapter 2 and then derive the state model from the transfer function. 
The signal-flow graph state model and the block diagram model can be readily 
derived from the transfer function of a system. However, as we noted in Section 3.3, 








U(s) 
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there is more than one alternative set of state variables, and therefore there is more 
than one possible form for the signal-flow graph and block diagram models. There 
are several key canonical forms of the state-variable representation, such as the 
phase variable canonical form, that we will investigate in this chapter. In general, we 
can represent a transfer function as 


_ ¥(8) _ bms” + bmi"! + ++ + bys + bo 
U(s) S” + apas! + ++ + ays + ay 





(3.41) 


where n = m, and all the a and b coefficients are real numbers. If we multiply the 
numerator and denominator by s”, we obtain 


bms O + bpas D vee $e bas D H Bos 
1+ apas H o H as D + as” ` 





G(s) = (3.42) 


Our familiarity with Mason’s signal-flow gain formula allows us to recognize the famil- 
iar feedback factors in the denominator and the forward-path factors in the numerator. 
Mason’s signal-flow gain formula was discussed in Section 2.7 and is written as 


Y(s)_ EPAk 


a ae (3.43) 


G(s) = 
When all the feedback loops are touching and all the forward paths touch the 
feedback loops, Equation (3.43) reduces to 


Dre _ Sum of the forward-path factors 
N => = y 
t= Sa La 1 — sum of the feedback loop factors 





G(s) = (3.44) 


There are several flow graphs that could represent the transfer function. Two flow 
graph configurations based on Mason’s signal-flow gain formula are of particular in- 
terest, and we will consider these in greater detail. In the next section, we will consider 
two additional configurations: the physical state variable model and the diagonal (or 
Jordan canonical) form model. 

To illustrate the derivation of the signal-flow graph state model, let us initially 
consider the fourth-order transfer function 


Y(s) bo 
U(s) st + as? + as? + ays + ay 
bos 


= > ua = = 
1 + ass) + as? + ays? + aos 








G(s) 





(3.45) 


First we note that the system is fourth order, and hence we identify four state vari- 
ables (x1, X2, x3, x4). Recalling Mason’s signal-flow gain formula, we note that the 
denominator can be considered to be 1 minus the sum of the loop gains. Further- 
more, the numerator of the transfer function is equal to the forward-path factor of 
the flow graph. The flow graph must include a minimum number of integrators 
equal to the order of the system. Therefore, we use four integrators to represent this 
system. The necessary flow graph nodes and the four integrators are shown in 
Figure 3.9. Considering the simplest series interconnection of integrators, we can 


FIGURE 3.9 
Flow graph nodes 
and integrators for 
fourth-order 
system. 


FIGURE 3.10 
Model for G(s) of 
Equation (3.45). 
(a) Signal-flow 
graph. (b) Block 
diagram. 
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1 L 1 
U(s) Y(s) 


O OFO0 o=o OF0 OFO © 


4 OsX X hes k SeX% A SX, X 


represent the transfer function by the flow graph of Figure 3.10. Examining this figure, 
we note that all the loops are touching and that the transfer function of this flow 
graph is indeed Equation (3.45). The reader can readily verify this by noting that the 
forward-path factor of the flow graph is bọ/s“ and the denominator is equal to 1 
minus the sum of the loop gains. 

We can also consider the block diagram model of Equation (3.45). Rearranging 
the terms in Equation (3.45) and taking the inverse Laplace transform yields the 
differential equation model 


d'(y/bo) a (y/bo) &(y/bo) d(y/bo) 
4 + a3 3 + a 7 + ay 
dt dt dt dt 





+ a(y/bo) = u. 


Define the four state variables as follows: 


xı = y/bo 

X2 = %1 = y/bo 
X3 = X2 = y/bo 
x4 = X3 = y/bo. 














(b) 
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Then it follows that the fourth-order differential equation can be written equivalently 
as four first-order differential equations, namely, 


x = X, 
i = x3, 
Xa = x4, 
and 
X= —AgX, — X2 — GyX3 — 43X4 + U; 


and the corresponding output equation is 
y = boxy. 


The block diagram model can be readily obtained from the four first-order differential 
equations as illustrated in Figure 3.10(b). 

Now consider the fourth-order transfer function when the numerator is a poly- 
nomial in s, so that we have 


bzs? + bys? + bys + bo 
st + ass? + ays? + ays + ag 


G(s) = 





bzs! + bas? + bys? + bost 
1+ ass! + ms? + as? + as 








(3.46) 


The numerator terms represent forward-path factors in Mason’s signal-flow gain for- 
mula. The forward paths will touch all the loops, and a suitable signal-flow graph real- 
ization of Equation (3.46) is shown in Figure 3.11(a). The forward-path factors are 
b3/s, by/s*, by/s°, and bo/s* as required to provide the numerator of the transfer func- 
tion. Recall that Mason’s signal-flow gain formula indicates that the numerator of the 
transfer function is simply the sum of the forward-path factors. This general form of a 
signal-flow graph can represent the general transfer function of Equation (3.46) by 
utilizing n feedback loops involving the a,, coefficients and m forward-path factors in- 
volving the b, coefficients. The general form of the flow graph state model and the 
block diagram model shown in Figure 3.11 is called the phase variable canonical form. 

The state variables are identified in Figure 3.11 as the output of each energy stor- 
age element, that is, the output of each integrator. To obtain the set of first-order differ- 
ential equations representing the state model of Equation (3.46), we will introduce a 
new set of flow graph nodes immediately preceding each integrator of Figure 3.11(a) 
[5, 6]. The nodes are placed before each integrator, and therefore they represent the 
derivative of the output of each integrator. The signal-flow graph, including the added 
nodes, is shown in Figure 3.12. Using the flow graph of this figure, we are able to obtain 
the following set of first-order differential equations describing the state of the model: 





=x, =x, ky = xy, 











ži oX] — 41X2 — AyX3 — 43X4 + U. (3.47) 


In this equation, x1, x2,...x,, are the n phase variables. 
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(a) 


Y(s) 








FIGURE 3.11 
Model for G(s) 

of Equation (3.46) 
in the phase 
variable format. 
(a) Signal-flow 
graph. (b) Block 
diagram. (b) 





El = New nodes bs 





FIGURE 3.12 
Flow graph of 

Figure 3.11 with 
nodes inserted. 


Zag 
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The block diagram model can also be constructed directly from Equation (3.46). 
Define the intermediate variable Z(s) and rewrite Equation (3.46) as 


Y(s) bss? + bys? + bys + by Z(s) 
U(s) st + ass? + as? + ays + ag Z(S) 








G(s) 
Notice that, by multiplying by Z(s)/Z(s), we do not change the transfer function, 
G(s). Equating the numerator and denominator polynomials yields 
Ă Y(s) = [b3 + bys? + bys + bo]Z(s) 
and 
U(s) = [f + a? + as? + ays + a]Z(s). 


Taking the inverse Laplace transform of both equations yields the differential 
equations 


dt dt? 
and 
d‘z dz dz 
= Sao Biss FF Gos t + az. 
ae dB a ae ae 
Define the four state variables as follows: 
“=z 
xy =k, =Z 
x3 = Xk, =Z 
x4 = 43 = 7. 


Then the differential equation can be written equivalently as 


xy = Xa, 
Xo = Xz, 
X3 = x4, 
and 
Xq = -oX — 41X2 — AnxX3 — a3X4 + U, 


and the corresponding output equation is 
y = boxy + bix + box3 + b3X4. 


The block diagram model can be readily obtained from the four first-order differential 
equations and the output equation as illustrated in Figure 3.11(b). 
Furthermore, the output is simply 


y(t) = boxy + Bix + boxy + b3x4. (3.48) 
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In matrix form, we can represent the system in Equation (3.46) as 


x = Ax + Bu, (3.49) 
or 
xy 0 I 0 0 xy 0 
d| x2 0 o 1 ili 0 
= = + t). 3.50 
dt| x; 0 0 0 1 lx o KO (3-50) 
X4 —a —-a, =ü —a3 || X4 1 
The output is then 
*1 
x 
y(t) = Cx = [bo by b bh (3.51) 
X4 


The graphical structures of Figure 3.11 are not unique representations of Equa- 
tion (3.46); another equally useful structure can be obtained. A flow graph that rep- 
resents Equation (3.46) equally well is shown in Figure 3.13(a). In this case, the 
forward-path factors are obtained by feeding forward the signal U(s). We will call this 
model the input feedforward canonical form. 

Then the output signal y(t) is equal to the first state variable x,(¢). This flow graph 
structure has the forward-path factors bo/s*, b,/s°, b3/s*, b3/s, and all the forward 
paths touch the feedback loops. Therefore, the resulting transfer function is indeed 
equal to Equation (3.46). 

Associated with the input feedforward format, we have the set of first-order 
differential equations 


X= 03x, + x, + byu, 2 = px, + x3 + buu, 
x3 = —ayxy + x4 + byu, and x4 = —aox, + bou. (3.52) 


Thus, in matrix form, we have 


a 1 0 0 bs 
dx -a 0 1 0 by 
on + 3.53 
BP Satay EF ge psy 
ar 0 0 0 bo 


and 


yxÐ=ü0 0 0 O}x + [O]u(t). 


Although the input feedforward canonical form of Figure 3.13 represents the same 
transfer function as the phase variable canonical form of Figure 3.11, the state vari- 
ables of each graph are not equal. Furthermore we recognize that the initial condi- 
tions of the system can be represented by the initial conditions of the integrators, 
x,(0), x2(0), - - - , x,(0). Let us consider a control system and determine the state dif- 
ferential equation by utilizing the two forms of flow graph state models. 
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Us) Ys) 
(b) 
FIGURE 3.13 (a) Alternative flow graph state model for Equation (3.46). This model is called the 
input feedforward canonical form. (b) Block diagram of the input feedforward canonical form. 
EXAMPLE 3.2 Two state variable models 
A single-loop control system is shown in Figure 3.14. The closed-loop transfer 
function of the system is 
T68) Y(s) 2s? + 85 + 6 
Ss A 
U(s) s + 8s? + 16s + 6 
: _ As + 1s + 3) 
FIGURE 3.14 Us) Gs) = FERNET Y(s) 






Single-loop control 
system. 


FIGURE 3.15 
(a) Phase variable 
flow graph state 
model for T(s). 

(b) Block diagram 
for the phase 
variable canonical 
form. 
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Multiplying the numerator and denominator by s~*, we have 


Ye) as + 85? + 659 
U(s) 1+ 8s! + 16s? + 657 





T(s) 





(3.54) 


The first model is the phase variable state model using the feedforward of the 
state variables to provide the output signal. The signal-flow graph and block diagram 
are shown in Figures 3.15(a) and (b), respectively. The state differential equation is 


0 1 0 0 
x=] 0 0 1 jx + | 0 |u(s), (3.55) 
-6 16 =8 1 
and the output is 
xı 
y(t) =[6 8 Axl. (3.56) 
X3 











Us) Ys) 






































(b) 
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FIGURE 3.16 

(a) Alternative flow 
graph state model 
for T(s) using the 
input feedforward 
canonical form. 
(b) Block diagram 
model. 
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(b) 


The second model uses the feedforward of the input variable, as shown in 
Figure 3.16. The vector differential equation for the input feedforward model is 


-8 1 0 2 
x=|-16 0 1 \x+] 8 luc), (3.57) 
-6 0 0 6 


and the output is y(t) = x(t). m 


We note that it was not necessary to factor the numerator or denominator polyno- 
mial to obtain the state differential equations for the phase variable model or the input 
feedforward model. Avoiding the factoring of polynomials permits us to avoid the 
tedious effort involved. Both models require three integrators because the system is 
third order. However, it is important to emphasize that the state variables of the state 
model of Figure 3.15 are not identical to the state variables of the state model of Figure 
3.16. Of course, one set of state variables is related to the other set of state variables by 
an appropriate linear transformation of variables. A linear matrix transformation is 
represented by z = Mx, which transforms the x-vector into the z-vector by means of 
the M matrix (see Appendix E on the MCS website). Finally, we note that the transfer 
function of Equation (3.41) represents a single-output linear constant coefficient 
system; thus, the transfer function can represent an nth-order differential equation 
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d’y d™y d™u dlu 
ai" + an- pT He + agy(t) = ae + Dm-1 ae 





+ +++ + boult). (3.58) 


Accordingly, we can obtain the n first-order equations for the nth-order differential 
equation by utilizing the phase variable model or the input feedforward model of this 
section. 


3.5 ALTERNATIVE SIGNAL-FLOW GRAPH AND BLOCK DIAGRAM MODELS 


FIGURE 3.17 

A block diagram 
model of an open- 
loop DC motor 
control with velocity 
as the output. 


Often the control system designer studies an actual control system block diagram that 
represents physical devices and variables. An example of a model of a DC motor with 
shaft velocity as the output is shown in Figure 3.17 [9]. We wish to select the physical 
variables as the state variables. Thus, we select: x; = y(t), the velocity output; x) = i(t), 
the field current; and the third state variable, x3, is selected to be x3 = ir(t = Hut), 
where u(t) is the field voltage. We may draw the models for these physical variables, as 
shown in Figure 3.18. Note that the state variables x,, x2, and x3 are identified on the 
models. We will denote this format as the physical state variable model. This model is 
particularly useful when we can measure the physical state variables. Note that the 
model of each block is separately determined. For example, note that the transfer 


Controller Motor and load 

Field Field 

5(s + 1) voltage current 
st+5 












Velocity 
Ys) 





R(s) G(s) = 


FIGURE 3.18 (a) The physical state variable signal-flow graph for the block diagram of Figure 3.17. 
(b) Physical state block diagram. 
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function for the controller is 


U(s) _ 
R(s) 


S(is+1)_ 5 +557 
st5 1+5” 





G(s) = 


and the flow graph between R(s) and U(s) represents G,(s). 
The state variable differential equation is directly obtained from Figure 3.18 as 


=3. 6 0 0 
x=] 0 -2 -20k+/5/@ (3.59) 
0 O° 5; 1 
and 
=[1 0 O]x. (3.60) 


A second form of the model we need to consider is the decoupled response 
modes. The overall input-output transfer function of the block diagram system 
shown in Figure 3.17 is 


Y(s) E 30(s + 1) = q(s) 
= (s + 5)(s + 2s +3) (s — 1)(8 — 52)( — 53)’ 





and the transient response has three modes dictated by s,, 52, and s3. These modes 
are indicated by the partial fraction expansion as 


Y(s) _ ok ky ks 
Ro * T(s) =—*> + + — (3.61) 





s+5 s+2 st+3 


Using the procedure described in Chapter 2, we find that kı = —20,k, = —10, 
and k3 = 30. The decoupled state variable model representing Equation (3.61) is 
shown in Figure 3.19. The state variable matrix differential equation is 


=S 0 0 1 
x= 0 -2 0 jx +] 1 Ir(e) 
0 0 -3 1 
and 
y(t) =[-20 —10 30x. (3.62) 
Note that we chose x, as the state variable associated with sı = —5, x2 associated 
with s) = —2, and x3 associated with s; = —3, as indicated in Figure 3.19. This choice 


of state variables is arbitrary; for example, x; could be chosen as associated with the 
factor s + 2. 

The decoupled form of the state differential matrix equation displays the dis- 
tinct model poles —s,, —s2,..., —5,, and this format is often called the diagonal 
canonical form. A system can always be written in diagonal form if it possesses 
distinct poles; otherwise, it can only be written in a block diagonal form, known as 
the Jordan canonical form [29]. 
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(a) (b) 


FIGURE 3.19 (a) The decoupled state variable flow graph model for the system shown in block 
diagram form in Figure 3.17. (b) The decoupled state variable block diagram model. 


EXAMPLE 3.3 Spread of an epidemic disease 


The spread of an epidemic disease can be described by a set of differential equa- 
tions. The population under study is made up of three groups, x), X2, and x3, such 
that the group x, is susceptible to the epidemic disease, group x is infected with the 
disease, and group x; has been removed from the initial population. The removal of 
x3 will be due to immunization, death, or isolation from x4. The feedback system can 
be represented by the following equations: 


dx 

q T% br + lt), 
dx 

a = Bx, — yx2 + u(t), 
dx3 a 

— = ax ‘ 

dt ax, + YX2 


The rate at which new susceptibles are added to the population is equal to u(t), 
and the rate at which new infectives are added to the population is equal to u(t). For a 
closed population, we have u(t) = u(t) = 0. It is interesting to note that these equa- 
tions could equally well represent the spread of information or a new idea through a 
population. 

The physical state variables for this system are x1, x2, and x3. The model that 
represents this set of differential equations is shown in Figure 3.20. The vector 
differential equation is equal to 


AL -a -B Olfx LO ed 
~lyl=| Bp -y ol x»x]|+ļo0 1 Bll (3.63) 
x5 a y Ollx o o |L 
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FIGURE 3.20 
Model for the 
spread of an 
epidemic disease. 
(a) Signal-flow 
graph. (b) Block 
diagram model. 
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1 s x 





(b) 


By examining Equation (3.63) and the models depicted in Figure 3.20, we find that the 
state variable x3 is dependent on x; and x, and does not affect the variables x, and x2. 

Let us consider a closed population, so that u(t) = u2(t) = 0. The equilibri- 
um point in the state space for this system is obtained by setting dx/dt = 0. The 
equilibrium point in the state space is the point at which the system settles in the 
equilibrium, or rest, condition. Examining Equation (3.63), we find that the equi- 
librium point for this system is x; = x, = 0. Thus, to determine whether the epidemic 
disease is eliminated from the population, we must obtain the characteristic equation 
of the system. From the signal-flow graph shown in Figure 3.20, we obtain the flow 
graph determinant 


A(s) = 1 = (~as — ys! — ps) + (ays), (3.64) 
where there are three loops, two of which are nontouching. Thus, the characteristic 
equation is 

qls) = A(s) = s? + (a + y)s + (ay + B°’) = 0. (3.65) 
The roots of this characteristic equation will lie in the left-hand s-plane when 


a + y > Oand ay + p? > 0. When roots are in the left-hand plane, we expect the 
unforced response to decay to zero ast > œ. m 


FIGURE 3.21 

An inverted 
pendulum balanced 
on a person’s hand 
by moving the hand 
to reduce 6(t). 
Assume, for ease, 
that the pendulum 
rotates in the x-y 
plane. 


FIGURE 3.22 

A cart and an 
inverted pendulum. 
The pendulum is 
constrained to pivot 
in the vertical plane. 
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EXAMPLE 3.4 Inverted pendulum control 


The problem of balancing a broomstick on a person’s hand is illustrated in Figure 3.21. 
The only equilibrium condition is 6(t) = 0 and d6/dt = 0. The problem of balancing a 
broomstick on one’s hand is not unlike the problem of controlling the attitude of a mis- 
sile during the initial stages of launch. This problem is the classic and intriguing problem 
of the inverted pendulum mounted on a cart, as shown in Figure 3.22. The cart must be 
moved so that mass m is always in an upright position. The state variables must be ex- 
pressed in terms of the angular rotation 6(t) and the position of the cart y(t). The differ- 
ential equations describing the motion of the system can be obtained by writing the sum 
of the forces in the horizontal direction and the sum of the moments about the pivot 
point [2, 3, 10, 28]. We will assume that M >> m and the angle of rotation 0 is small so 
that the equations are linear. The sum of the forces in the horizontal direction is 


My + ml6 — u(t) = 0, (3.66) 


where u(t) equals the force on the cart, and / is the distance from the mass m to the 
pivot point. The sum of the torques about the pivot point is 


mly + ml? — migo = 0. (3.67) 


The state variables for the two second-order equations are chosen as (X1, X2, X3, X4) = 
(y, ý, 0,0). Then Equations (3.66) and (3.67) are written in terms of the state 
variables as 


Mx, + mlx, — u(t) = 0 (3.68) 






u(t) 
Hand movement 


ie u(t) 


> v(t) 


Frictionless 
surface 
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and 
X + ly — gx3 = 0. (3.69) 


To obtain the necessary first-order differential equations, we solve for /i4 in Equa- 
tion (3.69) and substitute into Equation (3.68) to obtain 


Mx + mgx3 = u(t), (3.70) 
since M >> m. Substituting x, from Equation (3.68) into Equation (3.69), we have 
MIx, — Mgx3 + u(t) = 0. (3.71) 
Therefore, the four first-order differential equations can be written as 
i 7 m, 1 
Xy = x2, io = -5 + mo: 
ban ai geiau (3.72) 
3 4 a mi" . : 
Thus, the system matrices are 
0 1 0 0 0 
0 0 -mg/M 0 1/M 
= = WE) 
A 0 0 0 ip B 0 (3.73) m 
0 0 g/l 0 —1/(M1) 


3.6 THE TRANSFER FUNCTION FROM THE STATE EQUATION 


Given a transfer function G(s), we can obtain the state variable equations using the 
signal-flow graph model. Now we turn to the matter of determining the transfer 
function G(s) of a single-input, single-output (SISO) system. Recalling Equations 
(3.16) and (3.17), we have 


x = Ax + Bu (3.74) 


and 
y=Cx+Du (3.75) 


where y is the single output and u is the single input. The Laplace transforms of 
Equations (3.74) and (3.75) are 


sX(s) = AX(s) + BU(s) (3.76) 
and 
Y(s) = CX(s) + DU(s) (3.77) 


where B isan n X 1 matrix, since u is a single input. Note that we do not include ini- 
tial conditions, since we seek the transfer function. Rearranging Equation (3.76), we 
obtain 


(SI — A)X(s) = BU (s). 
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Since [sI — A]! = ®(s), we have 
X(s) = ®(s)BU(s). 
Substituting X(s) into Equation (3.77), we obtain 
Y(s) = [C®(s)B + D]U (s). (3.78) 
Therefore, the transfer function G(s) = Y(s)/U(s) is 


G(s) = C&(s)B + D (3.79) 


EXAMPLE 3.5 Transfer function of an RLC circuit 


Let us determine the transfer function G(s) = Y(s)/U(s) for the RLC circuit of 
Figure 3.4 as described by the differential equations (see Equations 3.18 and 3.19): 





0 = 1 
r C za 
x=), aR x+|C |u 
— — 0 
L de 
y= [0 Rx. 
Then we have 
PEE s 
C 
[sI — A] = 4 LR 
Tree, ie 


Therefore, we obtain 


(s) = [sl - AJ! = —~ š 


A(s) + y 
where 
A(s) =s° +—s + oe 
s)=s wt te 


Then the transfer function is 


aoe 
si sly Sw N 
G(s) =[0 RJ} As) CA(s) || C 
1 sS 0 
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_RMLC)___RU(LC) 
A(s) s$ + B, + a 


which agrees with the result Equation (3.40) obtained from the flow graph model 
using Mason’s signal-flow gain formula. m 


3.7 THE TIME RESPONSE AND THE STATE TRANSITION MATRIX 


It is often desirable to obtain the time response of the state variables of a control sys- 
tem and thus examine the performance of the system. The transient response of a 
system can be readily obtained by evaluating the solution to the state vector differ- 
ential equation. In Section 3.3, we found that the solution for the state differential 
equation (3.26) was 


x(t) = &(¢)x(0) + [ ‘ot — 7)Bu(r) dr. (3.80) 


Clearly, if the initial conditions x(0), the input u(7), and the state transition ma- 
trix @(t) are known, the time response of x(t) can be numerically evaluated. Thus 
the problem focuses on the evaluation of ®(t), the state transition matrix that 
represents the response of the system. Fortunately, the state transition matrix can 
be readily evaluated by using the signal-flow graph techniques with which we are 
already familiar. 

Before proceeding to the evaluation of the state transition matrix using signal- 
flow graphs, we should note that several other methods exist for evaluating the 
transition matrix, such as the evaluation of the exponential series 

oo 


Akk 


@(t) = exp(At) = Èk 


(3.81) 
in a truncated form [2, 8]. Several efficient methods exist for the evaluation of ®(t) 
by means of a computer algorithm [21]. 

In Equation (3.25), we found that ®(s) = [sI — A]”!. Therefore, if ®(s) is ob- 
tained by completing the matrix inversion, we can obtain ®(t) by noting that 
®(t) = £1{G(s)}. The matrix inversion process is generally unwieldy for higher- 
order systems. 

The usefulness of the signal-flow graph state model for obtaining the state tran- 
sition matrix becomes clear upon consideration of the Laplace transformation 
version of Equation (3.80) when the input is zero. Taking the Laplace transforma- 
tion of Equation (3.80) when u(7) = 0, we have 


X(s) = &(s)x(0). (3.82) 


Therefore, we can evaluate the Laplace transform of the transition matrix from the 
signal-flow graph by determining the relation between a state variable X;(s) and the 
state initial conditions [x,(0), x2(0),..., x,,(0)]. Then the state transition matrix is 
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simply the inverse transform of ®(s); that is, 





Sl) = L'{B(s)}. (3.83) 











The relationship between a state variable X;(s) and the initial conditions x(0) is 
obtained by using Mason’s signal-flow gain formula. Thus, for a second-order system, 
we would have 


Xi(s) = di(s)x1(0) + P12(s)x2(0), 
X4(8) = b21(s)x1(0) + 22(s)x2(0), (3.84) 


and the relation between X>(s) as an output and x,(0) as an input can be evaluated 
by Mason’s signal-flow gain formula. All the elements of the state transition matrix, 
#;;(s), can be obtained by evaluating the individual relationships between X;(s) and 
x;(0) from the state model flow graph. An example will illustrate this approach to de- 
termining the transition matrix. 


EXAMPLE 3.6 Evaluation of the state transition matrix 


We will consider the RLC network of Figure 3.4. We seek to evaluate ®(s) by (1) 
determining the matrix inversion ®(s) = [sI — AJ! and (2) using the signal-flow 
diagram and Mason’s signal-flow gain formula. 

First, we determine ®(s) by evaluating ®(s) = [sl — AJ". We note from Equa- 
tion (3.18) that 





Then 
Ss 2 
[sI — A] = E Pa a (3.85) 
The inverse matrix is 
Tj sesh BA 
= — g = 
@(s) = [sI — A] mall 1 ; i (3.86) 


where A(s) = s(s +3) +2 = 2 + 3s + 2 = (s + 1)(s + 2). 

The signal-flow graph state model of the RLC network of Figure 3.4 is shown in 
Figure 3.8. This RLC network, which was discussed in Sections 3.3 and 3.4, can be 
represented by the state variables x; = v, and xz = iz. The initial conditions, x;(0) 
and x,(0), represent the initial capacitor voltage and inductor current, respectively. 
The flow graph, including the initial conditions of each state variable, is shown in 
Figure 3.23. The initial conditions appear as the initial value of the state variable at 
the output of each integrator. 

To obtain ®(s), we set U(s) = 0. When R = 3, L = 1, and C = 1/2, we obtain 
the signal-flow graph shown in Figure 3.24, where the output and input nodes are 
deleted because they are not involved in the evaluation of ®(s). Then, using Mason’s 
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FIGURE 3.23 
Flow graph of the 
RLC network. 


FIGURE 3.24 
Flow graph of the 
ALC network with 
Us) = 0. 
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s conditions 
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signal-flow gain formula, we obtain X, (s) in terms of x; (0) as 
1+ A4(s) + [x1(0)/s] 
A(s) 


where A(s) is the graph determinant, and A,(s) is the path cofactor. The graph 
determinant is 


X,(s) = (3.87) 


A(s) = 1 + 357) + 2572, 
The path cofactor is A; = 1 + 3s”! because the path between x(0) and X;(s) does 
not touch the loop with the factor —3s"'. Therefore, the first element of the transition 
matrix is 
(1 + 3s)(1/s) s+3 
14+ 391+ 2s? 5? +3542) 
The element ¢4:(s) is obtained by evaluating the relationship between X;(s) and 
x(0) as 








us) = (3.88) 


(=2s"')(x,(0)/s) 


X; = $ 
(9) = T3571 + 2s 
Therefore, we obtain 
$s) = = (3.89) 
= + 3s+2) i 
Similarly, for ġ2;(s) we have 
(s/s) 1 
uls) = = (3.90) 





1+3st+2s?% s?4+354+2 


Finally, for ¢22(s), we obtain 


FIGURE 3.25 
Time response 
of the state 
variables of the 
RLC network for 
X,(0) = x2(0) = 1. 


FIGURE 3.26 
Trajectory of the 
state vector in the 
(x4, X2)-plane. 
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1(1/s) Ss 


1+3! +25? s?+35+2 





(3.91) 





nls) 
Therefore, the state transition matrix in Laplace transformation form is 


IETF 3)/(s + 3s + 2) —2/(s? +3s +2) 
(s) = | 1/(s? + 3s + 2) s+ 4s + 2) | (3.92) 


The factors of the characteristic equation are (s + 1) and (s + 2), so that 
(s + 1)(s + 2) = $ + 35 +2. 


Then the state transition matrix is 


D CAD) ao 


O(t) = L'G(s)} = [o e: e”) (=e + 2e”) 


The evaluation of the time response of the RLC network to various initial condi- 
tions and input signals can now be evaluated by using Equation (3.80). For example, 
when x,(0) = x2(0) = 1 and u(t) = 0, we have 


xy(t) | _ D= lie 
eel e 


The response of the system for these initial conditions is shown in Figure 3.25. The tra- 
jectory of the state vector [2,(f), x2(t)] on the (x1, x2)-plane is shown in Figure 3.26. 
The evaluation of the time response is facilitated by the determination of the state 
transition matrix. Although this approach is limited to linear systems, it is a powerful 
method and utilizes the familiar signal-flow graph to evaluate the transition matrix. m 


x(t) X(t) 









1 1 1 
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1 L 1 L >t 
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x2(0) = 1 (x10), x2(0)) 





> x(t) 
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3.8 DESIGN EXAMPLES 


FIGURE 3.27 

An artist’s 
conception of the 
International Space 
Station. (Courtesy 
of NASA.) 


In this section we present two illustrative design examples. In the first example, we pre- 
sent a detailed look at modeling a large space vehicle (such as a space station) using a 
state variable model. The state variable model is then used to take a look at the stability 
of the orientation of the spacecraft in a low earth orbit. The design process depicted in 
Figure 1.15 is highlighted in this example. The second example is a printer belt drive 
modeling exercise. The relationship between the state variable model and the block dia- 
gram discussed in Chapter 2 is illustrated and, using block diagram reduction methods, 
the transfer function equivalent of the state variable model is obtained. 


EXAMPLE 3.7 Modeling the orientation of a space station 


The International Space Station, shown in Figure 3.27, is a good example of a multi- 
purpose spacecraft that can operate in many different configurations. An important 
step in the control system design process is to develop a mathematical model of the 
spacecraft motion. In general, this model describes the translation and attitude motion 
of the spacecraft under the influence of external forces and torques, and controller and 
actuator forces and torques. The resulting spacecraft dynamic model is a set of highly 
coupled, nonlinear ordinary differential equations. Our objective is to simplify the 
model while retaining important system characteristics. This is not a trivial task, but an 
important, and often neglected component of control engineering, In this example, the 
rotational motion is considered. The translational motion, while critically important to 
orbit maintenance, can be decoupled from the rotational motion. 

Many spacecraft (such as the International Space Station) will maintain an 
earth-pointing attitude. This means that cameras and other scientific instruments 
pointing down will be able to sense the earth, as depicted in Figure 3.27. Conversely, 
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scientific instruments pointing up will see deep space, as desired. To achieve earth- 
pointing attitude, the spacecraft needs an attitude hold control system capable of 
applying the necessary torques. The torques are the inputs to the system, in this case, 
the space station. The attitude is the output of the system. The International Space 
Station employs control moment gyros and reaction control jets as actuators to con- 
trol the attitude. The control moment gyros are momentum exchangers and are 
preferable to reaction control jets because they do not expend fuel. They are actua- 
tors that consist of a constant-rate flywheel mounted on a set of gimbals. The fly- 
wheel orientation is varied by rotating the gimbals, resulting in a change in direction 
of the flywheel angular momentum. In accord with the basic principle of conserva- 
tion of angular momentum, changes in control moment gyro momentum must be 
transferred to the space station, thereby producing a reaction torque. The reaction 
torque can be employed to control the space station attitude. However, there is a 
maximum limit of control that can be provided by the control moment gyro. When 
that maximum is attained, the device is said to have reached saturation. So, while 
control moment gyros do not expend fuel, they can provide only a limited amount 
of control. In practice, it is possible to control the attitude of the space station while 
simultaneously desaturating the control moment gyros. 

Several methods for desaturating the control moment gyros are available, but 
using existing natural environmental torques is the preferred method because it mini- 
mizes the use of the reaction control jets. A clever idea is to use gravity gradient 
torques (which occur naturally and come free of charge) to continuously desaturate 
the momentum exchange devices. Due to the variation of the earth’s gravitational 
field over the International Space Station, the total moment generated by the gravita- 
tional forces about the spacecraft’s center of mass is nonzero. This nonzero moment is 
called the gravity gradient torque. A change in attitude changes the gravity gradient 
torque acting on the vehicle. Thus, combining attitude control and momentum man- 
agement becomes a matter of compromise. 

The elements of the design process emphasized in this example are illustrated in 
Figure 3.28. We can begin the modeling process by defining the attitude of the space 
station using the three angles, 0, (the pitch angle), 63 (the yaw angle), and 6; (the roll 
angle). These three angles represent the attitude of the space station relative to the 
desired earth-pointing attitude. When 6; = 0, = 0; = 0, the space station is oriented 
in the desired direction. The goal is to keep the space station oriented in the desired 
attitude while minimizing the amount of momentum exchange required by the con- 
trol momentum gyros (keeping in mind that we want to avoid saturation). The con- 
trol goal can be stated as 


Control Goal 
Minimize the roll, yaw, and pitch angles in the presence of persistent external dis- 
turbances while simultaneously minimizing the control moment gyro momentum. 


The time rate of change of the angular momentum of a body about its center of 
mass is equal to the sum of the external torques acting on that body. Thus the atti- 
tude dynamics of a spacecraft are driven by externally acting torques. The main 
external torque acting on the space station is due to gravity. Since we treat the 
earth as a point mass, the gravity gradient torque [30] acting on the spacecraft is 
given by 
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FIGURE 3.28 
Elements of the 
control system 
design process 
emphasized in the 
spacecraft control 
example. 


fe Topics emphasized in this example 
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Maintain space station attitude 


z in earth pointing orientation while 
Establish the control goals q= ri P g 
minimizing control moment gyro 


l momentum. 


a P Space station orientation and 
Identify the variables to be controlled | <— °P’ 
control moment gyro momentum. 


| Write the specifications 




























Establish the system configuration 







See Eqs. (3.96 - 3.98) for 
the nonlinear model. 
See Eqs. (3.99 — 3.100) for 
the linear model. 





Obtain a model of the process, the 
actuator, and the sensor 







Describe a controller and select key 
parameters to be adjusted 


i 


Optimize the parameters and 
analyze the performance 



















Tf the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 
T; = 3n’e X Ie, (3.95) 


where n is the orbital angular velocity (n = 0.0011 rad/s for the space station), and ¢ is 


—sin 0 cos 03 
c =| sin 0; cos 62 + cos 6; sin 63 sin 03 
cos 4; cos 62 — sin 6; sin 0; sin 03 


The notation ‘X’ denotes vector cross-product. Matrix I is the spacecraft inertia ma- 
trix and is a function of the space station configuration. It also follows from Equa- 
tion (3.95) that the gravity gradient torques are a function of the attitude 04, 0, and 03. 
We want to maintain a prescribed attitude (that is earth-pointing 6; = 6. = 63 = 0), 
but sometimes we must deviate from that attitude so that we can generate gravity gra- 
dient torques to assist in the control moment gyro momentum management. Therein 
lies the conflict; as engineers we often are required to develop control systems to 
manage conflicting goals. 

Now we examine the effect of the aerodynamic torque acting on the space station. 
Even at the high altitude of the space station, the aerodynamic torque does affect the 
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attitude motion. The aerodynamic torque acting on the space station is generated by 
the atmospheric drag force that acts through the center of pressure. In general, the cen- 
ter of pressure and the center of mass do not coincide, so aerodynamic torques develop. 
In low earth orbit, the aerodynamic torque is a sinusoidal function that tends to oscil- 
late around a small bias. The oscillation in the torque is primarily a result of the earth’s 
diurnal atmospheric bulge. Due to heating, the atmosphere closest to the sun extends 
further into space than the atmosphere on the side of the earth away from the sun. As 
the space station travels around the earth (once every 90 minutes or so), it moves 
through varying air densities, thus causing a cyclic aerodynamic torque. Also, the space 
station solar panels rotate as they track the sun. This results in another cyclic compo- 
nent of aerodynamic torque. The aerodynamic torque is generally much smaller than 
the gravity gradient torque. Therefore, for design purposes we can ignore the atmos- 
pheric drag torque and view it as a disturbance torque. We would like the controller to 
minimize the effects of the aerodynamic disturbance on the spacecraft attitude. 

Torques caused by the gravitation of other planetary bodies, magnetic fields, 
solar radiation and wind, and other less significant phenomena are much smaller 
than the earth’s gravity-induced torque and aerodynamic torque. We ignore these 
torques in the dynamic model and view them as disturbances. 

Finally, we need to discuss the control moment gyros themselves. First, we will 
lump all the control moment gyros together and view them as a single source of torque. 
We represent the total control moment gyro momentum with the variable h. We need 
to know and understand the dynamics in the design phase to manage the angular mo- 
mentum. But since the time constants associated with these dynamics are much shorter 
than for attitude dynamics, we can ignore the dynamics and assume that the control 
moment gyros can produce precisely and without a time delay the torque demanded by 
the control system. 

Based on the above discussion, a simplified nonlinear model that we can use as 
the basis for the control design is 


Ò =RO +n, (3.96) 
10 = -Q X IQ + 3n’e x Ie — u, (3.97) 
h=-QXh+u, (3.98) 


where 


cos 63 —cos6,sin@3 sin 0; sin 03 





1 
R(®) = os 0. —sin 0. 
(®) rs 41605:01 sin 6; 
0 sin 0; cos #3 cos 6; Cos 63 
0 w 6; uy 
n=/n], Q=]a@ |j O=| |], u=] uw |, 
0 w3 03 u3 


where u is the control moment gyro input torque, Q in the angular velocity, I is the 
moment of inertia matrix, and n is the orbital angular velocity. Two good references 
that describe the fundamentals of spacecraft dynamic modeling are [31] and [32]. 
There have been many papers dealing with space station control and momentum 
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management. One of the first to present the nonlinear model in Equations 
(3.96-3.98) is Wie et al. [33]. Other related information about the model and the 
control problem in general appears in [34-38]. Articles related to advanced control 
topics on the space station can be found in [39-45]. Researchers are developing non- 
linear control laws based on the nonlinear model in Equations (3.96)—(3.98). Sever- 
al good articles on this topic appear in [46-55]. 

Equation (3.96) represents the kinematics—the relationship between the Euler 
angles, denoted by ©, and the angular velocity vector, Q. Equation (3.97) represents 
the space station attitude dynamics. The terms on the right side represent the sum of 
the external torques acting on the spacecraft. The first torque is due to inertia cross- 
coupling. The second term represents the gravity gradient torque, and the last term is 
the torque applied to the spacecraft from the actuators. The disturbance torques (due 
to such factors as the atmosphere) are not included in the model used in the design. 
Equation (3.98) represents the control moment gyro total momentum, 

The conventional approach to spacecraft momentum management design is to de- 
velop a linear model, representing the spacecraft attitude and control moment gyro 
momentum by linearizing the nonlinear model. This linearization is accomplished by a 
standard Taylor series approximation. Linear control design methods can then be readily 
applied. For linearization purposes we assume that the spacecraft has zero products of 
inertia (that is, the inertia matrix is diagonal) and the aerodynamic disturbances are 
negligible. The equilibrium state that we linearize about is 


© =0, 
0 
Q =]|-n 
0 
h = 0, 
and where we assume that 
Ho o o 
I=|0 lL 0 
0 0 b 


In reality, the inertia matrix, I, is not a diagonal matrix. Neglecting the off-diagonal 
terms is consistent with the linearization approximations and is a common assumption. 
Applying the Taylor series approximations yields the linear model, which as it turns 
out decouples the pitch axis from the roll/yaw axis. 

The linearized equations for the pitch axis are 


bz 0 1 olf% 0 
é | =| 3A, 0 0 || a |+ | =} fe (3.99) 
hy 0 o0 ojla 1 
where 
L-1 
ne 3 1 


Section 3.8 Design Examples 181 


The subscript 2 refers to the pitch axis terms, the subscript 1 is for the roll axis terms, 
and 3 is for the yaw axis terms. The linearized equations for the roll/yaw axes are 





A 0 n 1 0 o ola 
03 =n 0 0 1 0 0| 4 
oy} —3n7A, 0 0 —nA, 0 O]| a 
@; 0 0 =n; 0 0 0] o 
hy 0 0 0 0 0 nih 
hz 0 0 0 0 -n 0JL 
0 0 
0 0 
1 
rae 0 || wy 
a ume , 3.100 
0 =P H ( ) 
1 0 
0 1 
where 
-haah ME Ste) 
å; := T, and A3:= A 
Consider the analysis of the pitch axis. Define the state-vector as 
42(t) 
x(t) := | @2(t) J, 
h(t) 


and the output as 
y(t) = 6,(t) = [1 0 Ox). 
Here we are considering the spacecraft attitude, @,(¢), as the output of interest. We 


can just as easily consider both the angular velocity, w2, and the control moment gyro 
momentum, hz, as outputs. The state variable model is 


x = Ax + Bu, (3.101) 
y = Cx + Du, 
where 
0 1 0 0 
A=|3r?A, 0 0|, B=] -z |, 
0 00 1 


C=[1 0 0], D= [0], 


and where u is the control moment gyro torque in the pitch axis. The solution to the 
state differential equation, given in Equation (3.101), is 


x(t) = B(t)x(0) + [x — 7)Bu(r) dr, 
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where 


®(t) = exp(At) = LH (sI — A) } 


re 3n? At 4. g-V3n? Ay 5 1 (e Bn? Aat _ eVI Ay n) 0 
2 2V3n? A, 
=| \/3,2 
a Ay (EVF Bat — eV Airy Le Bat 4 eVI Aan) ot 
0 0 1 
We can see that if A, > 0, then some elements of the state transition matrix will have 
terms of the form e“, where a > 0. As we shall see (in Chapter 6) this indicates that 





our system is unstable. Also, if we are interested in the output, y(t) = 6(t), we have 
y(t) = Cx(r). 
With x(t) given by 
x(t) = ®(t)x(0) + [x — 7)Bu(r)dr, 
it follows that 
y(t) = CB(t)x(0) + [c — T)Bu(r)dr. 


The transfer function relating the output Y(s) to the input U(s) is 


Y(s) 
U(s) 


1 
h(s? — 3n2A,)' 











G(s) = C(sI — A)'B 


The characteristic equation is 
s? — 3n’A, = (s + V3? Ao) (s - V342) =0. 


If A, > 0 (that is, if J; > 74), then we have two real poles—one in the left half-plane 
and the other in the right half-plane. For spacecraft with J; > J4, we can say that an 
earth-pointing attitude is an unstable orientation. This means that active control is 
necessary. 

Conversely, when A, < 0 (that is, when J; > Z4), the characteristic equation has 
two imaginary roots at 


s = +jV3n'{A)]. 


This type of spacecraft is marginally stable. In the absence of any control moment 
gyro torques, the spacecraft will oscillate around the earth-pointing orientation for 
any small initial deviation from the desired attitude. m 


FIGURE 3.29 
Printer belt-drive 
system. 


FIGURE 3.30 
Printer belt-drive 
model. 


Section 3.8 Design Examples 183 


EXAMPLE 3.8 Printer belt drive modeling 


A commonly used low-cost printer for a computer uses a belt drive to move the print- 
ing device laterally across the printed page [11]. The printing device may be a laser 
printer, a print ball, or thermal printhead. An example of a belt drive printer with a DC 
motor actuator is shown in Figure 3.29. In this model, a light sensor is used to measure 
the position of the printing device, and the belt tension adjusts the spring flexibility of 
the belt. The goal of the design is to determine the effect of the belt spring constant k 
and select appropriate parameters for the motor, the belt pulley, and the controller. To 
achieve the analysis, we will determine a model of the belt-drive system and select 
many of its parameters. Using this model, we will obtain the signal-flow graph model 
and select the state variables. We then will determine an appropriate transfer function 
for the system and select its other parameters, except for the spring constant. Finally, we 
will examine the effect of varying the spring constant within a realistic range. 

We propose the model of the belt-drive system shown in Figure 3.30. This model 
assumes that the spring constant of the belt is k, the radius of the pulley is r, the angular 
rotation of the motor shaft is @, and the angular rotation of the right-hand pulley is 8. 
The mass of the printing device is m, and its position is y(t). A light sensor is used to 
measure y, and the output of the sensor is a voltage v, where v; = k,y. The controller 
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provides an output voltage v, where v3 is a function of v}. The voltage v, is connected 
to the field of the motor. Let us assume that we can use the linear relationship 


dv 
U2 = [e2 + kn | 


and elect to use ky = 0.1 and k3 = 0 (velocity feedback). 

The inertia of the motor and pulley is J = J motor + J puttey- We plan to use a moderate- 
DC motor. Selecting a typical 1/8-hp DC motor, we find that J = 0.01 kg m?, the field 
inductance is negligible, the field resistance is R = 2, the motor constant is 
K m = 2Nm/A, and the motor and pulley friction is b = 0.25 Nms/rad. The radius of 
the pulley is r = 0.15 m. The system parameters are summarized in Table 3.1. 

We now proceed to write the equations of the motion for the system; note that 
y = r6,. Then the tension from equilibrium 7, is 


T= k(r0 — r0,) = kro — p). 


The tension from equilibrium J is 





B = ky — r8). 
The net tension at the mass m is 
& 
T-Tl=m ie (3.102) 
and 
T- B= k(r8 — y) — k(y — r@) = 2k(r0 — y) = 2kx;, (3.103) 


where the first state variable is x; = 79 — y. Let the second state variable be 
X2 = dy/dt, and use Equations (3.102) and (3.103) to obtain 


d _ 2k 
ar e (3.104) 


The first derivative of x; is 


= Sf = aa — (3.105) 


Table 3.1 Parameters of Printing Device 


Mass m = 0.2kg 
Light sensor kı =1V/m 
Radius r=0.15m 
Motor 
Inductance L=0 
Friction b = 0.25 Nms/rad 
Resistance R=20 
Constant Km =2Nm/A 


Inertia J = J motor + Sputtey: J = 0.01 kg m? 
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when we select the third state variable as x; = d6/dt. We now require a differential 
equation describing the motor rotation. When L = 0, we have the field current 
i = v>/R and the motor torque Tp, = Kmi. Therefore, 


K, 
Tn = Re 


and the motor torque provides the torque to drive the belts plus the disturbance or 
undesired load torque, so that 


In = T + Tp 


The torque T drives the shaft to the pulley, so that 





& do 

T= JT + bo +r- D 

Therefore, 
d dt" 

Hence, 

ds h- Dkr 

dt J T D 
where 

Km dy 
Tr = R and v = kikae = —kykXx>. 


Thus, we obtain 


drs | —Kmkiko b kr Ù 
dt IR? pe 





(3.106) 


Equations (3.104)—(3.106) are the three first-order differential equations required to 
describe this system. The matrix differential equation is 





0 m. r 0 
2. (3.107) 
= 0 0 0 
x= m x+ 4 Ty 
—2kr Kmkık2 =b 7 
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FIGURE 3.31 
Printer belt drive. 
(a) Signal-flow 
graph. (b) Block 
diagram model. 
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The signal-flow graph and block diagram models representing the matrix differential 
equation are shown in Figure 3.31, where we include the identification of the node for 
the torque disturbance torque Ty. 

We can use the flow graph to determine the transfer function X;(s)/T;(s). The 
goal is to reduce the effect of the disturbance T}, and the transfer function will show 
us how to accomplish this goal. Using Mason’s signal-flow gain formula, we obtain 











a. 
Xs) _ J 
Ts) 1- (Li + Lz + L; + La) + LiL? 
where 
=b —2k —2kr?s? —2kK ,kykgrs? 
L= e7 3 _ = m l 
1 7 Sy ly SP, iz 7 8 and L4 =—— eR 
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(b) 


FIGURE 3.32 
Printer belt drive 
block diagram 
reduction. 
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We therefore have 


X(s) _ {eh 
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TCS) (Pes 2k 2k?) | (2kb 
Ss rata ae J Ss Tm 


2kKnkikar \ 
JmR 


We can also determine the closed-loop transfer function using block diagram reduction 
methods, as illustrated in Figure 3.32. Remember, there is no unique path to follow in re- 
ducing the block diagram; however, there is only one correct solution in the end. The 
original block diagram is shown in Figure 3.31(b). The result of the first step is shown in 
3.32(a), where the upper feedback loop has been reduced to a single transfer function. 


2kK m kaki 
mRs 


mrs 
ms? + 2k 
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The second step illustrated in Figure 3.32(b) then reduces the two lower feedback loops 
to a single transfer function. In the third step shown in Figure 3.32(c), the lower feed- 
back loop is closed and then the remaining transfer functions in series in the lower loop 
are combined. The final step closed-loop transfer function is shown in Figure 3.32(d). 
Substituting the parameter values summarized in Table 3.1, we obtain 


X(s) —15s 
Ts) $° + 25s? + 14.5ks + 1000K(0.25 + 0.15k2) 








(3.108) 


We wish to select the spring constant k and the gain k; so that the state variable xı will 
quickly decline to a low value when a disturbance occurs. For test purposes, consider a 
step disturbance 7;(s) = a/s. Recalling that x; = r@ — y, we thus seek a small magni- 
tude for x; so that y is nearly equal to the desired r8. If we have a perfectly stiff belt 
with k —> œ, then y = ré exactly. With a step disturbance, (s) = a/s, we have 





—l5a 
X(s) = $ 3.109 
is) s? + 25s? + 14.5ks + 1000K(0.25 + 0.15k3) ( ) 
The final value theorem gives 
lim x;(¢) = limsX¥,(s) = 0, (3.110) 
100 s0 


and thus the steady-state value of x,(t) is zero. We need to use a realistic value for k 
in the range 1 = k = 40. For an average value of k = 20 and k, = 0.1, we have 


—15a 
s? + 25s? + 290s + 5300 
—15a 
© (8 + 22.56)(s? + 2.44s + 234.93) 





X(s) = 





(3.111) 


The characteristic equation has one real root and two complex roots. The partial frac- 
tion expansion yields 


X 
(s) A $ Bit C (3.112) 
a s +2256 (s + 1,22)? + (15.28) 





where we find A = —0.0218, B = 0.0218, and C = —0.4381. Clearly with these 
small residues, the response to the unit disturbance is relatively small. Because A and 
B are small compared to C, we may approximate X; (s) as 


Xi(s) _ —0.4381 
a (s + 1.22) + (15.28)? ` 





Using Table 2.3, we obtain 


t 
HO © 0.02876! sin 15.281. (3.113) 
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The actual response of x, is shown in Figure 3.33. This system will reduce the ef- 
fect of the unwanted disturbance to a relatively small magnitude. Thus we have 
achieved our design objective. m 


3.9 ANALYSIS OF STATE VARIABLE MODELS USING CONTROL DESIGN SOFTWARE 


FIGURE 3.33 
Response of x;(t) 
toastep 
disturbance: peak 
value = —0.0325. 


The time-domain method utilizes a state-space representation of the system model, 
given by 
x= Ax + Bu and y= Cx + Du. (3.114) 


The vector x is the state of the system, A is the constant n X n system matrix, B is the 
constant n X m input matrix, C is the constant p X n output matrix, and D is a constant 
p X m matrix. The number of inputs, m, and the number of outputs, p, are taken to be 
one, since we are considering only single-input, single-output (SISO) problems. 
Therefore y and u are not bold (matrix) variables. 

The main elements of the state-space representation in Equation (3.114) are 
the state vector x and the constant matrices (A, B, C, D). Two new functions cov- 
ered in this section are ss and Isim. We also consider the use of the expm function 
to calculate the state transition matrix. 

Given a transfer function, we can obtain an equivalent state-space representation 
and vice versa. The function tf can be used to convert a state-space representation to a 
transfer function representation; the function ss can be used to convert a transfer 
function representation to a state-space representation. These functions are shown in 
Figure 3.34, where sys_tf represents a transfer function model and sys_ss is a state- 
space representation. 

For instance, consider the third-order system 


Y(s) 2s? + 85 + 6 








T(s) (3.115) 


R(s) sè + 8s? + 16s +6 




















| 

| 

| 
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We can obtain a state-space representation using the ss function, as shown in 
Figure 3.35. A state-space representation of Equation (3.115) is given by Equation 
(3.114), where 


=<§ =4 =S 2 
A= 4 0 0}, B=/ 0}, 
0 1 0 0 


C=[1 1 0.75], and D = [0]. 





State-space object 5 T z & Pe 5 z Ax H Bu Y(s) = G(s)U(s) 


sys_ss=ss(sys_tf) 








sys_tf=tf(sys_ss) 
sys=ss(A,B,C,D) 


FIGURE 3.34 HOS ERIS) 
(a) The ss function. 
(b) Linear system 

model conversion. (a) (b) 








>>convert 
a= 


convert.m 


% Convert G(s) = (25^2+8s+6)/(s^3+8s^2+16s+6) 
% to a state-space representation 
% 


num=[2 8 6]; den=[1 8 16 6]; sys_tf=tf(num,den); 
sys_ss=ss(sys_tf); 





(a) (b) 


FIGURE 3.35 Conversion of Equation (3.115) to a state-space representation. (a) m-file script. 
(b) Output printout. 
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The state-space representation of the transfer function in Equation (3.115) is depicted 
in Figure 3.36. 

The state variable representation is not unique. For example, another equally 
valid state variable representation is given by 


-8 -2 -0.75 0.125 
A=|8 0 0 |B=] 0 |C=[16 8 6],D = [0]. 
0 1 0 0 


It is possible that when using the ss function, the state variable representation pro- 
vided by your control design software will be different from the above two examples 
depending on the specific software and version. 

The time response of the system in Equation (3.114) is given by the solution to 
the vector integral equation 


x(t) = exp(At)x(0) + [ exp[A(t — 7)]Bu(z) d7. (3.116) 
0 


The matrix exponential function in Equation (3.116) is the state transition matrix, 
®(t), where (Equation 3.23) 


@(t) = exp(Ar). 


We can use the function expm to compute the transition matrix for a given time, as 
illustrated in Figure 3.37. The expm(A) function computes the matrix exponential. In 
contrast, the exp(A) function calculates e^ for each of the elements a, E A. 

For example, let us consider the RLC network of Figure 3.4 described by the 
state-space representation of Equation (3.18) with 


0 -2 2 
a[i a aef] C=[1 0], and D=0. 


























FIGURE 3.36 Block diagram with x, defined as the leftmost state variable. 
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FIGURE 3.37 
Computing the 
state transition 
matrix for a given 
time, At = dt. 
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>>A=[0 -2; 1 -3]; dt=0.2; Phisexpm(A*dt) 


Phi = 
State transition matrix 
0.9671 -0.2968 
0.1484 0.5219 for a At of 0.2 second 


The initial conditions are x;(0) = x,(0) = 1 and the input u(t) = 0. At £ = 0.2, the 
state transition matrix is as given in Figure 3.37. The state at ¢ = 0.2 is predicted by 
the state transition methods to be 


xy _ | 0.9671 :—0.2968 || x; _ | 0.6703 
X2 |p=02 0.1484 0.5219 || x2 |,=-0 0.6703 | 
The time response of the system of Equation (3.115) can also be obtained by 
using the Isim function. The Isim function can accept as input nonzero initial condi- 
tions as well as an input function, as shown in Figure 3.38. Using the Isim function, we 
can calculate the response for the RLC network as shown in Figure 3.39. 
The state at t = 0.2 is predicted with the Isim function to be x,(0.2) = x2(0.2) = 


0.6703. If we can compare the results obtained by the Isim function and by multiplying 
the initial condition state vector by the state transition matrix, we find identical results. 





3.10 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


FIGURE 3.38 
The Isim function 
for calculating the 
output and state 
response. 


Advanced disks have as many as 5000 tracks per cm. These tracks are typically 
1 um wide. Thus, there are stringent requirements on the accuracy of the reader 
head position and of the movement from one track to another. In this chapter, we 
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ly. T.x]=Isim(sys,u,t,x0) 
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FIGURE 3.39 
Computing the time 
tesponse for 
nonzero initial 
conditions and zero 
input using Isim. 
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1.0 





























| A | 
E a1 0.2 0.3 ENE a 0.7 0.8 0.9 1.0 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Time (s) Time (s) 


A=[0 -2;1 -3]; B=[2;0]; C=[1 0]; D=(0); 
sys=ss(A,B,C,D); 
oath 


t=[0:0.01:1]; 


ly, T,x]=Isim(sys,u,t,x0); 
subplot(121), plot(T,x(:,1)) 
xlabel(‘Time (s)'), ylabel('x_1') 
subplot(122), plot(T,x(:,2)) 
xlabel('Time (s)'), ylabel('x_2') 





will develop a state variable model of the disk drive system that will include the 
effect of the flexure mount. 

Consider again the head mount shown in Figure 2.71. Since we want a light- 
weight arm and flexure for rapid movement, we must consider the effect of the flex- 
ure, which is a very thin mount made of spring steel. Again, we wish to accurately 
control the position of the head y(t) as shown in Figure 3.40(a). We will attempt to 
derive a model for the system shown in Figure 3.40(a). Here we identify the motor 
mass as M, and the head mount mass as M}. The flexure spring is represented by the 
spring constant k. The force u(t) to drive the mass M, is generated by the DC motor. If 
the spring is absolutely rigid (nonspringy), then we obtain the simplified model shown 
in Figure 3.40(b). Typical parameters for the two-mass system are given in Table 3.2. 

Let us obtain the transfer function model of the simplified system of Figure 3.40(b). 
Note that M = M; + M3 = 20.5 g = 0.0205 kg. Then we have 


& 
Mos 4 n2 = u(t). 6117) 


Therefore, the transfer function model is 


Y(s) _ 1 
U(s) s(Ms + bi) 
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Table 3.2 Typical Parameters of the Two-Mass Model 





























Parameter Symbol Value 
Motor mass M, 20 g = 0.02 kg 
Flexure spring k 10 s k s œ 
Head mounting mass Mz 0.5 g = 0.0005 kg 
Head position x(t) variable in mm 
Friction at mass 1 bı 410 x 10° N/(m/s) 
Field resistance R 10 
Field inductance L 1mH 
Motor constant Kn 0.1025 N m/A 
Friction at mass 2 by 4.1 x 10° N/(m/s) 
Head 
position 
Motor +> q(t) Head = +> y(i) yli) 
FIGURE 3.40 mass | Fl = mass; | 
(a) Model of the u(t) AAAA 
with a spring .—__ e_n __ eee 
flexure. bı by by 
(b) Simplified model 
with a rigid spring. (a) (b) 
For the parameters of Table 3.2, we obtain 
Y(s) it _ 48.78 
U(s) — s(0.0205s + 0.410) s(s + 20) 
The transfer function model of the head reader, including the effect of the motor coil, 
is shown in Figure 3.41.When R = 1 Q, L = 1 mH, and K,,, = 0.1025, we obtain 
Y(s) 5000 
G(s) = = A 3.118 
(s) V(s) —s(s + 20)(s + 1000) ( ) 
which is exactly the same model we obtained in Chapter 2. 
Now let us obtain the state variable model of the two-mass system shown in 
Figure 3.40(a). Write the differential equations as 
aq, dq 
Mass My: M: +b, +k u(t 
1: Mi de at (q- y) (t) 
FIGURE 3.41 
Transfer function 1 
model of head Vis) Ys) 


s(Ms + by) 






reader device with 
a rigid spring. 
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dy | dy 
Mass Mz: Man + bo + k(y — q) = 0. 
To develop the state variable model, we choose the state variables as x, = q and 
X = y. Then we have 


4 aa x -® 
w=, and T 
Then, in matrix form, 
x = Ax + Bu, 
and we have 
q 
x=|?], 
q 
y 
0 
0 
p 1/M, |’ 
0 
and 
0 0 1 0 
0 0 0 1 
A= 5 3.11 
—k/M, k/M,  —b,/M, 0 6119) 
k/M,  —k/M) 0 —b2/M2 


Note that the output is (t) = x4. Also, for L = 0 or negligible inductance, then 
u(t) = K,,v(t). For the typical parameters and for k = 10, we have 


0 
0 
B= 
50 
0 
and 
0 0 1 0 
0 0 0 1 


A=! soo +500 -205 0 


+20000 —20000 0 =8:2, 


The response of y for u(t) = 1,t > 0 is shown in Figure 3.42. This response is quite 
oscillatory, and it is clear that we want a very rigid flexure with k > 100. 
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FIGURE 3.42 
Response of y fora 
step input for the 
two-mass model 
with k = 10. 


3.11 SUMMARY 
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% Model Parameters 

k=10; Units 
M1=0.02; M2=0.0005; k: kg/m 
b1=410e-03; b2=4.1e-03; <———_ b: kg/m/s 
t=[0:0.001:1.5); m: kg 

% State Space Model 

A=[0 0 1 0;0 0 0 1;-k/M1 k/M1 -b1/M1 0; k/M2 -k/M2 0 -b2/M2]; 
B=[0;0;1/M1;0]; C=[0 0 0 1]; D=[0]; sys=ss(A,B,C,D); 

% Simulated Step Response 

y=step(sys,t); plot(t,y); grid 

xlabel(‘Time (s)'), ylabel('y dot (m/s)') 














y dot (m/s) 








Time (s) 


In this chapter, we have considered the description and analysis of systems in the time 
domain. The concept of the state of a system and the definition of the state variables of 
a system were discussed. The selection of a set of state variables of a system was exam- 
ined, and the nonuniqueness of the state variables was noted. The state differential 
equation and the solution for x(t) were discussed. Alternative signal-flow graph and 
block diagram model structures were considered for representing the transfer function 
(or differential equation) of a system. Using Mason’s signal-flow gain formula, we 
noted the ease of obtaining the flow graph model. The state differential equation rep- 
resenting the flow graph and block diagram models was also examined. The time re- 
sponse of a linear system and its associated transition matrix was discussed, and the 
utility of Mason’s signal-flow gain formula for obtaining the transition matrix was illus- 
trated. A detailed analysis of a space station model development was presented for a 
realistic scenario where the attitude control is accomplished in conjunction with mini- 
mizing the actuator control. The relationship between modeling with state variable 
forms and control system design was established. The use of control design software to 
convert a transfer function to state variable form and calculate the state transition ma- 
trix was discussed and illustrated. The chapter concluded with the development of a 
state variable model for the Sequential Design Example: Disk Drive Read System. 


Exercises 


EXERCISES 


E3.1 For the circuit shown in Figure E3.1 identify a set of 
state variables. 








vi Ca 2 
h T i 
FIGURE E3.1 RLC circuit. 


E3.2 A robot-arm drive system for one joint can be repre- 
sented by the differential equation [8] 


do(t) 
dt 





= —kyv(t) — kay(t) + ksi(t), 


where v(t) = velocity, y(t) = position, and i(t) is the 
control-motor current. Put the equations in state vari- 
able form and set up the matrix form for k; = k, = 1. 


E3.3 A system can be represented by the state vector dif- 
ferential equation of Equation (3.16), where 


axj o al 


Find the characteristic roots of the system. 
Answer: s = —1/2 + jV3/2 


E3.4 Obtain a state variable matrix for a system with a 
differential equation 


dy Py dy 
— +4 t 6 
dt? dt? dt 


+ 8y = 20u(t). 

E3.5 A system is represented by a block diagram as 
shown in Figure E3.5. Write the state equations in the 
form of Equations (3.16) and (3.17). 








b ma Ys) 











FIGURE E3.5 Block diagram. 
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E3.6 A system is represented by Equation (3.16), where 


0 1 
A= B 
(a) Find the matrix ®(r). (b) For the initial conditions 
xı(0) = x,(0) = 1, find x(¢). 
Answer: (b) x) =1+t,.22=1,220 
E3.7 Consider the spring and mass shown in Figure 3.3 
where M = 1kg,k = 100N/m, and b = 20Ns/m. 


(a) Find the state vector differential equation. (b) Find 
the roots of the characteristic equation for this system. 


y H x + u 
—100 -20 1 
(b) s = —10, —10 


E3.8 The manual, low-altitude hovering task above a 
moving landing deck of a small ship is very demand- 
ing, particularly in adverse weather and sea condi- 
tions. The hovering condition is represented by the 


Answer: (a) x = [ 


matrix 
o 1 o0] 
A=|0 0 1 
0 -5 -24] 


Find the roots of the characteristic equation. 

E3.9 A multi-loop block diagram is shown in Figure E3.9. 
The state variables are denoted by x, and xz. (a) De- 
termine a state variable representation of the closed- 
loop system where the output is denoted by y(t) and 
the input is r(r). (b) Determine the characteristic 
equation. 








Ys) 





FIGURE E3.9 


Multi-loop feedback control system. 
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E3.10 A hovering vehicle control system is represented 
by two state variables, and [15] 


0 6 
A= h 
(a) Find the roots of the characteristic equation. 
(b) Find the state transition matrix ®(r). 


Answer: (a) s = —3, —2 


3e” — 2e™ 


—6e + be ™ 
et = et 3e3' — 2e% 


(b) #0) = | 


E3.11 Obtain two different state-space model for the sys- 
tem with transfer function 


At) ne o ooo 
U(s) 3 + 6s? + Lls +6 


E3.12 Obtain a state-space model in the Jordan- 
canonical form for a system with transfer function. 


ZO 4 
Uls) (s + 1°%(s + 2) 


E3.13 A system is described by the two differential 
equations 
dy 


— + y — 2u + aw = 
wee u + aw =0, 


and 


dw 

aS by + 4u = 0, 
where w and y are functions of time, and u is an 
input u(t). (a) Select a set of state variables. (b) Write 
the matrix differential equation and specify the 
elements of the matrices. (c) Find the characteristic 
roots of the system in terms of the parameters a 
and b. 


Answer: (c)s = —1/2 + V1 — 4ab/2 


E3.14 Develop the state-space representation of 
a radioactive material of mass M to which addi- 
tional radioactive material is added at the rate 
r(t) = Ku(t), where K is a constant. Identify the state 
variables. 

E3.15 Consider the case of the two masses connected as 
shown in Figure E3.15. The sliding friction of each 
mass has the constant b. Determine a state variable 
matrix differential equation. 
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Sliding friction constant b 


FIGURE E3.15 Two-mass system. 


E3.16 Two cars with negligible rolling friction are con- 
nected as shown in Figure E3.16. An input force is 
u(t). The output is the position of cart 2, that is, 
y(t) = q(t). Determine a state space representation 
of the system. 











FIGURE E3.16 Two cars with negligible rolling friction. 


E3.17 Obtain the transfer function corresponding to a 
system with state-space model: 


E3.18 Consider a system represented by the following 
differential equations: 


j diy 
Ra + Lap Pe = a 


diz 
La +v=e% 
dv 
+heC— 
4 tly at 


where R, Lı, Lo and C are given constants, and va 
and v, are inputs. Let the state variables be defined 


as xı = ty, X2 = in, and x, = v. Obtain a state variable 
representation of the system where the output 
is x3. 


Problems 


E3.19 A single-input. single-output system has the matrix 


equations 

=| Tt |° 

“Lae =a jaf 
and 

y=[10 O]x. 
Determine the transfer function G(s) = Y(s)/U(s). 
10 
Answer : G(s) = =———— 
se +4s+3 


E3.20 For the simple pendulum shown in Figure E3.20, 
the nonlinear equations of motion are given by 


6+ sino + <6 =0, 
L m 


where g is gravity, L is the length of the pendulum, m 

is the mass attached at the end of the pendulum (we 

assume the rod is massless), and k is the coefficient of 

friction at the pivot point. 

(a) Linearize the equations of motion about the equi- 
librium condition @ = 0°. 

(b) Obtain a state variable representation of the 
system. The system output is the angle 8. 


PROBLEMS 


P3.1 An RLC circuit is shown in Figure P3.1. (a) Identify 
a suitable set of state variables. (b) Obtain the set 
of first-order differential equations in terms of 
the state variables. (c) Write the state differential 














equation. 
D A a A 
R i L 

u(t) + 
+ 

Voltage © W FNC 

source y = 

FIGURE P3.1 RLC circuit. 


P3.2 Obtain a state-space model for the multi-input— 
multi-output system given in Figure P3.2. r(¢) and 
r(t) are the inputs; and y;(f), y(t) and y3(¢) are the 
outputs. 


P3.3 Obtain two different state-space models for the 
armature controlled DC motor. 
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Pivot point 







L, length 


- 
- 
ES 
b. 
- 
ri 


m, mass 





Massless rod 


ne 


| 
i 
FIGURE E3.20 Simple pendulum. 


E3.21 A single-input, single-output system is described by 


wf, Loio 


y) = [0 1x4) 


Obtain the transfer function G(s) = Y(s)/U(s) and de- 
termine the response of the system to a unit step input. 





+ Orn 











FIGURE P3.2 Multi-input-multi-output system. 
P3.4 The transfer function of a system is 


Ee ONN +2845 
R(s) sè + 2s? + 35 + 10° 





T(s) 


Sketch the block diagram and determine the state 
variable matrix differential equation for the following 
formats: (a) phase variables; (b) input feedforward. 


P3.5 A closed-loop control system is shown in Figure 
P3.5. (a) Determine the closed-loop transfer function 
T(s) = ¥(s)/R(s). (b) Sketch a block diagram model 
for the system, and determine the matrix differential 
equation. 
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FIGURE P3.5 
Closed-loop 
system. 


Controller 


stl 
s+6 












P3.6 Determine the state variable matrix equation for the 


v 


circuit shown in Figure P3.6. Let x; = v1, x2 = v2, and 
x= i 


aa mH 








are 


© T n i. 1kO i, 





FIGURE P3.6 RLC circuit. 


P3.7 An automatic depth-control system for a robot 


Ris) + 
Desired 
depth 


submarine is shown in Figure P3.7. The depth is mea- 
sured by a pressure transducer. The gain of the stern 
plane actuator is K = 1 when the vertical velocity is 
25 m/s. The submarine has the approximate transfer 
function 


+1’ 
and the feedback transducer is H(s) = 2s + 1. (a) De- 
termine a state-space representation for the system. 
(b) Determine whether the system is stable. 





Ys) 
Depth 





FIGURE P3.7 Submarine depth control. 


P3.8 The soft landing of a lunar module descending on the 


moon can be modeled as shown in Figure P3.8-Define 


Voltage 






Velocity 
v(s) 






Ys) 
Position 


pa 








FIGURE P3.8 


Lunar module landing control. 


the state variables as xı = y, x) = dyldt, x = m and 
the control as u = dm/dt. Assume that g is the gravity 
constant on the moon. Find the state-space equations 
for this system. Is this a linear model? 


P3.9 A speed control system using fluid flow compo- 


nents is to be designed. The system is a pure fluid con- 
trol system because it does not have any moving 
mechanical parts. The fluid may be a gas or a liquid. A 
system is desired that maintains the speed within 
0.5% of the desired speed by using a tuning fork ref- 
erence and a valve actuator. Fluid control systems are 
insensitive and reliable over a wide range of tempera- 
ture, electromagnetic and nuclear radiation, accelera- 
tion, and vibration. The amplification within the 
system is achieved by using a fluid jet deflection am- 
plifier. The system can be designed for a 500-kW 
steam turbine with a speed of 12,000 rpm. The block 
diagram of the system is shown in Figure P3.9. In di- 
mensionless units, we have b= 0.1,J = 1, and 
Kı = 0.5. (a) Determine the closed-loop transfer 
function 


o(s) 
R(s) 
(b) Determine a state space representation. (c) Deter- 


mine the characteristic equation obtained from the A 
matrix. 


T(s) = 


Problems 


10 
10 


R(s) 
Speed 
reference 





Tuning fork 
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Tals) 
Disturbance 


os) 
Speed 


FIGURE P3.9 
Steam turbine 
control. 


P3.10 Many control systems must operate in two dimen- 


and error detector 






(b) For the same system obtain a state-space model in 


sions, for example, the x- and the y-axes. A two-axis 
control system is shown in Figure P3.10, where a set of 
state variables is identified. The gain of each axis is Ky 
and K3, respectively. (a) Obtain the state differential 
equation. (b) Find the characteristic equation from the 
A matrix. (c) Determine the state transition matrix for 
Kı = land K, = 2. 


the canonical form. 


(c) Show that the eigen values of A matrix in (a) and 
(b) are 0, —1, and —3. 


P3.12 A system is described by its transfer function 


Y(s) _ 
R(s) 


P 8(s + 5) 
“sh + 12s? + 44s + 48° 





T(s) 


P3.11 (a) Obtain a state-space model in the phase vari- 
able form for a system with transfer function 


KON 
U(s) © s(s + 1)(s + 3) 


FIGURE P3.10 
Two-axis system. 
(a) Signal-flow 
graph. (b) Block 
diagram model. 


(a) Determine the phase variable canonical form. 

(b) Determine the diagonal canonical form of the state 
variable matrix equation. 

(c) Determine ®(t), the state transition matrix. 


S + 7s? + 5s +2 





Ys) 








(b) 
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P3.13 Consider again the RLC circuit of Problem 
P3.1 when R = 2.5, L = 1/4, and C = 1/6. (a) De- 
termine whether the system is stable by finding the 
characteristic equation with the aid of the A ma- 
trix. (b) Determine the transition matrix of the 
network. (c) When the initial inductor current is 0.1 
amp, v(0) = 0, and v(t) = 0, determine the re- 
sponse of the system. (d) Repeat part (c) when the 
initial conditions are zero and v(t) = E, for t > 0, 
where E is a constant. 

P3.14 Determine a state space representation for a sys- 
tem with the transfer function 


s+10 
st + 125° + 23s? + 34s + 40° 





Re 7) = 


P3.15 Obtain a block diagram and a state variable repre- 
sentation of this system. 


Y(s) 
R(s) 


S(s + 4) 
S + 10s? + 31s + 20 





=T(s) = 


P3.16 A system for dispensing radioactive fluid into cap- 
sules is shown in Figure P3.16(a). The horizontal axis 
moving the tray of capsules is actuated by a linear 
motor. The x-axis control is shown in Figure P3.16(b). 
Assume K = 500. Obtain (a) a state variable repre- 
sentation and (b) the unit step-response of the sys- 
tem. (c) Determine the characteristic roots of the 
system. 


P3.17 The dynamics of a controlled submarine are signif- 
icantly different from those of an aircraft, missile, or 
surface ship. This difference results primarily from the 
moment in the vertical plane due to the buoyancy ef- 
fect. Therefore, it is interesting to consider the control 
of the depth of a submarine. The equations describing 
the dynamics of a submarine can be obtained by using 
Newton’s laws and the angles defined in Figure P3.17. 
To simplify the equations, we will assume that is a 
small angle and the velocity v is constant and equal to 
25 ft/s. The state variables of the submarine, considering 
only vertical control, are x, = 0, x = d6/dt, and 
x3 = a, where a is the angle of attack. Thus the state 
vector differential equation for this system, when the 
submarine has an Albacore type hull, is 


0 1 0 0 
x =| —0.0071 -0.111 0.12 |x + | —0.095 |u(r), 
0 0.07 = —-0.3 +0.072 


where w(t) = 6,(t), the deflection of the stern plane. (a) 
Determine whether the system is stable. (b) Determine 
the response of the system to a stern plane step 
command of 0.285° with the initial conditions equal to 
zero, 






























_—_ 
jiji il 
Mi 
Filling Full 
heads capsules 
Tray of Hose 
=] 
Platen Linear motor 
Side View Motor 
with lead screw 
(a) 
Y(s) 





x-position 





(b) 


FIGURE P3.16 Automatic fluid dispenser. 


Velocity 













Center of 
gravity 


R surface 


FIGURE P3.17 Submarine depth control. 


P3.18 Transfer function of a system is 
Y(s) _ 4 
U(s) $ +2s4+4 


(a) Obtain step response. 

(b) Obtain a state space model and hence obtain the 
step response. 

(c) Compare the answers obtained in (a) and (b). 


Problems 


P3.19 Consider the control of the robot shown in Figure 


P3.19. The motor turning at the elbow moves the wrist 
through the forearm, which has some flexibility as 
shown [16].The spring has a spring constant k and fric- 
tion-damping constant b, Let the state variables be 
xX = $ı — b2 and xz = w/w, where 


k(Ji + Ja) 
Tuas 


Su 


w 


Write the state variable equation in matrix form when 
X3 = ww. 


P3.20 Consider the system described by 


x(t) = E 1 fo. 


where x(t) = [x:(t) x2(£)]7. (a) Compute the state 
transition matrix ®(¢, 0). (b) Using the state transition 
matrix from (a) and for the initial conditions x,(0) = 1 
and x,(0) = —1, find the solution x(t) for t = 0. 


P3.21 A nuclear reactor that has been operating in 


equilibrium at a high thermal-neutron flux level is 


Elbow_%1 


Wrist 


a(t) 
Current 


kb 


w 





FIGURE P3.19 An industrial robot. (Courtesy of GCA 
Corporation.) 
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suddenly shut down. At shutdown, the density X 
of xenon 135 and the density / of iodine 135 are 
7 x 10" and 3 x 10'5 atoms per unit volume, respec- 
tively. The half-lives of Ij35 and Xej35 nucleides are 6.7 
and 9.2 hours, respectively. The decay equations 
are [17, 23] 


693 .693 
0.69 y- 0:09 


= -É = -— YX - 


6.7 92 


Determine the concentrations of Ijz and Xe,35 as 
functions of time following shutdown by determining 
(a) the transition matrix and the system response. (b) 
Verify that the response of the system is that shown in 
Figure P3.21. 


P3.22 Two equivalent block diagram models for a fourth- 


order equation (Equation (3.46)) are shown in Figures 
3.11 and 3.13. Another alternative structure is shown in 
Figure P3.22. In this case, the system is second order 
and the input-output transfer function is 


Y(s) _ _ bys + bo 


G(s) === = ; 
©) U(s) s? + ays + a 


(a) Verify that the block diagram model of Figure P3.22 
is in fact a model of G(s). (b) Show that the vector 
differential equation representing the block diagram 
model of Figure P3.22 is 


eiai hy 
x= ies thk + [i jo. 


where h, = by, and hy = by — bia. 





n atoms per unit volume 






S 
a 
D 
v 
b- 
a 
pj 
5 
zZ 











X = Xenon 135 
1 = Iodine 135 

















FIGURE P3.21 F iz 
Nuclear reactor 
response. 
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Y(s) 





FIGURE P3.22 Model of second-order system. 


P3.23 Determine the state variable matrix differential 
equation for the circuit shown in Figure P3.23. The 
state variables are x; = i, x. = v, and x3 = v2, The 
output variable is vo(t). 


+ 





Output 
% voltage 








FIGURE P3.23 RLC circuit. 


P3.24 The two-tank system shown in Figure P3.24(a) is 
controlled by a motor adjusting the input valve and ul- 
timately varying the output flow rate. The system has 
the transfer function 


¥(s) _ T(s) = 1 
R(s) S + 10s? + 31s + 30 





for the block diagram shown in Figure P3.24(b). Obtain 
a block diagram model and the matrix differential 
equation for the following models: (a) phase variables, 
(b) input feedforward, (c) physical state variables, and 
(d) decoupled state variables. 


P3.25 It is desirable to use well-designed controllers to 
maintain building temperature with solar collector 
space-heating systems. One solar heating system can 
be described by [10] 


at 3x, + uy + up, 
dt 
and 
dx = 2x2 + uw +d, 
dt $ 


Motor and 
valve 





signal 
meal OD oy) 
flow 
—p 
(a) 
Ks) 
Input 
signal O,(s) 








(b) 


FIGURE P3.24 A two-tank system with the motor 
current controlling the output flow rate. (a) Physical diagram. 
(b) Block diagram. 


where x, = temperature deviation from desired 
equilibrium, and x, = temperature of the storage 
material (such as a water tank). Also, u and u are 
the respective flow rates of conventional and solar 
heat, where the transport medium is forced air. A 
solar disturbance on the storage temperature (such 
as overcast skies) is represented by d. Write the 
matrix equations and solve for the system response 
when m = 0,u, = 1, and d= 1, with zero initial 
conditions. 


P3.26 A system has the following differential equation: 


= 0 0 
= l 2 Sk + Plo. 


Determine ®(t) and its transform ®(s) for the system. 

P3.27 A system has a block diagram as shown in Figure 
P3.27. Determine the state variable differential equa- 
tion and the state transition matrix ®(s). 





Y(s) 











FIGURE P3.27 


Feedback system. 
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P3.28 A gyroscope with a single degree of freedom is 
shown in Figure P3.28. Gyroscopes sense the angular 
motion of a system and are used in automatic flight 
control systems. The gimbal moves about the output 
axis OB. The input is measured around the input axis 
OA. The equation of motion about the output axis is 
obtained by equating the rate of change of angular 
momentum to the sum of torques. Obtain a state- 








space representation of the gyro system. Space wo g Manipulator 
structure [> 7 
H (a) 
Spinning Gimbal Load mass 
wheel IM 
qı 
(b) 





Input axis Output axis FIGURE P3.30 Remote manipulator system. 


FIGURE P3.28 Gyroscope. 


weight by a factor of four while producing a man- 
ipulator that, prior to inflation, occupies only one- 


P3.29 A two-mass system is shown in Figure P3.29. eighth as much space in the shuttle’s cargo bay as the 


The rolling friction constant is b. Determine the present RMS. 
matrix differential equation when the output variable j 
is yo(t). The use of an RMS for constructing a space struc- 


ture in the shuttle bay is shown in Figure P3.30(a), 
and a model of the flexible RMS arm is shown in 
Figure P3.30(b), where J is the inertia of the drive 
motor and L is the distance to the center of gravity of 
the load component. Derive the state equations for 
this system. 


P3.31 Obtain the state equations for the two-input and 
one-output circuit shown in Figure P3.31, where the 








output is ip. 
FIGURE 3.29 Two-mass system. 3 
i 
pan 
VN WN 
, i R, Ry R3 
P3.30 There has been considerable engineering effort 3 i ‘i A v. 
directed at finding ways to perform manipulative pi ' | oP © 2 
operations in space—for example, assembling a 








space station and acquiring target satellites. To per- 
form such tasks, space shuttles carry a remote man- 
ipulator system (RMS) in the cargo bay [4, 12, 26]. 
The RMS has proven its effectiveness on recent 
shuttle missions, but now a new design approach is 
being considered—a manipulator with inflatable arm P3.32 Extenders are robot manipulators that extend 
segments. Such a design might reduce manipulator (that is, increase) the strength of the human arm in 


FIGURE P3.31 Two-input ALC circuit. 
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For the special case where the coefficients of A are 
equal to 1 (with the appropriate sign), determine 
the response when m (0) = 1 and m,(0) = 0. Plot 
the state variables versus time and on the x; — x3 
state plane. 


Extender 


P3.34 The dynamics of a rocket are represented by 








¥(s) 1 
U(s) ga) = 3 
FIGURE P3.32 Extender for increasing the strength of and state variable feedback is used where x, = y(t), 


the human arm in load maneuvering tasks. x2 = $(0), and u = ~x, — 0.5x;. Determine the roots 


of the characteristic equation of this system and the re- 

ý s sponse of the system when the initial conditions are 

load-maneuvering tasks (Figure P3.32) [23, 27]. The x4(0) = 0 and x2(0) = 1. The input U(s) is the applied 
system is represented by the transfer function torques, and Y(s) +5 tlievockeb attitude. 


Y) G(s) = 22 P3.35 Solve 

U(s) et4s+ 3’ Pedy, 
where U(s) is the force of the human hand applied to i: ae, 
the robot manipulator, and ¥(s) is the force of the ie 2 
robot manipulator applied to the load. Determine a 43 = dns 
state variable model and the state transition matrix given, x,(0) = 1, x2(0) = x3(0) = 2. 


for the system. 

P3.33 A drug taken orally is ingested at a rate r. The mass 
of the drug in the gastrointestinal tract is denoted by 
m; and in the bloodstream by mp. The rate of change 
of the mass of the drug in the gastrointestinal tract is 
equal to the rate at which the drug is ingested minus 
the rate at which the drug enters the bloodstream, a 
rate that is taken to be proportional to the mass pre- 
sent. The rate of change of the mass in the blood- 
stream is proportional to the amount coming from the 
gastrointestinal tract minus the rate at which mass is 
lost by metabolism, which is proportional to the mass 
present in the blood. Develop a state space represen- 
tation of this system. 


P3.36 Determine a state-space representation for the sys- 
tem shown in Figure P3.36. The motor inductance 
is negligible, the motor constant is K„ = 10, the 
back electromagnetic force constant is 
K, = 0.0706, the motor friction is negligible. The 
motor and valve inertia is J = 0.006, and the area 
of the tank is 50 m°. Note that the motor is con- 
trolled by the armature current i, Let 
xX, = h, x, = 6, and x; = d/dt. Assume that 
qı = 800, where @ is the shaft angle. The output 
flow is gg = S0A(t). 


Reservoir 





+9 


Amplifier 
i K= 50 





ol 





FIGURE P3.36 
One-tank system. SG 
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ADVANCED PROBLEMS 


AP3.1 Consider the electromagnetic suspension system 
shown in Figure AP3.1. An electromagnet is located at 
the upper part of the experimental system. Using the 
electromagnetic force f, we want to suspend the iron 
ball. Note that this simple electromagnetic suspension 
system is essentially unworkable. Hence feedback 
control is indispensable. As a gap sensor, a standard 
induction probe of the type of eddy current is placed 
below the ball [25]. 

Assume that the state variables are x, = x, 
X, = dx/dt, and x; = i. The electromagnet has an in- 
ductance L = 0,508 H and a resistance R = 23.2 Q. 
Use a Taylor series approximation for the electromag- 
netic force. The current is i; = Jy +i, where 
Ip = 1.06 A is the operating point and is the variable. Ris) 
The mass m is equal to 1.75 kg. The gap is 
Xg = Xo + x, where Xo = 4.36 mm is the operating 
point and x is the variable. The electromagnetic force 
is f = k(ii/Xg)?, where k = 2.9 x 10*N m?/A?. De- 
termine the matrix differential equation and the FIGURE AP3.3 Position control 
equivalent transfer function X(s)/V(s). À . 














FIGURE AP3.2 Mass on cart. 
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AP3.4 Front suspensions have become standard equip- 


I 
: ment on mountain bikes. Replacing the rigid fork that 
v i) attaches the bicycle’s front tire to its frame, such sus- 
pensions absorb bump impact energy, shielding both 
frame and rider from jolts. Commonly used forks, 
however, use only one spring constant and treat bump 
Flectromagnet impacts at high and low speeds—impacts that vary 
greatly in severity—essentially the same. 
> 


A suspension system with multiple settings that are 

Force f adjustable while the bike is in motion would be attrac- 

Iron ball tive. One air and coil spring with an oil damper is 
available that permits an adjustment of the damping 
constant to the terrain as well as to the rider’s weight 
[20]. The suspension system model is shown in Figure 
AP3.4, where b is adjustable. Select the appropriate 








Gap sensor 
FIGURE AP3.1 Electromagnetic suspension system. 


AP3.2 Consider the mass m mounted on a massless cart, 
as shown in Figure AP3.2. Determine the transfer 
function Y(s)/U(s), and use the transfer function to 
obtain a state-space representation of the system. 

AP3.3 The control of an autonomous vehicle motion 
from one point to another point depends on accurate 
control of the position of the vehicle [18]. The control 
of the autonomous vehicle position Y(s) is obtained 
by the system shown in Figure AP3.3. Obtain a state 
variable representation of the system. FIGURE AP3.4 Shock absorber. 
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value for b so that the bike accommodates (a) a large 

bump at high speeds and (b) a small bump at low 

speeds. Assume that k, = 1 and k; = 2. 


AP3.5 Figure AP3.5 shows a mass M suspended from 
another mass m by means of a light rod of length L. 
Obtain the state variable differential matrix equation 
using a linear model assuming a small angle for 0. 








FIGURE AP3.5 Mass suspended from cart. 


AP3.6 Consider a crane moving in the x direction while 
the mass m moves in the z direction, as shown in 
Figure AP3.6, The trolley motor and the hoist motor 
are very powerful with respect to the mass of the trol- 
ley, the hoist wire, and the load m. Consider the input 
control variables as the distances D and R. Also as- 
sume that ð < 50°. Determine a linear model, and de- 
scribe the state variable differential equation. 


AP3.7 Consider the single-input, single-output system de- 
scribed by 


x(t) = Ax(¢) + Bu(t) 
y(t) = Cx(t) 


= ar. 0 
aaf ipe-[ffe-e 1). 


Assume that the input is a linear combination of the 
states, that is, 


u(t) = —Kx(t) + r(t), 


where z(t) is the reference input. The matrix K = 
[K, K3] is known as the gain matrix. Substituting u(t) 
into the state variable equation gives the closed-loop 
system 


X(t) = [A — BK]x(s) + Br(t) 


y(t) = Cx() 


The design process involves finding K so that the 
eigenvalues of A-BK are at desired locations in the 
left-half plane. Compute the characteristic polynomial 
associated with the closed-loop system and determine 
values of K so that the closed-loop eigenvalues are in 
the left-half plane. 





FIGURE AP3.6 

A crane moving in 
the x-direction while 
the mass moves in 
the z-direction. 


, 
(a) DESIGN PROBLEMS 


CDP3.1 The traction drive uses the capstan drive system 
shown in Figure CDP2.1. Neglect the effect of the 
motor inductance and determine a state variable 
model for the system. The parameters are given in 
Table CDP2.1. The friction of the slide is negligible. 

DP3.1 A spring-mass-damper system, as shown in Figure 
3.3, is used as a shock absorber for a large high-perfor- 
mance motorcycle. The original parameters selected 





are m = 1kg,b = 9Ns/m, and k = 20 N/m. (a) De- 
termine the system matrix, the characteristic roots, and 
the transition matrix ®(¢). The harsh initial conditions 
are assumed to be y(0) = 1 and dy/dt|,-9 = 2. (b) Plot 
the response of y(t) and dy/dt for the first two seconds. 
(c) Redesign the shock absorber by changing the 
spring constant and the damping constant in order to 
reduce the effect of a high rate of acceleration force 


Design Problems 


d’y/dt* on the rider. The mass must remain constant 
at 1 kg. 


DP3.2 A system has the state variable matrix equation in 


phase variable form 
1h + [2 ko. 


. 2 
ġa 
=a 


and y = 10x. It is desired that the canonical diagonal 
form of the differential equation be 


s -=3 Q 1 
“ft hth 
y=[-5 S]z. 


Determine the parameters a, b, and d to yield the re- 
quired diagonal matrix differential equation. 


DP3.3 An aircraft arresting gear is used on an aircraft 
carrier as shown in Figure DP3.3. The linear model of 
each energy absorber has a drag force fp = Kpx3. It is 
desired to halt the airplane within 30 m after engaging 
the arresting cable [15]. The speed of the aircraft on 
landing is 60 m/s. Select the required constant Kp, and 
plot the response of the state variables. 


DP3.4 The Mile-High Bungi Jumping Company wants you 
to design a bungi jumping system (i.e.,a cord) so that the 
jumper cannot hit the ground when his or her mass is 
less than 100 kg, but greater than 50 kg. Also, the com- 
pany wants a hang time (the time a jumper is moving up 


> 


Energy absorber piston g 
mass = m3 = 5 


Cable 2 spring constant 


ky = 1000 


FIGURE DP3.3 
Aircraft arresting 
gear. 


oe 
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and down) greater than 25 seconds, but less than 40 sec- 
onds, Determine the characteristics of the cord. The 
jumper stands on a platform 90 m above the ground, and 
the cord will be attached to a fixed beam secured 10 m 
above the platform. Assume that the jumper is 2 m tall 
and the cord is attached at the waist (1 m high). 


DP3.5 Consider the single-input, single-output system de- 
scribed by 


X(t) = Ax(t) + Bu(r) 
y(t) = Cx(t) 


where 


0 1 0 
a[i Je-[]e-n a 


Assume that the input is a linear combination of the 
states, that is, 
u(t) = —Kx(t) + r(t), 


where r(t) is the reference input. Determine K = 
[K, K3] so that the closed-loop system 


X(t) = [A — BK]x(r) + Br() 
y(t) = Cx(t) 


possesses closed-loop eigenvalues at r; and r2. Note that 
ifr; = o + jw is a complex number, then r = 7 — jw 
is its complex conjugate. 


x3(0) = x2(0) = x,(0) = 0 


— 










dx,/dt = 60 m/s 
atx =0,1=0 


Moving carriage ky h=30m 


mass = m, = 10 


Aircraft carrier 
runway 


Cable 1 spring constant 
k, = 500 


Aircraft mass = 71, 
= 300 


210 


COMPUTER PROBLEMS 





CP3.1 A unity feedback system is having an open loop 
transfer function 


1 


OO) = rewi 


Using MATLAB 

(a) Obtain closed-loop transfer function. 

(b) Obtain a state-space model. 

(c) Using the state-space model obtain the unit step 
response. 


CP3.2 Consider the circuit shown in Figure CP3.2. 
(a) Obtain the state-space model of the system. 
(b) Using MATLAB, obtain step response when 
R = 2K,4K, 6K, 8K and 10K. 





I t 
| Joo uF | 


FIGURE CP3.2 An ALC circuit. 





CP3.3 Consider the circuit shown in Figure CP3.3. Deter- 
mine the transfer function Y(s)/V,,(s). Assume an ideal 
op-amp. 

(a) Determine the state variable representation 
when R; = 1kQ, R = 10k0,C, = 0.5 mF, and 
Cy = 0.1 mF. 

(b) Using the state variable representation from 
part (a), plot the unit step response with the step 








function. 
C 
Ro 
iy 2 
+ + 
Viq(5) Vols) Ris) 
© | o— 


FIGURE CP3.3 An op-amp circuit. 
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CP3.4 Consider the system 


0 1 0 0 
x= 0 0 IIx +] 0 Ju 
-=f —2 5 1 
y=[1 0 Ox. 


(a) Using the tf function, determine the transfer func- 
tion Y(s)/U(s). 

(b) Plot the response of the system to the initial con- 
dition x(0) = [0 -1 1)’ for0 =¢ = 10. 

(c) Compute the state transition matrix using the 
expm function, and determine x(/) at £ = 10 for the 
initial condition given in part (b). Compare the re- 
sult with the system response obtained in part (b). 

CP3.5 Consider the two systems 


0 1 0 0 
x = 0 0 1 |x, + | 0 Ju, 
-4 -$ -8 4 
y=[1 0 Ox a) 
and 
0.5000 0.5000 0.7071 0 
ža = | —0.5000 —0.5000 0.7071 |x, + | 0 Ju, 
—6.3640 —0.7071 —8.000 4 
y = [0.7071 —0.7071  0]x2. (2) 


(a) Using the tf function, determine the transfer func- 
tion ¥(s)/U(s) for system (1). 
(b) Repeat part (a) for system (2). 
(c) Compare the results in parts (a) and (b) and com- 
ment. 
CP3.6 Consider the closed-loop control system in Figure 
CP3.6. 


(a) Determine a state variable representation of the 
controller. 

(b) Repeat part (a) for the process. 

(c) With the controller and process in state variable 
form, use the series and feedback functions to 
compute a closed-loop system representation in 
state variable form and plot the closed-loop system 
impulse response. 


Y(s) 


FIGURE CP3.6 A closed-loop feedback control system. 


Terms and Concepts 


CP3.7 Consider the following system: 


TERMS AND CONCEPTS 


Canonical form A fundamental or basic form of the state 
variable model representation, including phase variable 
canonical form, input feedforward canonical form, 
diagonal canonical form, and Jordan canonical form. 


Diagonal canonical form A decoupled canonical form 
displaying the n distinct system poles on the diagonal 
of the state variable representation A matrix. 

Discrete-time approximation An approximation used 
to obtain the time response of a system based on the 
division of the time into small increments At. 

Euler’s method A first-order explicit integration method 
utilized to obtain numerical solutions of differential 
equations. 


Fundamental matrix See Transition matrix. 


Input feedforward canonical form A canonical form 
described by n feedback loops involving the a,, coef- 
ficients of the nth order denominator polynomial of 
the transfer function and feedforward loops obtained 
by feeding forward the input signal. 

Jordan canonical form A block diagonal canonical form 
for systems that do not possess distinct system poles. 

Matrix exponential function An important matrix func- 
tion, defined as e“ =1+ At + (At)}/2! + = + 
(Ad‘/k! + ---, that plays a role in the solution of lin- 
ear constant coefficient differential equations. 

Output equation The algebraic equation that relates the 
state vector x and the inputs u to the outputs y 
through the relationship y = Cx + Du. 


Phase variable canonical form A canonical form described 
by n feedback loops involving the a, coefficients of the 
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with 


x(0) = (3). 


Using the Isim function obtain and plot the system 
response (for x;(t) and x2(t)) when u(t) = 0. 


nth order denominator polynomial of the transfer func- 
tion and m feedforward loops involving the b, coeffi- 
cients of the mth order numerator polynomial of the 
transfer function. 


Phase variables The state variables associated with the 
phase variable canonical form. 


Physical variables The state variables representing the 
physical variables of the system. 


State differential equation The differential equation for 
the state vector: x = Ax + Bu. 

State of a system A set of numbers such that the knowl- 
edge of these numbers and the input function will, 
with the equations describing the dynamics, provide 
the future state of the system. 

State-space representation A time-domain model com- 
prising the state differential equation x = Ax + Bu 
and the output equation, y = Cx + Du. 

State variable feedback The use of a control signal formed 
as a direct function of all the state variables. 


State variables The set of variables that describe the system. 

State vector The vector containing all 1 state variables, 
Xis X2,00 -3 Xr 

Time domain The mathematical domain that incorpo- 
rates the time response and the description of a sys- 
tem in terms of time t. 

Time-varying system A system for which one or more pa- 
rameters may vary with time. 

Transition matrix ®(t) The matrix exponential function 
that describes the unforced response of the system. 
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PREVIEW 


In this chapter, we explore the role of error signals to characterize feedback control 
system performance. The areas of interest include the reduction of sensitivity to 
model uncertainties, disturbance rejection, measurement noise attenuation, steady- 
state errors and transient response characteristics. The error signal is used to control 
the process by negative feedback. Generally speaking, the goal is to minimize the 
error signal. We discuss the sensitivity of a system to parameter changes, since it is 
desirable to minimize the effects of parameter variations and uncertainties. We also 
wish to diminish the effect of unwanted disturbances and measurement noise on the 
ability of the system to track a desired input. We then describe the transient and 
steady-state performance of a feedback system and show how this performance can 
be readily improved with feedback. Of course, the benefits of a control system come 
with an attendant cost. The chapter concludes with a system performance analysis of 
the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 4, students should: 


Q Be aware of the central role of error signals in analysis of control systems. 


Q Recognize the improvements afforded by feedback control in reducing system sensitivity 
to parameter changes, disturbance rejection, and measurement noise attenuation. 


2 Understand the differences between controlling the transient response and the steady- 
state response of a system. 


QO Have a sense of the benefits and costs of feedback in the control design process. 
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4.1 INTRODUCTION 


FIGURE 4.1 
A closed-loop 
system. 


FIGURE 4.2 

An open-loop 
system with a 
disturbance input, 
Tag(s). (a) Signal-flow 
graph. (b) Block 
diagram. 


A control system is defined as an interconnection of components forming a system 
that will provide a desired system response. Because the desired system response 
is known, a signal proportional to the error between the desired and the actual 
response is generated. The use of this signal to control the process results in a 
closed-loop sequence of operations that is called a feedback system. This closed- 
loop sequence of operations is shown in Figure 4.1. The introduction of feedback to 
improve the control system is often necessary. It is interesting that this is also the 
case for systems in nature, such as biological and physiological systems; feedback is 
inherent in these systems. For example, the human heartrate control system is a 
feedback control system. 

To illustrate the characteristics and advantages of introducing feedback, we will 
consider a single-loop feedback system. Although many control systems are multi- 
loop, a single-loop system is illustrative. A thorough comprehension of the benefits 
of feedback can best be obtained from the single-loop system and then extended to 
multiloop systems. 

A system without feedback, often called an open-loop system, is shown in 
Figure 4.2. The disturbance, T4(s), directly influences the output, Y(s). In the ab- 
sence of feedback, the control system is highly sensitive to disturbances and to 
changes is parameters in G(s). 


Controller Process 
Output 
Comparison Measurement 
Tis) 
1 
G(s) 
R(s) Y(s) R(s) Y(s) 
1 
(a) 
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FIGURE 4.3 
A closed-loop 
control system. 
(a) Signal-flow 
graph. (b) Block 
diagram. 


Chapter 4 Feedback Control System Characteristics 


An open-loop (direct) system operates without feedback and directly generates 
the output in response to an input signal. 


By contrast, a closed-loop, negative feedback control system is shown in Figure 4.3. 


A closed-loop system uses a measurement of the output signal and a 
comparison with the desired output to generate an error signal that is used 
by the controller to adjust the actuator. 


The two forms of control systems are shown in both block diagram and signal-flow 
graph form. Despite the cost and increased system complexity, closed-loop feedback 
control has the following advantages: 


O Decreased sensitivity of the system to variations in the parameters of the process. 
Q Improved rejection of the disturbances. 

Q Improved measurement noise attenuation. 

Q Improved reduction of the steady-state error of the system. 


Q Easy control and adjustment of the transient response of the system. 


T,(s) 


R(s) 


Ms) 










Process 


Ris) G(s) 
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In this chapter, we examine how the application of feedback can result in the bene- 
fits listed above. Using the notion of a tracking error signal, it will be readily appar- 
ent that it is possible to utilize feedback with a controller in the loop to improve 
system performance. 


4.2 ERROR SIGNAL ANALYSIS 


The closed-loop feedback control system shown in Figure 4.3 has three inputs— 
R(s), T(s), and N(s)—and one output, Y(s). The signals 7,(s) and N(s) are the 
disturbance and measurement noise signals, respectively. Define the tracking 
error as 


E(s) = R(s) — Y(s). (4.1) 


For ease of discussion, we will consider a unity feedback system, that is, H(s) = 1, in 
Figure 4.3. In Section 5.5 of the following chapter, the influence of a nonunity feed- 
back element in the loop is considered. 

After some block diagram manipulation, we find that the output is given by 











\ _  Gks)G(s) G(s) G.(s)G(s) 
YS) = Tr Goco O * T+ eoo 14 G@cm™ BE) 
Therefore, with E(s) = R(s) — Y (s), we have 
E(s) R(s) G9) noa FAI) O ny (4.3) 


1 + G.(s)G(s) 1 + G.(s)G(s) 1 + G.(s)G(s) 


Define the function 
L(s) = G,(s)G(s). 


The function, L(s), is known as the loop gain and plays a fundamental role in control 
system analysis [12]. In terms of L(s) the tracking error is given by 


G(s) ? L(s) 
-IFI O IFLA 





E(s) 





R(s) N(s). (4.4) 


1+ L(s) 
We can define the function [41] 


F(s) =1+ L(s). 
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Then, in terms of F(s), we define the sensitivity function as 


1 i 


S= i LCs) 


(45) 


Similarly, in terms of the loop gain, we define the complementary sensitivity function as 


_ L(s) 
C(s) = T+ Loy (4.6) 
In terms of the functions S(s) and C(s), we can write the tracking error as 
E(s) = S(s)R(s) — S(s)G(s)Ty(s) + C(s)N(s). (4.7) 


Examining Equation (4.7), we see that (for a given G(s)), if we want to minimize the 
tracking error, we want both S(s) and C(s) to be small. Remember that S(s) and C(s) 
are both functions of the controller, G.(s), which the control design engineer must 
select. However, the following special relationship between S(s) and C(s) holds _ 


S(s) + C(s) = 1. (4.8) 


We cannot simultaneously make S(s) and C(s) small. Obviously, design compromis- 
es must be made. 

To analyze the tracking error equation, we need to understand what it means for 
a transfer function to be “large” or to be “small.” The discussion of magnitude of a 
transfer function is the subject of Chapters 8 and 9 on frequency response methods. 
However, for our purposes here, we describe the magnitude of the loop gain L(s) by 
considering the magnitude | L(jw)| over the range of frequencies, w, of interest. 

Considering the tracking error in Equation (4.4), it is evident that, for a given 
G(s), to reduce the influence of the disturbance, 7,(s), on the tracking error, E(s), 
we desire L(s) to be large over the range of frequencies that characterize the distur- 
bances. That way, the transfer function G(s)/(1 + L(s)) will be small, thereby re- 
ducing the influence of T,(s). Since L(s) = G,(s)G(s), this implies that we need to 
design the controller G,(s) to have a large magnitude. Conversely, to attenuate the 
measurement noise, N(s), and reduce the influence on the tracking error, we desire 
L(s) to be small over the range of frequencies that characterize the measurement 
noise. The transfer function L(s)/(1 + L(s)) will be small, thereby reducing the in- 
fluence of N(s). Again, since L(s) = G,(s) G(s), that implies that we need to design 
the controller G,(s) to have a small magnitude. Fortunately, the apparent conflict 
between wanting to make G,(s) large to reject disturbances and the wanting to 
make G,(s) small to attenuate measurement noise can be addressed in the design 
phase by making the loop gain, L(s), large at low frequencies (generally associated 
with the frequency range of disturbances), and making L(s) small at high frequen- 
cies (generally associated with measurement noise). 

More discussion on disturbance rejection and measurement noise attenuation 
follows in the subsequent sections. Next, we discuss how we can use feedback to re- 
duce the sensitivity of the system to variations and uncertainty in parameters in the 
process, G(s). This is accomplished by analyzing the tracking error in Equation (4.2) 
when 7,(s) = N(s) = 0. 
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4.3 SENSITIVITY OF CONTROL SYSTEMS TO PARAMETER VARIATIONS 


A process, represented by the transfer function G(s), whatever its nature, is subject 
to a changing environment, aging, ignorance of the exact values of the process para- 
meters, and other natural factors that affect a control process. In the open-loop sys- 
tem, all these errors and changes result in a changing and inaccurate output. 
However, a closed-loop system senses the change in the output due to the process 
changes and attempts to correct the output. The sensitivity of a control system to pa- 
rameter variations is of prime importance. A primary advantage of a closed-loop 
feedback control system is its ability to reduce the system’s sensitivity [1-4, 18]. 

For the closed-loop case, if G,(s)G(s) >> 1 for all complex frequencies of inter- 
est, we can use Equation (4.2) to obtain (letting Ta(s) = 0 and N(s) = 0) 


Y(s) = R(s). 


The output is approximately equal to the input. However, the condition G,(s)G(s) >> 1 
may cause the system response to be highly oscillatory and even unstable. But the fact 
that increasing the magnitude of the loop gain reduces the effect of G(s) on the output 
is an exceedingly useful result. Therefore, the first advantage of a feedback system is 
that the effect of the variation of the parameters of the process, G(s), is reduced. 

Suppose the process (or plant) G(s) undergoes a change such that the true plant 
model is G(s) + AG(s). The change in the plant may be due to a changing external 
environment or natural aging, or it may just represent the uncertainty in certain 
plant parameters. We consider the effect on the tracking error E(s) due to AG(s). 
Relying on the principle of superposition, we can let T,(s) = N(s) = 0 and consid- 
er only the reference input R(s). From Equation (4.3), it follows that 


1 
1+ GANGE) + AGG) C 





E(s) + AE(s) 





). 


Then the change in the tracking error is 
—G,(s) AG(s) R 
(1 + G(s)G(s) + G(s) AG(s)) + G(s)G(s)) 





AE(s) 





(s). 


Since we usually find that G,(s)G(s) > G(s) AG(s), we have 
—~G(s) AG(s) 
(1 + L(s)P 
We see that the change in the tracking error is reduced by the factor 1 + L(s), 

which is generally greater than 1 over the range of frequencies of interest. 


For large L(s), we have 1 + L(s) ~ L(s), and we can approximate the change 
in the tracking error by 


AE(s) % R(s). 


__1_AG(s) 
L(s) G(s) 


Larger magnitude L(s) translates into smaller changes in the tracking error (that is, 
reduced sensitivity to changes in AG(s) in the process). Also, larger L(s) implies 





AE(s) = R(s). (4.9) 


218 


Chapter 4 Feedback Control System Characteristics 


smaller sensitivity, S(s). The question arises, how do we define sensitivity? Since our 
goal is to reduce system sensitivity, it makes sense to formally define the term. 

The system sensitivity is defined as the ratio of the percentage change in the sys- 
tem transfer function to the percentage change of the process transfer function. The 
system transfer function is 


T(s) = a, (4.10) 


and therefore the sensitivity is defined as 


_ AT(s)/T(s) 


= AGOGO (a) 


In the limit, for small incremental changes, Equation (4.11) becomes 


_ T/T _ almT 
3G/G amnG 





§ (4.12) 








System sensitivity is the ratio of the change in the system transfer function 
to the change of a process transfer function (or parameter) for a small 
incremental change. 


The sensitivity of the open-loop system to changes in the plant G(s) is equal to 1. 
The sensitivity of the closed-loop is readily obtained by using Equation (4.12). The 
system transfer function of the closed-loop system is 

Ge(s)G(s) 


T(s) = ————~. 
= Ty EOC 
Therefore, the sensitivity of the feedback system is 


aT G Go G 
aG T (1+G,G) GG,/(1 + GG) 





SG = 


or 





il 
T OPa 
ETAST (4.13) 











We find that the sensitivity of the system may be reduced below that of the open- 
loop system by increasing L(s) = G,(s)G(s) over the frequency range of interest. 
Note that SẸ in Equation (4.12) is exactly the same as the sensitive function S(s) 
given in Equation (4.5). In fact, these functions are one and the same. 

Often, we seek to determine SĮ, where a is a parameter within the transfer 
function of a block G. Using the chain rule, we find that 


Si = shse. (4.14) 


FIGURE 4.4 
(a) Open-loop 
amplifier. 

(b) Amplifier with 
feedback. 
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Very often, the transfer function of the system 7(s) is a fraction of the form [1] 
N(s, a) 
D(s, a)’ 





T(s, a) = (4.15) 


where a is a parameter that may be subject to variation due to the environment. 
Then we may obtain the sensitivity to œ by rewriting Equation (4.11) as 
7 _dlnT _dlnN ôln D 
s dna 








= N _ gp 4.16 
dine dlne Sa (3:16) 








ao ay 


where ay is the nominal value of the parameter. 

An important advantage of feedback control systems is the ability to reduce the effect 
of the variation of parameters of a control system by adding a feedback loop. To obtain 
highly accurate open-loop systems, the components of the open-loop, G(s), must be 
selected carefully in order to meet the exact specifications. However, a closed-loop 
system allows G(s) to be less accurately specified, because the sensitivity to changes or 
errors in G(s) is reduced by the loop gain L(s). This benefit of closed-loop systems is a 
profound advantage for the electronic amplifiers of the communication industry. A 
simple example will illustrate the value of feedback for reducing sensitivity. 


EXAMPLE 4.1 Feedback amplifier 


An amplifier used in many applications has a gain —K,, as shown in Figure 4.4(a). 
The output voltage is 


Vo = -Katin (4.17) 


We often add feedback using a potentiometer R,, as shown in Figure 4.4(b). The 
transfer function of the amplifier without feedback is 


T = -Kn (4.18) 
and the sensitivity to changes in the amplifier gain is 
Sk,=1. (4.19) 


The block diagram model of the amplifier with feedback is shown in Figure 4.5, 
where 


Ra 





= 4.20 
-R (420) 
Vin © vo 
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FIGURE 4.5 Block diagram model of feedback amplifier assuming R, >> Rọ of the amplifier. 


and 
Ry = Ri + Ro. (4.21) 
The closed-loop transfer function of the feedback amplifier is 
-K, 
T= T+ KB (4.22) 
The sensitivity of the closed-loop feedback amplifier is 
sf, = B98. = TRG (4.23) 
If K, is large, the sensitivity is low. For example, if 
K, = 10° 
and 
B =0.1, (4.24) 
we have 
Sk, = al (4.25) 
1+ 10° 


or the magnitude is one-thousandth of the magnitude of the open-loop amplifier. 

We shall return to the concept of sensitivity in subsequent chapters, These chap- 
ters will emphasize the importance of sensitivity in the design and analysis of con- 
trol systems. m 


4.4 DISTURBANCE SIGNALS IN A FEEDBACK CONTROL SYSTEM 


An important effect of feedback in a control system is the control and partial elimi- 
nation of the effect of disturbance signals. A disturbance signal is an unwanted input 
signal that affects the output signal. Many control systems are subject to extraneous 
disturbance signals that cause the system to provide an inaccurate output. Electronic 
amplifiers have inherent noise generated within the integrated circuits or transistors; 


FIGURE 4.6 
Steel rolling mill. 


FIGURE 4.7 
Open-loop speed 
control system 
(without tachometer 
feedback). 
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radar antennas are subjected to wind gusts; and many systems generate unwanted 
distortion signals due to nonlinear elements. The benefit of feedback systems is that 
the effect of distortion, noise, and unwanted disturbances can be effectively reduced. 


Disturbance Rejection 
When R(s) = N(s) = 0, it follows from Equation (4.4) that 


G(s) 
Els) = -SOGO = TF oy Tal 
For a fixed G(s) and a given T,(s), as the loop gain L(s) increases, the effect of T,(s) 
on the tracking error decreases. In other words, the sensitivity function S(s) is small 
when the loop gain is large. We say that large loop gain leads to good disturbance re- 
jection. More precisely, for good disturbance rejection, we require a large loop gain 
over the frequencies of interest associated with the expected disturbance signals. 

In practice, the disturbance signals are often low frequency. When that is the 
case, we say that we want the loop gain to be large at low frequencies. This is equiv- 
alent to stating that we want to design the controller G,(s) so that the sensitivity 
function S(s) is small at low frequencies. 

As a specific example of a system with an unwanted disturbance, let us consider 
again the speed control system for a steel rolling mill. The rolls, which process steel, 
are subjected to large load changes or disturbances. As a steel bar approaches the 
rolls (see Figure 4.6), the rolls are empty. However, when the bar engages in the rolls, 
the load on the rolls increases immediately to a large value. This loading effect can be 
approximated by a step change of disturbance torque. Alternatively, the response can 
be seen from the speed-torque curves of a typical motor, as shown in Figure 4.8. 

The transfer function model of an armature-controlled DC motor with a load 
torque disturbance was determined in Example 2.3 and is shown in Figure 4.7, 
where it is assumed that L, is negligible. Let R(s) = 0 and examine E(s) = —@(s), 
for a disturbance T,(s). 
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FIGURE 4.8 
Motor 
speed-torque 
curves. 


FIGURE 4.9 
Closed-loop speed 
tachometer control 
system. 
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Speed (rad/s) 








Motor torque (N-m) 


The change in speed due to the load disturbance is then 


1 


2) Pe Few Ba: KmKo/Ra 


Tas). (4.26) 


The steady-state error in speed due to the load torque, T,(s) = D/s, is found by 
using the final-value theorem. Therefore, for the open-loop system, we have 


a ya fia eee UD 
PEN) = ims E= i Saree A 2) 
D 
ANE EES ET E T 4.27 
b4 K,K,/R, 2 ney) 


The closed-loop speed control system is shown in block diagram form in Figure 4.9. 
The closed-loop system is shown in signal-flow graph and block diagram form in 
Figure 4.10, where G(s) = KK »/Ra, Go(s) = 1/(Js + b), and H(s) = K, + Kp/Ka 
The error, E(s) = —«(s), of the closed-loop system of Figure 4.10 is: 


G(s) 


BO) = ~9) = TF G@G (HO 


Tis). (4.28) 


Then, if G{G,H(s) is much greater than 1 over the range of s, we obtain the approx- 
imate result 
1 


FO S GOHO 


(s). (4.29) 
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FIGURE 4.10 Closed-loop system. (a) Signal-flow graph model. (b) Block diagram model. 


Therefore, if G;(s)H(s) is made sufficiently large, the effect of the disturbance can 
be decreased by closed-loop feedback. Note that 


K,Km K, K,KmnK; 
G s)H s) "A a (x Ẹ ) wy a^m q 
GS) Ra M8 TKS R, 





since K, >> Kp. Thus, we strive to obtain a large amplifier gain, K,, and keep 
Ra < 2 ©. The error for the system shown in Figure 4.10 is 


E(s) = R(s) — o(s), 
and R(s) = w,(s), the desired speed. For calculation ease, we let R(s) = 0 and ex- 
amine (s). 
To determine the output for the speed control system of Figure 4.9, we must 
consider the load disturbance when the input R(s) = 0. This is written as 





E -1/(Js + b) on 
9) = TF RKK, RIUS + D] F (KaKy/Rolt/ds + by? 
zal T(s). (4.30) 





T Js +b + (Km/Ra(KiKa + Kp) 

The steady-state output is obtained by utilizing the final-value theorem, and we have 
=i 

li t) = li D; 4.31 

ARO = BAC) = p RREK t Ky “9 


when the amplifier gain K, is sufficiently high, we have 








@o(00) ~ D = w(%). (4.32) 


=R; 
KKK, 
The ratio of closed-loop to open-loop steady-state speed output due to an undesired 
disturbance is 
@(00) _ Rab + KnKp 
@() KKK; 





(4.33) 


and is usually less than 0.02. 
This advantage of a feedback speed control system can also be illustrated by 
considering the speed-torque curves for the closed-loop system, which are shown in 
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FIGURE 4.11 
The speed-torque 
curves for the 
closed-loop 
system. 
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Figure 4.11. The improvement of the feedback system is evidenced by the almost 
horizontal curves, which indicate that the speed is almost independent of the load 
torque. 


Measurement Noise Attenuation 

When R(s) = T,(s) = 0, it follows from Equation (4.4) that 
L(s) 

1+ L(s) 

As the loop gain L(s) decreases, the effect of N(s) on the tracking error decreases. In 

other words, the complementary sensitivity function C(s) is small when the loop gain 


L(s) is small. If we design G,(s) such that L(s) << 1, then the noise is attenuated 
because 


E(s) = C(s)N(s) = N(s). 


C(s) ~ L(s). 


We say that small loop gain leads to good noise attenuation. More precisely, for ef- 
fective measurement noise attenuation, we need a small loop gain over the frequen- 
cies associated with the expected noise signals. 

In practice, measurement noise signals are often high frequency. Thus we want 
the loop gain to be low at high frequencies. This is equivalent to a small comple- 
mentary sensitivity function at high frequencies. The separation of disturbances (at 
low frequencies) and measurement noise (at high frequencies) is very fortunate be- 
cause it gives the control system designer a way to approach the design process: the 
controller should be high gain at low frequencies and low gain at high frequencies. 
Remember that by low and high we mean that the loop gain magnitude is low/high 
at the various high/low frequencies. It is not always the case that the disturbances 
are low frequency or that the measurement noise is high frequency. For example, an 
astronaut running on a treadmill on a space station may impart disturbances to the 
spacecraft at high frequencies. If the frequency separation does not exist, the design 
process usually becomes more involved (for example, we may have to use notch fil- 
ters to reject disturbances at known high frequencies). A noise signal that is preva- 
lent in many systems is the noise generated by the measurement sensor. This noise, 
N(s), can be represented as shown in Figure 4.3. The effect of the noise on the out- 
put is 


—G.(s)G(s) 


Y6) = Ty G(s) 


N(s), (4.34) 
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which is approximately 
Y(s) = —N(s), (4.35) 


for large loop gain L(s) = G,(s)G(s). This is consistent with the earlier discussion 
that smaller loop gain leads to measurement noise attentuation. Clearly, the design- 
er must shape the loop gain appropriately. 

The equivalency of sensitivity, SẸ, and the response of the closed-loop system 
tracking error to a reference input can be illustrated by considering Figure 4.3. The 
sensitivity of the system to G(s) is 


she 1 Ce! 
61+ G(s)G(s) 1+ L(s) 





(4.36) 


The effect of the reference on the tracking error (with 7;(s) = 0 and N(s) = 0) is 


E(s) _ 1 1 
R(s) 1+ GAs)G(s) 1+ L(s)’ 








(4.37) 


In both cases, we find that the undesired effects can be alleviated by increasing the 
loop gain. Feedback in control systems primarily reduces the sensitivity of the system 
to parameter variations and the effect of disturbance inputs. Note that the measures 
taken to reduce the effects of parameter variations or disturbances are equivalent, 
and fortunately, they reduce simultaneously. As a final illustration, consider the 
effect of the noise on the tracking error: 

E(s) _ _ G(s)G(s) L(s) 


Tals) 1+G(s)G(s) 1+ L(s)' (438) 





We find that the undesired effects of measurement noise can be alleviated by de- 
creasing the loop gain. Keeping in mind the relationship 


S(s) + C(s) = 1, 


the trade-off in the design process is evident. 


4.5 CONTROL OF THE TRANSIENT RESPONSE 


One of the most important characteristics of control systems is their transient re- 
sponse. The transient response is the response of a system as a function of time. Be- 
cause the purpose of control systems is to provide a desired response, the transient 
response of control systems often must be adjusted until it is satisfactory. If an open- 
loop control system does not provide a satisfactory response, then the process, G(s), 
must be replaced with a more suitable process. By contrast, a closed-loop system can 
often be adjusted to yield the desired response by adjusting the feedback loop para- 
meters. It is often possible to alter the response of an open-loop system by inserting a 
suitable cascade controller, G,(s), preceding the process, G(s), as shown in Figure 4.12. 
Then it is necessary to design the cascade transfer function, G.(s)G(s), so that the re- 
sulting transfer function provides the desired transient response. 
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FIGURE 4.12 
Cascade controller 
system (without 
feedback). 


(a) Signal-flow graph. 


(b) Block diagram 


FIGURE 4.13 
Open-loop speed 
control system 
(without feedback). 
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To make this concept more comprehensible, consider a specific control system, 
which may be operated in an open- or closed-loop manner. A speed control system, 
as shown in Figure 4.13, is often used in industrial processes to move materials and 
products. Several important speed control systems are used in steel mills for rolling 
the steel sheets and moving the steel through the mill [19]. The transfer function of 
the open-loop system (without feedback) was obtained in Equation (2.70). For 
o(s)/V,(s), we have 








w(s) Kı 
= DEEPTI 4.39 
vo =r] (39) 
where 
Kn RJ 
= d= ; 
Mt" Rb + Koka O OS RDE KK 


In the case of a steel mill, the inertia of the rolls is quite large, and a large armature- 
controlled motor is required. If the steel rolls are subjected to a step command for a 
speed change of 


iE. 
V,(8) = 2E (4.40) 
the output response is 
o(s) = G(s)V,(s). (4.41) 
The transient speed change is then 
w(t) = Ki(kE)(1 — eV). (4.42) 


If this transient response is too slow, we must choose another motor with a dif- 
ferent time constant 7, if possible. However, because 7, is dominated by the load 
inertia, J, it may not be possible to achieve much alteration of the transient response. 





i, = Constant field current 


J,b 
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FIGURE 4.14 

(a) Closed-loop 
speed control 
system. 

(b) Transistorized 
closed-loop speed 
control system. 
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A closed-loop speed control system is easily obtained by using a tachometer 
to generate a voltage proportional to the speed, as shown in Figure 4.14(a). This 
voltage is subtracted from the potentiometer voltage and amplified as shown in 
Figure 4.14(a). A practical transistor amplifier circuit for accomplishing this feed- 
back in low-power applications is shown in Figure 4.14(b) [1,5,7]. The closed-loop 
transfer function is 


o(s) — KaG(s) 
R(s) 1+ K,K,G(s) 
= Kiki K,Ki/71 


= = 4 4.43 
m8 +1+ K,K,K, s+ (1 + KyK,K,)/7) i ! 





The amplifier gain, K,, may be adjusted to meet the required transient response 
specifications. Also, the tachometer gain constant, K,, may be varied, if necessary. 
The transient response to a step change in the input command is then 


KK, á 
= pai a — oP 4.44 
00 = TK OEM ~ (4.44) 


where p = (1 + K,K,K;,)/7;. Because the load inertia is assumed to be very large, 
we alter the response by increasing K,. Thus, we have the approximate response 


olt) © E E cxp( eK) | (4.45) 


Ti 





For a typical application, the open-loop pole might be 1/7, = 0.10, whereas the 
closed-loop pole could be at least (K,K;,K,)/7; = 10, a factor of one hundred in 
the improvement of the speed of response. To attain the gain K,K,K,, the ampli- 
fier gain K, must be reasonably large, and the armature voltage signal to the 
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FIGURE 4.15 

The response of the 
open-loop and 
closed-loop speed 
control system 
when 7 = 10 and 
KKK; = 100. The 
time to reach 98% 
of the final value for 
the open-loop and 
closed-loop system 
is 40 seconds and 
0.4 second, 
respectively. 
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motor and its associated torque signal must be larger for the closed-loop than for 
the open-loop operation. Therefore, a higher-power motor will be required to 
avoid saturation of the motor. The responses of the closed-loop system and the 
open-loop system are shown in Figure 4.15. Note the rapid response of the 
closed-loop system. 

While we are considering this speed control system, it will be worthwhile to de- 
termine the sensitivity of the open- and closed-loop systems. As before, the sensitivity 
of the open-loop system to a variation in the motor constant or the potentiometer 
constant k; is unity. The sensitivity of the closed-loop system to a variation in K, is 


P öra ox [s + (1/71)] 
Sku = Soska (KKK + Dlr 





Using the typical values given in the previous paragraph, we have 


st n S400) 
Keg 10 


We find that the sensitivity is a function of s and must be evaluated for various values of 
frequency. This type of frequency analysis is straightforward but will be deferred until a 
later chapter. However, it is clearly seen that at a specific low frequency—for example, 
s = jw = j1—the magnitude of the sensitivity is approximately |Sk,| = 0.1. 


4.6 STEADY-STATE ERROR 


A feedback control system is valuable because it provides the engineer with the 
ability to adjust the transient response. In addition, as we have seen, the sensitivity 
of the system and the effect of disturbances can be reduced significantly. However, 
as a further requirement, we must examine and compare the final steady-state error 
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for an open-loop and a closed-loop system. The steady-state error is the error after 
the transient response has decayed, leaving only the continuous response. 
The error of the open-loop system shown in Figure 4.2 is 


Els) = R(s) — Y(s) = (1 — G(s))R(s), (4.46) 


when T,(s) = 0. Figure 4.3 shows the closed-loop system. When T,(s) = 0 and 
N(s) = 0, and we let H(s) = 1, the tracking error is given by (Equation 4.3) 





Es) = (s). (4.47) 


1 
1+ Gla * 











To calculate the steady-state error, we use the final-value theorem 
lime(t) = lim sE(s). (4.48) 
1700 s>0 


Therefore, using a unit step input as a comparable input, we obtain for the open- 
loop system 


e9(00) = lim s(1 = a(i) = lim(1 = G(s) = 1- GO). (4.49) 


For the closed-loop system we have 





; 1 1 1 
a tins; + zo) = T+ GOGO Gap) 


The value of G(s) when s = 0 is often called the DC gain and is normally greater 
than one. Therefore, the open-loop system will usually have a steady-state error of 
significant magnitude. By contrast, the closed-loop system with a reasonably large 
DC loop gain L(0) = G,(0)G(0) will have a small steady-state error. In Chapter 5, 
we discuss steady-state error in much greater detail. 

Upon examination of Equation (4.49), we note that the open-loop control sys- 
tem can possess a zero steady-state error by simply adjusting and calibrating the 
system’s DC gain, G(0), so that G(0) = 1. Therefore, we may logically ask, What is 
the advantage of the closed-loop system in this case? To answer this question, we 
return to the concept of the sensitivity of the system to parameter changes. In the 
open-loop system, we may calibrate the system so that G(0) = 1, but during the 
operation of the system, it is inevitable that the parameters of G(s) will change 
due to environmental changes and that the DC gain of the system will no longer 
be equal to 1. Because it is an open-loop system, the steady-state error will not 
equal zero until the system is maintained and recalibrated. By contrast, the closed- 
loop feedback system continually monitors the steady-state error and provides an 
actuating signal to reduce the steady-state error. Because systems are susceptible 
to parameter drift, environmental effects, and calibration errors, negative feed- 
back provides benefits. An example of an ingenious feedback control system is 
shown in Figure 4.16. 

The advantage of the closed-loop system is that it reduces the steady-state error 
resulting from parameter changes and calibration errors. This may be illustrated by 
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FIGURE 4.16 The DLR German Aerospace 
Center is developing an advanced robotic hand. The 
final goal—fully autonomous operation—has not yet 
been acheived. Currently, the control is 
accomplished via a telemanipulation system 
consisting of a lightweight robot with a four-fingered 
articulated hand mounted on a mobile platform. The 
hand operator receives stereo video feedback and 
force feedback. This information is employed in 
conjunction with a data glove equipped with force 
feedback and an input device to control the robot. 
(Used with permission. Credit: DLR Institute of 
Robotics and Mechatronics.) 
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an example. Consider a unity feedback system with a process transfer function 


Bian (4.51) 


t+ 





which could represent a thermal control process, a voltage regulator, or a water- 
level control process. For a specific setting of the desired input variable, which may 
be represented by the normalized unit step input function, we have R(s) = 1/s. 
Then the steady-state error of the open-loop system is, as in Equation (4.49), 

e(%) =1-G(0)=1-K (4.52) 
when a consistent set of dimensional units is utilized for R(s) and K. The error for 
the closed-loop system is 

E(s) = R(s) — T(s)R(s) 


where T(s) = G,(s)G(s)/(1 + G,(s)G(s)). The steady-state error is 
e,(00) = lim s{1 = To} =1-T(0). 


When G,(s) = 1/(715 + 1), we obtain G,(0) = 1 and G(0) = K. Then we have 


Kee, wil 
1+K 1+K 


For the open-loop system, we would calibrate the system so that K = 1 and the 
steady-state error is zero. For the closed-loop system, we would set a large gain K. If 
K = 100, the closed-loop system steady-state error is e,(0©) = 1/101. 

If the calibration of the gain setting drifts or changes by AK/K = 0.1 (a 10% 
change), the open-loop steady-state error is Ae,(0o) = 0.1. Then the percent 
change from the calibrated setting is 








e(0o) = 1 — (4.53) 


aA (4.54) 


Section 4.7 The Cost of Feedback 231 


or 10%. By contrast, the steady-state error of the closed-loop system, with 
AK/K = 0.1, is e,(%) = 1/91 if the gain decreases. Thus, the change is 





= -—, 4.5 
he,(00) = > T os (4.55) 
and the relative change is 
Ae,(œ) 
= 0.0011, 4.56 
rol iis 


or 0.11%. This is a significant improvement, since the closed-loop relative change is 
two orders of magnitude lower than that of the open-loop system. 


4.7 THE COST OF FEEDBACK 


Adding feedback to a control system results in the advantages outlined in the previ- 
ous sections. Naturally, however, these advantages have an attendant cost. The first 
cost of feedback is an increased number of components and complexity in the sys- 
tem. To add the feedback, it is necessary to consider several feedback components; 
the measurement component (sensor) is the key one. The sensor is often the most 
expensive component in a control system. Furthermore, the sensor introduces noise 
and inaccuracies into the system. 

The second cost of feedback is the loss of gain. For example, in a single-loop sys- 
tem, the open-loop gain is G,(s)G(s) and is reduced to G,(s)G(s)/(1 + G,(s)G(s)) 
in a unity negative feedback system. The closed-loop gain is smaller by a factor of 
1/(1 + G.(s)G(s)), which is exactly the factor that reduces the sensitivity of the sys- 
tem to parameter variations and disturbances. Usually, we have extra open-loop 
gain available, and we are more than willing to trade it for increased control of the 
system response, 

We should note that it is the gain of the input-output transmittance that is 
reduced. The control system does retain the substantial power gain of a power 
amplifier and actuator, which is fully utilized in the closed-loop system. 

The final cost of feedback is the introduction of the possibility of instability. 
Whereas the open-loop system is stable, the closed-loop system may not be always 
stable. The question of the stability of a closed-loop system is deferred until Chapter 6, 
where it can be treated more completely. 

The addition of feedback to dynamic systems causes more challenges for the 
designer. However, for most cases, the advantages far outweigh the disadvantages, 
and a feedback system is desirable. Therefore, it is necessary to consider the addi- 
tional complexity and the problem of stability when designing a control system. 

Clearly, we want the output of the system, Y(s), to equal the input, R(s). How- 
ever, upon reflection, we might ask, Why not simply set the transfer function 
G(s) = Y(s)/R(s) equal to 1? (See Figure 4.2, assuming T,(s) = 0.) The answer to 
this question becomes apparent once we recall that the process (or plant) G(s) 
was necessary to provide the desired output; that is, the transfer function G(s) rep- 
resents a real process and possesses dynamics that cannot be neglected. If we set 
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G(s) equal to 1, we imply that the output is directly connected to the input. We must 
recall that a specific output (such as temperature, shaft rotation, or engine speed), is 
desired, whereas the input can be a potentiometer setting or a voltage. The process 
G(s) is necessary to provide the physical process between R(s) and Y(s). Therefore, 
a transfer function G(s) = 1 is unrealizable, and we must settle for a practical trans- 
fer function. 


4.8 DESIGN EXAMPLES 


FIGURE 4.17 

A block diagram 
model of a boring 
machine control 
system. 


In this section we present three illustrative examples: the English Channel boring 
machine, the Mars rover, and a blood pressure control problem during anesthesia. 
The English Channel boring machine example focuses on the closed-loop system 
response to disturbances. The Mars rover example highlights the advantages of 
closed-loop feedback control in decreasing system sensitivity to plant changes. The 
final example on blood pressure control is a more in-depth look at the control 
design problem. Since patient models in the form of transfer functions are diffi- 
cult to obtain from basic biological and physical principles, a different approach 
using measured data is discussed. The positive impact of closed-loop feedback control 
is illustrated in the context of design. 


EXAMPLE 4.2 English Channel boring machines 


The construction of the tunnel under the English Channel from France to Great 
Britain began in December 1987. The first connection of the boring tunnels from 
each country was achieved in November 1990. The tunnel is 23.5 miles long and is 
bored 200 feet below sea level. The tunnel, completed in 1992 at a total cost of $14 
billion, accommodates 50 train trips daily. This construction is a critical link between 
Europe and Great Britain, making it possible for a train to travel from London to 
Paris in three hours. 

The machines, operating from both ends of the channel, bored toward the mid- 
dle. To link up accurately in the middle of the channel, a laser guidance system kept 
the machines precisely aligned. A model of the boring machine control is shown in 
Figure 4.17, where Y(s) is the actual angle of direction of travel of the boring machine 
and R(s) is the desired angle. The effect of load on the machine is represented by the 
disturbance, T,(s). 

The design objective is to select the gain K so that the response to input angle 
changes is desirable while we maintain minimal error due to the disturbance. The 
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T4(s) 





R(s) 
Desired 
angle 






FIGURE 4.18 

The response y(t) to 
(a) a unit input step 
r(t) and (b) a unit 
disturbance step 
input with 

Tals) = 1/s for 

K = 100. 
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output due to the two inputs is 


K + lls 
s?+ 125+ K 





Y(s) 





R(s) + T,(s). (4.57) 


s+ 12s+K 
Thus, to reduce the effect of the disturbance, we wish to set the gain greater than 10. 
When we select K = 100 and let the disturbance be zero, we have the step response for 
a unit step input r(r), as shown in Figure 4.18(a). When the input r(t) = 0 and we deter- 
mine the response to the unit step disturbance, we obtain y(t) as shown in Figure 4.18(b). 
The effect of the disturbance is quite small. If we set the gain K equal to 20, we ob- 
tain the responses of y(t) due to a unit step input r(t) and disturbance T,(t) displayed 
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FIGURE 4.19 
The response y(t) 
for a unit step input 
(solid line) and for a 
unit step 
disturbance 
(dashed line) for 

K = 20. 
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together in Figure 4.19. Since the overshoot of the response is small (less than 4%) 
and the steady state is attained in 2 seconds, we would prefer that K = 20. The 
results are summarized in Table 4.1. 

The steady-state error of the system to a unit step input R(s) = 1/s is 


lim e(t) = lim a ene = 0. (4.58) 


a saN K + 1ls/1 
{+ ol 
s(s + 1)\s 


The steady-state value of y(t) when the disturbance is a unit step, T,(s) = 1/s, 
and the desired value is r(t) = 0 is 


1 1 
iO tin] = +12) + zl K ay) 


Thus, the steady-state value is 0.01 and 0.05 for K = 100 and 20, respectively. 
Finally, we examine the sensitivity of the system to a change in the process G(s) 
using Equation (4.12). Then 














s(s + 1) 
ide 
m 4.60 
G s(s +12) + K (#60) 
Table 4.1 Response of the Boring System for Two Gains 

Time for 

response to Steady-state 

r(t) = step response Steady-state error 

Overshoot of to reach y(t) for unit of response to 

Gain response to steady state step disturbance r(t) = step with 
K r(t) = step (2% criterion) with r(t) = 0 zero disturbance 
100 22% 0.7s 0.01 0 


20 4% 1.0s 0.05 0 





FIGURE 4.20 
Mars Exploration 
Rovers are 
significantly more 
capable than their 
predecessor, the 
Mars Pathfinder 
Sojourner. 
(Courtesy of NASA.) 


Section 4.8 Design Examples 235 


For low frequencies (|s| < 1), the sensitivity can be approximated by 


s 
Sae, 4.61 
tei (461) 
where K = 20. Thus, the sensitivity of the system is reduced by increasing the gain, 
K. In this case, we choose K = 20 for a reasonable design compromise. m 


EXAMPLE 4.3 Mars rover vehicle 


The solar-powered Mars rover named Sojourner landed on Mars on July 4, 1997, and 
was deployed on its journey on July 5, 1997. The rover was controlled by operators on 
Earth using controls on the rover [21, 22]. The Mars rovers, aptly dubbed Spirit and 
Opportunity, are known as the twin Mars Exploration Rovers and landed on the 
planet in 2004. These new rovers differ in size and capability from the Sojourner 
rover. Sojourner was about 65 cm (2 ft) long and weighed 10 kg (22 Ib), while Spirit 
and Opportunity are each 1.6 m (5.2 ft) long and weigh 174 kg (384 Ibs). Sojourner 
traveled a total distance of about 100 m during its 12 weeks of activity on Mars. Spir- 
it has traveled over 7 km and Opportunity has traveled over 10 km. Each vehicle 
has lasted many times longer than originally planned. The Mars Exploration 
Rovers are more autonomous; each carries its own telecommunications equipment, 
camera, and computers, whereas the Sojourner housed most of its equipment on the 
lander left at the base site. The solar-powered Mars rover Spirit is shown in Figure 
4.20. The vehicle is controlled from Earth by sending it path commands, r(¢). 

A very simplified model of a rover is depicted in Figure 4.21. The system may be 
operated without feedback, as shown in Figure 4.21(a), or with feedback, as shown 
in Figure 4.21(b). The goal is to operate the rover with modest effects from distur- 
bances such as rocks and with low sensitivity to changes in the gain K. 

The transfer function for the open-loop system is 


yt Se (4.62) 


T,(s) = 
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FIGURE 4.21 
Control system for 
the rover. (a) Open- 
loop (without 
feedback). 

(b) Closed-loop 
with feedback. 
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Controller 
Y(s) 
K(s + D(s +3) 1 z 
Rs = — 
ts) has +5 G+ D643) ne 
(a) 
Ys) 
Vehicle 
position 
and the transfer function for the closed-loop system is 
Y(s) K 
Ts) = = 3 4.63 
As) R(s) s +45+34+K oe) 
Then, for K = 2, 
2 
T(s T. TAs) = r 
O O ORETTE 


Hence, we can compare the sensitivity of the open-loop and closed-loop systems for 
the same transfer function. 
The sensitivity for the open-loop system is 


Se =—2> =1, (4.64) 


and the sensitivity for the closed-loop system is 
gfe — aK _ s+ 4s +3 
K AKT 3? +45+34+K 





(4.65) 


To examine the effect of the sensitivity at low frequencies, we let s = jw to obtain 
(3 — a°) + j4o 


SE = 
S a) jk 


(4.66) 
For K = 2, the sensitivity at low frequencies, w < 0.1, is |SẸe] ~ 0.6. 
A frequency plot of the magnitude of the sensitivity is shown in Figure 4.22. 
Note that the sensitivity for low frequencies is 
ISk| < 0.8, for w <1. 


The effect of the disturbance can be determined by setting R(s) = 0 and letting 
T,(s) = 1/s. Then, for the open-loop system, we have the steady-state value 


: 1 eee 
YES) lin esa} 3° (07) 








FIGURE 4.22 

The magnitude of 
the sensitivity of the 
closed-loop system 
for the Mars rover 
vehicle. 
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As shown in Section 4.4, the output of the closed-loop system with a unit step 
disturbance, T,(s) = 1/s, is 


1 eA 
=li . 68 
y(°°) ims are ae 34K AH) 








When K = 2, y(œ) = 1/5. Because we seek to minimize the effect of the distur- 
bance, it is clear that a larger value of K would be desirable. An increased value of 
K,such as K = 50, will further reduce the effect of the disturbance as well as reduce 
the magnitude of the sensitivity (Equation 4.66). However, as we increase K beyond 
K = 50, the transient performance of the system for the ramp input, r(¢), begins to 
deteriorate. m 


EXAMPLE 4.4 Blood pressure control during anesthesia 


The objectives of anethesia are to eliminate pain, awareness, and natural reflexes so 
that surgery can be conducted safely. Before about 150 years ago, alcohol, opium 
and cannabis were used to achieve these goals, but they proved inadequate [24]. 
Pain relief was insufficient both in magnitude and duration; too little pain medica- 
tion and the patient felt great pain, too much medication and the patient died or be- 
came comatose. In the 1850s ether was used successfully in the United States in 
tooth extractions, and shortly thereafter other means of achieving unconsciousness 
safely were developed, including the use of chloroform and nitrous oxide. 

In a modern operating room, the depth of anesthesia is the responsibility of 
the anesthetist. Many vital parameters, such as blood pressure, heart rate, tem- 
perature, blood oxygenation, and exhaled carbon dioxide, are controlled within 
acceptable bounds by the anesthetist. Of course, to ensure patient safety, ade- 
quate anesthesia must be maintained during the entire surgical procedure. Any 
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assistance that the anesthetist can obtain automatically will increase the safety 
margins by freeing the anesthetist to attend to other functions not easily auto- 
mated. This is an example of human computer interaction for the overall control 
of a process. Clearly, patient safety is the ultimate objective. Our control goal 
then is to develop an automated system to regulate the depth of anesthesia. This 
function is amenable to automatic control and in fact is in routine use in clinical 
applications [25, 26]. 

We consider how to measure the depth of anesthesia. Many anesthetists regard 
mean arterial pressure (MAP) as the most reliable measure of the depth of anesthe- 
sia [27]. The level of the MAP serves as a guide for the delivery of inhaled anesthesia. 
Based on clinical experience and the procedures followed by the anesthetist, we 
determine that the variable to be controlled is the mean arterial pressure. 

The elements of the control system design process emphasized in this example 
are illustrated in Figure 4.23. From the control system design perspective, the con- 
trol goal can be stated in more concrete terms: 


A Topics emphasized in this example 
# Regulate the mean arterial 
Establish the control goals _— ` i ne à 
pressure to any given set point. 


g 


Identify the variables to be controlled | <———— Mean arterial pressure. 


J Five specifications: 
DSI: settling time 


b 0 h DS2: percent overshoot 
Write the specification: a 
z TY DS3: tracking error 














Į DS4: disturbance rejection 
DS5: system sensitivity 
Establish the system configuration +—— See Figure 4.24. 
Controller, pump, patient, 
i and sensor, 


Obtain a model of the process, the 
actuator, and the sensor 





See Equations: (4.69)-(4.71). 








Three PID controllers given. 


See Equation (4.72) and Table 4.2. 


Describe a controller and select key 
parameters to be adjusted 








analyze the performance with analysis only. 


i 


If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 


f Optimize the parameters and | This chapter deals 





FIGURE 4.23 Elements of the control system design process emphasized in the blood pressure 
control example. 
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Control Goal 
Regulate the mean arterial pressure to any desired set-point and maintain the 
prescribed set-point in the presence of unwanted disturbances. 


Associated with the stated control goal, we identify the variable to be controlled: 


Variable to Be Controlled 
Mean arterial pressure (MAP). 


Because it is our desire to develop a system that will be used in clinical appli- 
cations, it is essential to establish realistic design specifications. In general terms 
the control system should have minimal complexity while satisfying the control 
specifications. Minimal complexity translates into increased system reliability and 
decreased cost. 

The closed-loop system should respond rapidly and smoothly to changes in the 
MAP set-point (made by the anesthetist) without excessive overshoot. The closed- 
loop system should minimize the effects of unwanted disturbances. There are two 
important categories of disturbances: surgical disturbances, such as skin incisions 
and measurement errors, such as calibration errors and random stochastic noise. For 
example, a skin incision can increase the MAP rapidly by 10 mmHg [27]. Finally, 
since we want to apply the same control system to many different patients and we 
cannot (for practical reasons) have a separate model for each patient, we must have 
a closed-loop system that is insensitive to changes in the process parameters (that is, 
it meets the specifications for many different people). 

Based on clinical experience [25], we can explicitly state the control specifica- 
tions as follows: 


Control Design Specifications 
DS1 Settling time less than 20 minutes for a 10% step change from the MAP set-point. 


DS2 Percent overshoot less than 15% for a 10% step change from the MAP set-point. 
DS3 Zero steady-state tracking error to a step change from the MAP set-point. 


DS4 Zero steady-state error to a step surgical disturbance input (of magnitude 
|d(t)| = 50) with a maximum response less than +5% of the MAP set-point. 


DS5 Minimum sensitivity to process parameter changes. 


We cover the notion of percent overshoot (DS1) and settling time (DS2) more thor- 
oughly in Chapter 5. They fall more naturally in the category of system perfor- 
mance. The remaining three design specifications, DS3-DS5, covering steady-state 
tracking errors (DS3), disturbance rejection (DS4), and system sensitivity to para- 
meter changes (DSS) are the main topics of this chapter. The last specification, DS5, 
is somewhat vague; however, this is a characteristic of many real-world specifica- 
tions. In the system configuration, Figure 4.24, we identify the major system ele- 
ments as the controller, anesthesia pump/vaporizer, sensor, and patient. 

The system input R(s) is the desired mean arterial pressure change, and the out- 
put Y(s) is the actual pressure change. The difference between the desired and the 
measured blood pressure change forms a signal used by the controller to determine 
value settings to the pump/vaporizer that delivers anesthesia vapor to the patient. 

The model of the pump/vaporizer depends directly on the mechanical design. 
We will assume a simple pump/vaporizer, where the rate of change of the output 
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Valve Surgical 
setting disturbance 
Tas) 
Controller Pump 
R(s) Vs) Y(s) 
Desired blood GAs) G(s) G(s) Actual blood 
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Measurement 
noise 
Measured blood 
pressure change 
FIGURE 4.24 Blood pressure control system configuration. 
vapor is equal to the input valve setting, or 
u(t) = v(t). 
The transfer function of the pump is thus given by 
U(s) 1 
Gs) = >=~=-. 4.69 
Oor (4.69) 


This is equivalent to saying that, from an input/output perspective, the pump has the 
impulse response 


h(t) =1 t=0. 


Developing an accurate model of a patient is much more involved. Because the 
physiological systems in the patient (especially in a sick patient) are not easily mod- 
eled, a modeling procedure based on knowledge of the underlying physical process- 
es is not practical. Even if such a model could be developed, it would, in general, be 
a nonlinear, time-varying, multi-input, multi-output model. This type of model is not 
directly applicable here in our linear, time-invariant, single-input, single-output sys- 
tem setting. 

On the other hand, if we view the patient as a system and take an input/output 
perspective, we can use the familiar concept of an impulse response. Then if we 
restrict ourselves to small changes in blood pressure from a given set-point (such 
as 100 mmHg), we might make the case that in a small region around the set-point 
the patient behaves in a linear time-invariant fashion. This approach fits well into 
our requirement to maintain the blood pressure around a given set-point (or baseline). 
The impulse response approach to modeling the patient response to anesthesia has 
been used successfully in the past [28]. 

Suppose that we take a black-box approach and obtain the impulse response in 
Figure 4.25 for a hypothetical patient. Notice that the impulse response initially has 
a time delay. This reflects the fact that it takes a finite amount of time for the patient 
MAP to respond to the infusion of anesthesia vapor. We ignore the time-delay in 


FIGURE 4.25 
Mean arterial 
pressure (MAP) 
impulse response 
for a hypothetical 
patient. 
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our design and analysis, but we do so with caution. In subsequent chapters we will 
learn to handle time delays. We keep in mind that the delay does exist and should be 
considered in the analysis at some point. 

A reasonable fit of the data shown in Figure 4.25 is given by 


O= ¢20, 


where p = 2 and time (t) is measured in minutes. Different patients are associated 
with different values of the parameter p. The corresponding transfer function is 


1 
G(s) = ——. 4.70 
Care: (4.70) 
For the sensor we assume a perfect noise-free measurement and 
A(s) = 1. (4.71) 


Therefore, we have a unity feedback system. 
A good controller for this application is a proportional-integral-derivative 
(PID) controller: 
Kı _ Kps? + Kps + K; 
Gals) = Kp + sKp +=" = —— (4.72) 
where Kp, Kp, and K; are the controller gains to be determined to satisfy all design 
specifications. The selected key parameters are as follows: 


Select Key Tuning Parameters 
Controller gains Kp, Kp, and K;. 


We begin the analysis by considering the steady-state errors. The tracking error 
(shown in Figure 4.24 with T,(s) = 0 and N(s) = 0) is 


242 


Chapter 4 Feedback Control System Characteristics 


1 


EO = RO) - YO =T 


(s), 


st + 2ps + ps? 
st + 2ps? + (p? + Kp)? + Kps + K; 





E(s) = R(s). 


Using the final-value theorem, we determine that the steady-state tracking 
error is 








$ : Ro(s* + 2ps? + ps?) 
lim sE(s) = lin 5 7 3 
s>0 s>0s + 2ps’ + (p* + Kp)s* + Kps + Ki 


where R(s) = Ro/s is a step input of magnitude Rọ. Therefore, 
Jim, e(t) = 0. 


With a PID controller, we expect a zero steady-state tracking error (to a step input) 
for any nonzero values of Kp, Kp, and K;. As we will see in Chapter 5, the integral 
term, K;,/s, in the PID controller is the reason that the steady-state error to a unit 
step is zero. Thus design specification DS3 is satisfied. 

When considering the effect of a step disturbance input, we let R(s) = 0 and 
N(s) = 0. We want the steady-state output Y(s) to be zero for a step disturbance. 
The transfer function from the disturbance T4(s) to the output Y(s) is 





oc a O RN 
"Ts Gl5)G,(s)G(5) a(s) 
= Ts) 
= S). 
si + 2ps? + (p? + Kp)? + Kps + K, | 
When 
D 
Tas) = >, 
we find that 
; —Dps* 








lim sY(s) = lim 
s>0 (s) s>0st + 2ps? + (p + Kp)s* + Kps + K; 


Therefore, 
Jim, y(t) = 0. 


Thus a step disturbance of magnitude Dy will produce no output in the steady-state, 
as desired. 
The sensitivity of the closed-loop transfer function to changes in p is given by 


T — oLoG 
ST = SESS. 
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We compute SẸ as follows: 











Ge aG(s) pP —2p 
P: dp G(s) s+p 
and 
Sh, 1 _ s*(s + py 
1 + G(s)G,(s)G(s) sê + 2ps? + (p? + Kp)s? + Kps + K; 
Therefore, 


2p(s + p)s? 
st + 2ps? + (p + Kp)? + Kps + Ky 





ST = SESE = (4.73) 


We must evaluate the sensitivity function S$}, at various values of frequency. For low 
frequencies we can approximate the system sensitivity $i by 


hu 2ps? 
P Kı © 


So at low frequencies and for a given p we can reduce the system sensitivity to varia- 
tions in p by increasing the PID gain, Kz. Suppose that three PID gain sets have been 
proposed, as shown in Table 4.2. With p = 2 and the PID gains given as the cases 1-3 in 
Table 4.2, we can plot the magnitude of the sensitivity st as a function of frequency for 
each PID controller. The result is shown in Figure 4.26. We see that by using the PID 3 
controller with the gains Kp = 6, Kp = 4, and K; = 4, we have the smallest system 
sensitivity (at low frequencies) to changes in the process parameter, p. PID 3 is the 
controller with the largest gain K;. As the frequency increases we see in Figure 4.26 
that the sensitivity increases, and that PID 3 has the highest peak sensitivity. 

Now we consider the transient response. Suppose we want to reduce the MAP 
by a 10% step change. The associated input is 


Ry _ 10 
R(s) = 5 = y 
The step response for each PID controller is shown in Figure 4.27. PID 1 and PID 2 
meet the settling time and overshoot specifications; however PID 3 has excessive 
overshoot. The overshoot is the amount the system output exceeds the desired 
steady-state response. In this case the desired steady-state response is a 10% decrease 


in the baseline MAP. When a 15% overshoot is realized, the MAP is decreased by 


Table 4.2 PID Controller Gains and System Performance Results 





Input response Settling Disturbance response 
PID Kp Kp K; overshoot (%) time (min) overshoot (%) 
1, 6 4 1 14.0 10.9 5.25 
2 5 7 2 14.2 8.7 4.39 
3 6 4 4 39.7 11.1 5.16 
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FIGURE 4.26 
System sensitivity 107! 10° 10! 
to variations in the 
parameter p. Frequency (rad/min) 
11.5%, as illustrated in Figure 4.27. The settling time is the time required for the sys- 
tem output to settle within a certain percentage (for example, 2%) of the desired 
steady-state output amplitude. We cover the notions of overshoot and settling time 
more thoroughly in Chapter 5. The overshoot and settling times are summarized in 
Table 4.2. 
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FIGURE 4.27 
Mean arterial 
pressure (MAP) 





step input response . g 
with R(s) = 10/s. Time (min) 


FIGURE 4.28 
Mean arterial 
pressure (MAP) 
disturbance step 
response. 
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We conclude the analysis by considering the disturbance response, From previous 
analysis we know that the transfer function from the disturbance input T,(s) to the 
output ¥(s) is 

¥(s) = —G(s) Ta 
= TF G@G,co O 
L =y 
st + 2ps + (p? + Kp)? + Kps + K; 


To investigate design specification DS4, we compute the disturbance step response 
with 





Ta(s). 


Dy _ 50 
e O => 


This is the maximum magnitude disturbance (|7,(t)| = Dy = 50). Since any step 
disturbance of smaller magnitude (that is, |T,(t)| = Dy < 50) will result in a 
smaller maximum output response, we need only to consider the maximum mag- 
nitude step disturbance input when determining whether design specification DS4 
is satisfied. 

The unit step disturbance for each PID controller is shown in Figure 4.28. Con- 
troller PID 2 meets design specification DS4 with a maximum response less than 
+5% of the MAP set-point, while controllers PID 1 and 3 nearly meet the specifica- 
tion. The peak output values for each controller are summarized in Table 4.2. 

In summary, given the three PID controllers, we would select PID 2 as the con- 
troller of choice. It meets all the design specifications while providing a reasonable 
insensitivity to changes in the plant parameter. m 











Percent decrease in mean arterial pressure (%) 











Time (min) 
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4.9 CONTROL SYSTEM CHARACTERISTICS USING CONTROL DESIGN SOFTWARE 


In this section, the advantages of feedback will be illustrated with two examples. In 
the first example, we will introduce feedback control to a speed tachometer system 
in an effort to reject disturbances. The tachometer speed control system example 
can be found in Section 4.5. The reduction in system sensitivity to process variations, 
adjustment of the transient response, and reduction in steady-state error will be 
demonstrated using the English Channel boring machine example of Section 4.8. 


EXAMPLE 4.5 Speed control system 


The open-loop block diagram description of the armature-controlled DC motor 
with a load torque disturbance 7,(s) is shown in Figure 4.7. The values for the vari- 
ous parameters (taken from Figure 4.7) are given in Table 4.3. We have two inputs to 
our system, V,(s) and 7;(s). Relying on the principle of superposition, which applies 
to our linear system, we consider each input separately. To investigate the effects of 
disturbances on the system, we let V,(s) = 0 and consider only the disturbance 
T,(s). Conversely, to investigate the response of the system to a reference input, we 
let 7;(s) = 0 and consider only the input V,(s). 

The closed-loop speed tachometer control system block diagram is shown in 
Figure 4.9. The values for K, and K, are given in Table 4.3. 

If our system displays good disturbance rejection, then we expect the distur- 
bance T4(s) to have a small effect on the output w(s). Consider the open-loop sys- 
tem in Figure 4.11 first. We can compute the transfer function from T,(s) to w(s) and 
evaluate the output response to a unit step disturbance (that is, T4(s) = 1/s). The 
time response to a unit step disturbance is shown in Figure 4.29(a). The script shown 
in Figure 4.29(b) is used to analyze the open-loop speed tachometer system. 

The open-loop transfer function (from Equation (4.26)) is 


BO. l 


TO wal 9° 


where sys_o represents the open-loop transfer function in the script. Since our desired 
value of w(t) is zero (remember that V,(s) = 0), the steady-state error is just the final 
value of w(t), which we denote by w,(t) to indicate open-loop. The steady-state error, 
shown on the plot in Figure 4.29(a), is approximately the value of the speed when 
t = 7 seconds. We can obtain an approximate value of the steady-state error by look- 
ing at the last value in the output vector y,, which we computed in the process of gen- 
erating the plot in Figure 4.29(a). The approximate steady-state value of w, is 


@(00) © w,(7) = —0.66 rad/s. 


The plot verifies that we have reached steady state. 


Table 4.3 Tachometer Control System Parameters 
Ra Ka J b Kp Ka Ki 
10 10 Nm/A 2kg m? 0.5Nms 0.1 Vs 54 1Vs 








FIGURE 4.29 
Analysis of the 
open-loop speed 
control system. 
(a) Response. 

(b) m-file script. 
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Open-Loop Disturbance Step Response 









































Time (s) 


(a) 





%Speed Tachometer Example 

% 

Ra=1; Km=10; J=2; f=0.5; Kb=0.1; 

num1=[1]; deni=[J,b]; sys1=tf(num1,den1); 
num2=[Km’*Kb/Ra]; den2=[1]; sys2=t{(num2,den2); 


sys_o=feedback(sys1,sys2); 7 AES 

% Change sign of transfer function since the 
syS_0=-sys_0 disturbance has negative sign in the diagram. 
% 

[yo,T]=step(sys_o); Compute response to 
plot(T,yo) step disturbance. 
title((Open-Loop Disturbance Step Response’) 

xlabel(‘Time (s)'),ylabel(‘\omega_o’), grid 


% 
yo(length(T)) Steady-state error —> last value of output yo. 


(b) 














Ina similar fashion, we begin the closed-loop system analysis by computing the 
closed-loop transfer function from 7;(s) to w(s) and then generating the time- 
response of w(t) to a unit step disturbance input. The output response and the 
script cltach.m are shown in Figure 4.30. The closed-loop transfer function from the 
disturbance input (from Equation (4.30)) is 

o(s) _ —1 

Ty(s) 2s + SALS 
As before, the steady-state error is just the final value of w(t), which we denote by 
@,(t) to indicate that it is a closed-loop. The steady-state error is shown on the plot in 
Figure 4.30(a). We can obtain an approximate value of the steady-state error by look- 


ing at the last value in the output vector y,, which we computed in the process of gen- 
erating the plot in Figure 4.30(a). The approximate steady-state value of w is 


@,(00) © w,(0.02) = —0.002 rad/s. 


We generally expect that w,(00)/w,(00) < 0.02. In this example, the ratio of closed- 
loop to open-loop steady-state speed output due to a unit step disturbance input is 
w(00) 


w() 





= sys_c. 


= 0.003. 
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FIGURE 4.30 
Analysis of the 
closed-loop speed 
control system. 

(a) Response. 

(b) m-file script. 
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%Speed Tachometer Example 
% 
Ra=1; Km=10; J=2; b=0.5; Kb=0.1; Ka=54; Kt=1; 
num1=[1]; den1=[J,b]; sys1=tf(num1,den1); 
num2=[Ka*Kt]; den2=[1]; sys2=tf(num2,den2); 
num3=[Kb]; den3=[1]; sys3=tf(num3,den3); 
num4=[Km/Ra]; den4=[1]; sys4=tf(num4,den4); 


Sysa=parallel(sys2,sys3); Block diagram reduction 

sysb=series(sysa,sys4); 

oe ie »Sysb); Change sign of transfer function since the 
° disturbance has negative sign in the diagram. 

syS_C=-syS_c 


% 

[yc,T]=step(sys_c); 

plot(T,yc) 

litle(‘Closed-Loop Disturbance Step Response’) 
xlabel('Time (s)'), ylabel(‘\omega_c (rad/s)’), grid 
% 


ye(length(T)) Steady-state error — last value of output yc. 
eee | 


(b) 


Compute response to 
step disturbance. 








We have achieved a remarkable improvement in disturbance rejection. It is clear 
that the addition of the negative feedback loop reduced the effect of the disturbance 
on the output. This demonstrates the disturbance rejection property of closed-loop 


feedback systems. m 


EXAMPLE 4.6 English Channel boring machines 


The block diagram description of the English Channel boring machines is shown 
in Figure 4.17. The transfer function of the output due to the two inputs is 


(Equation (4.57)) 


K + ils 1 


R(s) 4 Tis): 
24+ KO t 24st KR 








Y(s) 


FIGURE 4.31 
The response to a 
step input when 
(a) K = 100 and 
(b) K = 20. 

(c) m-file script. 
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Step Response for K=100 















Overshoot 





Settling time 








0 02 04 06 08 10 12 14 16 18 20 
Time (s) 


(a) 


Step Response for K=20 


















0 02 04 06 08 LO. 12 14 1.6 18 2.0 
Time (s) 
(b) 





% Response to a Unit Step Input R(s)=1/s for K=20 and K=100 
% 

numg=[1]; deng=[1 1 0]; sysg=tf(numg,deng); 

K1=100; K2=20; 

num1=[11 K1]; num2=[11 K2]; den=[0 1]; 

sys1=tf(num1,den); 

sys2=tf(num2,den); 

% 


% 
[y1,t]=step(sysc,t); [y2,t]=step(sysd,t); 


xlabel('Time (s)'),ylabel(‘y(t)’), grid mm —  withxandy 
subplot(212),plot(t,y2), title('Step Response for K=20') axis labels. 





sysa=series(sys1,sysg); sysb=series(sys2,sysg); Closed-loop 
sysc=feedback(sysa,(1]); sysd=feedback(sysb,[1]); transfer functions. 


1[0:0.01:2.0]; <————_ Choose time interval. 


subplot(211),plot(t,y1), title(‘Step Response for K=100') | Create subplots 











xlabel(‘Time (s)'),ylabel('y(t)’), grid 








(c) 
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The effect of the control gain, K, on the transient response is shown in Figure 4.31 
along with the script used to generate the plots. Comparing the two plots in parts (a) 
and (b), it is apparent that decreasing K decreases the overshoot. Although it is not 
as obvious from the plots in Figure 4.31, it is also true that decreasing K increases 
the settling time. This can be verified by taking a closer look at the data used 
to generate the plots. This example demonstrates how the transient response 
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FIGURE 4.32 
The response to a 
step disturbance 
when (a) K = 100 
and (b) K = 20. 
(c) m-file script. 
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can be altered by feedback control gain, K. Based on our analysis thus far, we would 
prefer to use K = 20. Other considerations must be taken into account before we 
can establish the final design. 

Before making the final choice of K, it is important to consider the system response 
to a unit step disturbance, as shown in Figure 4.32. We see that increasing K reduces the 


Disturbance Response for K=100 





x) 











Time (s) 


(a) 


Disturbance Response for K=20 





y(t) 








Time (s) 


(b) 





% Response to a Disturbance T,4(s)=1/s for K=20 and K=100 

9 

% 

numg=[1]; deng=[1 1 0]; 

sysg=tf{(numg,deng); 

K1=100; K2=20; 

num1=[11 K1]; num2=[11 K2]; den=[0 1]; 

sys1=tf(num1 den); sys2=tf(num2,den); 

% 

sysa=feedback(sysg,sys1); sysa=minreal(sysa); Closed-loop 
sysb=feedback(sysg,sys2); sysb=minreal(sysb); transfer functions. 
% 

t=[0:0.01:2.5]; 

[y1,t]=step(sysa,t); [y2,t]=step(sysb,t); 

subplot(211),plot(t,y1), title(Disturbance Response for K=100') 
xlabel(‘Time (s)’), ylabel(‘y(t)’), grid 

subplot(212),plot(t,y2), title(‘Disturbance Response for K=20') 


xlabel(‘Time (s)’),ylabel(‘y(t)'), grid Create subplots with 
xand y labels. 


© 
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Table 4.4 Response of the Boring Machine Control System 
for K = 20 andK = 100 





K = 20 K = 100 
Step Response 
Overshoot 4% 22% 
Ty 1.0s 0.7s 
Disturbance Response 
m 5% 1% 





steady-state response of y(¢) to the step disturbance. The steady-state value of y(t) 
is 0.05 and 0.01 for K = 20 and 100, respectively. The steady-state errors, percent 
overshoot, and settling times (2% criteria) are summarized in Table 4.4. The 
steady-state values are predicted from the final-value theorem for a unit distur- 
bance input as follows: 


lim y(t) = lim s ener Sone, 2 er 
prod) T SO") s(s + 12) + Kfs K 


If our only design consideration is disturbance rejection, we would prefer to use 
K = 100. 

We have just experienced a very common trade-off situation in control system 
design. In this particular example, increasing K leads to better disturbance rejection, 
whereas decreasing K leads to better performance (that is, less overshoot). The final 
decision on how to choose K rests with the designer. Although control design soft- 
ware can certainly assist in the control system design, it cannot replace the engi- 
neer’s decision-making capability and intuition. 

The final step in the analysis is to look at the system sensitivity to changes in the 
process. The system sensitivity is given by (Equation 4.60), 


7 ss +1) 
G s(s + 12) +K 


We can compute the values of SẸ(s) for different values of s and generate a plot of the 
system sensitivity. For low frequencies, we can approximate the system sensitivity by 


Ss 
SE~ =. 

os 
Increasing the gain K reduces the system sensitivity. The system sensitivity plots 
when s = jw are shown in Figure 4.33 for K = 20. m 


4.10 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


The design of a disk drive system is an exercise in compromise and optimization. The 
disk drive must accurately position the head reader while being able to reduce the 
effects of parameter changes and external shocks and vibrations. The mechanical arm 
and flexure will resonate at frequencies that may be caused by excitations such as a 
shock to a notebook computer. Disturbances to the operation of the disk drive include 
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FIGURE 4.33 
(a) System 
sensitivity to plant 


variations (s = jw). 


(b) m-file script. 
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System Sensitivity to Plant Variations 





0.6 








0.4 


Imag(S) 











0.4 
Real (S) 


















10? 

0 
a 10 
rs 
< 10°? 

1074 - - 
107! 10° 10! 107 10° 
w (rad/s) 


(a) 





fa% System Sensitivity Plot 
% 
K=20; num={1 1 0]; den=[1 12 K]; 


w=logspace(-1,3,200); s=w*i; 

n=s.^2 + s; d= $.^2 + 12*s+K; S=n./d; 
n2= s; d2=K; S2=n2./d2; 

subplot(211), plot(real(S),imag(S)) 


title(‘System Sensitivity to Plant Variations’) 
xlabel(‘Real(S)’), ylabel('Imag(S)’), grid 
subplot(212), loglog(w,abs(S),w,abs(S2)) 

xlabel('\omega(rad/s)'), ylabel('Abs(S)’), grid 
a 





Set up vector of s = jw 
to evaluate the sensitivity. 














(b) 


physical shocks, wear or wobble in the spindle bearings, and parameter changes due to 
component changes. In this section, we will examine the performance of the disk drive 
system in response to disturbances and changes in system parameters. In addition, we 
examine the steady-state error of the system for a step command and the transient 
response as the amplifier gain K, is adjusted. Thus, in this section, we are carrying out 
the last two steps of the design process shown in Figure 1.15. 

Let us consider the system shown in Figure 4.34. This closed-loop system uses an 
amplifier with a variable gain as the controller. Using the parameters specified in 
Table 2.10, we obtain the transfer functions as shown in Figure 4.35. First, we will 
determine the steady states for a unit step input, R(s) = 1/s, when Ty(s) = 0. 
When H(s) = 1, we obtain 


1 
TF KG 9G)" 








E(s) = R(s) — Y(s) 


FIGURE 4.34 
Control system for 
disk drive head 
reader. 


FIGURE 4.35 
Disk drive head 
control system with 
the typical 
parameters of 
Table 2.10. 


Section 4.10 Sequential Design Example: Disk Drive Read System 253 








Disturbance 
Tals) 
Ris) 
Desired PA i 
head otua 
position 


position 








Sensor 


Disturbance 
Ta(s) 








Therefore, 








, , 1 1 
Haen) ial; + naa | s G 


Then the steady-state error is e(00) = 0 for a step input. This performance is 
obtained in spite of changes in the system parameters. 

Now let us determine the transient performance of the system as K, is adjusted. 
The closed-loop transfer function (with Ty(s) = 0) is 


Y(s) _ _ KaGi(s)G2(s) 
R(s) 1 + K,Gi(s)Ga(s) 


5000 K, 
s? + 1020s? + 20000s + 5000K, 


Using the script shown in Figure 4.36(a), we obtain the response of the system 
for K, = 10 and K, = 80, shown in Figure 4.36(b). Clearly, the system is faster in 
responding to the command input when K, = 80, but the response is unacceptably 
oscillatory. 

Now let us determine the effect of the disturbance T,(s) = 1/s when R(s) = 0. 
We wish to decrease the effect of the disturbance to an insignificant level. Using 
the system of Figure 4.35, we obtain the response Y(s) for the input 7,(s) when 
Ką, = 80 as 








T(s) 





(4.75) 


G,(s) 


YO = TE KGG 


Ta(8). (4.76) 


Using the script shown in Figure 4.37(a), we obtain the response of the system when 
K, = 80 and T,(s) = 1/s, as shown in Figure 4.37(b). In order to further reduce the 
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Ka=10; Selec! 
nf=[5000]; df=[1 1000]; sysf=tf(nf,df); 
ng=[1]; dg=[1 20 0]; sysg=tf(ng,dg); 
sysa=series(Ka*sysf,sysg); 
sys=feedback(sysa,[1]); 
t=[0:0.01:2]; 

y=step(sys,t); plot(Ly) 

ylabel(‘y(t)'), xlabel(‘Time (s)'), grid 











(a) 





y(t) 




















0 02; 04, 06 O08 L 12. 14 16 18 20 
Time (s) 





yo) 





FIGURE 4.36 
Closed-loop 
response. (a) m-file 
script. (b) Step 
response for 

K, = 10 and 

K, = 80. 
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Kosa 


nf=[5000]; df=[1 1000]; sysf=tf(nf,df); 

ng=[1]; dg=[1 20 0]; sysg=tf(ng,dg):; 
sys=feedback(sysg,Ka"sysf); Disturbance enters 
syS=—sys; summer with a 
t=[0:0.01:2]; negative sign. 
y=step(sys,t); 

plot(t,y), grid 

ylabel(‘y(t)'), xlabel('Time (s)'), grid 














FIGURE 4.37 
Disturbance step 
response. (a) m-file 











script. 

(b) Disturbance Time (s) 
response for 

K, = 80. (b) 


effect of the disturbance, we would need to raise K, above 80. However, the response 
to a step command r(t) = 1,¢ > 0 is unacceptably oscillatory. In the next chapter, 
we attempt to determine the best value for K,, given our requirement for a quick, 
yet nonoscillatory response. 


4.11 SUMMARY 


The fundamental reasons for using feedback, despite its cost and additional com- 
plexity, are as follows: 
1. Decrease in the sensitivity of the system to variations in the parameters of the process. 
2. Improvement in the rejection of the disturbances. 
3. Improvement in the attenuation of measurement noise. 
4. Improvement in the reduction of the steady-state error of the system. 
5. Ease of control and adjustment of the transient response of the system. 
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FIGURE 4.38 

(a) A single-loop 
feedback control 
system. (b) The 
error response for a 
unit step 
disturbance when 
Rs) = 0. 
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The loop gain L(s) = G,(s)G(s) plays a fundamental role in control system 
analysis. Associated with the loop gain we can define the sensitivity and comple- 
mentary sensitivity functions as 

L(s) 
1+ L(s) 





S(s) and C(s) = 


1 
1+ L(s) 
respectively. The tracking error is given by 

E(s) = S(s)R(s) — S(s)G(s)Tg(s) + C(s)N(s). 


In order to minimize the tracking error, E(s), we desire to make S(s) and C(s) small. 
Because the sensitivity and complementary sensitivity functions satisfy the con- 
straint 


S(s) + C(s) = 1, 


we are faced with the fundamental trade-off in control system design between 
rejecting disturbances and reducing sensitivity to plant changes on the one hand, 
and attenuating measurement noise on the other hand. 

The benefits of feedback can be illustrated by considering the system shown in 
Figure 4.38(a). This system can be considered for several values of gain K. Table 4.5 
summarizes the results of the system operated as an open-loop system (with the 
feedback path disconnected) and for several values of gain, K, with the feedback 
connected. It is clear that the rise time and sensitivity of the system are reduced as 


Y(s) 








e(t) 














—0.70 L | | L i l 
0 


N 
w 
> 
u 
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Table 4.5 System Response of the System Shown in Figure 4.38(a) 








Open Loop* Closed Loop 
K=1 K=1 K= K= 10 
Rise time (s) (10% to 90% of final value) 3.35 1.52 0.45 0.38 
Percent overshoot (%) 0 4.31 33 40 
Final value of y(t) due to a disturbance, J;(s) = 1/s 1.0 0.50 0.11 0.09 
Percent steady-state error for unit step input 0 50% 11% 9% 
Percent change in steady-state error due to 10% 10% 5.3% 1.2% 0.9% 


decrease in K 





*Response only when K = 1 exactly. 


the gain is increased. Also, the feedback system demonstrates excellent reduction of 
the steady-state error as the gain is increased. Finally, Figure 4.38(b) shows the re- 
sponse for a unit step disturbance (when R(s) = 0) and shows how a larger gain will 
reduce the effect of the disturbance. 

Feedback control systems possess many beneficial characteristics. Thus, it is not 
surprising that there is a multitude of feedback control systems in industry, govern- 
ment, and nature. 


EXERCISES 


noise T,(s) on V,. (c) What value would you select for 
K; to minimize the effect of the disturbance? 


E41 A closed-loop system is used to track the sun to obtain 
maximum power from a photovoltaic array. The track- 
ing system may be represented by Figure 4.3 with 


H(s) = Land E4.3 A robotic arm and camera could be used to pick 


100 

ts +1? 
where r = 3 seconds nominally. (a) Calculate the sen- 
sitivity of this system for a small change in 7. (b) Cal- 
culate the time constant of the closed-loop system 
response. 
Answers: S = —3s/(3s + 101); Te = 3/101 seconds 

E4.2 A digital audio system is designed to minimize the 
effect of disturbances and noise as shown in Figure 
£42. As an approximation, we may represent 
G(s) = K>. (a) Calculate the sensitivity of the system 
due to K>. (b) Calculate the effect of the disturbance 





G(s) = 


fruit, as shown in Figure E4.3(a). The camera is used 
to close the feedback loop to a microcomputer, which 
controls the arm [8, 9]. The transfer function for the 
process is 


Gja = 
©) (s + 4) 

(a) Calculate the expected steady-state error of the grip- 

per for a step command A as a function of K. (b) Name 

a possible disturbance signal for this system. 


A 
1+ K/16 


Answers: (a) ess = 


FIGURE E4.2 
Digital audio 
system. 
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R(s) Ys) 
Desired Gripper 
gripper position 





position 


(b) 


FIGURE E4.3 Robot fruit picker. 


E4.4 A magnetic disk drive requires a motor to position a 


read/write head over tracks of data on a spinning disk, 
as shown in Figure E4.4. The motor and head may be 
represented by the transfer function 


10 


G(s) = s(rs + 1)’ 


where 7 = 0.001 second. The controller takes the dif- 
ference of the actual and desired positions and gener- 
ates an error. This error is multiplied by an amplifier 
K. (a) What is the steady-state position error for a 
step change in the desired input? (b) Calculate the 
required K in order to yield a steady-state error of 
0.1 mm for a ramp input of 10 cm/s. 


Answers: ess = 0; K = 100 


E4.5 Most people have experienced an out-of-focus slide 


projector. A projector with an automatic focus adjusts 
for variations in slide position and temperature distur- 
bances [11]. Draw the block diagram of an autofocus 
system, and describe how the system works. An unfo- 
cused slide projection is a visual example of steady- 
state error. 


E4.6 Four-wheel drive automobiles are popular in re- 


gions where winter road conditions are often slip- 
pery due to snow and ice. A four-wheel drive vehicle 


Magnetic disk Read/write 


R(s) 
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Desired 
position 





Controller 


| Joe signal 






head 


FIGURE E4.4 Disk drive control. 


with antilock brakes uses a sensor to keep each 
wheel rotating to maintain traction. One system is 
shown in Figure E4.6. Find the closed-loop response 
of this system as it attempts to maintain a constant 
speed of the wheel. Determine the response when 
R(s) = A/s. 


¥(s) 
Wheel speed 





FIGURE E4.6 Four-wheel drive auto. 


E4.7 Submersibles with clear plastic hulls have the poten- 


tial to revolutionize underwater leisure. One small 
submersible vehicle has a depth-control system as 
illustrated in Figure E4.7. 


(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). 

(b) Determine the sensitivity Sk, and Sk. 

(c) Determine the steady-state error due to a distur- 
bance T,(s) = 1/s. 

(d) Calculate the response y(t) for a step input 
R(s) = 1/swhen K = K, = 1and1 < K, < 10. 
Select K; for the fastest response. 


E48 Consider the simple closed-loop system shown in 


Figure E4.8. Obtain the time constant and steady-state 
error for a step input for K =2, 5, 10. Hence, explain the 
effect of gain on time constant and steady-state error 
on a type 0 first order system. 
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Disturbance 
Ts) 
Ris) Y(s) 
Desired Actual 
depth depth 





FIGURE E4.7 
Depth control 
system. 








Controller 


FIGURE E4.8 


A simple | order 
system. 




















Dis) 






































FIGURE E4.9 A system with disturbance. FIGURE E4.10 A | order system with disturbance. 
E4.9 Consider the system given in Figure E4.9. (d) Plot y(t) when r(t) = u(t) 
d(t) =0.5u(t) 
(a) Obtain the transfer function Ms) K=1 
R(s) (e) Repeat (d) with K increased to 10. 
Y(s) (f) Whatis the effect of steady-state gain on disturbance 
(b) Obtain the transfer function Dis) rejection? 
5 


E4.11 A closed-loop system is used in a high-speed steel 


ERIO Consider the system n MENEE, rolling mill to control the accuracy of the steel strip 


(a) Find an expression for ¥(s) when R(s) and D(s) is thickness. The transfer function for the process shown 
present. in Figure E4.11 can be represented as 
(b) Plot y(t) when r(t) = u(t) i 
d(t)=0 G(s) ==, 
K=1 (s) s(s + 25) 
(c) Plot y(¢) when r(t)=0 Calculate the sensitivity of the closed-loop transfer 
d(t) = u(t) function to changes in the controller gain K. 


K=1 
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R(s) 
Desired 1 
thickness 






Controller 
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Ts) 
1 
K Gs) 
Y(s) 
Actual 
thickness 
i. 
(a) 
Tals) 





Process 





+ 
ied i 
FIGURE E4.11 Pe Actual 
thickness thickness 





Control system for 
a steel rolling mill. 
(a) Signal flow 
graph. (b) Block 
diagram. 


E4.12 Consider the unity feedback system shown in 
Figure E4.12. The system has two parameters, the 
controller gain K and the constant K; in the 
process. 


a. Calculate the sensitivity of the closed-loop trans- 
fer function to changes in K4. 


b. How would you select a value for K to minimize 
the effects of external disturbances, T,(s)? 


FIGURE E4.12 

Closed-loop K 
feedback system 

with two 
parameters, K and 
Ki. 


FIGURE E4.13 
Closed-loop 
feedback system 
with K = 120 and 
K, = 10. 








(b) 


E4.13 Reconsider the unity feedback system discussed in 
E4.12. This time select K = 120 and K, = 10. The 
closed-loop system is depicted in Figure E4.13. 

a. Calculate the steady-state error of the closed- 
loop system due to a unit step input, R(s) = 1/s, 
with 7,(s) = 0. Recall that the tracking error is 
defined as E(s) = R(s) — Y(s). 

b. Calculate the steady-state response, ys, = lim y(t), 
when Ty(s) = 1/s and R(s) = 0. RE 


T,(s) 










Y(s) 





1 
s(s+10) 









Y(s) 





Problems 


PROBLEMS 


P4.1 The open-loop transfer function of a fluid-flow sys- 
tem can be written as 


= AQ(s) _ 
AQS) 75+1° 


where 7 = RC, R is a constant equivalent to the resis- 
tance offered by the orifice so that 1/R = 4kHo'”, 
and C = the cross-sectional area of the tank. Since 
AH = R AQ), we have the following for the transfer 
function relating the head to the input change: 


AH(s) " R 
AQi(s) RCs+1 


For a closed-loop feedback system, a float-level sen- 
sor and valve may be used as shown in Figure P4.1. 
Assuming the float is a negligible mass, the valve is 
controlled so that a reduction in the flow rate, A Q4, is 
proportional to an increase in head, AH, or 
AQ, = —KAH. Draw a closed-loop flow graph or 
block diagram. Determine and compare the open- 
loop and closed-loop systems for (a) sensitivity to 
changes in the equivalent coefficient R and the feed- 
back coefficient K, (b) the ability to reduce the effects 
of a disturbance in the level AH(s), and (c) the 
steady-state error of the level (head) for a step change 
of the input AQ,(s). 








G(s) 





G,(s) = 


Q, + AQ, 





Q: + AQ, 


FIGURE P4.1 Tank level control. 


FIGURE P4.2 
Ship stabilization i 
system. The effect X 
of the waves is a 1 
torque T,(s) on the 

ship @) 
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P4.2 It is important to ensure passenger comfort on ships 


by stabilizing the ship’s oscillations due to waves [13]. 
Most ship stabilization systems use fins or hydrofoils 
projecting into the water to generate a stabilization 
torque on the ship. A simple diagram of a ship stabi- 
lization system is shown in Figure P4.2. The rolling 
motion of a ship can be regarded as an oscillating pen- 
dulum with a deviation from the vertical of @ degrees 
and a typical period of 3 seconds. The transfer function 
of a typical ship is 


2 
On 


at) s? + ons + wr 

where w, = 3rad/s and ¢ = 0.20. With this low 
damping factor ¢, the oscillations continue for sever- 
al cycles, and the rolling amplitude can reach 18° for 
the expected amplitude of waves in a normal sea. 
Determine and compare the open-loop and closed- 
loop system for (a) sensitivity to changes in the actu- 
ator constant K, and the roll sensor K,, and (b) the 
ability to reduce the effects of step disturbances of 
the waves. Note that the desired roll 84(s) is zero 
degrees. 


P4.3 One of the most important variables that must be 


controlled in industrial and chemical systems is temper- 
ature. A simple representation of a thermal control sys- 
tem is shown in Figure P4.3 [14]. The temperature J of 
the process is controlled by the heater with a resistance 
R. An approximate representation of the dynamic lin- 
early relates the heat loss from the process to the 
temperature difference J — J. This relation holds if 
the temperature difference is relatively small and 
the energy storage of the heater and the vessel walls 
is negligible. Also, it is assumed that the voltage e, 
applied to the heater is proportional to egesired OF 
en = KE, = kaEpe(t), where ką is the constant of the 


Wave effect 
Tals) 








Fin 
actuator 
Ka 






As) 
Roll 




















Roll 
sensor 
Ki 









(b) 
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Actuator 


FIGURE P4.3 
Temperature control 
system. 


actuator. Then the linearized open-loop response of 


the system is 


ki kgE, 
Sie], 


TAs) 
T+ 1’ 





F(s) = 


E(s) + 


where 


T = MC/(pA), 

M = mass in tank, 

A = surface area of tank, 

p = heat transfer constant, 

C = specific heat constant, 

k, = a dimensionality constant, and 
e = Output voltage of thermocouple. 


Determine and compare the open-loop and closed- 
loop systems for (a) sensitivity to changes in the con- 
stant K = k,k,E,; (b) the ability to reduce the 
effects of a step disturbance in the environmental 
temperature AJ ,(s); and (c) the steady-state error of 
the temperature controller for a step change in the 
input, edesirea- 


FIGURE P4.4 A 
Feedback amplifier. 




















Power 
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FIGURE P4.5 
Antenna control 
system. 










desired 


Heater 


eon) - 


Process 





Environment 





P4.4 Consider the feedback amplifier given in Figure P4.4. 
(a) Find the overall gain if K, = 1000. 
(b) Find the sensitivity of the amplifier to changes in K,. 
(c) Find the overall gain if K, decreases to 900. 
(d) Find the overall gain if K, is increased to 2000. 
(e) Compare answers obtained in (a), (c) and (d). 


P4.5 Large microwave antennas have become increas- 
ingly important for radio astronomy and satellite 
tracking. A large antenna with a diameter of 60 ft, for 
example, is subject to large wind. gust torques. A pro- 
posed antenna is required to have an error of less 
than 0.10° in a 35 mph wind. Experiments show that 
this wind force exerts a maximum disturbance at the 
antenna of 200,000 ft lb at 35 mph, or the equivalent 
to 10 volts at the input 7,(s) to the amplidyne. One 
problem of driving large antennas is the form of the 
system transfer function that possesses a structural 
resonance. The antenna servosystem is shown in 
Figure P4.5. The transfer function of the antenna, 
drive motor, and amplidyne is approximated by 





As) 
Position 
(radians) 





Antenna, drive motor, 
and amplidyne G(s) 










Sensor 
k 1 





Problems 


2 
On 


S(s? + 2,8 + o) 


where £ = 0.707 and w, = 15. The transfer function 
of the power amplifier is approximately 


G(s) = 


k 
cos mer r 





where r = 0.15 second. (a) Determine the sensitivity 
of the system to a change of the parameter k,. (b) The 
system is subjected to a disturbance 7,(s) = 10/s. 
Determine the required magnitude of k, in order to 
maintain the steady-state error of the system less than 
0.10° when the input R(s) is zero. (c) Determine the 
error of the system when subjected to a disturbance 
Ta(s) = 10/s when it is operating as an open-loop sys- 
tem (k, = 0) with R(s) = 0. 


P4.6 An automatic speed control system will be neces- 
sary for passenger cars traveling on the automatic 
highways of the future. A model of a feedback speed 
control system for a standard vehicle is shown in 
Figure P4.6. The load disturbance due to a percent 
grade AT,(s) is also shown. The engine gain K. 
varies within the range of 10 to 1000 for various mod- 
els of automobiles. The engine time constant 7, is 20 
seconds. (a) Determine the sensitivity of the system 
to changes in the engine gain K,. (b) Determine the 
effect of the load torque on the speed. (c) Determine 
the constant percent grade AT,(s) = Ad/s for which 
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the vehicle stalls (velocity V(s) = 0) in terms of the 
gain factors. Note that since the grade is constant, the 
steady-state solution is sufficient. Assume that 
R(s) = 30/skm/hr and that K,K, >> 1. When 
K,/K, = 2, what percent grade Ad would cause the 
automobile to stall? 

P4.7 A robot uses feedback to control the orientation 
of each joint axis. The load effect varies due to vary- 
ing load objects and the extended position of the 
arm. The system will be deflected by the load carried 
in the gripper. Thus, the system may be represented 
by Figure P4.7, where the load torque is 
Ty(s) = D/s. Assume R(s) = 0 at the index posi- 
tion. (a) What is the effect of T,(s) on ¥(s)? (b) De- 
termine the sensitivity of the closed loop to kz. (c) 
What is the steady-state error when R(s) = 1/s and 
Ty(s) = 0? 

P4.8 Consider the feedback control system given in Figure 
P4.8. Find the value of gain K such that the step res- 
ponse reaches 99% of the final value in 1s. Also find 
steady-state error to a unit step input. 

P4.9 A useful unidirectional sensing device is the pho- 
toemitter sensor [15]. A light source is sensitive to the 
emitter current flowing and alters the resistance of the 
photosensor. Both the light source and the photocon- 
ductor are packaged in a single four-terminal device. 
This device provides a large gain and total isolation. 
A feedback circuit utilizing this device is shown in 
Figure P4.9(a), and the nonlinear resistance-current 
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FIGURE P4.6 
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control. 
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FIGURE P4.8 
A feedback control 
system. 


characteristic is shown in Figure P4.9(b) for the 
Raytheon CK1116. The resistance curve can be repre- 
sented by the equation 


0.175 
(i — 0.005) 
where i is the lamp current. The normal operating 
point is obtained when v, = 35 V, and vj, = 2.0 V. 
(a) Determine the closed-loop transfer function of the 
system. (b) Determine the sensitivity of the system to 
changes in the gain, K. 


logio R = 


P4.10 For a paper processing plant, it is important to 
maintain a constant tension on the continuous sheet 
of paper between the wind-off and wind-up rolls. The 
tension varies as the widths of the rolls change, and an 








adjustment in the take-up motor speed is necessary, as 
shown in Figure P4.10. If the wind-up motor speed is 
uncontrolled, as the paper transfers from the wind-off 
roll to the wind-up roll, the velocity vg decreases and 
the tension of the paper drops [10, 14]. The three- 
roller and spring combination provides a measure of 
the tension of the paper. The spring force is equal to 
kıy, and the linear differential transformer, rectifier, 
and amplifier may be represented by ey = —kpy. 
Therefore, the measure of the tension is described by 
the relation 27(s) = kıy, where y is the deviation 
from the equilibrium condition, and 7(s) is the vertical 
component of the deviation in tension from the equi- 
librium condition. The time constant of the motor is 
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Controller 





To paper 
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R(s) 


FIGURE P4.11 
Paper-making 
control. 


is twice the angular velocity of the motor, that is, 
Volt) = 2wo(t). The equation of the motor is then 


4 


Eds) = x 


[rTswo(s) + wo(s)] + k3AT(s), 
where AT = a tension disturbance. (a) Draw the 
closed-loop block diagram for the system, including 
the disturbance AT(s). (b) Add the effect of a distur- 
bance in the wind-off roll velocity AV,(s) to the block 
diagram. (c) Determine the sensitivity of the system to 
the motor constant K,,. (d) Determine the steady- 
state error in the tension when a step disturbance in 
the input velocity, AV;(s) = A/s, occurs, 


P4.11 One important objective of the paper-making 
process is to maintain uniform consistency of the 
stock output as it progresses to drying and rolling. A 
diagram of the thick stock consistency dilution con- 
trol system is shown in Figure P4.11(a). The amount 
of water added determines the consistency. The block 
diagram of the system is shown in Figure P4.11(b). 
Let H(s) = 1 and 








G(s) = G(s) = 


10s + 1° 2s +1 
Determine (a) the closed-loop transfer function 
T(s) = Y(s)/R(s), (b) the sensitivity SẸ, and (c) the 
steady-state error for a step change in the desired 
consistency R(s) = A/s. (d) Calculate the value of K 
required for an allowable steady-state error of 2%. 


making 


(a) 





P4.12 


(a) Compute the overall transfer function Xe) for 
the system given in Figure P4.12. R(s) 


(b) Compute the transfer function ¥(s) 
system. Ds 

(c) Obtain an expression for ¥(s) when there is both 
reference input and disturbance, 


for the same 





P4.13 One form of a closed-loop transfer function is 
G(s) + kGA(s 
T(s) = 1(s) 2 ) 
Gals) + kG4(s) 
(a) Use Equation (4.16) to show that [1] 
r _ _ KGG; — GiGs) 
“(Gs + kKGa)(Gi + KG) 








+ (s+1) 
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+ (s+3) 


$ 
(s+4) 


























FIGURE P4.12 A feedback control system with 
disturbance input. 
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FIGURE P4.13 
Closed-loop 
system. 
12(s + 5) 
R(s) = 
+a({s+1 
FIGURE P4.14 pan aa 


Hypersonic airplane 
speed control. 








Y(s) 
Flight 
speed 


(b) Determine the sensitivity of the system shown P4.16 Figure P4.16 shows the model of a two-tank sys- 


in Figure P4.13, using the equation verified in 
part (a). 

P4.14 A proposed hypersonic plane would climb to 
100,000 feet, fly 3800 miles per hour, and cross the Pa- 
cific in 2 hours. Control of the aircraft speed could be 
represented by the model in Figure P4.14. Find the 
sensitivity of the closed-loop transfer function T(s) to 
a small change in the parameter a. 


P4.15 The steering control of a modern ship may be rep- 
resented by the system shown in Figure P4.15 [16, 20]. 
Find the steady-state effect of a constant wind force 
represented by T4(s) = 1/s for K = 5 and K = 25. 
(a) Assume that the rudder input R(s) is zero, without 


tem containing a heated liquid, where Ty is the tem- 
perature of the fluid flowing into the first tank and T} 
is the temperature of the liquid flowing out of the sec- 
ond tank. The system of two tanks has a heater in the 
first tank with a controllable heat input Q. The time 
constants are 7; = 10s and 72 = 50s. (a) Determine 
T,(s) in terms of To(s) and T>,4(s). (b) If Tza(s), the 
desired output temperature, is changed instanta- 
neously from Tz4(s) = A/s to Tr4(s) = 2A/s, where 
To(s) = A/s, determine the transient response of 
T(t) when Gs) = K = 500. (c) Find the steady- 
state error e,, for the system of part (b), where 
E(s) = Tras) — T2(s). 


any disturbance, and has not been adjusted. (b) Show P4.17 A robot gripper, shown in part (a) of Figure P4.17, 


that the rudder can then be used to bring the ship devi- 
ation back to zero. 


is to be controlled so that it closes to an angle 6 by 
using a DC motor control system, as shown in part (b). 


Wind disturbance 
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R(s) 
Rudder 

input 
FIGURE P4.15 
Ship steering 
control. 

Qs) 1/100 
(Tis + Is + 1) 

FIGURE P4.16 
Two-tank 
temperature 


control. 
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Advanced Problems 


The model of the control system is shown in part (c), 
where Km = 30, R; =1Q,K;= Kj =1,J = 0.1, 
and b = 1. (a) Determine the response 6(t) of the sys- 
tem to a step change in 6,(f) when K = 20. (b) As- 





Difference 
amplifier 
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suming 6,(t) = 0, find the effect of a load disturbance 
Tals) = A/s. (c) Determine the steady-state error ess 
when the input is r(t) = t,t > 0. (Assume that 
T,(s) = 0.) 


Potentiometer 











Power 
amplifier 


Feedback signal 


Control Vo 
knob 
(a) (b) 
Power 
amplifier 
k a 
©) 
FIGURE P4.17 Robot gripper control. 
ADVANCED PROBLEMS 


AP4.1 A tank level regulator control is shown in Figure AP4.2 The shoulder joint of a robotic arm uses a DC 


AP4.1(a). It is desired to regulate the level h in re- 
sponse to a disturbance change q3. The block diagram 
shows small variable changes about the equilibrium 
conditions so that the desired h(t) = 0. Determine 
the equation for the error E(s), and determine the 
steady-state error for a unit step disturbance when 
(a) G(s) = K and (b) G(s) = K/s. 


motor with armature control and a set of gears on the 
output shaft. The model of the system is shown in 
Figure AP4.2 with a disturbance torque T,(s) which 
represents the effect of the load. Determine the 
steady-state error when the desired angle input is a 
step so that 6,(s) = A/s,G,(s) = K, and the distur- 
bance input is zero. When 6,(s) = 0 and the load 
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H,(s) =0 
Desired 
height 
variation 
FIGURE AP4.1 
A tank level 
regulator. 
GAs) 
Desired 
angle of 
FIGURE AP4.2 OU? 


Robot joint control. 


effect is Ta(s) = M/s, determine the steady-state 
error when (a) G,(s) = K and (b) G(s) = K/s. 
AP4.3 A machine tool is designed to follow a desired 
path so that 
r(t) = (1 = u(t), 
where u(t) is the unit step function. The machine tool 
control system is shown in Figure AP4.3. 





Controller 


Ris) 
bd 
command 
FIGURE AP4.3 
Machine tool 


feedback. 
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H(s) 
Height 
variation 


Load 
disturbance 
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Actual 
angle 


(a) Determine the steady-state error when z(t) is the 
desired path as given and T;(s) = 0. 

(b) Plot the error e(t) for the desired path for part (a) 
for 0 < £ = 10 seconds. 

(c) If the desired input is r(t) = 0, find the steady- 
state error when T4(s) = 1/s. 

(d) Plot the error e(t) for part (c) for0 < t = 10 sec- 
onds, 


Load effect 
T,(s) 








Motor and 
tool 









Y(s) 
1e 5 Tool 
sts ) position 
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Control Speed 
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FIGURE AP4.4 
DC motor with 
feedback. 
Surgical 
disturbance 
TAs) 
Ris) Valve Yis) 
Desired setting Actual 
FIGURE AP4.5 cg aa 
Blood pressure sea pee 
control. 
AP4.4 An armature-controlled DC motor with tachome- 
ter feedback is shown in Figure AP4.4. Assume that 
Km = 10,J = 1,and R = 1. 
(a) Determine the required gain, K, to restrict the 
steady-state error to a ramp input (v(t) = ¢ for 
t > 0) to 0.1 (assume that 7,(s) = 0). 
(b) For the gain selected in part (a), determine and 
plot the error, e(t), due to a ramp disturbance for 
0 = t = 5 seconds. FIGURE AP4.6 A lead network. 
AP4.5 A system that controls the mean arterial pressure 2 
during anesthesia has been designed and tested [12]. (c) Determine and plot the transient response vo(t) 
The level of arterial pressure is postulated to be a for a step input V (s) = 1/s. 
proxy for depth of anesthesia during surgery. A block AP4.7 A feedback control system with sensor noise and a 
diagram of the system is shown in Figure AP4.5, where disturbance input is shown in Figure AP4.7. The goal is 
the impact of surgery is represented by the distur- to reduce the effects of the noise and the disturbance. 
bance T,(s). Let R(s) = 0. 
(a) Determine the steady-state error due to a distur- (a) Determine the effect of the disturbance on Y(s). 
bance Ta(s) = 1/s (let R(s) = 0). (b) Determine the effect of the noise on ¥(s). 
(b) Determine the steady-state error for a ramp input (c) Select the best value for K when 1 = K = 100 so 
r(t) = t,t > 0 (let T,(s) = 0). that the effect of steady-state error due to the dis- 
(c) Select a suitable value of K less than or equal to turbance and the noise is minimized. Assume 
10, and plot the response y(t) for a unit step dis- Ta(s) = A/s, and N(s) = B/s. 


turbance input (assume r(t) = 0). 


AP4.8 The block diagram of a machine-tool control sys- 


AP4.6 A useful circuit, called a lead network, which we tem is shown in Figure AP4.8. 


discuss in Chapter 10, is shown in Figure AP4.6. 
(a) Determine the transfer function G(s) =Vo(s)/ 


V(s). 


(a) Determine the transfer function T(s) =Y(s)/R(s). 
(b) Determine the sensitivity S}. 


(b) Determine the sensitivity of G(s) with respect to (c) Select K when1 = K = 50 so that the effects of 
the capacitance C. the disturbance and Sf are minimized 


270 


FIGURE AP4.7 
Feedback system 
with noise. 


FIGURE AP4.8 
Machine-tool 
control. 
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Disturbance 
Ts) 


Y¥(s) 


Ns) 
Sensor noise 


Tis) 








Y(s) 





Laser sensor 


DESIGN PROBLEMS 


CDP4.1 A capstan drive for a table slide is described in 


DP4.1 A closed-loop speed control system is subjected to 


ey CDP2.1. The position of the slide x is measured with a 
EV] capacitance gauge, as shown in Figure CDP4.1, which 


is very linear and accurate. Sketch the model of the 
feedback system and determine the response of the 
system when the controller is an amplifier and 
H(s) = 1. Determine the step response for several 
selected values of the amplifier gain G(s) = Ką. 


a disturbance due to a load, as shown in Figure DP4.1. 
The desired speed is w(t) = 100 rad/s, and the load 
disturbance is a unit step input T,(s) = 1/s. Assume 
that the speed has attained the no-load speed of 100 
rad/s and is in steady state. (a) Determine the steady- 
state effect of the load disturbance, and (b) plot w(t) 
for the step disturbance for selected values of gain so 


FIGURE CDP4.1 
The model of the 
feedback system 
with a capacitance 
measurement 
sensor. The 
tachometer may be 
mounted on the 
motor (optional), 
and the switch will 
normally be open. 
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Design Problems 


Load 
disturbance 
Ts) 


FIGURE DP4.1 
Speed control 
system. 


that 10 = K = 25. Determine a suitable value for 
the gain K. 


DP4.2 The control of the roll angle of an airplane is 
achieved by using the torque developed by the ailerons. 
A linear model of the roll control system for a small 
experimental aircraft is shown in Figure DP4.2, where 
q(t) is the flow of fluid into a hydraulic cylinder and 

— 

Stds+ 9 

The goal is to maintain a small roll angle 8 due to dis- 

turbances. Select an appropriate gain KK, that will 

reduce the effect of the disturbance while attaining a 

desirable transient response to a step disturbance, with 

64(t) = 0. To obtain a desirable transient response, let 

KK, < 35. 


DP4.3 The speed control system of Figure DP4.1 is altered 
so that G(s) = 1/(s + 5) and the feedback is K4, as 
shown in Figure DP4.3. 


(a) Determine the range of K, allowable so that the 
steady state is es, = 1%. 

(b) Determine a suitable value for K, and K so that 
the magnitude of the steady-state error to a wind 
disturbance T(t) = 2t mrad/s,0 = t < 5s, is 
less than 0.1 mrad. 


G(s) = 


DP4.4 Lasers have been used in eye surgery for more 
than 25 years. They can cut tissue or aid in coagulation 


FIGURE DP4.2 
Control of the roll 
angle of an 
airplane. 


FIGURE DP4.3 
Speed control 
system. 
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[17]. The laser allows the ophthalmologist to apply 
heat to a location in the eye in a controlled manner. 
Many procedures use the retina as a laser target. The 
retina is the thin sensory tissue that rests on the inner 
surface of the back of the eye and is the actual trans- 
ducer of the eye, converting light energy into electrical 
pulses. On occasion, this layer will detach from the 
wall, resulting in death of the detached area from lack 
of blood and leading to partial or total blindness in 
that eye. A laser can be used to “weld” the retina into 
its proper place on the inner wall. 

Automated control of position enables the oph- 
thalmologist to indicate to the controller where lesions 
should be inserted, The controller then monitors the 
retina and controls the laser’s position so that each 
lesion is placed at the proper location. A wide-angle 
video-camera system is required to monitor the 
movement of the retina, as shown in Figure DP4.4(a). 
If the eye moves during the irradiation, the laser 
must be either redirected or turned off. The position- 
control system is shown in Figure DP4.4(b). Select an 
appropriate gain for the controller so that the tran- 
sient response to a step change in r(t) is satisfactory 
and the effect of the disturbance due to noise in the 
system is minimized. Also, ensure that the steady-state 
error for a step input command is zero. To ensure 
acceptable transient response, require that K < 10. 


Ms) 
Roll angle 





w(s) 
Speed 


Tachometer 
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FIGURE DP4.4 
Laser eye surgery 
system. 
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(b) 


DP4.5 An op-amp circuit can be used to generate a short DP4,6 A hydrobot is under consideration for remote explo- 


pulse. The circuit shown in Figure DP4.5 can generate ration under the ice of Europa, a moon of the giant 
the pulse vp(t) = 5e™™™, t > 0, when the input v(¢) is planet Jupiter. Figure DP4.6(a) shows one artistic ver- 
a unit step [6]. Select appropriate values for the resis- sion of the mission. The hydrobot is a self-propelled 
tors and capacitors. Assume an ideal op-amp. underwater vehicle that would analyze the chemical 


composition of the water in a search for signs of life. An 
important aspect of the vehicle is a controlled vertical 
descent to depth in the presence of underwater cur- 
rents. A simplified control feedback system is shown in 
Figure DP4.6(b). The parameter J > 0 is the pitching 
moment of inertia. (a) Suppose that G,(s) = K. For 
what range of K is the system stable? (b) What is the 
steady-state error to a unit step disturbance when 
G,(s) = K? (c) Suppose that G.(s) = K, + Kps. For 








what range of K, and Kp is the system stable? (d) What 
is the steady-state error to a unit step disturbance when. 


FIGURE DP4.5 Op-map circuit. GAs) = Kp + Kps? 


Computer Problems 


FIGURE DP4.6 
(a) Europa 
exploration under 
the ice. (Used with 
permission. Credit: 
NASA.) 

(b) Feedback 
system. (b) 


COMPUTER PROBLEMS 





CP4.1 Consider the feedback control system given in 
Figure CP4.1. 


(a) Obtain the steady-state error for a step input 
when n=0 and n=1. 

(b) Verify your answer using MATLAB. 

(c) Using MATLAB obtain step response when n =0 
andn=1. 

(d) Compare the steady-state performance of type 1 
system with type 0 system based on the response 
obtained in (c). 






1 
s” (10+s) 











FIGURE CP4.1 A type 1/type 0 system. 
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CP4.2 Consider the I order and II order system given in 
Figure CP4.2(a) and (b) respectively. 
(a) Using SIMULINK obtain the step response of 
both the systems when K = 0.1. 
(b) Repeat (a) when K = 10. 
(c) Compare the effect of increase in gain on the two 
systems. 


(a) 

















(b) 
















(s+1) (s+2) 


FIGURE MC4.2 Comparison of effect of gain on | and II 
order systems. 
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CP4.3 Using SIMULINK, simulate the system given in 


at) 


Figure CP4.3. Obtain the response when, 
(a) r(t) =u(s); d() =0; K=1. 

(b) r(t)=0: d(t) =u(0);K=1. 

(c) r(t)=u(t);d(t) = u(t): K= 1. 

(d) r(t) = u(t); d(f) = u(t); K = 10. 


d{(t) 





1 


4 3 x) 
+D 6+2) 











FIGURE CP4.3 


CP4.4 Write a MATLAB program to obtain the step re- 


sponse of a typical second order system with transfer 
function. 


on? 


S + 2Lons + wr 


for €=0,0.1,0.2,...,1; given w, =2. 


CP4.5 Consider the closed-loop control system shown in 


FIGURE CP4.5 R(s) 
A closed-loop 

control system with 
uncertain parameter 


a. 


FIGURE CP4.6 
(a) A torsional 


a a 
mechanical system. ep 
(b) The torsional r(t), Input device 


Figure CP4.5. The controller gain is K = 2. The nomi- 
nal value of the plant parameter is a = 1. The nomi- 
nal value is used for design purposes only, since in 
reality the value is not precisely known. The objective 
of our analysis is to investigate the sensitivity of the 
closed-loop system to the parameter a. 


Controller 





(a) When a = 1, show analytically that the steady- 
state value of y(t) is equal to 2 when r(?) is a unit 
step. Verify that the unit step response is within 
2% of the final value after 4 seconds. 

(b) The sensitivity of the system to changes in the para- 
meter a can be investigated by studying the effects 
of parameter changes on the transient response. 
Plot the unit step response for a = 0.5, 2, and 5. 
Discuss the results. 


CP4.6 Consider the torsional mechanical system in 
Figure CP4.6(a). The torque due to the twisting of 
the shaft is —k; the damping torque due to the brak- 
ing device is — b9; the disturbance torque is t,(¢); the 
input torque is r(¢); and the moment of inertia of the 
mechanical system is J. The transfer function of the 
torsional mechanical system is 


1/7 
s? + (b/J)s + k/J 


A closed-loop control system for the system is shown 
in Figure CP4.6(b). Suppose the desired angle 
64 = 0°, k = 5,b = 0.9, and J = 1. 

(a) Determine the open-loop response @(¢) of the 
system for a unit step disturbance (set r(t) = 0). 

(b) With the controller gain Kọ = 50, determine the 
closed-loop response, @(t) to a unit step distur- 
bance. 

(c) Plot the open-loop versus the closed-loop response 
to the disturbance input. Discuss your results and 
make an argument for using closed-loop feedback 
control to improve the disturbance rejection prop- 
erties of the system. 


G(s) = 
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Computer Problems 


CP4.7 A negative feedback control system is depicted in 
Figure CP4.7. Suppose that our design objective is to 
find a controller G,(s) of minimal complexity such 
that our closed-loop system can track a unit step input 
with a steady-state error of zero. 

(a) As a first try, consider a simple proportional 
controller 
G(s) = K, 
where K is a fixed gain. Let K = 2. Plot the unit 
step response and determine the steady-state 
error from the plot. 
(b) Now consider a more complex controller 


K 
Ges) = Ko + —*, 


where Ky = 2 and K, = 20. This controller is 
known as a proportional, integral (PI) controller. 
Plot the unit step response, and determine the 
steady-state error from the plot. 

(c) Compare the results from parts (a) and (b), and 
discuss the trade-off between controller complex- 
ity and steady-state tracking error performance, 

CP4.8 Consider the closed-loop system in Figure CP4.8, 
whose transfer function is 
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(a) Obtain the closed-loop transfer function T(s) = 
Y(s)/R(s) and the unit step response; that is, let 
R(s) = 1/s and assume that N(s) = 0. 

(b) Obtain the disturbance response when 


10 


nije -n 
(6) = 34 100 


is a sinusoidal input of frequency w = 10 rad/s. 
Assume that R(s) = 0. 

(c) In the steady-state, what is the frequency and 
peak magnitude of the disturbance response from 
part (b)? 





FIGURE CP4.8 Closed-loop system with nonunity 
feedback and measurement noise. 


CP4.9 Consider the closed-loop system is depicted in 
Figure CP4.9. The controller gain K can be modified 
to meet the design specifications. 

(a) Determine the closed-loop transfer function 
T(s) = ¥(s)/R(s). 
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(b) Plot the response of the closed-loop system for 
K = 5,10, and 50. 

(c) When the controller gain is K = 10, determine 
the steady-state value of y(t) when the distur- 
bance is a unit step, that is, when T4(s) = 1/s and 
R(s) = 0. 

CP4.10 Consider the non-unity feedback system is depicted 
in Figure CP4.10. 


TERMS AND CONCEPTS 


Closed-loop system A system with a measurement of the 
output signal and a comparison with the desired out- 
put to generate an error signal that is applied to the 
actuator. 


Complexity A measure of the structure, intricateness, 
or behavior of a system that characterizes the 
relationships and interactions between various 
components. 


Components The parts, subsystems, or subassemblies 
that comprise a total system. 


Direct system See Open-loop system. 


Disturbance signal An unwanted input signal that affects 
the system’s output signal. 


Error signal The difference between the desired output 
R(s) and the actual output Y(s). Therefore, 
E(s) = R(s) — Y(s). 


Chapter 4 Feedback Control System Characteristics 


(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). 

(b) For K = 10,12,and 15, plot the unit step responses. 
Determine the steady-state error errors and the set- 
tling times from the plots. 


For parts (a) and (b), develop an m-file that computes 
the closed-loop transfer function and generates the 
plots for varying K. 


Instability An attribute of a system that describes a ten- 
dency of the system to depart from the equilibrium 
condition when initially displaced. 


Loss of gain A reduction in the amplitude of the ratio of 
the output signal to the input signal through a system, 
usually measured in decibels. 


Open-loop system A system without feedback that directly 
generates the output in response to an input signal. 


Steady-state error The error when the time period is 
large and the transient response has decayed, leaving 
the continuous response. 


System sensitivity The ratio of the change in the system 
transfer function to the change of a process transfer 
function (or parameter) for a small incremental change. 


Transient response 
tion of time. 


The response of a system as a func- 
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PREVIEW 


The ability to adjust the transient and steady-state response of a control system is a 
beneficial outcome of the design of control systems. In this chapter, we introduce 
the time-domain performance specifications and we use key input signals to test the 
response of the control system. The correlation between the system performance 
and the location of the transfer function poles and zeros is discussed. We will develop 
relationships between the performance specifications and the natural frequency and 
damping ratio for second-order systems. Relying on the notion of dominant poles, 
we can extrapolate the ideas associated with second-order systems to those of higher 
order. The concept of a performance index will be considered. We will present a set 
of popular quantitative performance indices that adequately represent the perfor- 
mance of the control system. The chapter concludes with a performance analysis of 
the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 


Upon completion of Chapter 5, students should: 


I Be aware of key test signals used in controls and of the resulting transient response 
characteristics of second-order systems to test signal inputs. 

23 Recognize the direct relationship between the pole locations of second-order systems 
and the transient response. 

23 Be familiar with the design formulas that relate the second-order pole locations to per- 
cent overshoot, settling time, rise time, and time to peak. 

3 Be aware of the impact of a zero and a third pole on the second-order system response. 

3 Gain a sense of optimal control as measured with performance indices. 
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Chapter 5 The Performance of Feedback Control Systems 


5.1 INTRODUCTION 


The ability to adjust the transient and steady-state performance is a distinct advan- 
tage of feedback control systems. To analyze and design a control system, we must 
define and measure its performance. Based on the desired performance of the con- 
trol system, the system parameters may be adjusted to provide the desired response. 
Because control systems are inherently dynamic, their performance is usually speci- 
fied in terms of both the transient response and the steady-state response. The 
transient response is the response that disappears with time. The steady-state response 
is the response that exists for a long time following an input signal initiation. 

The design specifications for control systems normally include several time- 
response indices for a specified input command, as well as a desired steady-state 
accuracy. In the course of any design, the specifications are often revised to effect a 
compromise. Therefore, specifications are seldom a rigid set of requirements, but 
rather a first attempt at listing a desired performance. The effective compromise and 
adjustment of specifications are graphically illustrated in Figure 5.1. The parameter 
p may minimize the performance measure M; if we select p as a very small value. 
However, this results in large measure M,, an undesirable situation. If the perfor- 
mance measures are equally important, the crossover point at Pmin provides the best 
compromise. This type of compromise is normally encountered in control system 
design. It is clear that if the original specifications called for both M} and M; to be 
zero, the specifications could not be simultaneously met; they would then have to be 
altered to allow for the compromise resulting with Pmin [1, 12, 17, 23]. 

The specifications, which are stated in terms of the measures of performance, 
indicate the quality of the system to the designer. In other words, the performance 
measures help to answer the question, How well does the system perform the task 
for which it was designed? 


5.2 TEST INPUT SIGNALS 


FIGURE 5.1 
Two performance 
measures versus 
parameter p. 


The time-domain performance specifications are important indices because control 
systems are inherently time-domain systems. That is, the system transient or time 
performance is the response of prime interest for control systems. It is necessary to 
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Performance 
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FIGURE 5.2 

Test input signals: 
(a) step, (b) ramp, 
and (c) parabolic. 
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determine initially whether the system is stable; we can achieve this goal by using 
the techniques of ensuing chapters. If the system is stable, the response to a specific 
input signal will provide several measures of the performance. However, because 
the actual input signal of the system is usually unknown, a standard test input signal 
is normally chosen. This approach is quite useful because there is a reasonable cor- 
relation between the response of a system to a standard test input and the system’s 
ability to perform under normal operating conditions. Furthermore, using a stan- 
dard input allows the designer to compare several competing designs. Many control 
systems experience input signals that are very similar to the standard test signals. 

The standard test input signals commonly used are the step input, the ramp input, 
and the parabolic input. These inputs are shown in Figure 5.2. The equations repre- 
senting these test signals are given in Table 5.1, where the Laplace transform can be 
obtained by using Table 2.3 and a more complete list of Laplace transform pairs can 
be found at the MCS website. The ramp signal is the integral of the step input, and the 
parabola is simply the integral of the ramp input. A unit impulse function is also use- 
ful for test signal purposes. The unit impulse is based on a rectangular function 


abet 
fet) = 2 2 
0, otherwise, 


where e > 0. As e approaches zero, the function f,(t) approaches the unit impulse 
function (t), which has the following properties: 











00 00 
f 6(t)dt =1 and / &(t — a)g(t) dt = g(a). ah 
-0 oO 
r(t) r(t) r(t) 
l Fa S 
% t— o t—> % t — 
(a) (b) (c) 
Table 5.1 Test Signal Inputs 
Test Signal r(t) R(s) 
Step r(t)= A,t>0 R(s) = A/s 
=0,1<0 
Ramp r(t) = At.t>0 R(s) = A/s? 
=0,1<0 
Parabolic r(t) = A’,t >0 R(s) = 2A/s° 


=0,1<0 
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FIGURE 5.3 
Open-loop control 
system. 
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The impulse input is useful when we consider the convolution integral for the out- 
put y(t) in terms of an input r(¢), which is written as 


y(t) = [x = T)r(7) dr = £'{G(s)R(s)}. (5.2) 


This relationship is shown in block diagram form in Figure 5.3. If the input is a unit 
impulse function, we have 


t 
y(t) = f g(t — 7)d(r) dr. (5.3) 
The integral has a value only at 7 = 0; therefore, 


y(t) = g(t), 


the impulse response of the system G(s). The impulse response test signal can often 
be used for a dynamic system by subjecting the system to a large-amplitude, narrow- 
width pulse of area A. 

The standard test signals are of the general form 


r(Q = t, (5.4) 


and the Laplace transform is 
n! 
R(s) = yar (5.5) 


Hence, the response to one test signal may be related to the response of another test 
signal of the form of Equation (5.4). The step input signal is the easiest to generate 
and evaluate and is usually chosen for performance tests. 

Consider the response of the system shown in Figure 5.3 for a unit step input when 





C8) = 10" 
Then the output is 
9 
YQ) = 54 10" 


the response during the transient period is 


y(t) = 0.971 = e™), 
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and the steady-state response is 

y(%) = 0.9. 
If the error is E(s) = R(s) — Y(s), then the steady-state error is 


es = lim sE(s) = 0.1. 


5.3 PERFORMANCE OF SECOND-ORDER SYSTEMS 


FIGURE 5.4 
Second-order 
closed-loop control 
system. 


Let us consider a single-loop second-order system and determine its response to a 
unit step input. A closed-loop feedback control system is shown in Figure 5.4. The 
closed-loop system is 





Y G()_p 5.6) 
= —_—_ ls 6H 
War awk) ( 
We may rewrite Equation (5.6) as 
2 
Wn 


Y(s) = z R(s). (5.7) 


$ + ons + oF 





With a unit step input, we obtain 


on 


= — 5.8 
s(s? + 2£e,5 + w2) 6.8) 


Y(s) 


for which the transient output, as obtained from the Laplace transform table in 
Table 2.3, is 


y(t) =1- ~ sin(w,Bt + 0), (5.9) 


where B = V1 — 27,0 = cos! ¢, and 0 < ¢ < 1. The transient response of this 
second-order system for various values of the damping ratio ¢ is shown in Figure 5.5. 










o 2"_order system 
Gwe i order sys 
S(s + lp) a 
Ris) Yis =——_ Yi 
5 f 4s) RW) OS) = Fate) ts) 
-1 
(a) (b) 
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FIGURE 5.5 
(a) Transient 
response of a 
second-order 
system (Equation 


5.9) for a step input. 


(b) The transient 
response of a 
second-order 
system (Equation 
5.9) for a step input 
as a function of £ 
and w,t. (Courtesy 
of Professor R. 
Jacquot, University 
of Wyoming.) 
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FIGURE 5.6 
Response of a 
second-order 
system for an 
impulse function 
input. 
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As ¢ decreases, the closed-loop roots approach the imaginary axis, and the response 
becomes increasingly oscillatory. The response as a function of ¢ and time is also 
shown in Figure 5.5(b) for a step input. 

The Laplace transform of the unit impulse is R(s) = 1, and therefore the output 
for an impulse is 


2 
On 


a ea 5.10 
S + lons + w (5:10) 


Y(s) = 


which is T(s) = Y(s)/R(s), the transfer function of the closed-loop system. The 
transient response for an impulse function input is then 


On -i . 
y(t) = p Sent sin(w, Bt), (5.11) 


which is the derivative of the response to a step input. The impulse response of the 
second-order system is shown in Figure 5.6 for several values of the damping ratio ¢. 
The designer is able to select several alternative performance measures from the 
transient response of the system for either a step or impulse input. 

Standard performance measures are usually defined in terms of the step response 
of a system as shown in Figure 5.7. The swiftness of the response is measured by the 
rise time T, and the peak time 7,,. For underdamped systems with an overshoot, the 
0-100% rise time is a useful index. If the system is overdamped, then the peak time 
is not defined, and the 10-90% rise time T,, is normally used. The similarity with 
which the actual response matches the step input is measured by the percent over- 
shoot and settling time 7;. The percent overshoot is defined as 


M; = 
p.o. = E x 100% (5.12) 
fv 
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FIGURE 5.7 
Step response of a 
control system 
(Equation 5.9). 
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for a unit step input, where M,, is the peak value of the time response, and fv is the 
final value of the response. Normally, fv is the magnitude of the input, but many sys- 
tems have a final value significantly different from the desired input magnitude. For 
the system with a unit step represented by Equation (5.8), we have fv = 1. 

The settling time, 7,, is defined as the time required for the system to settle with- 
in a certain percentage 6 of the input amplitude. This band of +6 is shown in Figure 
5.7. For the second-order system with closed-loop damping constant fw, and a re- 
sponse described by Equation (5.9), we seek to determine the time T, for which the 
response remains within 2% of the final value. This occurs approximately when 


eT: < 0,02, 


or 


anl, = 4. 


Therefore, we have 


(5.13) 





Hence, we will define the settling time as four time constants (that is, 7 = 1/fw,) of 

the dominant roots of the characteristic equation. The steady-state error of the sys- 

tem may be measured on the step response of the system as shown in Figure 5.7. 
The transient response of the system may be described in terms of two factors: 


1. The swiftness of response, as represented by the rise time and the peak time. 


2. The closeness of the response to the desired response, as represented by the overshoot 
and settling time. 


FIGURE 5.8 
Percent overshoot 
and normalized 
peak time versus 
damping ratio ¢ 
for a second-order 
system (Equation 
5.8). 
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As nature would have it, these are contradictory requirements; thus, a compro- 
mise must be obtained. To obtain an explicit relation for M,, and T, as a function of 
¢, one can differentiate Equation (5.9) and set it equal to zero. Alternatively, one 
can utilize the differentiation property of the Laplace transform, which may be writ- 


ten as 
day) | _ 
2 20h = sY(s) 


when the initial value of y(t) is zero. Therefore, we may acquire the derivative of y(t) 
by multiplying Equation (5.8) by s and thus obtaining the right side of Equation 
(5.10). Taking the inverse transform of the right side of Equation (5.10), we obtain 
Equation (5.11), which is equal to zero when w,t = 7. Thus, we find that the peak 
time relationship for this second-order system is 





(5.14) 
and the peak response is 
My = 1 + EME, (5.15) 
Therefore, the percent overshoot is 
P.O. = 100¢87/V1-©, (5.16) 





The percent overshoot versus the damping ratio, ¢, is shown in Figure 5.8. Also, the 
normalized peak time, w,7,,, is shown versus the damping ratio, ¢, in Figure 5.8. The 
percent overshoot versus the damping ratio is listed in Table 5.2 for selected values of 
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FIGURE 5.9 
Normalized rise 
time, T,4, versus £ 
for a second-order 
system. 
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Table 5.2 Percent Peak Overshoot Versus Damping Ratio for a 
Second-Order System 


Damping ratio 0.9 0.8 0.7 0.6 0.5 0.4 0.3 
Percent overshoot 0.2 b5 4.6 9:5 16.3 25.4 372. 





the damping ratio. Again, we are confronted with a necessary compromise between 
the swiftness of response and the allowable overshoot. 

The swiftness of step response can be measured as the time it takes to rise from 
10% to 90% of the magnitude of the step input. This is the definition of the rise time, 
T,1, shown in Figure 5.7. The normalized rise time, ,7,;, versus £(0.05 = ¢ = 0.95) 
is shown in Figure 5.9. Although it is difficult to obtain exact analytic expressions for 
Tı, we can utilize the linear approximation 


_ 2.16¢ + 0.60 


On 


Ta 


(5.17) 





which is accurate for 0.3 = ¢ = 0.8. This linear approximation is shown in 
Figure 5.9. 

The swiftness of a response to a step input as described by Equation (5.17) is 
dependent on ¢ and w,. For a given ¢, the response is faster for larger w,, as shown 
in Figure 5.10. Note that the overshoot is independent of w,,. 

For a given w,, the response is faster for lower ¢, as shown in Figure 5.11. The 
swiftness of the response, however, will be limited by the overshoot that can be 
accepted. 
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FIGURE 5.10 
The step response 
for ¢ = 0.2 for 
wp = 1 and 0 1 2 3 4 5 6 7 8 9 10 
wp = 10. Time (s) 
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FIGURE 5.11 
The step response 0 1 i 
for wp = 5 with 0 0.5 1.0 1.5 2.0 2.5 3.0 
€=0.7 andég=1. Time (s) 


5.4 EFFECTS OF A THIRD POLE AND A ZERO ON THE SECOND-ORDER 
SYSTEM RESPONSE 


The curves presented in Figure 5.8 are exact only for the second-order system of 
Equation (5.8). However, they provide a remarkably good source of data because 
many systems possess a dominant pair of roots, and the step response can be esti- 
mated by utilizing Figure 5.8. This approach, although an approximation, avoids the 
evaluation of the inverse Laplace transformation in order to determine the percent 
overshoot and other performance measures. For example, for a third-order system 
with a closed-loop transfer function 








1 
TO = TEE ots + Dos + 1) (5:28) 
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FIGURE 5.12 

An s-plane diagram 
of a third-order 
system. 
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the s-plane diagram is shown in Figure 5.12. This third-order system is normalized 
with w, = 1. It was ascertained experimentally that the performance (as indicated 
by the percent overshoot, P.O., and the settling time, 7;), was adequately represent- 
ed by the second-order system curves when [4] 


[1/yl = 10|ge,|. 


In other words, the response of a third-order system can be approximated by the 
dominant roots of the second-order system as long as the real part of the dominant 
roots is less than one tenth of the real part of the third root [17, 23]. 

Using a computer simulation, we can determine the response of a system to a 
unit step input when ¢ = 0.45. When y = 2.25, we find that the response is over- 
damped because the real part of the complex poles is —0.45, whereas the real pole is 
equal to —0.444. The settling time (to within 2% of the final value) is found via the 
simulation to be 9.6 seconds. If y = 0.90 or 1/y = 1.11 is compared with fw, = 0.45 
of the complex poles, the overshoot is 12% and the settling time is 8.8 seconds. If the 
complex roots were dominant, we would expect the overshoot to be 20% and the 
settling time to be 4/£@,, = 8.9 seconds. The results are summarized in Table 5.3. 

The performance measures of Figure 5.8 are correct only for a transfer function 
without finite zeros. If the transfer function of a system possesses finite zeros and 
they are located relatively near the dominant complex poles, then the zeros will 
materially affect the transient response of the system [5]. 


Table 5.3 Effect of a Third Pole (Equation 5.18) for £ = 0.45 





£ Percent Settling 

7 Mi Overshoot Time” 
2.25 0.444 0 9.63 
1.5 0.666 3.9 6.3 

0.9 1.111 12.3 8.81 
0.4 2.50 18.6 8.67 
0.05 20.0 20.5 8.37 
Qoo 20.5 8.24 





*Note: Settling time is normalized time, w,,7, and uses a 2% criterion. 
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FIGURE 5.13 (a) Percent overshoot as a function of ¢ and w, when a second-order transfer 
function contains a zero. Redrawn with permission from R. N. Clark, Introduction to Automatic 
Control Systems (New York: Wiley, 1962). (b) The response for the second-order transfer function 
with a zero for four values of the ratio a/fw,: A = 5, B = 2, C = 1, and D = 0.5 when ¢ = 0.45. 
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FIGURE 5.14 
Single-loop 
feedback control 
system. 
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Table 5.4 The Response of a Second-Order 
System with a Zero and ¢ = 0.45 








Percent Settling Peak 

a/f@n Overshoot Time Time 
5 23.1 8.0 3.0 

2 39.7 7.6 2.2 

1 89.9 10.1 1.8 
0.5 210.0 10.3 1.5 
Note: Time is normalized as w,,t, and settling time is based on a 2% 
criterion. 


The transient response of a system with one zero and two poles may be affected 
by the location of the zero [5]. The percent overshoot for a step input as a function 
of a/fw,, when £ = 1, is given in Figure 5.13(a) for the system transfer function 


ojas + a 
re = uae +o 
Ss + Eons + wy 
The actual transient response for a step input is shown in Figure 5.13(b) for selected 
values of a/{w,, The actual response for these selected values is summarized in 
Table 5.4 when ¢ = 0.45. 

The correlation of the time-domain response of a system with the s-plane loca- 
tion of the poles of the closed-loop transfer function is very useful for selecting the 
specifications of a system. To illustrate clearly the utility of the s-plane, let us consid- 
er a simple example. 


EXAMPLE 5.1 Parameter selection 


A single-loop feedback control system is shown in Figure 5.14. We select the gain K 
and the parameter p so that the time-domain specifications will be satisfied. The 
transient response to a step should be as fast as is attainable while retaining an over- 
shoot of less than 5%. Furthermore, the settling time to within 2% of the final value 
should be less than 4 seconds, The damping ratio, ¢, for an overshoot of 4.3% is 
0.707. This damping ratio is shown graphically as a line in Figure 5.15. Because the 
settling time is 


Yis) 





K 
- gE; 
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FIGURE 5.15 
Specifications and 
root locations on 
the s-plane. 











we require that the real part of the complex poles of T(s) be 
fo, = 1. 


This region is also shown in Figure 5.15. The region that will satisfy both time- 
domain requirements is shown cross-hatched on the s-plane of Figure 5.15. 

When the closed-loop roots are r; = —1 + jl and 7; = —1 — jl, we have 
T, = 4s and an overshoot of 4.3%. Therefore, ¢ = 12 and w, = 1/¢ = V2. The 
closed-loop transfer function is 


G(s) Ko ae 
1+ G(s) st t+pst+K $ + 2fw,8 + wh 








T(s) = 


Hence, we require that K = œ% = 2 and p = 2£w,, = 2. A full comprehension of the 
correlation between the closed-loop root location and the system transient response 
is important to the system analyst and designer. Therefore, we shall consider the mat- 
ter more completely in the following sections. m 


EXAMPLE 5.2 Dominant poles of T(s) 
Consider a system with a closed-loop transfer function 
2 
Wn 
Y(s) a6 +a) 
R(s) 





T(s) 


(s? + wns + @2)(1 + Ts) 


Both the zero and the real pole may affect the transient response. If a >> ¢w, and 
T << 1/¢o,, then the pole and zero will have little effect on the step response. 
Assume that we have 


62.5(s + 2.5) 
(s? + 6s + 25)(s + 6.25) 








T(s) 
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FIGURE 5.16 
The poles and 
zeros on the 
s-plane for a 


third-order system. 


Chapter 5 The Performance of Feedback Control Systems 





jo 
x + j4 
+ j2 
-9 -6 =3 
t >t t o 
-6.25 -25 
io 
x + j4 





Note that the DC gain is equal to 1 (T(0) = 1), and we expect a zero steady-state 
error for a step input. We have fw, = 3,7 = 0.16, and a = 2.5. The poles and the 
zero are shown on the s-plane in Figure 5.16. As a first approximation, we neglect 
the real pole and obtain 


ri ~ 1S +25) 
O) RF 465 + 25 


We now have ¢ = 0.6 and w, = 5 for dominant poles with one accompanying zero 
for which a/(@,,) = 0.833. Using Figure 5.13(a), we find that the percent overshoot 
is 55%. We expect the settling time to within 2% of the final value to be 

4 4 


LF Fes. a A 





Using a computer simulation for the actual third-order system, we find that the per- 
cent overshoot is equal to 38% and the settling time is 1.6 seconds. Thus, the effect 
of the third pole of T(s) is to dampen the overshoot and increase the settling time 
(hence the real pole cannot be neglected). m 


The damping ratio plays a fundamental role in closed-loop system performance. 
As seen in the design formulas for settling time, percent overshoot, peak time, and 
rise time, the damping ratio is a key factor in determining the overall performance. 
In fact, for second-order systems, the damping ratio is the only factor determining 
the value of the percent overshoot to a step input. As it turns out, the damping ratio 
can be estimated from the response of a system to a step input [14]. The step re- 
sponse of a second-order system for a unit step input is given in Equation (5.9), 
which is 


y(t) =1- ae sin(w,,Bt + @), 


where B = Vi- 2, and @ = cos”! £, Hence, the frequency of the damped sinu- 
soidal term for ¢ < Lis 
o = a1 = CY? = oB, 


and the number of cycles in 1 second is w/(27). 
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The time constant for the exponential decay is 7T = 1/(£@,) in seconds, The 
number of cycles of the damped sinusoid during one time constant is 


onb _ B 


w 
mwn k 2nlo, Il 








(cycles/time) X 7 


Assuming that the response decays in n visible time constants, we have 


m ng 
cycles visible = ——. (5.19) 
me 
For the second-order system, the response remains within 2% of the steady-state 
value after four time constants (47). Hence, n = 4, and 





(5.20) 


bs 4p 4-2)" _ 0.55 
cycles visible = = = Z 


Qnb 2nt 


for 0.2 = ¢ = 0.6. 

As an example, examine the response shown in Figure 5.5(a) for ¢ = 0.4. Use 
y(t) = 0 as the first minimum point and count 1.4 cycles visible (until the response 
settles with 2% of the final value). Then we estimate 


O58. _ O58 «oy 


7 cycles "IA 





We can use this approximation for systems with dominant complex poles so that 


on 


T) È + 2,5 + wo, 
Then we are able to estimate the damping ratio ¢ from the actual system response of 
a physical system. 

An alternative method of estimating ¢ is to determine the percent overshoot for 
the step response and use Figure 5.8 to estimate ¢. For example, we determine an 
overshoot of 25% for ¢ = 0.4 from the response of Figure 5.5(a). Using Figure 5.8, 
we estimate that ¢ = 0.4, as expected. 


5.5 THE s-PLANE ROOT LOCATION AND THE TRANSIENT RESPONSE 


The transient response of a closed-loop feedback control system can be described in 
terms of the location of the poles of the transfer function. The closed-loop transfer 
function is written in general as 
1s) = Y(s) >) Pils) Ai(s) 
R(s) A(s) * 
where A(s) = 0 is the characteristic equation of the system. For the single-loop sys- 
tem of Figure 5.4, the characteristic equation reduces to 1 + G(s) = 0. It is the 


294 Chapter 5 The Performance of Feedback Control Systems 


poles and zeros of T(s) that determine the transient response. However, for a 
closed-loop system, the poles of 7(s) are the roots of the characteristic equation 
A(s) = 0 and the poles of 2P,s) A,(s). The output of a system (with gain = 1) 
without repeated roots and a unit step input can be formulated as a partial fraction 
expansion as 





M N 
roe tyy ay k Gs 5 (5.21) 
s Esto; gS + 2ays + (ag + ok) 
where the A;, B,, and C, are constants. The roots of the system must be either 
s = —o; or complex conjugate pairs such as s = —ay, + jwp. Then the inverse trans- 
form results in the transient response as the sum of terms 
M N 
y(t) =1+ J Ae + Y Dye! sin(oyt + 0), (5.22) 
i= k=1 


where D; is a constant and depends on By, Ck, œp, and wp. The transient response is 
composed of the steady-state output, exponential terms, and damped sinusoidal 
terms. For the response to be stable—that is, bounded for a step input—the real part 
of the roots, -a; and —a;, must be in the left-hand portion of the s-plane. The im- 
pulse response for various root locations is shown in Figure 5.17. The information 
imparted by the location of the roots is graphic indeed, and usually well worth the 
effort of determining the location of the roots in the s-plane. 

It is important for the control system analyst to understand the complete rela- 
tionship of the complex-frequency representation of a linear system, the poles and 
zeros of its transfer function, and its time-domain response to step and other inputs. 
In such areas as signal processing and control, many of the analysis and design 
calculations are done in the complex-frequency plane, where a system model is 


jø 





FIGURE 5.17 


Impulse response = ^ A 
for various root 


locations in the 1 1 
s-plane. (The 


conjugate root is 
not shown.) 
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represented in terms of the poles and zeros of its transfer function T(s). On the other 
hand, system performance is often analyzed by examining time-domain responses, 
particularly when dealing with control systems. 

The capable system designer will envision the effects on the step and impulse 
responses of adding, deleting, or moving poles and zeros of T(s) in the s-plane. Like- 
wise, the designer should visualize the necessary changes for the poles and zeros of 
T(s), in order to effect desired changes in the model’s step and impulse responses. 

An experienced designer is aware of the effects of zero locations on system 
response. The poles of 7(s) determine the particular response modes that will be 
present, and the zeros of T(s) establish the relative weightings of the individual 
mode functions. For example, moving a zero closer to a specific pole will reduce 
the relative contribution of the mode function corresponding to the pole. 

A computer program can be developed to allow a user to specify arbitrary sets 
of poles and zeros for the transfer function of a linear system. Then the computer 
will evaluate and plot the system’s impulse and step responses individually. It will 
also display them in reduced form along with the pole-zero plot. 

Once the program has been run for a set of poles and zeros, the user can modify the 
locations of one or more of them. Plots may then be presented showing the old and new 
poles and zeros in the complex plane and the old and new impulse and step responses. 


5.6 THE STEADY-STATE ERROR OF FEEDBACK CONTROL SYSTEMS 


One of the fundamental reasons for using feedback, despite its cost and increased 
complexity, is the attendant improvement in the reduction of the steady-state error 
of the system. As illustrated in Section 4.6, the steady-state error of a stable closed- 
loop system is usually several orders of magnitude smaller than the error of an 
open-loop system. The system actuating signal, which is a measure of the system 
error, is denoted as E,(s). Consider the closed-loop feedback system shown in 
Figure 5.18. According to the discussions in Chapter 4, we know from Equation (4.3) 
that with N(s) = 0, Ta(s) = 0, the tracking error is 


i] 


El) = 776.00 * 


(s). 


Using the final value theorem and computing the steady-state tracking error yields 





1 
imel) = lex = dims; + GG) R(s). (5.23) 


It is useful to determine the steady-state error of the system for the three standard 


test inputs for the unity feedback system. Later in this section we will consider 
steady-state tracking errors for non-unity feedback systems. 


Step Input. The steady-state error for a step input of magnitude A is therefore 


i s(A/s) A 
s501 + Gs)G(s) 1+ lim G.(s)G(s) 








ess 
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FIGURE 5.18 
Closed-loop control 
system with unity 
feedback. 
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GAs) G(s) 
Ris) Ys) 


(a) 






Process 


Ris) Ys) 





(b) 


It is the form of the loop transfer function G,(s)G(s) that determines the steady- 
state error. The loop transfer function is written in general form as 


KI[s + zi) 
Eo = — 5 ~ (5.24) 
“Its + Px) 


where II denotes the product of the factors and z; # 0, p, # 0 forany 1 < i < M 
andi = h < Q. Therefore, the loop transfer function as s approaches zero depends 
on the number of integrations, N. If N is greater than zero, then lim G,(s)G(s) 
approaches infinity, and the steady-state error approaches zero. The number of inte- 
grations is often indicated by labeling a system with a type number that simply is 
equal to N. 

Consequently, for a type-zero system, N = 0, the steady-state error is 


= A = A 
= 1+ G,(0)G(0) M OY 
5 1+ K IJe [Ips 
ET ks 





es (5.25) 


The constant G,(0)G(0) is denoted by K, 


p the position error constant, and is given by 





K, = lim G,(s)G(s). 
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The steady-state tracking error for a step input of magnitude A is thus given by 


(5.26) 








Hence, the steady-state error for a unit step input with one integration or more, 
N = 1, is zero because 


A 
e, li 
= S01 + KJI" 


= lim As” =0 
soos’ + KT] zi/ TI] px 











(5.27) 


Ramp Input. The steady-state error for a ramp (velocity) input with a slope A is 





zh 
an in tA (5.28) 


; A ot A 
s>01 + G(s)G(s) _ a sGAs)G(s) bn CNG) 


Again, the steady-state error depends upon the number of integrations, N. For a 
type-zero system, N = 0, the steady-state error is infinite. For a type-one system, 
N = 1, the error is 

A 


mosk IIC + a/s] + pol 





ess = 
or 


(5.29) 








where K, is designated the velocity error constant. The velocity error constant is 
computed as 


K, = lim sG(s)G(s). 
When the transfer function possesses two or more integrations, N = 2, we obtain a 
steady-state error of zero. When N = 1, a steady-state error exists. However, the 


steady-state velocity of the output is equal to the velocity of input, as we shall see 
shortly. 


Acceleration Input. When the system input is r(t) = Ar’/2, the steady-state error is 








Ki 
ses (5.30) 


init coco. iS 9°G,(s)G(s) 
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FIGURE 5.19 
Block diagram of 
steering control 
system for a mobile 
robot. 
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Table 5.5 Summary of Steady-State Errors 











Number of 
Integrations Input 
in G,(s)G(s), Type Step, r(t) = A, Ramp, At, Parabola, 
Number R(s) = Ajs A/s? At?/2, A/s? 
A aia oa 
0 ere K, Infinite Infinite 
A 
1 egs = K, Infinite 
A 

2 = ( tm 

es = 0 ) K, 





The steady-state error is infinite for one integration. For two integrations, N = 2, 
and we obtain 







pe E 
i KJJz/I[p: K, 





(5.31) 








where K, is designated the acceleration error constant. The acceleration error con- 
stant is 


K, 





lim s°G,(s)G(s). 


s—>0 





When the number of integrations equals or exceeds three, then the steady-state 
error of the system is zero. 

Control systems are often described in terms of their type number and the error 
constants, K,, K,, and K,. Definitions for the error constants and the steady-state 
error for the three inputs are summarized in Table 5.5. The usefulness of the error 
constants can be illustrated by considering a simple example. 


EXAMPLE 5.3 Mobile robot steering control 


A mobile robot may be designed as an assisting device or servant for a severely dis- 
abled person [8]. The steering control system for such a robot can be represented by 
the block diagram shown in Figure 5.19. The steering controller is 


G(s) = Kı + Kys. (5.32) 








Controller l Vehicle dynamics 








Yis) 
Actual 
heading angle 


R(s) 
Desired 
heading angle 






GAs) 





FIGURE 5.20 
Triangular wave 
response. 
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Therefore, the steady-state error of the system for a step input when K, = 0 and 
GAs) = Ky, is 


A 


= Fe (5.33) 
1+K, 


ess 
where K, = KK,. When K3 is greater than zero, we have a type-1 system, 


Kıs + Ky 
6.6) ==, 
Ss 
and the steady-state error is zero for a step input. 
If the steering command is a ramp input, the steady-state error is 


ts = 5 (5.34) 
v 


where 


K, = lim sG.(s)G(s) = KK. 


The transient response of the vehicle to a triangular wave input when 
GAs) = (Kıs + K>)/s is shown in Figure 5.20. The transient response clearly shows 
the effect of the steady-state error, which may not be objectionable if K, is suffi- 
ciently large. Note that the output attains the desired velocity as required by the 
input, but it exhibits a steady-state error. m 


The control system’s error constants, K,, K,, and K,, describe the ability of a 
system to reduce or eliminate the steady-state error. Therefore, they are utilized as 
numerical measures of the steady-state performance. The designer determines the 
error constants for a given system and attempts to determine methods of increasing 
the error constants while maintaining an acceptable transient response. In the case 
of the steering control system, we want to increase the gain factor KK; in order to 
increase K, and reduce the steady-state error. However, an increase in KK, results 


ya) 
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FIGURE 5.21 
Anonunity 
feedback system. 


FIGURE 5.22 
A speed control 
system. 


FIGURE 5.23 
The speed control 
system of 

Figure 5.22 with 
Ke= Ky 
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Ris) 


in an attendant decrease in the system’s damping ratio ¢ and therefore a more oscil- 
latory response to a step input. Thus, we want a compromise that provides the 
largest K, based on the smallest ¢ allowable. 

In the preceding discussions, we assumed that we had a unity feedback system 
where H(s) = 1. Now we consider nonunity feedback systems. A general feedback 
system with nonunity feedback is shown in Figure 5.21. For a system in which the 
feedback is not unity, the units of the output Y(s) are usually different from the 
output of the sensor. For example, a speed control system is shown in Figure 5.22, 
where H(s) = K>. The constants K, and K, account for the conversion of one set 
of units to another set of units (here we convert rad/s to volts). We can select K4, 
and thus we set K; = K> and move the block for K, and K; past the summing 
node. Then we obtain the equivalent block diagram shown in Figure 5.23. Thus, we 
obtain a unity feedback system as desired. 

Let us return to the system of Figure 5.21 with H(s). In this case, suppose 


K, 
PEEL 





H(s) = 


which has a DC gain of 
lim H(s) = Ko. 
so 


The factor K is a conversion-of-units factor. If we set K} = K4, then the system is 
transformed to that of Figure 5.23 for the steady-state calculation. To see this, con- 
sider error of the system E(s), where 


E(s) = R(s) — ¥(s) = [1 — T(s)]R(s), (5.35) 


Process 
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speed 
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since Y(s) = T(s)R(s). Note that 


r=) -ECOC _ _ (s + DEGAS) 
O = TF HWGO)G®) rs + 1+ KGG 








and therefore, 


_ 1+rs(1-— KiG(s)G(s)) 
Ts + 1 + K,G,(s)G(s) 





E(s) R(s). 


Then the steady-state error for a unit step input is 


1 


1+ K, lim Ge(s)G(s) ee 


ess = lim s E(s) = 


We assume here that 
lim sG(s)G(s) = 0. 
rere 

EXAMPLE 5.4 Steady-state error 


Let us determine the appropriate value of K, and calculate the steady-state error 
for a unit step input for the system shown in Figure 5.21 when 


Gi x20 an, oa 





PES 
and 
20 
mag= s +10 
We can rewrite H(s) as 
2 
BO) ent 


Selecting K; = K, = 2, we can use Equation (5.36) to determine 


1 1 1 
 1+ĶK lim G(s)G(s) ~ 1+ 2(40)(1/5) 17 
gE 





ess 


or 5.9% of the magnitude of the step input. m 


EXAMPLE 5.5 Feedback system 


Let us consider the system of Figure 5.24, where we assume we cannot insert a gain 
K; following R(s) as we did for the system of Figure 5.21. Then the actual error is 
given by Equation (5.35), which is 
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FIGURE 5.24 
A system with a 
feedback H(s). 
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Ys) 








E(s) = [1 — T(s)]R(s). 


Let us determine an appropriate gain K so that the steady-state error to a step input 
is minimized. The steady-state error is 


1 
es = lim s[1 i TO) 








where 
T6) = G.(s)G(s) E K(s + 4) 
"T+ Gl)G()H() (s +25 +4) + 2K" 
Then we have 
4K 

TO) = TEZE 
The steady-state error for a unit step input is 

es = 1 — T(0). 
Thus, to achieve a zero steady-state error, we require that 

4K 
se es a 


or8 + 2K = 4K. Thus, K = 4 will yield a zero steady-state error. m 


The determination of the steady-state error is simpler for unity feedback systems. 
However, it is possible to extend the notion of error constants to nonunity feedback sys- 
tems by first appropriately rearranging the block diagram to obtain an equivalent unity 
feedback system. Remember that the underlying system must be stable, otherwise our 
use of the final value theorem will be compromised. Consider the nonunity feedback 
system in Figure 5.21 and assume that K, = 1. The closed-loop transfer function is 


Y(s) 7 Ge(s)G(s) 
O O73 + H(s)G(s)G(s) 








By manipulating the block diagram appropriately we can obtain the equivalent 
unity feedback system with 
Yi Z G(s)G(s 
(s) T(s) (9) where Z(s) (C(s) i 
R(s) 1. + Z(s) 1 + G(s)G(s)(H(s) — 1) 
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The loop transfer function of the equivalent unity feedback system is Z(s). It follows 
that the error constants for nonunity feedback systems are given as: 


K, = lim Z(s), K,= lim sZ(s), and Ką = lim s°Z(s). 


Note that when H(s) = 1, then Z(s) = G,(s)G(s) and we maintain the unity feedback 
error constants. For example, when H(s) = 1, then K, = lim Z(s) = lim G,(s)G(s), 
as expected. a has 


5.7 PERFORMANCE INDICES 


Increasing emphasis on the mathematical formulation and measurement of control 
system performance can be found in the recent literature on automatic control. 
Modern control theory assumes that the systems engineer can specify quantitatively 
the required system performance. Then a performance index can be calculated or 
measured and used to evaluate the system’s performance. A quantitative measure of 
the performance of a system is necessary for the operation of modern adaptive con- 
trol systems, for automatic parameter optimization of a control system, and for the 
design of optimum systems. 

Whether the aim is to improve the design of a system or to design a control sys- 
tem, a performance index must be chosen and measured, 


A performance index is a quantitative measure of the performance 
of a system and is chosen so that emphasis is given 
to the important system specifications. 


A system is considered an optimum control system when the system parameters 
are adjusted so that the index reaches an extremum, commonly a minimum value. 
To be useful, a performance index must be a number that is always positive or zero. 
Then the best system is defined as the system that minimizes this index. 

A suitable performance index is the integral of the square of the error, ISE, 
which is defined as 


‘i 
ISE = f e(t) dt. (5.37) 
0 


The upper limit T is a finite time chosen somewhat arbitrarily so that the integral 
approaches a steady-state value. It is usually convenient to choose T as the settling 
time 7;. The step response for a specific feedback control system is shown in Figure 
5.25(b), and the error in Figure 5.25(c). The error squared is shown in Figure 5.25(d), 
and the integral of the error squared in Figure 5.25(e). This criterion will discriminate 
between excessively overdamped and excessively underdamped systems. The mini- 
mum value of the integral occurs for a compromise value of the damping. The perfor- 
mance index of Equation (5.37) is easily adapted for practical measurements because a 
squaring circuit is readily obtained. Furthermore, the squared error is mathematically 
convenient for analytical and computational purposes. 
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FIGURE 5.25 

The calculation of 
the integral squared 
error, 
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Another readily instrumented performance criterion is the integral of the 
absolute magnitude of the error, IAE, which is written as 


T 
IAE = f le(t)| dt. (5.38) 
0 
This index is particularly useful for computer simulation studies. 
To reduce the contribution of the large initial error to the value of the perfor- 


mance integral, as well as to emphasize errors occurring later in the response, the 
following index has been proposed [6]: 


T 
ITAE = [ tle(t)| dt. (5.39) 
0 


This performance index is designated the integral of time multiplied by absolute error, 
ITAE. Another similar index is the integral of time multiplied by the squared error, or 


ya 
ITSE = { te(t) dt. (5.40) 
0 


FIGURE 5.26 
Single-loop 
feedback control 
system. (a) Signal- 
flow graph. 

(b) Block diagram 
model. 
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The performance index ITAE provides the best selectivity of the performance 
indices; that is, the minimum value of the integral is readily discernible as the system 
parameters are varied. The general form of the performance integral is 


T 
a | Flee), r(e), y(t), t) dt, (5.41) 
0 


where f is a function of the error, input, output, and time. We can obtain numerous 
indices based on various combinations of the system variables and time. Note that 
the minimization of IAE or ISE is often of practical significance. For example, the 
minimization of a performance index can be directly related to the minimization of 
fuel consumption for aircraft and space vehicles. 

Performance indices are useful for the analysis and design of control systems. 
Two examples will illustrate the utility of this approach. 


EXAMPLE 5.6 Performance criteria 


A single-loop feedback control system is shown in Figure 5.26, where the natural 
frequency is the normalized value, w, = 1. The closed-loop transfer function is then 


ee 
TO) = 2 pope (542) 


Three performance indices—ISE, ITAE, and ITSE—calculated for various values 
of the damping ratio ¢ and for a step input are shown in Figure 5.27. These curves 
show the selectivity of the ITAE index in comparison with the ISE index. The value 
of the damping ratio ¢ selected on the basis of ITAE is 0.7. For a second-order sys- 
tem, this results in a swift response to a step with a 4.6% overshoot. m 
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FIGURE 5.27 
Three performance 
criteria for a 
second-order 
system. 


FIGURE 5.28 

A space telescope 
pointing control 
system. (a) Block 
diagram. (b) Signal- 
flow graph. 
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EXAMPLE 5.7 Space telescope control system 


The signal-flow graph and block diagram of a space telescope pointing control 
system are shown in Figure 5.28 [11]. We desire to select the magnitude of the 
gain, K3, to minimize the effect of the disturbance, 7;(s). In this case, the distur- 
bance is equivalent to an initial attitude error. The closed-loop transfer function 
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for the disturbance is obtained by using Mason’s signal-flow gain formula as 
follows: 


Y(s) _ Py(s) Ai(s) 
Ts) A(s) 

2 Aa (5.43) 
1 + K,K3s° + K,K,K,s 

s(s + K,K3) 








Typical values for the constants are K, = 0.5 and K,K,K, = 2.5. Then the natural 
frequency of the vehicle is f, = V2.5/(27) = 0.25 cycles/s. For a unit step distur- 
bance, the minimum ISE can be analytically calculated. The attitude is 


y(t) = VAY os sn Se + v) | (5.44) 


where B = V10 — K3/4. Squaring y(t) and integrating the result, we have 
00 
10 oska 2 B 
I= Mi oses sie Ee + v) dt 


= 1Oaan A 5c0s( Bt + 20) dt (5.45) 
0 


1 
get WL 
K; à 
Differentiating J and equating the result to zero, we obtain 


dI h 
7 -K3 +01 = 0. (5.46) 





Therefore, the minimum ISE is obtained when K = V10 = 3.2. This value of K3 
corresponds to a damping ratio ¢ of 0.50. The values of ISE and IAE for this system 
are plotted in Figure 5.29. The minimum for the IAE performance index is obtained 
when K; = 4.2 and ¢ = 0.665. While the ISE criterion is not as selective as the IAE 
criterion, it is clear that it is possible to solve analytically for the minimum value of 
ISE. The minimum of IAE is obtained by measuring the actual value of IAE for sev- 
eral values of the parameter of interest. m 


A control system is optimum when the selected performance index is mini- 
mized. However, the optimum value of the parameters depends directly on the 
definition of optimum, that is, the performance index. Therefore, in Examples 5.6 
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FIGURE 5.29 
The performance 
indices of the 
telescope control 


system versus K3. 
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1.5 











and 5.7, we found that the optimum setting varied for different performance 
indices. 

The coefficients that will minimize the ITAE performance criterion for a step 
input have been determined for the general closed-loop transfer function [6] 


Y(s) _ bo 
R(s) s” + bps"! + +++ + bis + by 








T(s) (5.47) 


This transfer function has a steady-state error equal to zero for a step input. Note 
that the transfer function has n poles and no zeros. The optimum coefficients for the 
ITAE criterion are given in Table 5.6. The responses using optimum coefficients for 
a step input are given in Figure 5.30 for ISE, IAE, and ITAE. The responses are pro- 
vided for normalized time w,t. Other standard forms based on different perfor- 
mance indices are available and can be useful in aiding the designer to determine 
the range of coefficients for a specific problem. A final example will illustrate the 
utility of the standard forms for ITAE. 


EXAMPLE 5.8 Two-camera control 


A very accurate and rapidly responding control system is required for a system that 
allows live actors to appear as if they are performing inside of complex miniature 
sets. The two-camera system is shown in Figure 5.31(a), where one camera is trained 
on the actor and the other on the miniature set. The challenge is to obtain rapid and 
accurate coordination of the two cameras by using sensor information from the 


Table 5.6 The Optimum Coefficients of T(s) Based on the 
ITAE Criterion for a Step Input 


S+ Oy, 
È + 140,5 + 0% 
È + 1750,5? + 2.15025 + w3 
$ + 210,58 + 3.4025? + 2.Tass + wf 
SŽ + 2.8e,54 + 5.0w2s* + 5.5038 + 3.4045 + oS 
sÉ + 3.25a,8° + 6.600251 + 8.6002 + 7.45045 + 3,95w3s + wf 
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FIGURE 5.30 

Step responses of a 
normalized transfer 02 
function using r 
optimum 

coefficients for 

(a) ISE, (b) IAE, and 0 
(c) ITAE. The 

response is for 

normalized time, 

wnt. (b) 
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foreground camera to control the movement of the background camera. The block 
diagram of the background camera system is shown in Figure 5.31(b) for one axis of 
movement of the background camera. The closed-loop transfer function is 


K, Kw 
- me 5 (5.48) 
sS” + 2aos* + wos + K,K,,09 








T(s) 
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FIGURE 5.30 
(Continued) 
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Normalized response 
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(c) 


The standard form for a third-order system given in Table 5.6 requires that 
2fw9 = 1.750), wb = 2.1502, and K,Kn,w§ = 03. 
Examining Figure 5.30(c) for n = 3, we estimate that the settling time is approxi- 
mately 8 seconds (normalized time). Therefore, we estimate that 
@,1, = 8. 


Because a rapid response is required, a large w, will be selected so that the settling 
time will be less than 1 second. Thus, w, will be set equal to 10 rad/s. Then, for an 
ITAE system, it is necessary that the parameters of the camera dynamics be 


@ = 14.67 rad/s 








and 
¢ = 0.597, 
The amplifier and motor gain are required to be 
wn On On 
K,Ky, = = = = = 4.65. 


og 215o} 2.15 
Then the closed-loop transfer function is 
1000 
s? + 17.55? + 215s + 1000 


1000 
(s + 7.08)(s + 5.21 + j10.68)(s + 5.21 — 710.68)’ 





T(s) = 








(5.49) 


FIGURE 5.31 

The foreground 
camera, which may 
be either a film or 
video camera, is 
trained on the blue 
cyclorama stage. 
The electronic 
servocontrol 
installation permits 
the slaving, by 
means of electronic 
servodevices, of the 
two cameras. The 
background camera 
reaches into the 
miniature set with a 
periscope lens and 
instantaneously 
reproduces all 
movements of the 
foreground camera 
in the scale of the 
miniature. The video 
control installation 
allows the 
composite image to 
be monitored and 
recorded live. (Part 
(a) reprinted with 
permission from 
Electronic Design 
24, 11, May 24, 
1976. Copyright © 
Hayden Publishing 
Co., Inc., 1976.) 


FIGURE 5.32 
The closed-loop 
roots of a minimum 
ITAE system. 
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Table 5.7 The Optimum Coefficients of T(s) Based 
on the ITAE Criterion for a Ramp Input 
S + 3.20,8 + on 
S + 1.750, + 3.25025 + o 
st + 2.41w, 5? + 4.93035? + 5.14@3s + wi 
$ + 2,19w,57 + 6.50025 + 6.3035? + 5.24045 + w 





The locations of the closed-loop roots dictated by the ITAE system are shown 
in Figure 5.32. The damping ratio of the complex roots is ¢ = 0.44. However, the 
complex roots do not dominate. The actual response to a step input using a comput- 
er simulation showed the overshoot to be only 2% and the settling time (to within 
2% of the final value) to be equal to 0.75 second. 

For a ramp input, the coefficients have been determined that minimize the 
ITAE criterion for the general closed-loop transfer function [6] 


bys + bo 
+ bys" 1 + + + bis + bo 





T(s) = P] (5.50) 


This transfer function has a steady-state error equal to zero for a ramp input. The 
optimum coefficients for this transfer function are given in Table 5.7. The transfer 
function, Equation (5.50), implies that the process G(s) has two or more pure inte- 
grations, as required to provide zero steady-state error. m 


5.8 THE SIMPLIFICATION OF LINEAR SYSTEMS 


It is quite useful to study complex systems with high-order transfer functions by 
using lower-order approximate models. For example, a fourth-order system could be 
approximated by a second-order system leading to a use of the performance indices 
in Figure 5.8. Several methods are available for reducing the order of a systems 
transfer function. 

One relatively simple way to delete a certain insignificant pole of a transfer 
function is to note a pole that has a negative real part that is much more negative 
than the other poles. Thus, that pole is expected to affect the transient response 
insignificantly. 

For example, if we have a system with transfer function 


K 
Cy) => oe 
() = 64 2s + 30)’ 
we can safely neglect the impact of the pole at s = —30. However, we must retain 


the steady-state response of the system, so we reduce the system to 


(K/30) 


G= SS +2 
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A more sophisticated approach attempts to match the frequency response of 
the reduced-order transfer function with the original transfer function frequency 
response as closely as possible. Although frequency response methods are covered 
in Chapter 8, the associated approximation method strictly relies on algebraic ma- 
nipulation and is presented here. We will let the high-order system be described by 
the transfer function 


amS” + amasl + os tas $1 


Gr(s) = K A 
i) bys" + bys") + + bys +1 





(5.51) 


in which the poles are in the left-hand s-plane and m = n. The lower-order approx- 
imate transfer function is 


eps Bees He cyssb ll 


ds8 +o tds +T (552) 


G,(s) = K 


where p = g < n. Notice that the gain constant, K, is the same for the original 
and approximate system; this ensures the same steady-state response. The method 
outlined in Example 5.9 is based on selecting c; and d;in such a way that G,(s) has 
a frequency response (see Chapter 8) very close to that of G(s). This is equiva- 
lent to stating that Gy(jw)/G,(jw) is required to deviate the least amount from 
unity for various frequencies. The c and d coefficients are obtained by using the 
equations 


ag = É 
and 
k d“ 
As) = 73A), (5.54) 


where M(s) and A(s) are the numerator and denominator polynomials of 
Gr(s)/G,(s), respectively. We also define 


29 (-1)**9M(0)M 22-0) 
K= k!(2q — k)! i 











My, 0,1,2... (5.55) 


and an analogous equation for A,,. The solutions for the c and d coefficients are 
obtained by equating 
Mog = Arg (5.56) 


for q = 1,2,... up to the number required to solve for the unknown coefficients. 
Let us consider an example to clarify the use of these equations. 
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EXAMPLE 5.9 A simplified model 
Consider the third-order system 


6 1 

= 5.57 

Gils) = See + lis +6 11 Ga 
6 








Using the second-order model 


1 


G(s) = ————., 5.58 
is) 1 + dys + dos? 68) 
we determine that 
2 11 2413 
M(s) = 1+ dys + dos, and AG)=1l+Ests + Es. 
Then we know that 
M(s) = 1 + dys + dys’, (5.59) 
and M)(0) = 1. Similarly, we have 
MO) = Ža + dys + dz?) = dy + 2dds. (5.60) 
Therefore, M“(0) = d;. Continuing this process, we find that 
MO) = 1 AMO) = 1, 
11 
M0) = d; AM(0) = P 
M0) = 2d, A®(0) = 2, (5.61) 


and 
M0) =0 APO) = 1. 


We now equate Mz, = Az, for q = 1 and 2. We find that, for q = 1, 








MOOM) M®O)MD(O M®(0)MQ(O 
) (UMO (0) © er (0)M(0) 
2 1 2 
= —d, + d? — dy = —2d, + d,’. (5.62) 


M2 


Since the equation for A; is similar, we have 
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Equation (5.56) with q = 1 requires that M) = A,; therefore, 
49 
=2d; + ==. 5.64 
d, + dj 36 (5.64) 


Completing the process for M4 = A4, we obtain 
Gj =—. (5.65) 


Solving Equations (5.64) and (5.65) yields d4 = 1.615 and dz = 0.624. (The other 
sets of solutions are rejected because they lead to unstable poles.) The lower-order 
system transfer function is 

1 = 1.60 
1 + 1.6155 + 0.6245? 5? + 2.5905 + 1.60° 





G(s) = (5.66) 


It is interesting to see that the poles of H(s) are s = —1, —2, —3, whereas the poles 
of G,(s) are s = —1.024 and —1.565. Because the lower-order model has two poles, 
we estimate that we would obtain a slightly overdamped step response with a set- 
tling time to within 2% of the final value in approximately 3 seconds. m 


It is sometimes desirable to retain the dominant poles of the original system, 
G;,(s), in the low-order model. This can be accomplished by specifying the denomi- 
nator of G,(s) to be the dominant poles of Gy(s) and allowing the numerator of 
G(s) to be subject to approximation. 

Another novel and useful method for reducing the order is the Routh approxi- 
mation method based on the idea of truncating the Routh table used to determine 
stability. The Routh approximants can be computed by a finite recursive algorithm 
that is suited for programming on a digital computer [22]. 

A robot named Domo was developed to investigate robot manipulation in unstruc- 
tured environments [25-26]. The robot shown in Figure 5.33 has 29 degrees of freedom, 
making it a very complex system. Domo employs two six-degree-of-freedom arms and 
hands with compliant and force-sensitive actuators coupled with a behavior-based sys- 
tem architecture to achieve robotic manipulation tasks in human environments. Design- 
ing a controller to control the motion of the arm and hands would require significant 
model reduction and approximation before the methods of design discussed in the sub- 
sequent chapters (e.g., root locus design methods) could be successfully applied. 


5.9 DESIGN EXAMPLES 


In this section we present two illustrative examples. The first example is a simplified 
view of the Hubble space telescope pointing control problem. The Hubble space tele- 
scope problem highlights the process of computing controller gains to achieve de- 
sired percent overshoot specifications, as well as meeting steady-state error 
specifications. The second example considers the control of the bank angle of an air- 
plane. The airplane attitude motion control example represents a more in-depth look 
at the control design problem. Here we consider a complex fourth-order model of 
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FIGURE 5.33 

An upper-torso 
humanoid robot 
named Domo helps 
researchers 
investigate robot 
manipulation in 
unstructured 
environments. 
(Photo courtesy of 
Aaron Edsinger, MIT 
Humanoid Robotics 
Group.) 
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the lateral dynamics of the aircraft motion that is approximated by a second-order 
model using the approximation methods of Section 5.8. The simplified model can be 
used to gain insight into the controller design and the impact of key controller para- 
meters on the transient performance. 


EXAMPLE 5.10 Hubble space telescope control 


The orbiting Hubble space telescope is the most complex and expensive scientific in- 
strument that has ever been built. Launched to 380 miles above the earth on April 24, 
1990, the telescope has pushed technology to new limits. The telescope’s 2.4 meter 
(94.5-inch) mirror has the smoothest surface of any mirror made, and its pointing sys- 
tem can center it on a dime 400 miles away [21]. The telescope had a spherical aber- 
ration that was largely corrected during space missions in 1993 and 1997 [24]. 
Consider the model of the telescope-pointing system shown in Figure 5.34. 


FIGURE 5.34 

(a) The Hubble 
telescope pointing 
system, (b) reduced 
block diagram, 

(c) system design, 
and (d) system 
response to a unit 
step input 
command and a 
unit step 
disturbance input. 
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The goal of the design is to choose K, and K so that (1) the percent overshoot 
of the output to a step command, r(), is less than or equal to 10%, (2) the steady- 
state error to a ramp command is minimized, and (3) the effect of a step disturbance 
is reduced. Since the system has an inner loop, block diagram reduction can be used 
to obtain the simplified system of Figure 5.34(b). 

The output due to the two inputs of the system of Figure 5.34(b) is given by 











¥(s) = T(s)R(s) + [T(S)/K TAs), (5.67) 
where 
_ _KG(s) L(s) 
MS) = TE KG) 14+ LO 
The error is 
= 1 _ Gs) 
E(s) = 1+ Le) R(s) T+ Lio) Ty(s). (5.68) 


First, let us select K and K, to meet the percent overshoot requirement for a step 
input, R(s) = A/s. Setting T,(s) = 0, we have 


KG(s) 
1+ KG(s) 


K A K A 
E = : 5.69 
«etal al (9:69) 


To set the overshoot less than 10%, we select ¢ = 0.6 by examining Figure 5.8 or 
using Equation (5.16) to determine that the overshoot will be 9.5% for ¢ = 0.6. 
We next examine the steady-state error for a ramp, r(t) = Bt, t = 0, using (Equa- 
tion 5.28): 


Y(s) 


R(s) 





lim B SB 
es = KGG) K/K; 








(5.70) 


The steady-state error due to a unit step disturbance is equal to —1/K. (The 
student should show this.) The transient response of the error due to the step dis- 
turbance input can be reduced by increasing K (see Equation 5.68). In summary, 
we seek a large K and a large value of K/K; to obtain a low steady-state error for 
the ramp input (see Equation 5.70). However, we also require ¢ = 0.6 to limit the 
overshoot. 

For our design, we need to select K. With ¢ = 0.6, the characteristic equation of 
the system is 


È + 2Lw,5 + w2 = s? + 20.6)o,s + K. (5.71) 


FIGURE 5.35 
Control of the bank 
angle of an airplane 
using differential 
deflections of the 
ailerons. 
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Therefore, w, = VK, and the second term of the denominator of Equation (5.69) 
requires K, = 2(0.6)w,,. Then K; = 12VK, so the ratio K/K, becomes 


K_ K _VK 
Ki 12VK 12’ 


Selecting K = 25, we have K, = 6 and K/K, = 4.17. If we select K = 100, we have 
K, = 12 and K/K, = 8.33. Realistically, we must limit K so that the system’s opera- 
tion remains linear. Using K = 100, we obtain the system shown in Figure 5.34(c). 
The responses of the system to a unit step input command and a unit step distur- 
bance input are shown in Figure 5.34(d). Note how the effect of the disturbance is 
relatively insignificant. 

Finally, we note that the steady-state error for a ramp input (see Equation 5.70) is 

B 


ess = 833 = 0.12B. 


This design, using K = 100, is an excellent system. m 





EXAMPLE 5.11 Attitude control of an airplane 


Each time we fly on a commercial airliner, we experience first-hand the benefits of 
automatic control systems. These systems assist pilots by improving the handling 
qualities of the aircraft over a wide range of flight conditions and by providing pilot 
relief (for such emergencies as going to the restroom) during extended flights. The 
special relationship between flight and controls began in the early work of the 
Wright brothers. Using wind tunnels, the Wright brothers applied systematic 
design techniques to make their dream of powered flight a reality. This systematic 
approach to design contributed to their success. 

Another significant aspect of their approach was their emphasis on flight 
controls; the brothers insisted that their aircraft be pilot-controlled. Observing 
birds control their rolling motion by twisting their wings, the Wright brothers 
built aircraft with mechanical mechanisms that twisted their airplane wings. 
Today we no longer use wing warping as a mechanism for performing a roll ma- 
neuver; instead we control rolling motion by using ailerons, as shown in Figure 
5.35. The Wright brothers also used elevators (located forward) for longitudinal 


Bank angle, ¢, 


Plane of symmetry 






Bank angle, œ 


Aileron 


eI 
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control (pitch motion) and rudders for lateral control (yaw motion). Today’s air- 
craft still use both elevators and rudders, although the elevators are generally lo- 
cated on the tail (rearward). 

The first controlled, powered, unassisted take-off flight occurred in 1903 with 
the Wright Flyer I (a.k.a. Kitty Hawk). The first practical airplane, the Flyer III, 
could fly figure eights and stay aloft for half an hour. Three-axis flight control was a 
major (and often overlooked) contribution of the Wright brothers. A concise his- 
torical perspective is presented in Stevens and Lewis [27]. The continuing desire to 
fly faster, lighter, and longer fostered further developments in automatic flight con- 
trol. Today’s challenge is to develop a single-stage-to-orbit aircraft/spacecraft that 
can take off and land on a standard runway. 

The main topic of this chapter is control of the automatic rolling motion of an 
airplane. The elements of the design process emphasized in this chapter are illus- 
trated in Figure 5.36. 


E Topics emphasized in this example 
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FIGURE 5.36 Elements of the control system design process emphasized in the airplane attitude 
control example. 
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We begin by considering the model of the lateral dynamics of an airplane moving 
along a steady, wings-level flight path. By lateral dynamics, we mean the attitude motion 
of the aircraft about the forward velocity. An accurate mathematical model describing 
the motion (translational and rotational) of an aircraft is a complicated set of highly 
nonlinear, time-varying, coupled differential equations. A good description of the 
process of developing such a mathematical model appears in Etkin and Reid [28]. 

For our purposes a simplified dynamic model is required for the autopilot de- 
sign process. A simplified model might consist of a transfer function describing the 
input/output relationship between the aileron deflection and the aircraft bank 
angle. Obtaining such a transfer function would require many prudent simplifica- 
tions to the original high-fidelity, nonlinear mathematical model. 

Suppose we have a rigid aircraft with a plane of symmetry. The airplane is as- 
sumed to be cruising at subsonic or low supersonic (Mach < 3) speeds. This allows 
us to make a flat-earth approximation. We ignore any rotor gyroscopic effects due to 
spinning masses on the aircraft (such as propellors or turbines). These assumptions 
allow us to decouple the longitudinal rotational (pitching) motion from the lateral 
rotational (rolling and yawing) motion. 

Of course, we also need to consider a linearization of the nonlinear equations of 
motion. To accomplish this, we consider only steady-state flight conditions such as 


Steady, wings-level flight 
Steady, level turning flight 
Q Steady, symmetric pull-up 
2 Steady roll. 


For this example we assume that the airplane is flying at low speed in a steady, 
wings-level attitude, and we want to design an autopilot to control the rolling mo- 
tion. We can state the control goal as follows: 


Control Goal 
Regulate the airplane bank angle to zero degrees (steady, wings level) and 
maintain the wings-level orientation in the presence of unpredictable external 
disturbances. 


We identify the variable to be controlled as 


Variable to Be Controlled 
Airplane bank angle (denoted by ¢). 


Defining system specifications for aircraft control is complicated, so we do not 
attempt it here. It is a subject in and of itself, and many engineers have spent signifi- 
cant efforts developing good, practical design specifications. The goal is to design a 
control system such that the dominant closed-loop system poles have satisfactory 
natural frequency and damping [27]. We must define satisfactory and choose test 
input signals on which to base our analysis. 

The Cooper-Harper pilot opinion ratings provide a way to correlate the feel of 
the airplane with control design specifications [29]. These ratings address the han- 
dling qualities issues. Many flying qualities requirements are specified by govern- 
ment agencies, such as the United States Air Force [30]. The USAF MIL-F-8785C is 
a source of time-domain control system design specifications. 
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For example we might design an autopilot control system for an aircraft in 
steady, wings-level flight to achieve a 20% overshoot to a step input with minimal 
oscillatory motion and rapid response time (that is, a short time-to-peak). Subse- 
quently we implement the controller in the aircraft control system and conduct flight 
tests or high-fidelity computer simulations, after which the pilots tell us whether they 
liked the performance of the aircraft. If the overall performance was not satisfactory, 
we change the time-domain specification (in this case a percent overshoot specifica- 
tion) and redesign until we achieve a feel and performance that pilots (and ultimately 
passengers) will accept. Despite the simplicity of this approach and many years of 
research, precise-control system design specifications that provide acceptable air- 
plane flying characteristics in all cases are still not available [27]. 

The control design specifications given in this example may seem somewhat 
contrived. In reality the specifications would be much more involved and, in many 
ways, less precisely known. But recall in Chapter 1 we discussed the fact that we 
must begin the design process somewhere. With that approach in mind, we select 
simple design specifications and begin the iterative design process. The design spec- 
ifications are 


Control Design Specifications 
DS1 Percent overshoot less than 20% for a unit step input. 
DS2 Fast response time as measured by time-to-peak. 
By making the simplifying assumptions discussed above and linearizing about 
the steady, wings-level flight condition, we can obtain a transfer function model 


describing the bank angle output, 4(s), to the aileron deflection input, 6,(s). The 
transfer function has the form 


(s) = kis -= Co)(s? + bys + bo) 
Sals)  s(s + do)(s + eo)(s? + fis + fo) 





(5.72) 


The lateral (roll/yaw) motion has three main modes: Dutch roll mode, spiral 
mode, and roll subsidence mode. The Dutch roll mode, which gets its name from its 
similarities to the motion of an ice speed skater, is characterized by a rolling and 
yawing motion. The airplane center of mass follows nearly a straightline path, and a 
rudder impulse can excite this mode. The spiral mode is characterized by a mainly 
yawing motion with some roll motion. This is a weak mode, but it can cause an air- 
plane to enter a steep spiral dive. The roll subsidence motion is almost a pure roll 
motion. This is the motion we are concerned with for our autopilot design. The 
denominator of the transfer function in Equation (5.72) shows two first-order 
modes (spiral and roll subsidence modes) and a second-order mode (Dutch roll mode). 

In general the coefficients co, bo, b1, do, €o, fo, fı and the gain k are complicated 
functions of stability derivatives. The stability derivatives are functions of the flight 
conditions and the aircraft configuration; they differ for different aircraft types. The 
coupling between the roll and yaw is included in Equation (5.72). 

In the transfer function in Equation (5.72), the pole at s = —dg is associated 
with the spiral mode. The pole at s = —e is associated with the roll subsidence 
mode. Generally, eo >> dp. For an F-16 flying at 500 ft/s in steady, wings-level flight, 
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we have eg = 3.57 and dy = 0.0128 [27]. The complex conjugate poles given by the 
term s? + fıs + fo represent the Dutch roll motion. 

For low angles of attack (such as with steady, wings-level flight), the Dutch roll 
mode generally cancels out of the transfer function with the s? + bas + bo term. This 
is an approximation, but it is consistent with our other simplifying assumptions. Also, 
we can ignore the spiral mode since it is essentially a yaw motion only weakly cou- 
pled to the roll motion. The zero at $s = cg represents a gravity effect that causes the 
aircraft to sideslip as it rolls. We assume that this effect is negligible, since it is most 
pronounced in a slow roll maneuver in which the sideslip is allowed to build up, and 
we assume that the aircraft sideslip is small or zero. Therefore we can simplify the 
transfer function in Eq. (5.72) to obtain a single-degree-of-freedom approximation: 


$(s) a k 
Sys)  s(s + ep) 


For our aircraft we select eg = 1.4 and k = 11.4. The associated time-constant of the 
roll subsidence is r = 1/eọ = 0.7s. These values represent a fairly fast rolling mo- 
tion response. 

For the aileron actuator model, we typically use a simple first-order system 
model, 





(5.73) 


ôs) pp 
Wasa (5.74) 





where e(s) = a(s) — (s). In this case we select p = 10. This corresponds to a time 
constant of r = 1/p = 0.1 s. This is a typical value consistent with a fast response. We 
need to have an actuator with a fast response so that the dynamics of the actively con- 
trolled airplane will be the dominant component of the system response. A slow actuator 
is akin to a time delay that can cause performance and stability problems. 

For a high-fidelity simulation, we would need to develop an accurate model of the 
gyro dynamics. The gyro, typically an integrating gyro, is usually characterized by a very 
fast response. To remain consistent with our other simplifying assumptions, we ignore 
the gyro dynamics in the design process. This means we assume that the sensor mea- 
sures the bank angle precisely. The gyro model is given by a unity transfer function, 


K,=1. (5.75) 


Thus our physical system model is given by Equations (5.73), (5.74), and (5.75). 
The controller we select for this design is a proportional controller, 


G(s) = K. 
The system configuration is shown in Figure 5.37. The select key parameter is as follows: 


Select Key Tuning Parameter 
Controller gain K. 
The closed-loop transfer function is 


$ls) 114K 
ods) s? + 11.48? + 14s + 114K ` 











T(s) (5.76) 
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FIGURE 5.37 
Bank angle control 
autopilot. 
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dynamics 
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actuator 






















Pala 10 114 ds) 
bank angle s(s + 1.4) Bank angle 





We want to determine analytically the values of K that will give us the desired 
response, namely, a percent overshoot less than 20% and a fast time-to-peak. 
The analytic analysis would be simpler if our closed-loop system were a second- 
order system (since we have valuable relationships between settling time, percent 
overshoot, natural frequency and damping ratio); however we have a third-order 
system, given by T(s) in Equation (5.76). We could consider approximating the 
third-order transfer function by a second-order transfer function—this is sometimes 
a very good engineering approach to analysis. There are many methods available to 
obtain approximate transfer functions. Here we use the algebraic method described 
in Section 5.8 that attempts to match the frequency response of the approximate 
system as closely as possible to the actual system. 
Our transfer function can be rewritten as 


1 


14 4 2 13°’ 
1+ aes + tak + Taks 





T(s) = 


by factoring the constant term out of the numerator and denominator. Suppose our 
approximate transfer function is given by the second-order system 


1 


G(s) = —————. 
ud = Ty dys + dos? 


The objective is to find appropriate values of dı and dz. As in Section 5.8, we define 
M(s) and A(s) as the numerator and denominator of T(s)/G,(s). We also define 


2q (-1)**¢M(0)M 1-0) 
6 k!(2q — k)! : 








Mog = Í Dung (5.77) 


and 
2q (-1)**¢ A“ (0) A?I-*)(0) 
1 & k!(2q — k)! , 











Dea (5.78) 


Then, forming the set of algebraic equations 


My = hy, gal Den, (5.79) 
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we can solve for the unknown parameters of the approximate function. The index q 
is incremented until sufficient equations are obtained to solve for the unknown 
coefficients of the approximate function. In this case, g = 1,2 since we have two 
parameters d, and d, to compute. 

We have 


M(s) =1 + dys + dos? 








dM 
Ms) = ae = dı + 2ds 
aM 
Ms) = —— = 2d 
(s) dst 2 
M°\s) = M%(s) = +++ =0. 
Thus evaluating at s = 0 yields 
M0) = d; 
M0) = 2d, 
MOO) = MAO) = «+ = 0. 
Similarly, 
14 His, F 
+ + 
A(s) = 1 + trax’ TK’ * TIK 
Amy = 244, 28, 3 





ds 114K  114K° 114K 
A 228 6 


2) a ec 
ae aK” IAK 
aN 6 
AGG) = 42-2 
(9) = Ge TK 
AM(s) = AX) = + = 0. 
Evaluating at s = 0, it follows that 
14 
a) = 
A O) 114K’ 
22.8 
Gig = e 
ARO 114K’ 
6 
63) = —— 
A“(0) TIR 


AM(0) = A®0) = --- = 0. 
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Using Equation (5.77) for q = 1 and q = 2 yields 











_M(0)M®(0) y MY O)M%O) M0)M(0) 
z 2 1 2; 


and 


MOMA) MPM) MOOMOO) 
4 Ol! m3 o a22 
M®(0)MM 0) mM(0)M(0) 
a 311! +— po 











= dż 


Similarly using Equation (5.78), we find that 


-228 19% 101.96 
TAK t Hae a= 7 
114K (114K) (114K) 





A, = 
Thus forming the set of algebraic equations in Equation (5.79), 
M= A, and M,= A4 


we obtain 








-22.8 196 101.96 
—2d, + d? = —— + d d? 
da +i 114K (114K? T 


Solving for d; and d; yields 


V 196 — 296.96K 
114K i 

10.097 

114K’ 


d = 


d = 


-2d, + di 


2 


> 


(5.80) 


(5.81) 


where we always choose the positive values of d, and d; so that Gz (s) has poles in the 
left half-plane. Thus (after some manipulation) the approximate transfer function is 


11.29K 


G,(s) A 
I sh 4 V192- 291Ks + 11.29K 








(5.82) 


We require that K < 0.65 so that the coefficient of the s term remains a real num- 
ber (we do not want to have a transfer function with complex valued parameters). 


Our desired second-order transfer function can be written as 


wn 


G(s) =n 
(s) s? + ios + o 


(5.83) 
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Comparing coefficients in Equations (5.82) and (5.83) yields 


o =1129K and 2 = = — 0.065. (5.84) 


The design specification that the percent overshoot P.O. is to be less than 20% 
implies that we want ¢ = 0.45. This follows from solving Equation (5.16) 


P.O. = e iNe 


for ¢. Setting ¢ = 0.45 in Equation (5.84) and solving for K yields 


K = 0.16. 
With K = 0.16 we compute 


wo, = V1129K = 1.34. 


Then we can estimate the time-to-peak T, from Equation (5.14) to be 


T, = —— = 262s. 


P Vie 


We might be tempted at this point to select ¢ > 0.45 so that we reduce the percent 
overshoot even further than 20%. What happens if we decide to try this approach? 
From Equation (5.84) we see that K decreases as ¢ increases. Then, since 


wn = V11.29K, 


as K decreases, then wẹ, also decreases. But the time-to-peak, given by 


T 


increases as w,, decreases. Since our goal is to meet the specification of percent over- 
shoot less than 20% while minimizing the time-to-peak, we use the initial selection 
of ¢ = 0.45 so that we do not increase T, unnecessarily. 

The second-order system approximation has allowed us to gain insight into the 
relationship between the parameter K and the system response, as measured by per- 
cent overshoot and time-to-peak. Of course, the gain K = 0.16 is only a starting 
point in the design because we in fact have a third-order system and must consider 
the effect of the third pole (which we have ignored so far). 

A comparison of the third-order aircraft model in Equation (5.76) with the sec- 
ond-order approximation in Equation (5.82) for a unit step input is shown in 
Figure 5.38. The step response of the second-order system is a good approximation 
of the original system step response, so we would expect that the analytic analysis 
using the simpler second-order system to provide accurate indications of the rela- 
tionship between K and the percent overshoot and time-to-peak. 

With the second-order approximation, we estimate that with K = 0.16 the per- 
cent overshoot P.O. = 20% and the time-to-peak 7 = 2.62 seconds. As shown in 


T= 
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FIGURE 5.38 
Step response 
comparison of 
third-order aircraft 
model versus 
second-order 
approximation. 


FIGURE 5.39 
Step response of 
the 3°-order aircraft 
model with 

K = 0.10, 0.16, and 
0. 20 showing that, 
as predicted, as K 
decreases percent 
overshoot 
decreases while the 
time-to-peak 
increases. 
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Figure 5.39 the percent overshoot of the original third-order system is P.O. = 20.5% 
and the time-to-peak 7, = 2.73 s. Thus, we see that that analytic analysis using the ap- 
proximate system is an excellent predictor of the actual response. For comparison pur- 
poses, we select two variations in the gain and observe the response. For K = 0.1, the 
percent overshoot is 9.5% and the time-to-peak T, = 3.74 s. For K = 0.2, the percent 
overshoot is 26.5% and the time-to-peak J, = 2.38 s. So as predicted, as K decreases 
the damping ratio increases, leading to a reduction in the percent overshoot. Also as 





Bank angle (deg) 
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Table 5.8 Performance Comparison for K = 0.10, 





0.16, and 0.20. 

K P.O. (%) 7,(s) 
0.10 9.5 3.74 
0.16 20.5 2.73 
0.20 26.5 2.38 





predicted, as the percent overshoot decreases the time-to-peak increases. The results 
are summarized in Table 5.8. m 


5.10 SYSTEM PERFORMANCE USING CONTROL DESIGN SOFTWARE 


FIGURE 5.40 
The impulse 
function. 


In this section, we will investigate time-domain performance specifications given in 
terms of transient response to a given input signal and the resulting steady-state track- 
ing errors. We conclude with a discussion of the simplification of linear systems. The 
function introduced in this section is impulse. We will revisit the Isim function (intro- 
duced in Chapter 3) and see how these functions are used to simulate a linear system. 


Time-Domain Specifications. Time-domain performance specifications are gen- 
erally given in terms of the transient response of a system to a given input signal. 
Because the actual input signals are generally unknown, a standard test input signal is 
used. Consider the second-order system shown in Figure 5.4. The closed-loop output is 
wn 


Y(s) = z R(s). (5.87) 


S + LOS + oF 

We have already discussed the use of the step function to compute the step 
response of a system. Now we address another important test signal: the impulse. 
The impulse response is the time derivative of the step response. We compute the 
impulse response with the impulse function shown in Figure 5.40. 


u(t) y(t) 
Impulse System 
input —|Su Output 
t t 


t = T: user-supplied 
time vector 

or 

t = Tana Simulation 
final time (optional) 


—— 


[y.T]=impulse(sys,t) 











y(t) = output response at t G(s) = sys 
T = simulation time 
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FIGURE 5.41 
(a) Response of a 
second-order 
system to a step 
input. (b) m-file 
script. 
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£= 0.1, 0.2, 0.4, 0.7, 1.0, 2.0 





wn) 

















%Compute step response for a second-order system 
%Duplicate Figure 5.5 (a) 

% 

t=[0:0.1:12]; num=(1]; 







Zetai=0.1; deni=[1 2*zeta1 1]; sys1=tf(num,den1); 
zeta2=0.2; den2=[1 2*zeta2 1]; sys2=tf(num,den2); 
zeta3: ; den3=[1 2*zeta3 1]; sys3=tf(num,den3); 


.7; den4=[1 2*zeta4 1]; sys4=tf(num,den4); 
.0; den5=[1 2*zeta5 1]; sys5=tf(num,den5); 
Zeta6=2.0; den6=[1 2*zeta6 1]; sys6=tf(num,den6); 






% Compute 
[y1,T1]=step(sys1,t); [y2,T2]=step(sys2,t); step 
[y3,T3]=step(sys3,t); [y4,T4]=step(sys4,t); response. 


[y5,T5]=step(sys5,t); [y6,T6]=step(sys6,t); 


% 
plot(T1,y1,T2,y2,T3,y3,T4,y4,T5,y5,T6,y6) — Seepia 
xlabel(' \omega_n t'), ylabel('y(t)') Miezi 


title(\zeta = 0.1, 0.2, 0.4, 0.7, 1.0, 2.0'), grid 














(b) 


We can obtain a plot similar to that of Figure 5.5(a) with the step function, as 
shown in Figure 5.41. Using the impulse function, we can obtain a plot similar to 
that of Figure 5.6. The response of a second-order system for an impulse function 
input is shown in Figure 5.42. In the script, we set w, = 1, which is equivalent to 
computing the step response versus w,t. This gives us a more general plot valid for 
any w, > 0. 

In many cases, it may be necessary to simulate the system response to an arbi- 
trary but known input. In these cases, we use the Isim function. The Isim function is 


FIGURE 5.42 
(a) Response of a 
second-order 
system to an 
impulse function 
input. (b) m-file 
script. 
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£= 0.1, 0.25, 0.5, 1.0 





y/o, 

















%Compute impulse response for a second-order system 
%Duplicate Figure 5.6 

o 

% 

t=[0:0.1:10]; num=[1]; 

zeta1=0.1; den1=[1 2*zeta1 1]; sys1=tf(num,den1); 
zeta2=0.25; den2=[1 2*zeta2 1]; sys2=tf(num,den2); 
zeta3=0.5; den3=[1 2*zeta3 1]; sys3=tf(num,den3); 
zeta4=1.0; den4=[1 2*zeta4 1]; sys4=tf(num,den4); 

% 
[y1,T1]=impulse(sys1,t); 





[y2,T2]=impulse(sys2,t); oa Compute impulse response. 


[y3,T3]=impulse(sys3,t); 


= . Po Sees ee eee 
ileal ie a Generate plot and labels. 
plot(t,y1,ty2,Ly3,ty4) 


xlabel(' \omega _nt’), ylabel(‘y(t)/\omega_n') 
title(\zeta = 0.1, 0.25, 0.5, 1.0’), grid 











(b) 
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shown in Figure 5.43. We studied the Isim function in Chapter 3 for use with state- 
variable models; however, now we consider the use of Isim with transfer function 


models. An example of the use of Isim is given in Example 5.12. 


EXAMPLE 5.12 Mobile robot steering control 


The block diagram for a steering control system for a mobile robot is shown in 


Figure 5.19. Suppose the transfer function of the steering controller is 


Kı 
GAs) = K, + FE 


332 


FIGURE 5.43 
The Isim function. 
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u(t) BiG) 
Arbitrary System Guns Aai = 
input Gs) P 
t t 


t = times at which 
response to u is 
computed 








y(t) = output response at t 
T = simulation time 
vector 


u = input 





| G(s) = sys 


























[y,T]=Isim(sys,u,t) 











When the input is a ramp, the steady-state error is 


(5.86) 


where 
K, = KK. 


The effect of the controller constant, K>, on the steady-state error is evident from 
Equation (5.86). Whenever K; is large, the steady-state error is small. 

We can simulate the closed-loop system response to a ramp input using the 
Isim function. The controller gains, K, and K3, and the system gain K can be rep- 
resented symbolically in the script so that various values can be selected and sim- 
ulated. The results are shown in Figure 5.44 for K, = K = 1, K, = 2, and 
7=1/10. m 


Simplification of Linear Systems. It may be possible to develop a lower-order 
approximate model that closely matches the input-output response of a high-order 
model. A procedure for approximating transfer functions is given in Section 5.8. We 
can use computer simulation to compare the approximate model to the actual 
model, as illustrated in the following example. 


EXAMPLE 5.13 A simplified model 


Consider the third-order system 


6 


Gio 
nh) Seas © 


FIGURE 5.44 
(a) Transient 
response of the 
mobile robot 
steering control 
system to a ramp 
input. (b) m-file 
script. 
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Time (s) 


(a) 


%Compute the response of the Mobile Robot Control 
%System to a triangular wave input 


% 
numg=[10 20]; deng=[1 10 0]; sysg=tf(numg,deng); G(s)G,(s) 


[sys]=feedback(sysg, [1]); 
8.2)"; 


J'; 5 
14:2]':v2=[2:-0.1:-2]':v3=[-2:0.1:0]'; Soe pk 


u=[V1;v2;v3]; 

ly, T]=Isim(sys,u,t); 
plot(T,y,t,u,'--'), 

xlabel('Time (s)'), ylabel(‘\theta (rad)'), grid 









(b) 


A second-order approximation (see Example 5.9) is 


A comparison of their respective step responses is given in Figure 5.45. m 


1.60 


Gis ee 
US) = 352.5905 + 1.60 
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E 
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In Section 4.10, we considered the response of the closed-loop reader head control 
system. Let us further consider the system shown in Figure 4.35. In this section, we 
further consider the design process. We will specify the desired performance for the 
system. Then we will attempt to adjust the amplifier gain K, in order to obtain the 
best performance possible. 
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FIGURE 5.45 

(a) Step response 
comparison for an 
approximate 
transfer function 
versus the actual 
transfer function. 
(b) m-file script. 
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1.0 
0.9 
0.8 
0.7 
0.6 
0.5 














Third-order 
system 









Step Response 











Time (s) 


(a) 





% Compare step response for second-order approximation 
% 

num1={6]; den1=(1 6 11 6]; sys1=tf(num1,den1); 
num2=[1.6]; den2=[1 2.594 1.6]; sys2=(tf(num2,den2); 
t=[0:0.1:8]; 
[y1,T1]=step(sys1,t); 
[y2,T2]=step(sys2,t); 
plot(T1,y1,T2,y2,'--'), grid 
xlabel('Time (s)'), ylabel(‘Step Response’) G(s) = 1.6 










6 


Gul) EEST 





s? + 2.595 + 1.6 














(b) 


Table 5.9 Specifications for the Transient Response 





Performance Measure Desired Value 
Percent overshoot Less than 5% 
Settling time Less than 250 ms 
Maximum value of response Less than 5 x 107° 


to a unit step disturbance 





Our goal is to achieve the fastest response to a step input r(t) while (1) limiting 
the overshoot and oscillatory nature of the response and (2) reducing the effect of a 
disturbance on the output position of the read head. The specifications are summa- 


rized in Table 5.9. 


Let us consider the second-order model of the motor and arm, which neglects 
the effect of the coil inductance. We then have the closed-loop system shown in 


Figure 5.46. Then the output when T;,(s) = 0 is 


FIGURE 5.46 
Control system 
model with a 
second-order 
model of the motor 
and load. 


FIGURE 5.47 
Response of the 
system to a unit 
step input, 

rt) =1,t>0. 
(a) m-file script. 
(b) Response for 
K, = 30 and 60. 
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Motor Ty(s) 


Amplifier 





~< 
~ 
@ 
2 
I 


constant 


s? + 20s + 5K, 


È + 260,59 + oz 










sts + 20) Ms) 









5K, 
= s(s + 20) + 5K, 


R(s) 


IKa R(s) 


2 
On 


R(s). (5.87) 


Therefore, w% = 5K,, and 2£«,, = 20. We then determine the response of the system 
as shown in Figure 5.47. Table 5.10 shows the performance measures for selected 


values of K,. 


Ka=30; 
t=[0:0.01:1]; 
ne=[Ka*5];de=(1]; syse=tf(nc,de 


sys1=series(sysc,sysg); 
sys=feedback(sys1, [1]); 
y=step(sys,t); 

plot(t,y), grid 
xlabel(‘Time (s)') 
ylabel(‘y(t)') 





(a) 


ng=[1];dg=[1 20 0]; sysg=tf(ng,dg); 





); 





Compute the 
closed-loop 
transfer function. 
























0.3 04 


0.5 
Time 


(b) 


(s) 


336 


Chapter 5 The Performance of Feedback Control Systems 


Table 5.10 Response for the Second-Order Model for a Step Input 





K, 20 30 40 60 80 

Percent overshoot 0 1.2% 4.3% 10.8% 16.3% 
Settling time (s) 0.55 0.40 0.40 0.40 0.40 
Damping ratio 1 P 0.82 7 0.707 i 0.58 0.50 
Maximum value of the —10 x 10° -6.6 x 10° 75:2:% 10° -3.7 x 103 -2.9 x 104 


response y(f) to a unit 


disturbance 





FIGURE 5.48 
Response of the 
system to a unit 
step disturbance, 
Tals) = 1/s. 

(a) m-file script. 
(b) Response for 
K, = 30 and 60. 


When K, is increased to 60, the effect of a disturbance is reduced by a factor of 
2. We can show this by plotting the output, y(¢), as a result of a unit step disturbance 
input, as shown in Figure 5.48. Clearly, if we wish to meet our goals with this system, 
we need to select a compromise gain. In this case, we select K, = 40 as the best com- 
promise. However, this compromise does not meet all the specifications. In the next 
chapter, we consider again the design process and change the configuration of the 


control system. 





t=[0:0.01:1]; 
ne=[Ka*5];de=[1]; sysc=tf(nc,dc); 
ng=[1];dg=[1 20 0]; sysg=ti(ng,dg); 







xlabel('Time (s)'), ylabel('y(t)'), grid 





(a) 











=f j 
MaE aar 
y=step(sys,t); plot(ty) with a negative sign. 
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(b) 


FIGURE 5.49 

The response of a 
feedback system to 
a ramp input with 
K= 1,2, and8 
when G(s) = 

K/{s(s + 1)(s + 3). 
The steady-state 
error is reduced as 
K is increased, but 
the response 
becomes oscillatory 
at K = 8. 
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In this chapter, we have considered the definition and measurement of the perfor- 
mance of a feedback control system. The concept of a performance measure or index 
was discussed, and the usefulness of standard test signals was outlined. Then, several 
performance measures for a standard step input test signal were delineated. For exam- 
ple, the overshoot, peak time, and settling time of the response of the system under test 
for a step input signal were considered. The fact that the specifications on the desired 
response are often contradictory was noted, and the concept of a design compromise 
was proposed. The relationship between the location of the s-plane root of the system 
transfer function and the system response was discussed. A most important measure 
of system performance is the steady-state error for specific test input signals. Thus, the 
relationship of the steady-state error of a system in terms of the system parameters was 
developed by utilizing the final-value theorem. The capability of a feedback control 
system is demonstrated in Figure 5.49. Finally, the utility of an integral performance 
index was outlined, and several design examples that minimized a system’s perfor- 
mance index were completed. Thus, we have been concerned with the definition and 
usefulness of quantitative measures of the performance of feedback control systems. 


EXERCISES 
ES.1 A motor control system for a computer disk drive the car to a step command in speed. (b) Calculate 
must reduce the effect of disturbances and parameter overshoot of the speed to a step command. 


variations, as well 


as reduce the steady-state error. We Answer : (a) es = A/11; (b) P.O. = 33% 


want to have no steady-state error for the head-posi- 
tioning control system, which is of the form shown in 


Figure 5.18. (a) What type number is required? (How 
many integrations?) (b) If the input is a ramp signal, 


and we want to acl 


type number is required? 


E5.2 The engine, bod: 
the acceleration ai 
control of the car 







Engine and tires 





hieve a zero steady-state error, what B ts ` 100 iit 
ae m » 
command (s + 2)(s + 5) Speed 


y, and tires of a racing vehicle affect 
nd speed attainable [11]. The speed 
is represented by the model shown 


in Figure E5.2. (a) Calculate the steady-state error of FIGURE E5.2 Racing car speed control. 
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E5.3 For years, Amtrak has struggled to attract passen- 


gers on its routes in the Midwest, using technology 
developed decades ago. During the same time, for- 
eign railroads were developing new passenger rail 
systems that could profitably compete with air travel. 
Two of these systems, the French TGV and the Japan- 
ese Shinkansen, reach speeds of 160 mph [20]. The 
Transrapid-06, a U.S. experimental magnetic levita- 
tion train, is shown in Figure E5.3(a). 

The use of magnetic levitation and electromag- 
netic propulsion to provide contactless vehicle 
movement makes the Transrapid-06 technology radi- 
cally different from the existing Metroliner. The un- 
derside of the TR-06 carriage (where the wheel 
trucks would be on a conventional car) wraps around 
a guideway. Magnets on the bottom of the guideway 
attract electromagnets on the “wraparound,” pulling 
it up toward the guideway. This suspends the vehicles 
about one centimeter above the guideway. (See 
Problem P2.27.) 

The levitation control is represented by Figure 
ES.3(b). (a) Using Table 5.6 for a step input, select K so 
that the system provides an optimum ITAE response. 
(b) Using Figure 5.8, determine the expected over- 
shoot to a step input of (s). 


Answer: K = 100; 4.6% 








Gap dynamics 


K 


iea 


(b) 
FIGURE E5.3 Levitated train control. 






Hs) 
Coil 
current 


Ys) 
Gap 
spacing 





E5.5 Consider the system with transfer function T 
Ss 
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E54 A first order system is characterised by its steady- 


state gain and time constant. Find the steady-state 
gain and time constants of the following system with 
transfer function given below. 





O54 





©) 42 


10 
© [495 





® Fols 
K 





a 
Find the expression for step response y(t) and tabulate 
the values of y(t) for r= 0, 1,2,3,.... 10s for 

(a) K=1, a=1 

(b) K=1, a=0.5 

(c) K=2, a=1 


E5.6 Effective control of insulin injections can result in 


better lives for diabetic persons. Automatically con- 
trolled insulin injection by means of a pump and a 
sensor that measures blood sugar can be very effec- 
tive. A pump and injection system has a feedback con- 
trol as shown in Figure E5.6. Calculate the suitable 
gain K so that the overshoot of the step response due 
to the drug injection is approximately 7%. R(s) is the 
desired blood-sugar level and ¥(s) is the actual blood- 
sugar level. (Hint: Use Figure 5.13a.) 


Answer: K = 1.67 


E5.7 Consider a system with transfer function 


Bas) 
R(s) s + bs + 4 


Find the damping ratio, percentage overshoot and 
settling time and expression for step response if 


(a) b=2 
(b) b=4 
(c) b=8 


E5.8 Transfer function of a II order system is given by 


YG) K 
U(s) s?+Ms+K 


Find K and M such that percentage overshoot is 10% 
and settling time is 2s. 
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FIGURE 5.6 
Blood-sugar level 
control. 


ES.9 A second-order control system has the closed-loop 
transfer function T (s) = Y(s)/R(s). The system spec- 
ifications for a step input follow: 

(1) Percent overshoot P.O. = 5%. 
(2) Settling time < 4s. 
(3) Peak time Ẹ < Is. 


Show the permissible area for the poles of T(s) in 
order to achieve the desired response. Use a 2% set- 
tling criterion to determine settling time. 


E5.10 Consider the system with integral controller shown 
in Figure E5,10. 

(a) If K; = 1, find steady-state error to a step input, 
steady-state error to a ramp input and percentage 
overshoot. 

(b) Find Kz such that steady-state error to a ramp 
input is less than or equal to 0.125 with best possi- 
ble percentage overshoot. 

(c) For the K; value obtain in (b) find percentage 
overshoot. 

(d) What is the effect of increasing K; on percentage 
overshoot? 

E5.11 We are all familiar with the Ferris wheel featured at 
state fairs and carnivals. George Ferris was born in 





Controller Plant 

















FIGURE E5.10 Integral controller. 





Controller 


Ris) 
Desired 
FIGURE E5.11 speed 


Speed control of a 
Ferris wheel. 






Insulin 


Sensor 
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Human body 





Ys) 
Blood-sugar 
level 


Galesburg, Illinois, in 1859; he later moved to Nevada 

and then graduated from Rensselaer Polytechnic Insti- 

tute in 1881. By 1891, Ferris had considerable experi- 
ence with iron, steel, and bridge construction. He 
conceived and constructed his famous wheel for the 

1893 Columbian Exposition in Chicago [9]. To avoid 

upsetting passengers, set a requirement that the steady- 

state speed must be controlled to within 5% of the 
desired speed for the system shown in Figure E5.11. 

(a) Determine the required gain K to achieve the 
steady-state requirement. 

(b) For the gain of part (a), determine and plot the 
error e(t) for a disturbance T;,(s) = 1/s. Does the 
speed change more than 5%? (Set R(s) = 0 and 
recall that E(s) = R(s) — T(s).) 


E5.12 The percentage overshoot and time required for 


the system to settle within 2% of the final value (7,) of 
three II order system are given below, Find the closed 
loop poles of the three systems. 


(a) P.O.=10% T,=4s 
(b) P.O.=10% T,=8s 
(c) BO.=1% T,=4s 


E5.13 A feedback system is shown in Figure E5.13. 


(a) Determine the steady-state error for a unit step 
when K = 0.4 and G(s) = 1. 

(b) Select an appropriate value for G,(s) so that the 
steady-state error is equal to zero for the unit step 
input. 


E5.14 A closed-loop control system has a transfer func- 


tion T(s) as follows: 


Y(s) _ T(s) = 500 





R(s) (s + 10)(s? + 10s + 50) 


Disturbance 
Ty(s) 







Wheel and 
motor dynamics 
¥(s) 
Speed of 
rotation 
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FIGURE E5.13 Feedback system. 


Yis) 









st+3 
(s + 0.1) 








Plot y(t) for a step input R(s) when (a) the actual T(s) 
is used, and (b) using the relatively dominant complex 
poles. Compare the results. 


E5.15 A second-order system is 


Y(s) _ _ 0/z)(s + z) 
R(s) ~ (s + 1)(s + 8)" 





T(s) 


Consider the case where 1 < z < 8. Obtain the par- 
tial fraction expansion, and plot y(¢) for a step input 
r(t) for z = 2, 4, and 6. 


E5.16 A closed-loop control system transfer function T(s) 
has two dominant complex conjugate poles. Sketch the 
region in the left-hand s-plane where the complex poles 
should be located to meet the given specifications. 


(a) 06 = ¢ = 08, 
(b) 0.5 = ¢ = 0.707, 
(c) ¢ = 0.5, 
(d) ¢ < 0.707, 
(e) ¢ = 0.6, 


@, = 10 
wp = 10 
5 =, = 10 

5 <0, = 10 
On =6 


E5.17 A system is shown in Figure E5.17(a). The response 
to a unit step, when K = 1, is shown in Figure 
ES.17(b). Determine the value of K so that the steady- 
state error is equal to zero. 


Answer: K = 1.25. 


E5.18 A second-order system has the closed-loop trans- 
fer function 


¥(s) _ GA A 7 
R(s) s? + ens +o 8? + 3.1755 +7 





T(s) = 


(a) Determine the percent overshoot P.O., the time 
to peak 7,, and the settling time T; of the unit step 
response, R(s) = 1/s. To compute the settling 
time, use a 2% criterion. 

(b) Obtain the system response to a unit step and ver- 
ify the results in part (a). 
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Ris) Y) 











(b) 
FIGURE 5.17 Feedback system with prefilter. 


E5.19 Consider the closed-loop system in Figure E5.19, 
where 


+i 


s 
GAs)G(s) = Done and H(s) = Kg. 


(a) Determine the closed-loop transfer function 
T(s) = ¥(s)/R(s). 

(b) Determine the steady-state error of the closed-loop 
system response to a unit ramp input, R(s) = 1 is 

(c) Select a value for K, so that the steady-state error 
of the system response to a unit step input, 
R(s) = 1/s, is zero. 


Ris) 





FIGURE E5.19 Nonunity closed-loop feedback control 
system with parameter K,. 


Problems 


PROBLEMS 


P5.1 An important problem for television systems is 
the jumping or wobbling of the picture due to the 
movement of the camera. This effect occurs when 
the camera is mounted in a moving truck or air- 
plane. The Dynalens system has been designed to 
reduce the effect of rapid scanning motion; see 


q Torque motor 


Camera 










(a) 

y = Up 
Camera Amplifier Bellows 
speed speed 

— 






(b) 


FIGURE P5.1 Camera wobble control. 


Figure P5.1, A maximum scanning motion of 25°/s is 
expected. Let K, = K, = 1 and assume that 7% is 
negligible. (a) Determine the error of the system 
E(s). (b) Determine the necessary loop gain 
KaK mK, when a 1°/s steady-state error is allowable. 
(c) The motor time constant is 0.40 s. Determine the 
necessary loop gain so that the settling time (to 
within 2% of the final value of v,) is less than or 
equal to 0.03 s. 


P5.2 A specific closed-loop control system is to be 
designed for an underdamped response to a step 
input. The specifications for the system are as 
follows: 


10% < percent overshoot < 20%, 
Settling time < 0.6 s. 


(a) Identify the desired area for the dominant roots 
of the system. (b) Determine the smallest value of a 
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third root r3 if the complex conjugate roots are to 
represent the dominant response. (c) The closed- 
loop system transfer function T(s) is third-order, and 
the feedback has a unity gain. Determine the for- 
ward transfer function G(s) = Y(s)/E(s) when the 
settling time to within 2% of the final value is 0.6 s 
and the percent overshoot is 20%. 


P5.3 A laser beam can be used to weld, drill, etch, cut, and 
mark metals, as shown in Figure P5.3(a) [16]. Assume 
we have a work requirement for an accurate laser to 
mark a parabolic path with a closed-loop control sys- 
tem, as shown in Figure P5.3(b). Calculate the neces- 
sary gain to result in a steady-state error of 5 mm for 
r(t) = Pom. 

P5.4 The final value of step response of a II order system 
is unity and percentage overshoot is 9%. If the step 
response settled in 2s, find the transfer function of 
the system. Also find the poles of the system. 


P5.5 A space telescope is to be launched to carry out 
astronomical experiments [9]. The pointing control 
system is desired to achieve 0,01 minute of arc and 
track solar objects with apparent motion up to 0.21 
arc minute per second. The system is illustrated in 
Figure P5.5(a). The control system is shown in 
Figure P5.5(b). Assume that 7; = 1 second and 


Laser Mirror 


cavity 









Focusing lens 


Nozzle assembly 


Workpiece 


(a) 


Yis) 





(b) 
FIGURE P5.3 Laser beam control. 
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Space shuttle 





Controller 








RO) (ms +1) ie 

FIGURE P5.5 Triput Bolnng 
(a) The space angle 
telescope. (b) The 
space telescope 
pointing control 
system. (b) 

72 = 0 (an approximation). (a) Determine the gain rD 

K = KK) required so that the response to a step 

command is as rapid as reasonable with an over- 10 

shoot of less than 5%. (b) Determine the steady- 

state error of the system for a step and a ramp 

input. (c) Determine the value of K,K> for an ITAE 

optimal system for (1) a step input and (2) a ramp 9 10 20 E 40 


i t. 
Apu Time (s) 


P5.6 A robot is programmed to have a tool or welding 
torch follow a prescribed path [8, 13]. Consider a (a) 
robot tool that is to follow a sawtooth path, as 


shown in Figure P5.6(a). The transfer function of Yis) 
the plant is Path 
trajectory 





715(s + 1) 


GUS) = FSE + 20) 


(b) 
FIGURE P5.6 Robot path control. 


for the closed-loop system shown in Figure 5.6(b). 
Calculate the steady-state error. 


Problems 


P5.7 Astronaut Bruce McCandless IT took the first unteth- 
ered walk in space on February 7, 1984, using the gas-jet 
propulsion device illustrated in Figure PS.7(a). The 
controller can be represented by a gain K, as shown in 
Figure P5.7(b). The moment of inertia of the equipment 
and man is 25 kg m’. (a) Determine the necessary gain 
K; to maintain a steady-state error equal to 1 cm when 
the input is a ramp r(t) = ¢ (meters). (b) With this gain 
Kz, determine the necessary gain KK, in order to re- 
strict the percent overshoot to 10%. (c) Determine ana- 
lytically the gain K,K> in order to minimize the ISE 
performance index for a step input. 


P5.8 Photovoltaic arrays (solar cells) generate a DC volt- 
age that can be used to drive DC motors or that can be 
converted to AC power and added to the distribution 
network. It is desirable to maintain the power out of 
the array at its maximum available as the solar inci- 
dence changes during the day. One such closed-loop 
system is shown in Figure P5.8. The transfer function 
for the process is 





K 
G(s) = 4a 


FIGURE P5.7 

Astronaut Bruce 

McCandless II is 

shown a few meters 

away from the 

earth-orbiting Astronaut 
space shuttle. He 

used a nitrogen- R(s) 
propelled hand- Desired 
controlled device 
called the manned 
maneuvering unit. 
(Courtesy of 
National 
Aeronautics and 
Space 
Administration.) 

(b) Block diagram of 
controller. 
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where K = 20. Find (a) the time constant of the 
closed-loop system and (b) the settling time to within 
2% of the final value of the system when disturbances 
such as clouds occur. 


P5.9 The antenna that receives and transmits signals to 


the Telstar communication satellite is the largest horn 
antenna ever built. The microwave antenna is 177 ft 
long, weighs 340 tons, and rolls on a circular track. A 
photo of the antenna is shown in Figure P5.9. The 
Telstar satellite is 34 inches in diameter and moves 
about 16,000 mph at an altitude of 2500 miles. The 
antenna must be positioned accurately to 1/10 of a de- 
gree, because the microwave beam is 0.2° wide and 
highly attenuated by the large distance. If the antenna 
is following the moving satellite, determine the K, 
necessary for the system. 


P5.10 A speed control system of an armature-controlled 


DC motor uses the back emf voltage of the motor as a 
feedback signal. (a) Draw the block diagram of this sys- 
tem (see Equation (2.69)). (b) Calculate the steady-state 
error of this system to a step input command setting the 
speed to a new level. Assume that R, = La = J = 

b = 1, the motor constant is Km = 1, and K, = 1. (c) 














Velocity Position 


(meters) 





(b) 
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FIGURE P5.8 
Solar cell control. 





FIGURE 5.9 A model of the antenna for the Telstar 
System at Andover, Maine. (Photo courtesy of Bell 
Telephone Laboratories, Inc.) 


Select a feedback gain for the back emf signal to yield a 
step response with an overshoot of 15%. 


P5.11 A simple unity feedback control system has a 
process transfer function 


The system input is a step function with an amplitude 
A. The initial condition of the system at time tọ is 
y(to) = Q, where y(t) is the output of the system. The 
performance index is defined as 


I= f e(t) dt. 
0 


(a) Show that J = (A — Q)?/(2K). (b) Determine 
the gain K that will minimize the performance index J. 
Is this gain a practical value? (c) Select a practical 
value of gain and determine the resulting value of the 
performance index. 
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Disturbance 
Tats) 
Pis) 
Power 
output 





Differentiator 


P5.12 Train travel between cities will increase as trains are 
developed that travel at high speeds, making the travel 
time from city center to city center equivalent to airline 
travel time. The Japanese National Railway has a train 
called the Bullet Express that travels between Tokyo 
and Osaka on the Tokaido line. This train travels the 320 
miles in 3 hours and 10 minutes, an average speed of 101 
mph [20]. This speed will be increased as new systems 
are used, such as magnetically levitated systems to float 
vehicles above an aluminum guideway. To maintain a 
desired speed, a speed control system is proposed that 
yields a zero steady-state error to a ramp input. A third- 
order system is sufficient. Determine the optimum sys- 
tem transfer function T(s) for an ITAE performance 
criterion. Estimate the settling time (with a 2% criteri- 
on) and overshoot for a step input when w, = 10. 

P5.13 We want to approximate a fourth-order system by 
a lower-order model. The transfer function of the orig- 
inal system is 





s? + 7s? + 24s + 24 
s + 10s? + 355? + 50s + 24 
z S? +75? + 24s + 24 
(s +1)(s + 2)(s + 3)(s + 4) 


H(s) = 








Show that if we obtain a second-order model by the 
method of Section 5.8, and we do not specify the poles 
and the zero of L(s), we have 

0.2917s + 1 
0.3995? + 1.375s + 1 
_ _0.731(s + 3.428) 
~ (5 + 1.043)(s + 2.4) 


L(s) = 


P5.14 For the original system of Problem P5.13, we want 
to find the lower-order model when the poles of the 
second-order model are specified as —1 and —2 and 
the model has one unspecified zero. Show that this 
low-order model is 


_ 0.9865 +2 _ 0.986(s + 2.028) 
~ (s #1)(s + 2) ° 





Problems 


P5.15 A magnetic amplifier with a low-output impedance 
is shown in Figure P5.15 in cascade with a low-pass fil- 
ter and a preamplifier. The amplifier has a high-input 
impedance and a gain of 1 and is used for adding the 
signals as shown. Select a value for the capacitance C 
so that the transfer function Vo(s)/V;,(s) has a damp- 
ing ratio of 1/V2. The time constant of the magnetic 
amplifier is equal to 1 second, and the gain is K = 10. 
Calculate the settling time (with a 2% criterion) of the 
resulting system. 


P5.16 Electronic pacemakers for human hearts regulate 
the speed of the heart pump. A proposed closed-loop 
system that includes a pacemaker and the measure- 
ment of the heart rate is shown in Figure P5.16 [2, 3]. 
The transfer function of the heart pump and the pace- 
maker is found to be 


K 
G(s) = G72 + 1) 
Design the amplifier gain to yield a system with a set- 
tling time to a step disturbance of less than 1 second. 
The overshoot to a step in desired heart rate should be 
less than 10%. (a) Find a suitable range of K. (b) If the 
nominal value of K is K = 10, find the sensitivity of 
the system to small changes in K. (c) Evaluate the sen- 
sitivity of part (b) at DC (set s = 0). (d) Evaluate the 
magnitude of the sensitivity at the normal heart rate 
of 60 beats/minute. 
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P5.17 Consider the original third-order system given in 
Example 5.9. Determine a first-order model with one 
pole unspecified and no zeros that will represent the 
third-order system. 


P5.18 A closed-loop control system with negative unity 
feedback has a plant with a transfer function 


8 


Gs) = E e T 
i) s(s? + 6s + 12) 
(a) Determine the closed-loop transfer function 7(s). 
(b) Determine a second-order approximation for T(s) 
using the method of Section 5.10. (c) Plot the response 
of T(s) and the second-order approximation to a unit 
step input and compare the results. 
P5.19 A system is shown in Figure P5.19. 
(a) Determine the steady-state error for a unit step 
input in terms of K and K,, where E(s) = 
R) — Ys). 
(b) Select K; so that the steady-state error is zero. 
P5.20 Consider the closed-loop system in Figure P5.20. 
Determine values of the parameters k and a so that 
the following specifications are satisfied: 





(a) The steady-state error to a unit step input is zero. 
(b) The closed-loop system has a percent overshoot 
of less than 5%. 
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FIGURE P5.16 
Heart pacemaker. 
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FIGURE P5.20 Closed-loop system with 
parameters k and a. 


P5.21 Consider the closed-loop system in Figure P5.21, 





where 
2 
GAs)G(s) = 54 02K i H(s) = E 
ADVANCED PROBLEMS 


AP5.1 A closed-loop transfer function is 


Y (s) _ 96(s + 3) 
R(s) (s + 8)(s? + 8s + 36) 





Ts) = 


(a) Determine the steady-state error for a unit step 
input R(s) = L/s. 

(b) Assume that the complex poles dominate, and 
determine the overshoot and settling time to 
within 2% of the final value. 

(c) Plot the actual system response, and compare it 
with the estimates of part (b). 


AP5.2 A closed-loop system is shown in Figure APS.2. 
Plot the response to a unit step input for the system 
for 7, = 0, 0.05, 0.1, and 0.5. Record the percent over- 
shoot, rise time, and settling time (with a 2% criterion) 
as 7, varies. Describe the effect of varying 7,. Com- 
pare the location of the zero —1/7, with the location 
of the closed-loop poles. 
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(a) If 7 = 2.43, determine the value of K such that 
the steady-state error of the closed-loop system 
response to a unit step input, R(s) = 1/s, is zero. 

(b) Determine the percent overshoot PO. and the 
time to peak 7, of the unit step response when K 
is as in part (a). 














ru 
R(s) Ys) 
FIGURE P5.21 Nonunity closed-loop feedback control 
system. 
5440(7.s + 1) 
R(s) = Ys) 


s(s? + 285 + 432) 





FIGURE AP5.2 System with a variable zero. 


AP5.3 A closed-loop system is shown in Figure AP5.3. 
Plot the response to a unit step input for the system 
with 7, = 0, 0.5, 2, and 5. Record the percent over- 
shoot, rise time, and settling time (with a 2% criterion) 
as 7, varies. Describe the effect of varying 7. Com- 
pare the location of the open-loop pole —1/7, with 
the location of the closed-loop poles. 


R(s) Ys) 


1 
s(s + (qs + 1) 





FIGURE AP5.3 System with a variable pole in the process. 
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AP5.4 The speed control of a high-speed train is repre- (b) Determine and plot the response y(t) for (i) a unit 
sented by the system shown in Figure AP5.4 [20]. step input R(s) = 1/s and (ii) a unit step distur- 
Determine the equation for steady-state error for K bance input T,(s) = 1/s. 
for a unit step input r(¢). Consider the three values for (c) Create a table showing overshoot, settling time 
K equal to 1, 10, and 100. (with a 2% criterion), ess for r(¢), and ly/talmax for 

the three values of K. Select the best compromise 


(a) Determine the steady-state error. 
value. 


Train 
dynamics 


Disturbance 










+ 1 Ys) 
Be G+ 587) Speed 
FIGURE AP5.4 
Speed control. 
AP5.5 A system with a controller is shown in Figure (b) Plot the response of the system to a step input dis- 
AP5.5. The zero of the controller may be varied. Let turbance for the three values of a. Compare the 
a = 0, 10,100. results and select the best value of the three val- 
(a) Determine the steady-state error for a step input ues of æ. 
r(t) for a = Oanda # 0. 
Disturbance 


T,(s) 





Controller 


50(s + 2) 
(s + 3)(s + 4) 


Ris) Y(s) 
FIGURE AP5.5 
System with control 
parameter a. 
AP5.6 The block diagram model of an armature-current- (b) Let Km = 10 and K, = 0.05, and select K so that 
controlled DC motor is shown in Figure AP5.6. steady-state tracking error is equal to 1. 
(a) Determine the steady-state tracking error to a (c) Plot the response to a unit step input and a unit 
ramp input r(t) = £, £ = 0, in terms of K, Ky, and ramp input for 20 seconds. Are the responses 
Kins acceptable? 
Ys) 
FIGURE AP5.6 





DC motor control. 


348 


AP5.7 Consider the closed-loop system in Figure AP5.7 
with transfer functions 


100 K 
Ch Sigg Me TET 
where 


1000 = K = 5000. 


Controller 


| Controller | 


FIGURE AP5.7 Closed-loop system with unity feedback. 





DESIGN PROBLEMS 


CDPS5.1 The capstan drive system of the previous problems 
@ A (see CDP1.1-CDP4.1) has a disturbance due to changes 
A in the part that is being machined as material is removed. 

The controller is an amplifier G.(s) = K,. Evaluate the 
effect of a unit step disturbance, and determine the best 
value of the amplifier gain so that the overshoot to a step 
command r(t) = A, t > 0 is less than 5%, while reduc- 

ing the effect of the disturbance as much as possible. 
DP5.1 The roll control autopilot of a jet fighter is shown in 
Figure DPS.1. The goal is to select a suitable K so that 
the response to a unit step command ġ4(t) = A, t = 0, 





K 
SFT 





FIGURE DP5.1 
Roll angle control. 


DPS.2 The design of the control for a welding arm with a 
long reach requires the careful selection of the para- 
meters [13]. The system is shown in Figure DP5.2, 
where ¢ = 0.2, and the gain K and the natural fre- 
quency w, can be selected. (a) Determine K and w,„ so 
that the response to a unit step input achieves a peak 


Aileron actuator 
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(a) Assume that the complex poles dominate and 
estimate the settling time and percent overshoot 
to a unit step input for K = 1000, 2000, 3000, 
4000, and 5000. 

(b) Determine the actual settling time and percent 
overshoot to a unit step for the values of K in part 
(a). 

(c) Co-plot the results of (a) and (b) and comment. 

AP5.8 A unity negative feedback system (as shown in 
Figure E5.10) has the open-loop transfer function 


K(s? + 120s + 110) 


G(s) = 
(s) s+ 55 +6 


Determine the gain K that minimizes the damping 
ratio ¢ of the closed-loop system poles. What is the 
minimum damping ratio? 


will provide a response $(¢) that is a fast response and 
has an overshoot of less than 20%. (a) Determine the 
closed-loop transfer function $(s)/,(s). (b) Deter- 
mine the roots of the characteristic equation for 
K = 0.7, 3, and 6. (c) Using the concept of dominant 
roots, find the expected overshoot and peak time for 
the approximate second-order system. (d) Plot the 
actual response and compare with the approximate 
results of part (c). (e) Select the gain K so that the per- 
centage overshoot is equal to 16%. What is the result- 
ing peak time? 


Aircraft dynamics 





Ds) 
Roll angle 


time for the first overshoot (above the desired level of 
1) that is less than or equal to 1 second and the over- 
shoot is less than 5%. (Hint: Try 0.1 < K/w, < 0.3.) 
(b) Plot the response of the system designed in part 
(a) to a step input. 


Design Problems 







dynamics 


349 





a Ys) 





FIGURE DP5.2 
Welding tip position 
control. 


DP5.3 Active suspension systems for modern automo- 
biles provide a comfortable firm ride. The design of an 
active suspension system adjusts the valves of the 
shock absorber so that the ride fits the conditions. A 
small electric motor, as shown in Figure DP5.3, 
changes the valve settings [15]. Select a design value 


Amplifier 





Ris) K 
FIGURE DP5.3 Command ps 
Active suspension 
system. 


DP5.4 The space satellite shown in Figure DPS.4(a) uses 
a control system to readjust its orientation, as shown 
in Figure DP5.4(b). 

(a) Determine a second-order model for the closed- 
loop system. 






S? + ans + wp 





Welding tip 
position 






for K and the parameter q in order to satisfy the ITAE 
performance for a step command R(s) and a settling 
time (with a 2% criterion) for the step response of less 
than or equal to 0.5 second. Upon completion of your 
design, predict the resulting overshoot for a step 
input. 






¥(s) valve 
position 


(b) Using the second-order model, select a gain K so 
that the percent overshoot is less than 15% and 
the steady-state error to a step is less than 12%. 

(c) Verify your design by determining the actual per- 
formance of the third-order system. 





(a) 


Ys) 
Angle of 
orientation 





FIGURE DP5.4 
Control of a space 


satellite. (b) 
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DPS.5 A deburring robot can be used to smooth off ma- 
chined parts by following a preplanned path (input 
command signal). In practice, errors occur due to 
robot inaccuracy, machining errors, large tolerances, 
and tool wear. These errors can be eliminated using 
force feedback to modify the path online [9, 13]. 

While force control has been able to address the 
problem of accuracy, it has been more difficult to solve 


Xalis) 
Position 
input 


Fils) 
Desired 
force 


FIGURE DP5.5 
Deburring robot. 


DPS.6 The model for a position control system using a 
DC motor is shown in Figure DP5.6. The goal is to 
select K; and Kj so that the peak time is 0.2 second 
and the overshoot P.O. for a step input is negligible 
(1% < P.O. < 4%). 


COMPUTER PROBLEMS 


CP5.1 In a power system, if the power demand Pp 
increases suddenly, the speed of turbine driving the al- 
ternator will decrease and hence frequency of power 
supply also will decrease. Hence, a speed governor is 
usually employed at the input of the turbine. The 
speed governor will increase the fuel input when the 
frequency decreases and vice-versa. A block diagram 
of a linearised model of an isolated power system is 








the contact stability problem. In fact, by closing the 
force loop and introducing a compliant wrist force 
sensor (the most common type of force control), one 
can add to the stability problem. 

A model of a robot deburring system is shown in 
Figure DPS.5. Determine the region of stability for the 
system for K; and K}. Assume both adjustable gains 
are greater than zero. 


X(s) 
Actual 
position 


Fis) 
Actual 
force 


Yis) 


FIGURE DP5.6 Position control robot. 


shown in Figure CP5.1. Simulate the system using 
SIMULINK and obtain the response for 20s when, 
(a) R=2.5 AP,=0 APp =0.lu(t). 

(b) R=1.5 AP.=0 APp =0.1u(t). 

(c) R=2.5 AP,.=0.lu(t) APp=0.1u(t). 

Note: u(t) denotes unit step function. 
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GOVERNOR 











1 
1 + 0.8s 















FIGURE CP5.1 
Power System 
Control. 


CP5.2 A unity negative feedback system has the open- 
loop transfer function 


st+7 
G(s) ian Fee 
s*(s + 10) 
Using Isim, obtain the response of the closed-loop 
system to a unit ramp input, 


R(s) = 1/s?. 


Consider the time interval 0 = £ = 25. What is the 
steady-state error? 


CP5.3 (a) Obtain the step response of the system given 
in Figure CP5.3(a) using MATLAB. 
(b) Obtain the step response of the system with an 
additional pole given in Figure CP5.3(b) if p = 2. 
(c) Repeat (b) if p =20. 
(d) Compare (a) and (b). 
(e) Compare (a) and (c). 


| iz H 
p 4 

= m : J= . 
stp S+2s+4 


FIGURE CP5.3 
(a) A second-order system. 
(b) A second-order system with additional pole. 














CP5.4 Consider the control system shown in Figure 
CP5.4. 


(a) Show analytically that the expected percent over- 
shoot of the closed-loop system response to a unit 
step input is about 50%. 

(b) Develop an m-file to plot the unit step response 
of the closed-loop system and estimate the per- 
cent overshoot from the plot. Compare the result 
with part (a). 


CP5.5 A unity feedback system is having an open-loop 


transfer function . Using MATLAB find, 
sl 


(s + 3) 
(a) Impulse response, 
(b) Step response. 

(c) Ram response. 


CP5.6 An autopilot designed to hold an aircraft in 
straight and level flight is shown in Figure CPS5.6. 


(a) Suppose the controller is a constant gain con- 
troller given by G,(s) = 2. Using the Isim func- 
tion, compute and plot the ramp response for 
44(t) = at, where a = 0.5°/s. Determine the atti- 
tude error after 10 seconds. 

(b) If we increase the complexity of the controller, we 
can reduce the steady-state tracking error. With 
this objective in mind, suppose we replace the 
constant gain controller with the more sophisti- 
cated controller 


1 


K, 
Gs) = Ky +- 2245, 





Controller 


FIGURE CP5.4 
A negative feedback 
control system. 





Yis) 
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This type of controller is known as a proportional, 
integral (PI) controller. Repeat the simulation of part 
(a) with the PI controller, and compare the steady- 
state tracking errors of the constant gain controller 
versus the PI controller. 


CPS.7 The block diagram of a rate loop for a missile autopi- 
lot is shown in Figure CP5.7. Using the analytic formu- 
las for second-order systems, predict Mpv Tp, and T, 
for the closed-loop system due to a unit step input. 
Compare the predicted results with the actual unit 
step response obtained with the step function. Explain 
any differences. 


CP5.8 Develop an m-file that can be used to analyze 
the closed-loop system in Figure CP5.8. Drive the 
system with a step input and display the output on a 
graph. What is the settling time and the percent 





CP5.9 Develop an m-file to simulate the response of the 


system in Figure CP5.9 to a ramp input R(s) = 1/3°. 
What is the steady-state error? Display the output on 
an x-y graph. 


CP5.10 Consider the closed-loop system in Figure 


CP5.10. Develop an m-file to accomplish the following 
tasks: 


(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). 
(b) Plot the closed-loop system response to an im- 
pulse input R(s) = 1, a unit step input R(s) = 
1/s, and a unit ramp input R(s) = 1/s?. 
Use the subplot function to display the three sys- 
tem responses. 































overshoot? 
Aircraft model 
at) ~(6 +5) A(t) 
Desired 3 Actual 
FIGURE CP5.6 attitude s(s* + 3.55 + 6) attitude 
An aircraft autopilot 
block diagram. 
N Missile dynamics . 
a(t) 5 1006s + 1) ðn) 
Desired O1+=— PEE ET Actual 
rate s (s* + 2s + 100) rate 
FIGURE CP5.7 
A missile rate loop 
autopilot. 
R(s) ¥(s) 
10 Ys) 





FIGURE CP5.8 Nonunity feedback system. 









s(s + 15)(s + 5) 


FIGURE CP5.9 Closed-loop system for Simulink 
simulation. 


Terms and Concepts 


Ris) 


(a) 


Ris) 


FIGURE CP5.10 
Asingle loop unity 
feedback system. 
(a) Signal flow 
graph. (b) Block 
diagram. 


CP5.11 A closed-loop transfer function is given by 

a THs + 2) 

R(s) (s + 7)(s? + 4s + 22) 

(a) Obtain the response of the closed-loop transfer 
function T(s) = ¥(s)/R(s) to a unit step input. 
What is the settling time T, (use a 2% criterion) 
and percent overshoot P.O.? 





TERMS AND CONCEPTS 


Acceleration error constant, K, The constant evaluated 


as lim [s°G,(s)G(s)], The steady-state error for a para- 


s>0 
bolic input, r(t) = Ae?/2, is equal to A/K,. 

Design specifications A set of prescribed performance 
criteria. 

Dominant roots The roots of the characteristic equation 
that cause the dominant transient response of the 
system. 
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Ys) 


Yis) 


(b) Neglecting the real pole ats = —7, determine the 
settling time T; and percent overshoot P.O.. Com- 
pare the results with the actual system response in 
part (a). What conclusions can be made regarding 
neglecting the pole? 


Optimum control system A system whose parameters 
are adjusted so that the performance index reaches 
an extremum value. 

Peak time The time for a system to respond to a step 
input and rise to a peak response. 

Percent overshoot The amount by which the system out- 
put response proceeds beyond the desired response. 

Performance index A quantitative measure of the perfor- 
mance of a system. 
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Position error constant, K 5 The constant evaluated as 


lim G.(s)G(s). The steady-state error for a step input 


(of magnitude A) is equal to A/(1 + K,). 


Rise time The time for a system to respond toa step input 
and attain a response equal to a percentage of the 
magnitude of the input. The 0-100% rise time, T, 
measures the time to 100% of the magnitude of the 
input. Alternatively, T,, measures the time from 10% 
to 90% of the response to the step input. 


Settling time The time required for the system output 
to settle within a certain percentage of the input 
amplitude. 


Steady-state response The constituent of the system 


response that exists a long time following any signal 
initiation. 


Chapter 5 The Performance of Feedback Control Systems 


Test input signal An input signal used as a standard test 
of a system’s ability to respond adequately. 

Transient response The constituent of the system response 
that disappears with time. 

Type number The number N of poles of the transfer func- 
tion, G,(s)G(s), at the origin. G.(s)G(s) is the loop 
transfer function, 

Unit impulse A test input consisting of an impulse of infi- 
nite amplitude and zero width, and having an area of 
unity. The unit impulse is used to determine the impulse 
response. 

Velocity error constant, K, The constant evaluated as 
lim [sG.(s)G(s)]- The steady-state error for a ramp 
input (of slope A) for a system is equal to A/K,. 
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PREVIEW 


Stability of closed-loop feedback systems is central to control system design. A stable 
system should exhibit a bounded output if the corresponding input is bounded. This 
is known as bounded-input-bounded-output stability and is one of the main topics of 
this chapter. The stability of a feedback system is directly related to the location of 
the roots of the characteristic equation of the system transfer function and to the 
location of the eigenvalues of the system matrix for a system in state variable format. 
The Routh-Hurwitz method is introduced as a useful tool for assessing system stabil- 
ity. The technique allows us to compute the number of roots of the characteristic 
equation in the right half plane without actually computing the values of the roots. 
This gives us a design method for determining values of certain system parameters 
that will lead to closed-loop stability. For stable systems, we will introduce the notion 
of relative stability, which allows us to characterize the degree of stability. The chap- 
ter concludes with a stabilizing controller design based on the Routh-Hurwitz 
method for the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 6, students should: 


Understand the concept of stability of dynamic systems. 

Be aware of the key concepts of absolute and relative stability. 

Be familiar with the notion of bounded-input, bounded-output stability. 

Understand the relationship of the s-plane pole locations (for transfer function models) 
and of the eigenvalue locations (for state variable models) to system stability. 

Know how to construct a Routh array and be able to employ the Routh-Hurwitz 
stability criterion to determine stability. 


OOO 


u 


355 


356 


Chapter 6 The Stability of Linear Feedback Systems 


6.1 THE CONCEPT OF STABILITY 


When considering the design and analysis of feedback control systems, stability is of 
the utmost importance. From a practical point of view, a closed-loop feedback system 
that is unstable is of little value. As with all such general statements, there are excep- 
tions; but for our purposes, we will declare that all our control designs must result in 
a closed-loop stable system. Many physical systems are inherently open-loop unsta- 
ble, and some systems are even designed to be open-loop unstable. Most modern 
fighter aircraft are open-loop unstable by design, and without active feedback control 
assisting the pilot, they cannot fly. Active control is introduced by engineers to stabi- 
lize the unstable system—that is, the aircraft—so that other considerations, such as 
transient performance, can be addressed. Using feedback, we can stabilize unstable 
systems and then with a judicious selection of controller parameters, we can adjust 
the transient performance. For open-loop stable systems, we still use feedback to 
adjust the closed-loop performance to meet the design specifications. These specifi- 
cations take the form of steady-state tracking errors, percent overshoot, settling time, 
time to peak, and the other indices discussed in Chapters 4 and 5. 

We can say that a closed-loop feedback system is either stable or it is not stable. 
This type of stable/not stable characterization is referred to as absolute stability. A sys- 
tem possessing absolute stability is called a stable system—the label of absolute is 
dropped. Given that a closed-loop system is stable, we can further characterize the 
degree of stability. This is referred to as relative stability. The pioneers of aircraft design 
were familiar with the notion of relative stability—the more stable an aircraft was, the 
more difficult it was to maneuver (that is, to turn). One outcome of the relative insta- 
bility of modern fighter aircraft is high maneuverability. A fighter aircraft is less stable 
than a commercial transport, hence it can maneuver more quickly. In fact, the motions 
of a fighter aircraft can be quite violent to the “passengers.” As we will discuss later in 
this section, we can determine that a system is stable (in the absolute sense) by deter- 
mining that all transfer function poles lie in the left-half s-plane, or equivalently, that all 
the eigenvalues of the system matrix A lie in the left-half s-plane. Given that all the 
poles (or eigenvalues) are in the left-half s-plane, we investigate relative-stability by 
examining the relative locations of the poles (or eigenvalues). 

A stable system is defined as a system with a bounded (limited) system response. 
That is, if the system is subjected to a bounded input or disturbance and the response 
is bounded in magnitude, the system is said to be stable. 


A stable system is a dynamic system with a bounded response 
to a bounded input. 


The concept of stability can be illustrated by considering a right circular cone 
placed on a plane horizontal surface. If the cone is resting on its base and is tipped 
slightly, it returns to its original equilibrium position. This position and response are 
said to be stable. If the cone rests on its side and is displaced slightly, it rolls with no ten- 
dency to leave the position on its side. This position is designated as the neutral stabili- 
ty. On the other hand, if the cone is placed on its tip and released, it falls onto its side. 
This position is said to be unstable. These three positions are illustrated in Figure 6.1. 


FIGURE 6.1 
The stability of a 
cone. 


FIGURE 6.2 
Stability in the 
s-plane. 
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(a) Stable (b) Neutral (c) Unstable 





The stability of a dynamic system is defined in a similar manner. The response to a 
displacement, or initial condition, will result in either a decreasing, neutral, or increasing 
response. Specifically, it follows from the definition of stability that a linear system is 
stable if and only if the absolute value of its impulse response g(¢), integrated over an 
infinite range, is finite. That is, in terms of the convolution integral Equation (5.2) for a 
bounded input, f} |g(f)| dt must be finite. 

The location in the s-plane of the poles of a system indicates the resulting tran- 
sient response. The poles in the left-hand portion of the s-plane result in a decreasing 
response for disturbance inputs. Similarly, poles on the jw-axis and in the right-hand 
plane result in a neutral and an increasing response, respectively, for a disturbance 
input. This division of the s-plane is shown in Figure 6.2. Clearly, the poles of desir- 
able dynamic systems must lie in the left-hand portion of the s-plane [1-3]. 

A common example of the potential destabilizing effect of feedback is that of 
feedback in audio amplifier and speaker systems used for public address in auditori- 
ums. In this case, a loudspeaker produces an audio signal that is an amplified version 
of the sounds picked up by a microphone. In addition to other audio inputs, the 
sound coming from the speaker itself may be sensed by the microphone. The strength 
of this particular signal depends upon the distance between the loudspeaker and the 
microphone. Because of the attenuating properties of air, a larger distance will cause 
a weaker signal to reach the microphone. Due to the finite propagation speed of 
sound waves, there will also be a time delay between the signal produced by the loud- 
speaker and the signal sensed by the microphone. In this case, the output from the 
feedback path is added to the external input. This is an example of positive feedback. 

As the distance between the loudspeaker and the microphone decreases, we 
find that if the microphone is placed too close to the speaker, then the system will be 
unstable. The result of this instability is an excessive amplification and distortion of 
audio signals and an oscillatory squeal. 

Another example of an unstable system is shown in Figure 6.3. The first bridge 
across the Tacoma Narrows at Puget Sound, Washington, was opened to traffic on 
July 1, 1940. The bridge was found to oscillate whenever the wind blew. After four 


Stable Neutral Unstable 
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FIGURE 6.3 
Tacoma Narrows 
Bridge (a) as 
oscillation begins 
(b) at catastrophic 
failure. 
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months, on November 7, 1940, a wind produced an oscillation that grew in ampli- 
tude until the bridge broke apart. Figure 6.3(a) shows the condition at the beginning 
of oscillation; Figure 6.3(b) shows the catastrophic failure [5]. 

In terms of linear systems, we recognize that the stability requirement may be 
defined in terms of the location of the poles of the closed-loop transfer function. The 
closed-loop system transfer function is written as 


M 
p(s) KI + z) 


q(s) 





T(s) = i (6.1) 


Q R 
TI + ox) TI Is" + ams + (a, + o2) 
7 m=i 


where q(s) = A(s) = 0 is the characteristic equation whose roots are the poles of 
the closed-loop system. The output response for an impulse function input (when 
N = 0) is then 

R 


2 1 
y(t) = mae + pd Jews Sin(@mt + On)s (6.2) 
= m 


m= 
where A, and B,, are constants that depend on ox, Zi, &m, K, and wm. To obtain a 
bounded response, the poles of the closed-loop system must be in the left-hand por- 
tion of the s-plane. Thus, a necessary and sufficient condition for a feedback system 
to be stable is that all the poles of the system transfer function have negative real 
parts. A system is stable if all the poles of the transfer function are in the left-hand 
s-plane. A system is not stable if not all the roots are in the left-hand plane. If the 
characteristic equation has simple roots on the imaginary axis (jw-axis) with all 
other roots in the left half-plane, the steady-state output will be sustained oscillations 
for a bounded input, unless the input is a sinusoid (which is bounded) whose frequency 
is equal to the magnitude of the jw-axis roots. For this case, the output becomes 
unbounded. Such a system is called marginally stable, since only certain bounded inputs 
(sinusoids of the frequency of the poles) will cause the output to become unbounded. 
For an unstable system, the characteristic equation has at least one root in the right half 
of the s-plane or repeated jw roots; for this case, the output will become unbounded 
for any input. 
For example, if the characteristic equation of a closed-loop system is 


(s + 10)(s? + 16) = 0, 


then the system is said to be marginally stable. If this system is excited by a sinusoid 
of frequency w = 4, the output becomes unbounded. 

To ascertain the stability of a feedback control system, we could determine the 
roots of the characteristic polynomial q(s). However, we are first interested in deter- 
mining the answer to the question, Is the system stable? If we calculate the roots of the 
characteristic equation in order to answer this question, we have determined much 
more information than is necessary. Therefore, several methods have been developed 
that provide the required yes or no answer to the stability question. The three 
approaches to the question of stability are (1) the s-plane approach, (2) the frequency 
plane (jw) approach, and (3) the time-domain approach. The real frequency (jw) 
approach is outlined in Chapter 9, and the discussion of the time-domain approach is 
considered in Section 6.4. 
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FIGURE 6.4 

The M2 robot is 
more energy- 
efficient but less 
stable than many 
other designs that 
are well-balanced 
but consume much 
more power. 
(Courtesy of 
Professor Gill Pratt, 
Olin College.) 
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There are about one million robots in service throughout the world [10]. As the 
capability of robots increases, it is reasonable to assume that the numbers in service 
will continue to rise. Especially interesting are robots with human characteristics, 
particularly those that can walk upright. A class of robots that utilize series-elastic ac- 
tuators as mechanical muscles emerged in the late 1990s. The M2 robot depicted in 
Figure 6.4 is more energy-efficient but less stable than many other designs that are 
well-balanced but consume much more power [22]. Examining the M2 robot in 
Figure 6.4, one can imagine that it is not inherently stable and that active control is 
required to keep it upright during the walking motion. In the next sections we pre- 
sent the Routh-Hurwitz stability criterion to investigate system stability by analyzing 
the characteristic equation without direct computation of the roots. 


6.2 THE ROUTH-HURWITZ STABILITY CRITERION 


The discussion and determination of stability has occupied the interest of many 
engineers. Maxwell and Vyshnegradskii first considered the question of stability of 
dynamic systems. In the late 1800s, A. Hurwitz and E. J. Routh independently 
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published a method of investigating the stability of a linear system [6, 7]. The 
Routh—Hurwitz stability method provides an answer to the question of stability by 
considering the characteristic equation of the system. The characteristic equation in 
the Laplace variable is written as 


A(s) = g(s) = ays" + dys") + + + ays + ay = 0. (6.3) 


To ascertain the stability of the system, it is necessary to determine whether any one 
of the roots of g(s) lies in the right half of the s-plane. If Equation (6.3) is written in 
factored form, we have 


an(s = rs = r2) (S — Fy) = 0, (6.4) 


where r; = ith root of the characteristic equation. Multiplying the factors together, 
we find that 


q(s) = a,s" — a,(ry + ro + +++ + rp)! 
+ ay(ryrg + rors + rira + oe)? 
= a,(ryrors + rrara)" + 
+ a(r rn = 0. (6.5) 


In other words, for an nth-degree equation, we obtain 


q(s) = a,s" — a, (sum of all the roots) s”~! 


+ a, (sum of the products of the roots taken 2 at a time) s”~? 


— a, (sum of the products of the roots taken 3 at a time) s”~> 


+ +++ + a,(—1)" (product of all 7 roots) = 0. (6.6) 


Examining Equation (6.5), we note that all the coefficients of the polynomial 
must have the same sign if all the roots are in the left-hand plane. Also, it is neces- 
sary that all the coefficients for a stable system be nonzero. These requirements are 
necessary but not sufficient. That is, we immediately know the system is unstable if 
they are not satisfied; yet if they are satisfied, we must proceed further to ascertain 
the stability of the system. For example, when the characteristic equation is 


qs) = (s + 2)(s? — s + 4) = (8 + s? + 2s + 8), (6.7) 


the system is unstable, and yet the polynomial possesses all positive coefficients. 
The Routh-Hurwitz criterion is a necessary and sufficient criterion for the sta- 
bility of linear systems. The method was originally developed in terms of determi- 
nants, but we shall use the more convenient array formulation. 
The Routh-Hurwitz criterion is based on ordering the coefficients of the char- 
acteristic equation 


4,8" + ays"! + apa8"? + +++ + ays + ay = 0 (6.8) 
into an array or schedule as follows [4]: 


s ay an-2 Qn-4'': 


an-1 Qn-3 Ay-5"** 
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Further rows of the schedule are then completed as 




















s an 4n-2 An-4 
n-1 
s An-1 An-3 An-5 
n-2 
S ba-1 bn-3 bn-5 
n-3 
s Cn-1 Cn-3 Mn-5 
3° hn-1 
where 
b, = Sniln-2 = Anin _ =i |a, an-2 
WL A = a 
An-1 An-1|an-1 An-3 
1 |an an-4 
by-3 = — , 
An-1|an-1 An-5 
ú Td Jin aa 
n-1 = > , 
bn-i|bn-1 Ons 








and so on. The algorithm for calculating the entries in the array can be followed on 
a determinant basis or by using the form of the equation for b,,_. 

The Routh-Hurwitz criterion states that the number of roots of q(s) with posi- 
tive real parts is equal to the number of changes in sign of the first column of the 
Routh array. This criterion requires that there be no changes in sign in the first col- 
umn for a stable system. This requirement is both necessary and sufficient. 

Four distinct cases or configurations of the first column array must be consid- 
ered, and each must be treated separately and requires suitable modifications of 
the array calculation procedure: (1) No element in the first column is zero; (2) there 
is a zero in the first column, but some other elements of the row containing the zero 
in the first column are nonzero; (3) there is a zero in the first column, and the other 
elements of the row containing the zero are also zero; and (4) as in the third case, 
but with repeated roots on the jw-axis. 

To illustrate this method clearly, several examples will be presented for each case... 


Case 1. No element in the first column is zero. 

EXAMPLE 6.1 Second-order system 

The characteristic polynomial of a second-order system is 
G(s) = ays? + ays + ap. 


The Routh array is written as 
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where 


arao — (O)az__ = 1 
ay ay 


a a 
a o0 








b= dp. 








Therefore, the requirement for a stable second-order system is simply that all the 
coefficients be positive or all the coefficients be negative. m 


EXAMPLE 6.2 Third-order system 
The characteristic polynomial of a third-order system is 


s) = as + ans? + ays + ap. 
3 1 


The Routh array is 

s a a 

s a 

s b 0 

L c 0 
where 

aa; — a3 biao 
b = — and 45- = a 
a bı 


For the third-order system to be stable, it is necessary and sufficient that the coeffi- 
cients be positive and æa; > aya3. The condition when aa; = aga; results in a mar- 
ginal stability case, and one pair of roots lies on the imaginary axis in the s-plane. 
This marginal case is recognized as Case 3 because there is a zero in the first column 
when aa; = agaz. It will be discussed under Case 3. 

As a final example of characteristic equations that result in no zero elements in 
the first row, let us consider the polynomial 


qs) = (s = 1+ j7V7)(s — 1 - 77) + 3) = 88 +s? +2s +24. (6.9) 


The polynomial satisfies all the necessary conditions because all the coefficients 
exist and are positive. Therefore, utilizing the Routh array, we have 


Cs 1 2 
s$ 1 24 
s! -22 0 
s? 24 0 


Because two changes in sign appear in the first column, we find that two roots of 
q(s) lie in the right-hand plane, and our prior knowledge is confirmed. m 


Case 2. There is a zero in the first column, but some other elements of the row 
containing the zero in the first column are nonzero. If only one element in the 
array is zero, it may be replaced with a small positive number, e, that is allowed to 


364 


Chapter 6 The Stability of Linear Feedback Systems 


approach zero after completing the array. For example, consider the following 
characteristic polynomial: 





q(s) = 8° + 2st + 25 + 4s? + 11s + 10. (6.10) 
The Routh array is then 
5 TaZ 12 
s# 2 4 10 
5 e 6 0 
s$ ¢ 10 0 
s! d 0 0 
g 10 0 0 
where 
4e — 12 _ —12 6c, — 10 
cq = e=] mal) and peci Esg 
€ G c 
There are two sign changes due to the large negative number in the first column, 
cı = —12/e. Therefore, the system is unstable, and two roots lie in the right half of 
the plane. 


EXAMPLE 6.3 Unstable system 
As a final example of the type of Case 2, consider the characteristic polynomial 
qls) =$ ++ +s+K, (6.11) 


where we desire to determine the gain K that results in marginal stability. The Routh 
array is then 


s 1 i K 
ki E E) 
s e K 0, 
s! cq, oO 0 
s? K 0 Q 
where 

e—K —-K 

cy = > 





Therefore, for any value of K greater than zero, the system is unstable. Also, because 
the last term in the first column is equal to K, a negative value of K will result in an 
unstable system. Consequently, the system is unstable for all values of gain K. m 


Case 3. There is a zero in the first column, and the other elements of the row con- 
taining the zero are also zero. Case 3 occurs when all the elements in one row are 
zero or when the row consists of a single element that is zero. This condition occurs 
when the polynomial contains singularities that are symmetrically located about the 
origin of the s-plane. Therefore, Case 3 occurs when factors such as (s + a)(s — a) 
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or (s + j@)(s — jw) occur. This problem is circumvented by utilizing the auxiliary 
polynomial, U(s), which immediately precedes the zero entry in the Routh array. 
The order of the auxiliary polynomial is always even and indicates the number of 
symmetrical root pairs. 

To illustrate this approach, let us consider a third-order system with the charac- 
teristic polynomial 


q(s) = $ + 2s? + 4s +K, (6.12) 


where K is an adjustable loop gain. The Routh array is then 


Ra 1 4 
s 2 K 
i ; 

s 8- K 
7 0 
s? K 0 

For a stable system, we require that 
0<K<8 


When K = 8, we have two roots on the jw-axis and a marginal stability case. Note 
that we obtain a row of zeros (Case 3) when K = 8. The auxiliary polynomial, U(s), 
is the equation of the row preceding the row of zeros. The equation of the row pre- 
ceding the row of zeros is, in this case, obtained from the s?-row. We recall that this 
row contains the coefficients of the even powers of s, and therefore we have 


U(s) = 2s* + Ks° = 2s? + 8 = 2(s? + 4) = 2(s + j2)(s — j2). (6.13) 
To show that the auxiliary polynomial, U(s), is indeed a factor of the characteristic 
polynomial, we divide q(s) by U(s) to obtain 
is FA 
25? + 8) + 2s? + 4s +8 
S + 4s 
2s? +8 
2s? +8 





When K = 8, the factors of the characteristic polynomial are 
a(s) = (s + 2)(s + j2)(s = j2). (6.14) 
The marginal case response is an unacceptable oscillation. 


Case 4. Repeated roots of the characteristic equation on the jw-axis. If the 
jw-axis roots of the characteristic equation are simple, the system is neither stable 
nor unstable; it is instead called marginally stable, since it has an undamped sinu- 
soidal mode. If the jw-axis roots are repeated, the system response will be unstable 
with a form ¢ sin(wt + $). The Routh—Hurwitz criteria will not reveal this form of 
instability [21]. 
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Consider the system with a characteristic polynomial 


qs) = (s + 1)(s + No = DG +j(s-p=stst+ 28 +2 +541. 


The Routh array is 
5 iad 
st I Qe At 
s e e 0 
x 1) aoa? 
si @ 0 
2! 1 


where e —0. Note the absence of sign changes, a condition that falsely indicates 
that the system is marginally stable. The impulse response of the system increases 
with time as f sin(t + #). The auxiliary polynomial at the s? line is s$? + 1, and the 
auxiliary polynomial at the s* line is si + 2s? + 1 = (s? + 1), indicating the 
repeated roots on the jw-axis. 


EXAMPLE 6.4 Fifth-order system with roots on the j@-axis 


Consider the characteristic polynomial 


g(s) = $ + st + 45 + 24s? + 3s + 63. (6.15) 
The Routh array is 

S 1 4 3 

sf 1 24 63 

s | -20 -60 0 

s? 21 6 0 

s! 0 0 p 


Therefore, the auxiliary polynomial is 
U(s) = 2s? + 63 = 21s? + 3) = 21(s + jV3)(s - jiv) (616) 


which indicates that two roots are on the imaginary axis. To examine the remaining 
roots, we divide by the auxiliary polynomial to obtain 


qs) 


: =p +? +s+2. 
sr £3) 


Establishing a Routh array for this equation, we have 


s 1 1 
$ 1 21 
si -20 0 
s? 2 0 


FIGURE 6.5 
Welding head 
Position control. 
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The two changes in sign in the first column indicate the presence of two roots in the 
right-hand plane, and the system is unstable. The roots in the right-hand plane are 
s=+1ijV6.e 


EXAMPLE 6.5 Welding control 


Large welding robots are used in today’s auto plants. The welding head is moved to 
different positions on the auto body, and a rapid, accurate response is required. A 
block diagram of a welding head positioning system is shown in Figure 6.5. We 
desire to determine the range of K and a for which the system is stable. The charac- 
teristic equation is 

K(s + a) 


TEES) Se ie + era 








Therefore, g(s) = sê + 65? + 11s? + (K + 6)s + Ka = 0. Establishing the Routh 
array, we have 





si 1 11 Ka 
s 6 K+6 
a bz Ka i 
51 C3 
s? Ka 
where 
60 — K b3(K + 6) — 6Ka 
b; = and c3 = ——_—___. 
6 bs 


The coefficient c3 sets the acceptable range of K and a, while b; requires that K be 
less than 60. Requiring c; = 0, we obtain 


(K — 60)(K + 6) + 36Ka = 0. 
The required relationship between K and a is then 


_ (60 - KX(K + 6) 
hea 36K 


when a is positive. Therefore, if K = 40, we require a = 0.639. m 


The general form of the characteristic equation of an nth-order system is 


S" + apas") + apas"? + oo + ays + ow," = 0. 





Controller 





Head dynamics 






















ae K(s +a) 1 o 
Desired Data head 
ee s+1 5(s + 2)(s + 3) p 
position position 
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Table 6.1 The Routh-Hurwitz Stability Criterion 





n Characteristic Equation Criterion 

2 sx t+bst+1=0 b>0 

3 +b?+cs+1=0 bc-1>0 

4 stt+bStest+dst+1=0 bcd — Ê - P > 0 

5 S+být+c®+d?+es+1=0 bed + b — @ — be > 0 

6 +b +c +d +e? +fs+1=0 (bed + bf —d?— beje + bc- bd — be*f — f? + bfe + cdf > 0 





Note: The equations are normalized by (w,)". 


We divide through by ,,” and use $= s/w, to obtain the normalized form of the 
characteristic equation: 


sn 4 ps”! P e E S TE | 


Il 
> 


For example, we normalize 
+5? + 25+8=0 


by dividing through by 8 = ,°, obtaining 


or 
$3 + 2.552 + 0.55 + 1 = 0, 


where $ = s/w, In this case, b = 2.5 andc = 0.5. Using this normalized form of the 
characteristic equation, we summarize the stability criterion for up to a sixth-order 
characteristic equation, as provided in Table 6.1. Note that be = 1.25 and the system 
is stable. 


6.3 THE RELATIVE STABILITY OF FEEDBACK CONTROL SYSTEMS 


The verification of stability using the Routh-Hurwitz criterion provides only a par- 
tial answer to the question of stability. The Routh-Hurwitz criterion ascertains the 
absolute stability of a system by determining whether any of the roots of the char- 
acteristic equation lie in the right half of the s-plane. However, if the system satis- 
fies the Routh-Hurwitz criterion and is absolutely stable, it is desirable to 
determine the relative stability; that is, it is necessary to investigate the relative 
damping of each root of the characteristic equation. The relative stability of a sys- 
tem can be defined as the property that is measured by the relative real part of 
each root or pair of roots. Thus, root rz is relatively more stable than the roots r4, 71, 
as shown in Figure 6.6. The relative stability of a system can also be defined in 
terms of the relative damping coefficients ¢ of each complex root pair and, there- 
fore, in terms of the speed of response and overshoot instead of settling time. 
Hence, the investigation of the relative stability of each root is clearly neces- 
sary because, as we found in Chapter 5, the location of the closed-loop poles in the 
s-plane determines the performance of the system. Thus, it is imperative that we 


FIGURE 6.6 
Root locations in 
the s-plane. 
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reexamine the characteristic polynomial q(s) and consider several methods for the 
determination of relative stability. 

Because the relative stability of a system is dictated by the location of the roots 
of the characteristic equation, a first approach using an s-plane formulation is to 
extend the Routh—Hurwitz criterion to ascertain relative stability. This can be simply 
accomplished by utilizing a change of variable, which shifts the s-plane axis in order 
to utilize the Routh—Hurwitz criterion. Examining Figure 6.6, we notice that a shift of 
the vertical axis in the s-plane to —c; will result in the roots 74, 7; appearing on the 
shifted axis. The correct magnitude to shift the vertical axis must be obtained on a 
trial-and-error basis. Then, without solving the fifth-order polynomial q(s), we may 
determine the real part of the dominant roots rj, 7}. 


EXAMPLE 6.6 Axis shift 
Consider the simple third-order characteristic equation 
qls) = $ + 4s + 6s + 4. (6.17) 


As a first try, let s, = s + 2 and note that we obtain a Routh array without a zero 
occurring in the first column. However, upon setting the shifted variable s,, equal to 
s + 1, we obtain 


(Sn — D? + Asn- 1)? + 6(5, — 1) +4 = 5, +5? + 5, +1. (6.18) 


Then the Routh array is established as 


Sis hy 
4 iy eh 
si 0 0 
s? 1 0 


There are roots on the shifted imaginary axis that can be obtained from the aux- 
iliary polynomial 


Ulsa) = sK? +1 = (+ jsn- j) =(s+1+js+1- j) (6.19) m 


The shifting of the s-plane axis to ascertain the relative stability of a system is a 
very useful approach, particularly for higher-order systems with several pairs of 
closed-loop complex conjugate roots. 
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6.4 THE STABILITY OF STATE VARIABLE SYSTEMS 


The stability of a system modeled by a state variable flow graph model can be read- 
ily ascertained. The stability of a system with an input-output transfer function T(s) 
can be determined by examining the denominator polynomial of 7(s). Therefore, if 
the transfer function is written as 


rig = 20, 
q(s) 
where p(s) and q(s) are polynomials in s, then the stability of the system is repre- 
sented by the roots of q(s). The polynomial q(s), when set equal to zero, is called the 
characteristic equation. The roots of the characteristic equation must lie in the left- 
hand s-plane for the system to exhibit a stable time response. Therefore, to ascertain 
the stability of a system represented by a transfer function, we investigate the 
characteristic equation and utilize the Routh—Hurwitz criterion. If the system we 
are investigating is represented by a signal-flow graph state model, we obtain the 
characteristic equation by evaluating the flow graph determinant. If the system is 
represented by a block diagram model we obtain the characteristic equation using 
the block diagram reduction methods. As an illustration of these methods, let us 
investigate the stability of the system of Example 3.2. 


EXAMPLE 6.7 Stability of a system 


The transfer function T(s) examined in Example 3.2 is 


2s? + 85 + 6 
T(S) = = z: 6.20 
() = Fa a + 16s + 6 (920) 
The characteristic polynomial for this system is 
q(s) = 8 + 8s? + 16s + 6. (6.21) 


This characteristic polynomial is also readily obtained from either the flow graph 
model or block diagram model shown in Figure 3.11 or the ones shown in Figure 3.13. 
Using the Routh-Hurwitz criterion, we find that the system is stable and that all the 
roots of q(s) lie in the left-hand s-plane. m 


We often determine the flow graph or block diagram model directly from a set 
of state differential equations. We can use the flow graph directly to determine the 
stability of the system by obtaining the characteristic equation from the flow graph 
determinant A(s). Similarly, we can use block diagram reduction to define the char- 
acteristic equation. An illustration of these approaches will aid in comprehending 
these methods. 


EXAMPLE 6.8 Stability of a second-order system 
A second-order system is described by the two first-order differential equations 


ky = -3x +x. and i, = +1x, — Kx, + Ku, 
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FIGURE 6.7 

(a) Flow graph 
model for state 
variable equations 
of Example 6.8. 
(b) Block diagram 
model. (b) 





where the dot notation implies the first derivative and u(t) is the input. The flow 
graph model of this set of differential equations is shown in Figure 6.7(a) and the 
block diagram model is shown in Figure 6.7(b). 

Using Mason’s signal-flow gain formula, we note three loops: 


L=s), L,= -3s', and L; = —Ks~, 
where L; and L, do not share a common node. Therefore, the determinant is 
A =1- (Ly + Lz + L) + LiL = 1 — (s! — 3571 — Ks) + (-35°). 





We multiply by s to obtain the characteristic equation 
$ + 2s + (K -3)=0. 
Since all coefficients must be positive, we require K > 3 for stability. A similar 


analysis can be undertaken using the block diagram. Closing the two feedback loops 
yields the two transfer functions 





1 
G(s) = PEY] and G(s) = 543° 
as illustrated in Figure 6.7(b). The closed loop transfer function is thus 
KG,(s)G2(s 
T(s) = 1(8)G2(s) 


1 + KG,(s)G2(s)’ 
Therefore, the characteristic equation is 
A(s) = 1 + KG;,(s)G,(s) = 0, 
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or 
A(s) = (s — 1)(s + 3) + K =s? +25 + (K — 3) =0. 


This confirms the results obtained using signal-flow graph techniques. m 


A method of obtaining the characteristic equation directly from the vector dif- 
ferential equation is based on the fact that the solution to the unforced system is an 
exponential function. The vector differential equation without input signals is 

x = Ax, (6.22) 
where x is the state vector. The solution is of exponential form, and we can define a 
constant A such that the solution of the system for one state can be of the form 
x,(t) = ke. The A, are called the characteristic roots or eigenvalues of the system, 
which are simply the roots of the characteristic equation. If we let x = ke™ and sub- 
stitute into Equation (6.22), we have 
Ake" = Ake”, (6.23) 
or 
Ax = Ax. (6.24) 
Equation (6.24) can be rewritten as 
(AI — A)x = 0, (6.25) 
where I equals the identity matrix and 0 equals the null matrix. This set of simulta- 
neous equations has a nontrivial solution if and only if the determinant vanishes— 
that is, only if 
det(AI — A) = 0. (6.26) 
The nth-order equation in A resulting from the evaluation of this determinant is the 
characteristic equation, and the stability of the system can be readily ascertained. 
Let us consider again the third-order system described in Example 3.3 to illustrate 
this approach. 


EXAMPLE 6.9 Closed epidemic system 


The vector differential equation of the epidemic system is given in Equation (3.63) 
and repeated here as 


ik -a -Bp 0 oa) - 
Fad eee wal TH! 
a y p 0 0 j 
The characteristic equation is then 
A 0. 2 =a p 8 
det(AL- A) = det |0 A 0j-| B -y 0 
0 0 A a y 0 
Ata B 0 


= det| -8 Aty 0 
=o a 4 À 
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= AQ + a(a + y) + 8°] 

= A[X? + (a + y)A + (ay + °) = 0. 
Thus, we obtain the characteristic equation of the system, and it is similar to that 
obtained in Equation (3.65) by flow graph methods. The additional root A = 0 
results from the definition of x3 as the integral of ax, + yx, and x3 does not affect 
the other state variables. Thus, the root A = 0 indicates the integration connected 
with x3. The characteristic equation indicates that the system is marginally stable 
whena + y > Qanday + B*>0. m 


As another example, consider again the inverted pendulum described in Exam- 
ple 3.4. The system matrix is 








0 1 0 0 
_|0 0 -mgiM 0 
AS | 0 iy 
0 0 gil 0 
The characteristic equation can be obtained from the determinant of (AI — A) as 
follows: 
Eral 0 0 
0 A mgiM 0 2_8 oh or. & 
< = =0. 
det 0 0 A -1 fafa 7 A| A i D 
0 0 -gll À 


The characteristic equation indicates that there are two roots at A = 0: a root at 
A = +V gll and a root at A = — V g/l. Hence, the system is unstable, because there is 
aroot in the right-hand plane at A = + Veil. The two roots at A = 0 will also result in 
an unbounded response. 


6.5 DESIGN EXAMPLES 


In this section we present two illustrative examples. The first example is a tracked 
vehicle control problem. In this first example, stability issues are addressed employ- 
ing the Routh-Hurwitz stability criterion and the outcome is the selection of two 
key system parameters. The second example illustrates the stability problem robot- 
controlled motorcycle and how Routh-Hurwitz can be used in the selection of con- 
troller gains during the design process. The robot-controlled motorcycle example 
highlights the design process with special attention to the impact of key controller 
parameters on stability. 


EXAMPLE 6.10 Tracked vehicle turning control 


The design of a turning control for a tracked vehicle involves the selection of two 
parameters [8]. In Figure 6.8, the system shown in part (a) has the model shown in 
part (b). The two tracks are operated at different speeds in order to turn the vehicle. 
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FIGURE 6.8 
(a) Turning control 
system for a two- 
track vehicle. 


(b) Block diagram. 
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Track torque 
Right Yis) 


AAE ame 
Vehicle 
and controller Left 


of travel 
Difference in track speed 








Throttle 
Steering 





(a) 









Controller 
G(s) 


Power train and 
vehicle G(s) 






Ris) 
Desired 
direction 
of turning 


Y(s) 





(b) 


We must select K and a so that the system is stable and the steady-state error for a 
ramp command is less than or equal to 24% of the magnitude of the command, 
The characteristic equation of the feedback system is 


1 + G,.G(s) = 0, 
or 
K(s +a 
+ era Ea =0 (6.27) 

Therefore, we have 

s(s + 1)(s + 2)(s + 5) + K(s + a) = 0, 
or 

st + 85° + 17s? + (K + 10)s + Ka = 0. (6.28) 


To determine the stable region for K and a, we establish the Routh array as 


st 1 17 Ka 
s 8 K+10 0 
s? b3 Ka 5 








S C3 
s Ka 
where 
126 - K b;(K + 10) — 8Ka 
b; 3 and c3 = b h 
3 


For the elements of the first column to be positive, we require that Ka, b3, and c3 be 
positive. Therefore, we require that 


FIGURE 6.9 
The stable region. 
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2.0 






Selected K and a 








06: -===—=—— 
oL 1 1 1 1 
0 50 70 100 126 150 
K 
K < 126, 
Ka > 0, and 
(K + 10)(126 — K) — 64Ka > 0. (6.29) 


The region of stability for K > 0 is shown in Figure 6.9. The steady-state error to a 
ramp input z(t) = At,t > Qis 


es = AIKy, 
where 
K, = lim sG.G = Ka/lo. 
Therefore, we have 


_ 10A 


ess = Ka (6.30) 


When e,, is equal to 23.8% of A, we require that Ka = 42. This can be satisfied by 
the selected point in the stable region when K = 70 anda = 0.6, as shown in Figure 
6.9. Another acceptable design would be attained when K = 50 and a = 0.84. We 
can calculate a series of possible combinations of K and a that can satisfy Ka = 42 
and that lie within the stable region, and all will be acceptable design solutions. 
However, not all selected values of K and a will lie within the stable region. Note 
that K cannot exceed 126. m 


EXAMPLE 6.11 Robot-controlled motorcycle 


Consider the robot-controlled motorcycle shown in Figure 6.10. The motorcycle will 
move in a straight line at constant forward speed v. Let ġ denote the angle between 
the plane of symmetry of the motorcycle and the vertical. The desired angle q is 
equal to zero: 


gals) = 0. 
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FIGURE 6.10 
The robot- 
controlled 
motorcycle. 
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The design elements highlighted in this example are illustrated in Figure 6.11. Using 
the Routh—Hurwitz stability criterion will allow us to get to the heart of the matter, 
that is, to develop a strategy for computing the controller gains while ensuring 
closed-loop stability. 

The control goal is 


Control Goal 
Control the motorcycle in the vertical position, and maintain the prescribed 
position in the presence of disturbances. 


The variable to be controlled is 


Variable to Be Controlled 
The motorcycle position from vertical (). 


Since our focus here is on stability rather than transient response characteristics, the 
control specifications will be related to stability only; transient performance is an 
issue that we need to address once we have investigated all the stability issues. The 
control design specification is 


Design Specification 
DS1 The closed-loop system must be stable. 


The main components of the robot-controlled motorcycle are the motorcycle and 
robot, the controller, and the feedback measurements. The main subject of the chap- 
ter is not modeling, so we do not concentrate on developing the motorcycle 
dynamics model. We rely instead on the work of others (see [25]). The motorcycle 
model is given by 

G(s) => 1 : (6.31) 


So œ 





where a, = g/h, g = 9.806 m/s’, and h is the height of the motorcycle center of 
gravity above the ground (see Figure 6.10). The motorcycle is unstable with poles at 
s = +V œ. The controller is given by 


Qa + O38 


GAs) = +1’ 


(6.32) 
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ee Topics emphasized in this example 


Establish the control goals <+—— Control the motorcycle to the 


P Ste vertical position. 


Identify the varjables to be controlled | —— Vertical position (¢). 


Write the specifications 


























Design specification: 
DSI: Closed-loop stability. 






Establish the system configuration +—— See Figures 6.10 and 6,12 







See Equations (6.31) and (6.32) 
and Table 6,2 


Obtain a model of the process, the 
actuator, and the sensor 





oa 







Describe a controller and select key 
parameters to be adjusted 


| 


Optimize the parameters and 
analyze the performance 





+——- See Figures 6.12: Kp and Kp. 















Tf the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 


FIGURE 6.11 Elements of the control system design process emphasized in 
this robot-controlled motorcycle example. 


where 

ay = v'i(he) 
and 

a3 = vLi(he). 


The forward speed of the motorcycle is denoted by v, and c denotes the wheel-base 
(the distance between the wheel centers). The length, L, is the horizontal distance 
between the front wheel axle and the motorcycle center of gravity. The time- 
constant of the controller is denoted by 7. This term represents the speed of re- 
sponse of the controller; smaller values of 7 indicate an increased speed of response. 
Many simplifying assumptions are necessary to obtain the simple transfer function 
models in Equations (6.31) and (6.32). 
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Control is accomplished by turning the handlebar. The front wheel rotation 
about the vertical is not evident in the transfer functions. Also, the transfer functions 
assume a constant forward speed v which means that we must have another control 
system at work regulating the forward speed. Nominal motorcycle and robot con- 
troller parameters are given in Table 6.2. 

Assembling the components of the feedback system gives us the system config- 
uration shown in Figure 6.12. Examination of the configuration reveals that the 
robot controller block is a function of the physical system (h, c, and L), the operat- 
ing conditions (v), and the robot time-constant (7). No parameters need adjustment 
unless we physically change the motorcycle parameters and/or speed. In fact, in this 
example the parameters we want to adjust are in the feedback loop: 


Select Key Tuning Parameters 
Feedback gains Kp and Kp. 


The key tuning parameters are not always in the forward path; in fact they may exist 
in any subsystem in the block diagram. 

We want to use the Routh-Hurwitz technique to analyze the closed-loop system 
stability. What values of Kp and Kp lead to closed-loop stability? A related question 
that we can pose is, given specific values of Kp and Kp for the nominal system (that 
is, nominal values of a;, œ, œz, and 7), how can the parameters themselves vary while 
still retaining closed-loop stability? 


Table 6.2 Physical Parameters 


0.2 s 
9 1s 
27s? 
1.35 1/s 
1.09 m 
2.0 m/s 
1.0 m 
1.36 m 


onre 





ds) 


FIGURE 6.12 

The robot- 
controlled 
motorcyle feedback 
system block 
diagram. 
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The closed-loop transfer function from ¢4(s) to $(s) is 


Q2 + 035 
1) = 
where 
A(s) = 7s? + (1 + Kpa3)s* + (Kpa, + Kpa3 — ra,)s + Kpa — ay. 
The characteristic equation is 
A(s) = 0. 


The question that we need to answer is for what values of Kp and Kp does the char- 
acteristic equation A(s) = 0 have all roots in the left half-plane? 
We can set up the following Routh array: 


8 T Kpa, + Kpaz — Ta, 
s? 1 + Kpaz Kpa — ay 

Ss a 

1 Kpa — ay 


where 


ee (1 + Kpas)(Kpa2 + Kpa3 — tai) — t(a2Kp — a) 
1+ Kpa3 ‘ 





By inspecting column 1, we determine that for stability we require 
T > 0, Kp > —1/a3, Kp > aila, anda > 0. 


Choosing Kp > 0 satisfies the second inequality (note that a; > 0). In the event 
7 = 0, we would reformulate the characteristic equation and rework the Routh array. 

The computational difficulty arises in determining the conditions on Kp and Kp 
such that a > 0. We find that a > 0 implies that the following relationship must be 
satisfied: 


f = aK + (a — Taja + a3’Kp)Kp + (a3 — Ta)Kp > 0. (6.33) 


Using the nominal values of the parameters a4, a2, a3, and 7 (see Table 6.2), the sta- 
bility region is shown in Figure 6.13. For all Kp > 0 and Kp > 3.33, the function 
f > 0, hence a > 0. Taking into account all the inequalities, a valid region for 
selecting the gains is Kp > 0 and Kp > aj/ay = 3.33. 

Selecting any point (Kp, Kp) in the stability region yields a valid (that is, stable) 
set of gains for the feedback loop. For example, selecting 


Kp = 10 and Kp = 5 
yields a stable closed-loop system. The closed-loop poles are 
sı = —35.2477, s2 = —2.4674, and s3 = —1.0348. 


Since all the poles have negative real parts, we know the system response to any 
bounded input will be bounded. 
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FIGURE 6.13 
Region of valid 
gains (Kp, Kp) for 
which the inequality 
in Equation. (6.33) 
is satisfied. 


Chapter 6 The Stability of Linear Feedback Systems 





SSS 








Valid gains for which Kp 
f > 0. See Equation. (6.33). 


For this robot-controlled motorcycle, we do not expect to have to respond to 
nonzero command inputs (that is, ġa # 0) since we want the motorcyle to remain 
upright, and we certainly want to remain upright in the presence of external 
disturbances.. The transfer function for the disturbance T,(s) to the output $(s) 
without feedback is 


9) = za Ts). 


The characteristic equation is 
q(s) = $ — a = 0. 
The system poles are 
sı = —Vay and s, = +Vay. 


Thus we see that the motorcycle is unstable; it possesses a pole in the right half- 
plane. Without feedback control, any external disturbance will result in the motor- 
cycle falling over. Clearly the need for a control system (usually provided by the 
human rider) is necessary. With the feedback and robot controller in the loop, the 
closed-loop transfer function from the disturbance to the output is 


$ls) mta 
T(s) rs? + (1 + Kpa3)s* + (Kpaz + Kpaz — ta,)s + Kpa — a 








FIGURE 6.14 
Disturbance 
response with 
Kp = 10 and 
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$ 0.03 
0.02 
0.01 
0 
0 1 2 3 4 5 6 
Time (s) 


The response to a step disturbance 


1 
Ts) = > 
is shown in Figure 6.14; the response is stable. The control system manages to keep 
the motorcycle upright, although it is tilted at about @ = 0.055 rad = 3.18 deg. 

It is important to give the robot the ability to control the motorcycle over a wide 
range of forward speeds. Is it possible for the robot, with the feedback gains as 
selected (Kp = 10 and Kp = 5), to control the motorcycle as the velocity varies? 
From experience we know that at slower speeds a bicycle becomes more difficult to 
control. We expect to see the same characteristics in the stability analysis of our sys- 
tem. Whenever possible, we try to relate the engineering problem at hand to real-life 
experiences. This helps to develop intuition that can be used as a reasonableness 
check on our solution. 

A plot of the roots of the characteristic equation as the forward speed v varies 
is shown in Figure 6.15. The data in the plot were generated using the nominal val- 
ues of the feedback gains, Kp = 10 and Kp = 5. We selected these gains for the case 
where v = 2 m/s. Figure 6.15 shows that as v increases, the roots of the characteris- 
tic equation remain stable (that is, in the left half-plane) with all points negative. But 
as the motorcycle forward speed decreases, the roots move toward zero, with one 
root becoming positive at v = 1.15 m/s. At the point where one root is positive, the 
motorcycle is unstable. m 
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FIGURE 6.15 
Roots of the 
characteristic 
equation as the 
motorcycle velocity 
varies. 
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One pole enters the 
































10 i right half-plane 
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6.6 SYSTEM STABILITY USING CONTROL DESIGN SOFTWARE 


This section begins with a discussion of the Routh-Hurwitz stability method. We 
will see how the computer can assist us in the stability analysis by providing an easy 
and accurate method for computing the poles of the characteristic equation. For the 
case of the characteristic equation as a function of a single parameter, it will be pos- 
sible to generate a plot displaying the movement of the poles as the parameter 
varies. The section concludes with an example. 

The function introduced in this section is the function for, which is used to 
repeat a number of statements a specific number of times. 


Routh-Hurwitz Stability. As stated earlier, the Routh-Hurwitz criterion is a neces- 
sary and sufficient criterion for stability. Given a characteristic equation with fixed 
coefficients, we can use Routh-Hurwitz to determine the number of roots in the 
tight half-plane. For example, consider the characteristic equation 


g(s) =$ +? +2s+24=0 


associated with the closed-loop control system shown in Figure 6.16. The corre- 
sponding Routh-Hurwitz array is shown in Figure 6.17. The two sign changes in the 
first column indicate that there are two roots of the characteristic polynomial in 
the right half-plane; hence, the closed-loop system is unstable. We can verify the 
Routh-Hurwitz result by directly computing the roots of the characteristic equa- 
tion, as shown in Figure 6.18, using the pole function. Recall that the pole function 
computes the system poles. 

Whenever the characteristic equation is a function of a single parameter, the 
Routh-Hurwitz method can be utilized to determine the range of values that the 


FIGURE 6.16 
Closed-loop control 
system with T(s) = 
¥(s)/R(s) = 1/(s° + 
sê + 2s + 24). 


FIGURE 6.17 
Routh array for the 
closed-loop control 
system with T(s) = 
¥(s)/R(s) = 1/(s8 + 
s* + 2s + 24). 


FIGURE 6.18 
Using the pole 
function to 
compute the 
closed-loop control 
system poles of the 
system shown in 
Figure 6.16. 


FIGURE 6.19 
Closed-loop control 
system with T(s) = 
Y(s)/R(s) = K/(s? + 
2s? + 4s + K). 
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—— Yis) 
SES H2423 i 


Ris) Gs) = 












Ist sign change 


s -22 0 


2nd sign change 








parameter may take while maintaining stability. Consider the closed-loop feedback 
system in Figure 6.19. The characteristic equation is 


g(s) = 8° + 2° + 4s + K = 0. 


Using a Routh-Hurwitz approach, we find that we require 0 < K < 8 for stability 
(see Equation 6.12). We can verify this result graphically. As shown in Figure 
6.20(a), we establish a vector of values for K at which we wish to compute the roots 
of the characteristic equation. Then using the roots function, we calculate and plot 
the roots of the characteristic equation, as shown in Figure 6.20(b). It can be seen 
that as K increases, the roots of the characteristic equation move toward the right 
half-plane as the gain tends toward K = 8, and eventually into the right half-plane 
when K > 8. 





>>numg=[1]; deng=[1 1 2 23]; sysg=tf(numg,deng); 
>>sys=feedback(sysg,[1]); 
>>pole(sys) 


ans = 


-3.0000 


1.0000 + 2.6458i Tae 
1.0000 - 2.6458: PEREOS 














Ris) Ys) 





384 


FIGURE 6.20 

(a) Plot of root 
locations of q(s) = 
s + 2s? + 4s +K 
forO = K = 20. 
(b) m-file script. 
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K>8 











n 
| 
| 

4 
| 


| K=8 
] j———_- _ | 4 a 


SOE 








Imaginary axis 





Real axis 


(a) 





% This script computes the roots of the characteristic 
% equation q(s) = 43 + 2 s^2 + 4 s + K for 0<K<20 
% 

K=[0:0.5: 





for i=1:length(K) 
q=[1 2 4 K(i)]; Loop for roots as 
p(:,i)=roots(q); a function of K 
end 


plot(real(p),imag(p),'x'), grid 
xlabel('Real axis’), ylabel(‘Imaginary axis’) 








(b) 


The script in Figure 6.20 contains the for function. This function provides a 
mechanism for repeatedly executing a series of statements a given number of times. 
The for function connected to an end statement sets up a repeating calculation loop. 
Figure 6.21 describes the for function format and provides an illustrative example of 
its usefulness. The example sets up a loop that repeats ten times. During the ith iter- 
ation, where 1 = 7 < 10, the ith element of the vector a is set equal to 20, and the 
scalar b is recomputed. 

The Routh—Hurwitz method allows us to make definitive statements regarding 
absolute stability of a linear system. The method does not address the issue of rela- 
tive stability, which is directly related to the location of the roots of the characteris- 
tic equation. Routh-Hurwitz tells us how many poles lie in the right half-plane, but 
not the specific location of the poles. With control design software, we can easily cal- 
culate the poles explicitly, thus allowing us to comment on the relative stability. 


EXAMPLE 6.12 Tracked vehicle control 


The block diagram of the control system for the two-track vehicle is shown in Figure 6.8. 
The design objective is to find a and K such that the system is stable and the steady-state 
error for a ramp input is less than or equal to 24% of the command. 
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General format 







for variable=expression 






statement 





statement 





Example 


























The end statement bran | 7 
must be included to 4 $ isa vector 
indicate the end of with 10 elements. 
the loop. 

FIGURE 6.21 E 

The for function b is a scalar that 

and an illustrative changes as i increments. 

example. 


We can use the Routh-Hurwitz method to aid in the search for appropriate values 
of a and K. The closed-loop characteristic equation is 


q(s) = s + 853 + 17s? + (K + 10)s + aK = 0. 
Using the Routh array, we find that, for stability, we require that 


K< 126, E 


For positive K, it follows that we can restrict our search to0 < K < 126 and a > 0. 
Our approach will be to use the computer to help find a parameterized a versus K 
region in which stability is assured. Then we can find a set of (a, K) belonging to the 
stable region such that the steady-state error specification is met. This procedure, 
shown in Figure 6.22, involves selecting a range of values for a and K and computing 
the roots of the characteristic polynomial for specific values of a and K. For each 
value of K, we find the first value of a that results in at least one root of the charac- 
teristic equation in the right half-plane. The process is repeated until the entire 
selected range of a and K is exhausted. The plot of the (a, K) pairs defines the sepa- 
ration between the stable and unstable regions. The region to the left of the plot of a 
versus K in Figure 6.22 is the stable region. 
If we assume that z(t) = At, t > 0, then the steady-state error is 


inie s(s + 1)(s + 2)(s + 5) A 10A 
s0 s(s + 1(s +2 (s +5)+K(s+a) $ aK’ 


(K +10) — 8aK > 0, and aK >0. 








Ess 


where we have used the fact that 


1 s(s + 1)(s + 2)(s + 5) 
(s) 


Ho aay s(s + 1)(s + 2)(s + 5) + K(s + a) 











R(s). 
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FIGURE 6.22 

(a) Stability region 
for a and K for two- 
track vehicle turning 
control. (b) m-file 
script. 
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25 
2.0 
1.5 
1.0 





s 

















% The a-K stability region for the two track vehicle 
% control problem Range of a and K. 
% 
a=[0.1:0.01:3.0]; K=[20:1:120]; 










Initialize plot vectors as zero 
vectors of appropriate lengths. 





n=length(K); m=length(a); 





i i)*alj Characteristic 
g={1, 8, 17, K(i)+10, K(i)*a(i)]; i 
p=roots(q); polynomial. 
if max(real(p)) > 0, x(i)=K(i); y(i)=a(j-1); break; end 
d 
on For a given value of K, determine 





first value of a for instability. 





plot(x.y), grid, xlabel('K'), ylabel('a') 


L 








(b) 


Given the steady-state specification, e,, < 0.24, we find that the specification is 


satisfied when 
10A 
— < 0.24A. 
aK : 
or 
aK > 41.67. 


Any values of a and K that lie in the stable region in Figure 6.22 and satisfy Equa- 
tion (6.34) will lead to an acceptable design. For example, K = 70 and a = 0.6 will 
satisfy all the design requirements. The closed-loop transfer function (with a = 0.6 


and K = 70) is 
70s + 42 
st + 85° + 175? + 80s + 42° 
The associated closed-loop poles are 
s = —7.0767, 
s = —0.5781, 
s = —0.1726 + 3.1995i, and 
s = —0.1726 — 3.1995i. 








T(s) 


FIGURE 6.23 

(a) Ramp response 
for a = 0.6 and 

K = 70 for two- 
track vehicle 
turning control. 

(b) m-file script. 
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"y an sla 
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0 
Time (s) 
(a) 








% Two-track vehicle turning control ramp response 


% with a=0.6 and K=70. z - 
t=[0:0.01:16]; u=t; 


numge=[1 0.6]; denge=[1 1]; nr 
numg=[70]; deng=[1 7 10 0]; sysg=tf(numg,deng); 
sysa=series(sysgc,sysg); 
sys=feedback(sysa,[1]); 

y=lsim(sys,u,t); 
plot(t,y,t,u,'--'), grid 

xlabel(‘Time (s)'), ylabel('y(t)') 






a = 0.6 and K = 70 





(b) 


The corresponding unit ramp input response is shown in Figure 6.23, The steady- 
state error is less than 0.24, as desired. m 


The Stability of State Variable Systems. Now let us turn to determining the stabil- 
ity of systems described in state variable form. Suppose we have a system in state- 
space form as in Equation (6.22). The stability of the system can be evaluated with 
the characteristic equation associated with the system matrix A. The characteristic 
equation is 

det(sI — A) = 0. (6.35) 


The left-hand side of the characteristic equation is a polynomial in s. If all of the 
roots of the characteristic equation have negative real parts (i.e., Re(s;) < 0), then 
the system is stable. 

When the system model is given in state variable form, we must calculate the 
characteristic polynomial associated with the A matrix. In this regard, we have sev- 
eral options. We can calculate the characteristic equation directly from Equation 
(6.35) by manually computing the determinant of sI — A. Then, we can compute 
the roots using the roots function to check for stability, or alternatively, we can use 
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FIGURE 6.24 
Computing the 
characteristic 
polynomial of A 
with the poly 
function. 


FIGURE 6.25 
Control system for 
jump-jet aircraft. 
Assume that z > 0 
and p > 0. 
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Coefficients of characteristic n X n matrix 
polynomial in descending order. L 


S p=poly(A) 


>>A=[-8 -16 -6;1 0 0;0 1 0]; 
>>p=poly(A) 


p= 
1.0000 8.0000 16.0000 6.0000 



































Characteristic polynomial 


>>roois(p) 


ans = 
-5.0861 
-2.4280 +—— Stable 
-0.4859 




















the Routh-Hurwitz method to detect any unstable roots. Unfortunately, the manual 
computations can become lengthy, especially if the dimension of A is large. We 
would like to avoid this manual computation if possible. As it turns out, the comput- 
er can assist in this endeavor. 

The poly function described in Section 2.9 can be used to compute the charac- 
teristic equation associated with A. Recall that poly is used to form a polynomial 
from a vector of roots. It can also be used to compute the characteristic equation of 
A, as illustrated in Figure 6.24. The input matrix A is 


=8 l6, =6 
A= 1 0 0}, 
0 1 0 


and the associated characteristic polynomial is 
s+ 8s? + 16s + 6 = 0. 
If A is an n X n matrix, poly(A) is an n + 1 element row vector whose ele- 
ments are the coefficients of the characteristic equation det(sI — A) = 0. 
EXAMPLE 6.13 Stability region for an unstable process 


A jump-jet aircraft has a control system as shown in Figure 6.25 [17]. Assume that 
z > 0 and p > 0. The system is open-loop unstable (without feedback), since the 
characteristic equation of the process and controller is 


s(s — 1)(s + p) = s[s? + (p — 1)s p] = 0. 











Controller Aircraft 

R(s) 

3 Yis) 
Aircraft Acal 

£ ci 
desired 4 i 
. . orientation 
orientation 





FIGURE 6.26 
m-file script for 
stability region. 
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Note that since one term within the bracket has a negative coefficient, the charac- 
teristic equation has at least one root in the right-hand s-plane. The characteristic 
equation of the closed-loop system is 


8+ (p—1)s? + (K - p)s + Kz =0. 


The goal is to determine the region of stability for K, p, and z. The Routh 
array is 


s 1 K-p 
s? p-1 Kz 
s! bz ý 
s? Kz 


where 
_ (p ~ 1W(K = p) ~ Kz 
pai l 


From the Routh—Hurwitz criterion, we find that we require Kz > 0 and p > 1. Set- 
ting bz > 0, we have 


(p — 1)(K - p) - Kz = K[(p - 1) - z] - p(p - 1) > 0. 


Consider two cases: 


by 


1. z = p — 1: thereisno0 < K < œ that leads to stability. 
2.z < p— 1:any0 < K < œ satisfying the stability condition for a given p and z will 
result in stability: 
plp — 1) 


ar (6.36) 


The stability conditions can be depicted graphically. The m-file script used to 
generate a three-dimensional stability surface is shown in Figure 6.26. This script 
uses mesh to create the three-dimensional surface and meshgrid to generate arrays 
for use with the mesh surface. 


The three-dimensional plot of the stability region for K, p, and z is shown in 
Figure 6.27. One acceptable stability point is z = 1, p = 10, and K = 15. m 





% Jump-jet control system 3-D stability region. 
% 

[p,z]=meshgrid(1.2:0.2:10,0.1:.2:10); <> 
k=p.*(p-1)./(p-1-2); 


mesh(k) Stability surface 
Generate 3D plot. 





Transform domains for 
p and z for mesh plot. 
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Stability region exists 
above the stability surface. 


Stability surface 
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FIGURE 6.27 
The three- 
dimensional region 
of stability lies 









DISK DRIVE READ SYSTEM 


In Section 5.11, we examined the design of the head reader system with an adjustable 


gain Ką. In this section 


6.7 SEQUENTIAL DESIGN EXAMPLE 


above the surface 


shown. 


we will examine the stability of the system as K, is adjusted 


and then reconfigure the system. 


Let us consider the system as shown in Figure 6.28. This is the same system with 
a model of the motor and load as considered in Chapter 5, except that the velocity 


Tals) 


Motor coil 


Amplifier 


weal 
we 
sE 
č 


R(s) 


Velocity sensor 


The closed-loop 
disk drive head 


FIGURE 6.28 
system with an 


Position sensor 








optional velocity 


feedback. 
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feedback sensor was added, as shown in Figure 6.28. Initially, we consider the case 
where the switch is open. Then the closed-loop transfer function is 


Y(s) K,G,(s)G2(s) 





= 6.3 
RG) 1+ KOC on 
where 
5000 
Gils) = 5 1000 
and 
1 
Gas) = s(s + 20) 
The characteristic equation is 
s(s + 20)(s + 1000) + 5000K, = 0, (6.38) 


or 
s? + 1020s? + 20000s + 5000K, = 0. 


We use the Routh array 


3° 1 20000 
$ 1020 5000K, 
s! bı 4 
s? 5000K, 


where 
p, — (20000)1020 = 5000K, 
ne 1020 


The case b, = 0 results in marginal stability when K, = 4080. Using the auxiliary 
equation, we have 


1020s? + 5000(4080) = 0, 


or the roots of the jw-axis are s = +j141.4. In order for the system to be stable, 
K, < 4080. 

Now let us add the velocity feedback by closing the switch in the system of 
Figure 6.28. The closed-loop transfer function for the system is then 


Y(s) K,G,(s)G2(s) 
R(s) 1 + [K,Gi(s)Gx(s)](1 + Kis)’ 








(6.39) 


since the feedback factor is equal to 1 + Kıs, as shown in Figure 6.29. 
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FIGURE 6.29 
Equivalent system 
with the velocity 
feedback switch 
closed. 
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Tats) 





The characteristic equation is then 
1 + [K,G;(s)G2(s)](1 + Kıs) = 0, 
or 
s(s + 20)(s + 1000) + 5000K,(1 + Kıs) = 0. 
Therefore, we have 
s* + 1020s? + [20000 + 5000K,K;]s + 5000K, = 0. 


Then the Routh array is 


8 1 20000 + 5000K,Ky 
s? 1020 5000K, 

s! bi : 
s 5000K, 


where 


1020 (20000 + 5000K,K1) — 5000K, 
3 1020 F 








To guarantee stability, it is necessary to select the pair (K,, Kı) such that b; > 0, 
where K, > 0. When K,= 0.05 and K, = 100, we can determine the system 
response using the script shown in Figure 6.30. The settling time (with a 2% criterion) 
is approximately 260 ms, and the percent overshoot is zero. The system performance 
is summarized in Table 6.3. The performance specifications are nearly satisfied, and 
some iteration of Kj is necessary to obtain the desired 250 ms settling time. 


Table 6.3 Performance of the Disk Drive System Compared to the 
Specifications 





Performance Measure Desired Value Actual Response 
Percent overshoot Less than 5% 0% 
Settling time Less than 250 ms 260 ms 


Maximum response 
to a unit disturbance Less than 5 x 10% 2x 10% 





FIGURE 6.30 
Response of the 
system with 
velocity feedback. 
(a) m-file script. 
(b) Response with 


K, = 100 and 
K, = 0.05. 
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Ka=100; K1=0.05; Select the velocity 
ng1=[5000]; dg1=[1 1000]; sys1=tf(ng1,dg1); | feedback gain K, and 
ng2=[1]; dg2=[1 20 0]; sys2=tf(ng2,dg2); amplifier gain K,. 
ne=[K1 1]; dc=[0 1]; sysc=tf(nc,dc); 
syso=series(Ka*sys1,sys2); 
sys=feedback(syso,sysc); sys=minreal(sys); 
t=[0:0.001:0.5]; 

y=step(sys,t); plot(ty) 
ylabel(‘y(t)'),xlabel(‘Time (s)'),grid 














(a) 











y(t) 
































0 005 01 O15 02 025 03 035 04 045 0.5 
Time (s) 


(b) 


In this chapter, we have considered the concept of the stability of a feedback control 
system. A definition of a stable system in terms of a bounded system response was 
outlined and related to the location of the poles of the system transfer function in 
the s-plane. 

The Routh-Hurwitz stability criterion was introduced, and several examples 
were considered. The relative stability of a feedback control system was also consid- 
ered in terms of the location of the poles and zeros of the system transfer function in 
the s-plane. The stability of state variable systems was considered. 
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EXERCISES 


E6.1 Mark the poles of the following system on the 


s-plane. Comment on the stability of the system. 


(a) 3 


st 4 





1 
O Bape tata 
10 
() SG +4 1)? — 25 + 1) 
E6.2 Consider a unity feed system with open loop transfer 


function Tei 


which the system is stable. 


Find the range of value of K for 


E6.3 Find the roots of the characteristic equation 
s’ + 9.55? + 30.55? + 37s + 12 = 0. 
E6.4 Consider the closed loop system given in Figure E6.4. 
(a) Mark the open-loop poles on the s-plane. 
(b) Find the closed-loop poles when K = 1, K =5, and 
K=10. 
(c) Find the range of values of K for which the system 
is stable. 
E65 A unity feed back system is having an open-loop 
1 
(s + 3)(s + 4)(s + 5) 
ther the system is stable. 
E6.6 For the feedback system of Exercise E6.5, find the 
value of K when two roots lie on the imaginary axis. 
Determine the value of the three roots. 


Answer: s = —10, +j5.2 


transfer function check whe- 














Controller Plant 
+ l K 1 
s Sh? 
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E6.7 A negative feedback system has a loop transfer 
function 


(a) Find the value of the gain when the ¢ of the closed- 
loop roots is equal to 0.707. (b) Find the value of the 
gain when the closed-loop system has two roots on the 
imaginary axis. 

E6.8 Designers have developed small, fast, vertical-take- 
off fighter aircraft that are invisible to radar (stealth 
aircraft). This aircraft concept uses quickly turning jet 
nozzles to steer the airplane [22]. The control 
system for the heading or direction control is shown 
in Figure E6.8. Determine the maximum gain of the 
system for stable operation. 


E6.9 A system has a characteristic equation 
si + 2s? + (K + 1)s +6=0. 
Find the range of K for a stable system. 
Answer: K > 2 


E6.10 We all use our eyes and ears to achieve balance. 
Our orientation system allows us to sit or stand in a de- 
sired position even while in motion. This orientation 
system is primarily run by the information received in 
the inner ear, where the semicircular canals sense 
angular acceleration and the otoliths measure linear 
acceleration. But these acceleration measurements 
need to be supplemented by visual signals. Try the fol- 
lowing experiment: (a) Stand with one foot in front of 
another, with your hands resting on your hips and your 
elbows bowed outward. (b) Close your eyes. Did you 
experience a low-frequency oscillation that grew until 
you lost balance? Is this orientation position stable 
with and without the use of your eyes? 


E6.11 A system with a transfer function ¥(s)/R(s) is 


Y(s) _ 24(s + 1) 
Rs) 54+ 653 + 2s? +543" 





Determine the steady-state error to a unit step input. 
Is the system stable? 


E6.12 By using magnetic bearings, a rotor is supported 
contactless. The technique of contactless support for 





Controller 


FIGURE E6.8 


Aircraft dynamics 


Ys) 
Heading 





Aircraft heading 
control. 





Exercises 


rotors becomes more important in light and heavy 
industrial applications [14]. The matrix differential 
equation for a magnetic bearing system is 


0 1 0 
x=/-3 -1 0 Ix, 
=2 =< =2 
where x! = [y, dy/dt, i], y = bearing gap, and i is 


the electromagnetic current. Determine whether the 
system is stable. 


Answer: The system is stable. 
E6.13 A system has a characteristic equation 


g(s) = sf + 955 + 31.25s* + 61.25s° 
+ 67.758? + 14.755 + 15 = 0. 


(a) Determine whether the system is stable, using the 
Routh-Hurwitz criterion. (b) Determine the roots of 
the characteristic equation. 


Answer: (a) The system is marginally stable. 
(b) s = -3, -4, -1 + 2j, £0.5j 

E6.14 Consider the system given in Figure E6.14. Find 
the range of values of K for which the system is stable. 










Controller 





K 











Sensor 





FIGURE E6.14 A closed-loop system. 


E6.15 The characteristic equation of a system is given below. 
5° +255 + 894 + 125° + 20s? + 16s + 16 =0. 
Check whether the system is stable. 
E6.16 A system has a characteristic equation 
q(s) = $è + 20s? + Ss + 100 = 0. 
(a) Determine whether the system is stable, using the 
Routh-Hurwitz criterion. (b) Determine the roots of 
the characteristic equation. 
E6.17 Determine whether the systems with the following 
characteristic equations are stable or unstable: 
(a) sè — 4s? + 6s + 100 = 0, 
(b) st — 6s? - s? — 17s — 6 = 0, and 
(c) s? + 65+3=0. 
E6.18 Find the roots of the following polynomials: 
(a) s + Ss? + 8s + 4 = Oand 
(b) sè? + 9s? + 27s + 27 = 0. 
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E6.19 A system has the characteristic equation 
g(s) = $ + 10s? + 29s + K = 0. 


Shift the vertical axis to the right by 2 by using 
S = s, — 2, and determine the value of gain K so that 
the complex roots are s = —2 + j. 

E6.20 A system has a transfer function Y(s)/R(s) = 
T(s) = Us. (a) Is this system stable? (b) If r(t) is a unit 
step input, determine the response y(t). 

E6.21 A system is represented by Equation (6.22) where 


0 1 0 
A= 0 0 1 
H6 Sk. =3 


Find the range of k where the system is stable. 
E6.22 Consider the system represented in state variable 


form 
x = Ax + Bu 
= Cx + Du, 
where 
0 1 0 0 
A= 0 0 1|,B=|0 
zk -k =$ 1 


C=[1 0 0],D = [0]. 
(a) What is the system transfer function? (b) For what 
values of k is the system stable? 


E6.23 A closed-loop feedback system is shown in 
Figure E6.23. For what range of values of the para- 
meters K and p is the system stable? 


E6.24 Consider the closed-loop system in Figure E6.24, 
where 


10 
s—10 





G(s) = and GAs) = 


2s + K 


(a) Determine the characteristic equation associated 
with the closed-loop system. 

(b) Determine the values of K for which the closed- 
loop system is stable. 





Ris) 














FIGURE E6.23 Closed-loop system with parameters K 
and p. 
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R(s) 


R(s) 


FIGURE E6.24 
Closed-loop 
feedback control 
system with 





Ts) 


Ns) 


Process 


[Process | 








Parameter K. 


PROBLEMS 


P6.1 Consider the system given in Figure P6.1. Find the 
range of value of K for which the closed-loop poles 
are to the left of s =—1 line. 


P6.2 An antenna control system was analyzed in Problem 
4.5, and it was determined that, to reduce the effect of 
wind disturbances, the gain of the magnetic amplifier, 
Ka» should be as large as possible. (a) Determine the 
limiting value of gain for maintaining a stable system. 
(b) We want to have a system settling time equal to 1.5 
seconds. Using a shifted axis and the Routh-Hurwitz 
criterion, determine the value of the gain that satisfies 
this requirement. Assume that the complex roots of the 





FIGURE P6.1 Relative stability. 


closed-loop system dominate the transient response. (Is 
this a valid approximation in this case?) 


P6.3 Arc welding is one of the most important areas of ap- 


plication for industrial robots [11]. In most manufac- 
turing welding situations, uncertainties in dimensions 
of the part, geometry of the joint, and the welding 
process itself require the use of sensors for maintaining 
weld quality. Several systems use a vision system to 
measure the geometry of the puddle of melted metal, 
as shown in Figure P6.3. This system uses a constant 
rate of feeding the wire to be melted. (a) Calculate the 
maximum value for K for the system that will result in 
a stable system. (b) For half of the maximum value of 
K found in part (a), determine the roots of the charac- 
teristic equation. (c) Estimate the overshoot of the 
system of part (b) when it is subjected to a step input. 


P6.4 A feedback control system is shown in Figure P6.4. 


The controller and process transfer functions are 
given by 


s+ 40 


G(s) = K and G(s) = eri 
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Controller A Wire-melting process 


current Í 
st+2 (0.5s + 1s + 1) 


Vision system 


1 
0.005s + 1 















Puddle 
diameter 


Desired 
diameter 















Measured 
diameter 






FIGURE P6.3 
Welder control. 





and the feedback transfer function is H (s) = 1/(s + 20). (s + 2)(s + 3) 
(a) Determine the limiting value of gain K for a stable ©) G(s)G(s) = s(s + 4)(s + 6) 
system. (b) For the gain that results in marginal stability, 
determine the magnitude of the imaginary roots. (c) Re- 
duce the gain to half the magnitude of the marginal 
value and determine the relative stability of the system 
(1) by shifting the axis and using the Routh-Hurwitz 
criterion and (2) by determining the root locations. 
Show the roots are between —1 and —2. 


P6.7 The linear model of a phase detector (phase-lock loop) 
can be represented by Figure P6.7 [9]. The phase-lock sys- 
tems are designed to maintain zero difference in phase 
between the input carrier signal and a local voltage- 
controlled oscillator. Phase-lock loops find application in 
color television, missile tracking, and space telemetry. The 


P6.5 Determine the relative stability of the systems with filter for a particular application is chosen as 
the following characteristic equations (1) by shifting 
the axis in the s-plane and using the Routh-Hurwitz 10(s + 10) 
criterion, and (2) by determining the location of the F(s) = {s + 1)(s + 100) 
complex roots in the s-plane: 
(a) $ +3? +4s+2=0. We want to minimize the steady-state error of the 
(b) st + 953 + 30s? + 42s + 20 = 0. system for a ramp change in the phase information 
3 2 signal. (a) Determine the limiting value of the gain 
(c) s* + 19s" + 110s + 200 = 0. K,K = K, in order to maintain a stable system. (b) A 
P6.6 A unity-feedback control system is shown in steady-state error equal to 1° is acceptable for a 
Figure P6.6. Determine the relative stability of the ramp signal of 100 rad/s. For that value of gain K,, 
system with the following transfer functions by determine the location of the roots of the system. 


locating the complex roots in the s-plane: P6.8 A very interesting and useful velocity control system 


has been designed for a wheelchair control system. We 


(a) G(s)G(s) = 10s +2. want to enable people paralyzed from the neck down 
$ s(st1 to drive themselves in motorized wheelchairs. A pro- 
(s + 1) p 
24 posed system utilizing velocity sensors mounted in a 
(b) G(s)G(s) = headgear is shown in Figure P6.8. The headgear sensor 
3 4 105? + 35s + 50 7 
s(s S = ) provides an output proportional to the magnitude of 


Process 













¥(s) 





Sensor 








FIGURE P6.4 
Nonunity feedback H(s) 
system. 
R(s) Yis) 
FIGURE P6.6 
Unity feedback 





system. 
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Amplifier 


Voltage-controlled. 
oscillator 








0, 
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FIGURE P6.7 
Phase-lock loop 
system. 


the head movement. There is a sensor mounted at 90° 

intervals so that forward, left, right, or reverse can be 

commanded. Typical values for the time constants are 

Tı = 0.5s, 73 = 1s, and ty = is. 

(a) Determine the limiting gain K = K,K>K3 for a 
stable system. 

(b) When the gain K is set equal to one-third of the 
limiting value, determine whether the settling 
time (to within 2% of the final value of the sys- 
tem) is less than 4 s. 

(c) Determine the value of gain that results in a sys- 
tem with a settling time of 4 s. Also, obtain the 
value of the roots of the characteristic equation 
when the settling time is equal to 4 s. 

P6.9 A cassette tape storage device has been designed for 
mass-storage [1]. It is necessary to control the velocity of 
the tape accurately. The speed control of the tape drive 
is represented by the system shown in Figure P6.9. 


(a) Determine the limiting gain for a stable system. 
(b) Determine a suitable gain so that the overshoot 
to a step command is approximately 5%. 

P6.10 Robots can be used in manufacturing and assembly 
operations that require accurate, fast, and versatile 
manipulation [10, 11]. The open-loop transfer function 
of a direct-drive arm may be approximated by 


K(s + 10) 








(a) Determine the value of gain K when the system 
oscillates. (b) Calculate the roots of the closed-loop 
system for the K determined in part (a). 

P6.11 A feedback control system has a characteristic 
equation 


si + (1 + K)s? + 10s + (5 + 15K) = 0. 

The parameter K must be positive. What is the maxi- 
mum value K can assume before the system becomes 
unstable? When K is equal to the maximum value, 
the system oscillates. Determine the frequency of os- 
cillation. 

P6.12 Consider the system described by the following dif- 
ferential equations. 


X,=—-2x, + 3u 
X)=—4x2 + 2u 
X3=—x3+u 


y= 2x, + 3x2 + x3 


where u is the input and y is the output. Is the system 
stable. 


P6.13 The stability of a motorcycle and rider is an im- 
portant area for study because many motorcycle de- 
signs result in vehicles that are difficult to control 
[12, 13]. The handling characteristics of a motorcycle 
must include a model of the rider as well as one of 
the vehicle. The dynamics of one motorcycle and 
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FIGURE P6.8 
Wheelchair control 
system. 
Rts) 
FIGURE P6.9 


Tape drive control. 





Problems 


rider can be represented by an open-loop transfer 
function (Figure P6.4) 


K(s* + 30s + 1125) 
s(s + 20)(s? + 10s + 125)(s? + 60s + 3400) ` 


(a) As an approximation, calculate the acceptable 
range of K for a stable system when the numerator 
polynomial (zeros) and the denominator polynomial 
(s? + 60s + 3400) are neglected. (b) Calculate the 
actual range of acceptable K, account for all zeros and 
poles. 


P6.14 A system has a transfer function 


1 
s + 5s? + 208+ 6 
(a) Determine whether the system is stable. (b) Deter- 


mine the roots of the characteristic equation. (c) Plot 
the response of the system to a unit step input. 


P6.15 On July 16, 1993, the elevator in Yokohama’s 70-story 
Landmark Tower, operating at a peak speed of 45 km/hr 
(28 mph), was inaugurated as the fastest super-fast 
elevator. To reach such a speed without inducing discom- 
fort in passengers, the elevator accelerates for longer 
periods, rather than more precipitously. Going up, it 
reaches full speed only at the 27th floor; it begins decel- 
erating 15 floors later. The result is a peak acceleration 
similar to that of other skyscraper elevators—a bit less 
than a tenth of the force of gravity. Admirable ingenuity 
has gone into making this safe and comfortable. Spe- 
cial ceramic brakes had to be developed; iron ones 
would melt. Computer-controlled systems damp out 
vibrations. The lift has been streamlined to reduce the 
wind noise as it speeds up and down [20]. One pro- 
posed control system for the elevator’s vertical posi- 
tion is shown in Figure P6.15. Determine the range of 
K for a stable system. 

P6.16 Consider the case of rabbits and foxes in Australia. 
The number of rabbits is x; and, if left alone, it would 





GH(s) = 


T(s) = 
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grow indefinitely (until the food supply was exhaust- 
ed) so that 
xy = kx. 

However, with foxes present on the continent, we 
have 

xy = kx, — ax, 
where x is the number of foxes, Now, if the foxes must 
have rabbits to exist, we have 

ž = -hx + bx. 


Determine whether this system is stable and thus 
decays to the condition x(t) = x(t) = 0 at t = œ. 
What are the requirements on a,b, A, and k for a stable 
system? What is the result when k is greater than h? 


P6.17 The goal of vertical takeoff and landing (VTOL) 


aircraft is to achieve operation from relatively small 
airports and yet operate as a normal aircraft in level 
flight [17]. An aircraft taking off in a form similar to a 
missile (on end) is inherently unstable (see Example 
3.4 for a discussion of the inverted pendulum). A con- 
trol system using adjustable jets can control the vehi- 
cle, as shown in Figure P6.17. (a) Determine the range 
of gain for which the system is stable. (b) Determine 
the gain K for which the system is marginally stable 
and the roots of the characteristic equation for this 
value of K. 


P6.18 A vertical-liftoff vehicle is shown in Figure P6.18(a). 


The four engines swivel for liftoff. The control sys- 
tem for aircraft altitude is shown in Figure P6.18(b). 
(a) For K = 1, determine whether the system is sta- 
ble. (b) Determine a range of stability, if any, for 
K >0. 


P6.19 Consider the system described in state variable 
form by 


x(t) = Ax(t) + Bu(t) 
y(t) = Cx(t) 
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(a) 


FIGURE P6.18 Ros) Ys) 
(a) Vertical-takeoff 
aircraft. (Courtesy 
of Moller 
International.) 

(b) Control system. (b) 





where (a) Compute the state transition matrix (rt, 0). 
0 1 0 (b) Compute the eigenvalues of the system matrix A. 
A= k k B= j pandc = [1 -1], 
a kz 


(c) Compute the roots of the characteristic polyno- 
mial. (d) Discuss the results of parts (a)-(c) in terms of 
and where k; # k) and both kı and k, are real 
numbers. 


stability of the system. 


ADVANCED PROBLEMS 


AP6.1 A teleoperated control system incorporates both a to the ship along the extended centerline of the run- 


person (operator) and a remote machine. The normal 
teleoperation system is based on a one-way link to the 
machine and limited feedback to the operator. How- 
ever, two-way coupling using bilateral information 
exchange enables better operation [19]. In the case of 
remote control of a robot, force feedback plus posi- 
tion feedback is useful. The characteristic equation for 
a teleoperated system, as shown in Figure AP6.1, is 


st + 20s? + Kis? + 4s + Ky = 0, 


where K; and K; are feedback gain factors. Determine 
and plot the region of stability for this system for K; 
and K3. 


AP6.2 Consider the case of a navy pilot landing an air- 


craft on an aircraft carrier. The pilot has three basic 
tasks. The first task is guiding the aircraft's approach 


way. The second task is maintaining the aircraft on the 
correct glideslope. The third task is maintaining the 
correct speed. A model of a lateral position control 
system is shown in Figure AP6.2. Determine the range 
of stability for K = 0. 


Operator 
commands 
Human Remote 
operator machine 
Feedback 





FIGURE AP6.1 Model of a teleoperated machine. 
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Pilot Aircraft 
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aircraft 









se : e 

Center r Lateral 
FIGURE AP6.2 line s position 
Lateral position 
control for landing 
on an aircraft 
carrier. 
AP6.3 A control system is shown in Figure AP6.3. We satisfies the stability requirement. (c) Select an a that 

want the system to be stable and the steady-state error meets both requirements. 


for a unit step input to be less than or equal to 0.05 
(5%). (a) Determine the range of a that satisfies the 
error requirement. (b) Determine the range of æ that 


AP6.4 A bottle-filling line uses a feeder screw mechanism, 
as shown in Figure AP6.4. The tachometer feedback is 









R(s) + 






sta 
s+ (1 + a)s? + (a -— 1)s + (1 - a) 





FIGURE AP6.3 
Third-order unity 
feedback system. 
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Speed control of a 
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used to maintain accurate speed control. Determine and (b) Obtain the conditions on selecting the gains 

plot the range of K and p that permits stable operation. Kı, Kz, K3, K4, and Ks, so that the closed-loop 
AP6.5 Consider the closed-loop system in Figure AP6.5. system is guaranteed to be stable. 

Suppose that all gains are positive, that is, Kı > 0, (c) Using the results of part (b), select values of the 

K, > 0, K; > 0, K4 > 0, and K5 > 0. five gains so that the closed-loop system is stable, 

(a) Determine the closed-loop transfer function and plot the unit step response. 


T(s) = ¥(s)/R(s). 


Ys) 





(b) 
FIGURE AP6.5 Multiloop feedback control system. (a) Signal flow graph. (b) Block diagram. 


DESIGN PROBLEMS 


CP6.1 The capstan drive system of problem CDPS5.1 uses DP6.1 The control of the spark ignition of an automotive 


f=) the amplifier as the controller. Determine the maxi- engine requires constant performance over a wide 
"a> mum value of the gain K, before the system becomes range of parameters [15]. The control system is shown 
unstable. in Figure DP6.1, with a controller gain K to be selected. 





Y(s) 








FIGURE DP6.1 
Automobile engine 
control. 





Design Problems 


The parameter p is equal to 2 for many autos but can 
equal zero for those with high performance. Select a 
gain K that will result in a stable system for both values 
of p. 

DP6.2 An automatically guided vehicle on Mars is repre- 
sented by the system in Figure DP6.2. The system has 
a steerable wheel in both the front and back of the ve- 
hicle, and the design requires that H(s) = Ks + 1. 
Determine (a) the value of K required for stability, 
(b) the value of K when one root of the characteristic 
equation is equal to s = —S, and (c) the value of the 
two remaining roots for the gain selected in part 
(b). (d) Find the response of the system to a step 
command for the gain selected in part (b). 

DP6.3 A unity negative feedback system with 
K(s + 2) 

s(1 + rs)(1 + 2s) 


has two parameters to be selected. (a) Determine and 
plot the regions of stability for this system, (b) Select 7 
and K so that the steady-state error to a ramp input is 
less than or equal to 25% of the input magnitude. 
(c) Determine the percent overshoot for a step input 
for the design selected in part (b). 

DP6.4 The attitude control system of a space shuttle 
rocket is shown in Figure DP6.4 [18]. (a) Determine 


G(s)G(s) = 


Ris) 
Steering 
command 
FIGURE DP6.2 
Mars guided vehicle 
control. 
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the range of gain K and parameter m so that the 
system is stable, and plot the region of stability. (b) 
Select the gain and parameter values so that the 
steady-state error to a ramp input is less than or 
equal to 10% of the input magnitude. (c) Determine 
the percent overshoot for a step input for the design 
selected in part (b). 


DP6.5 A traffic control system is designed to control the 


distance between vehicles, as shown in Figure DP6.5 
[15]. (a) Determine the range of gain K for which the 
system is stable. (b) If K, is the maximum value of K 
so that the characteristic roots are on the jw-axis, then 
let K = K,,/N, where 6 < N < 7. We want the peak 
time to be less than 2 seconds and the percent over- 
shoot to be less than 18%. Determine an appropriate 
value for N. 


DP6.6 Consider the single-input, single-output system as 


described by 
x(t) = Ax(t) + Bu(t) 
y(t) = Cx(t) 


where 
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Assume that the input is a linear combination of the 
states, that is, 


u(t) = —Kx(t) + r(t), 


where r(t) is the reference input. The matrix 
K = [K, Ky] is known as the gain matrix. If you 
substitute u(r) into the state variable equation you will 
obtain the closed-loop system 

x(t) = [A — BK]x(t) + Br(t) 

y(t) = Cx(t) 
For what values of K is the closed-loop system stable? 
Determine the region of the left half-plane where the 
desired closed-loop eigenvalues should be placed so 
that the percent overshoot to a unit step input, 
R(s) = 1/s, is less than P.O. < 5% and the settling 
time is less than 7; < 4s, Select a gain matrix, K, so 
that the system step response meets the specifications 
P.O. < 5% and T, < 4s. 

DP6.7 Consider the feedback control system in Figure 

DP6.7. The system has an inner loop and an outer loop. 


FIGURE DP6.7 
Feedback system 
with inner and outer 
loop. 


FIGURE DP6.8 RW 
A marginally stable 

plant with a PD 

controller in the 

loop. 


COMPUTER PROBLEMS 


CP6.1 Consider a unity feed back system with open-loop 

transfer function eee a It may be 
(s + 1)(s + 2)(s + 3) 
noted that finding closed-loop poles by hand calcula- 
tion is difficult. 
(a) Using MATLAB find the closed-loop poles cor- 
responding to K =1, K =5,and K= 10. 

(b) Mark the closed-loop poles on the s-plane. 


The inner loop must be stable and have a quick speed 
of response. (a) Consider the inner loop first. Deter- 
mine the range of K; resulting in a stable inner loop. 
That is, the transfer function Y(s)/U(s) must be stable. 
(b) Select the value of K; in the stable range leading to 
the fastest step response. (c) For the value of K; select- 
ed in (b), determine the range of K, such that the 
closed-loop system T (s) = Y(s)/R(s) is stable. 


DP6.8 Consider the feedback system shown in Figure 


DP6.8. The process transfer function is marginally sta- 
ble. The controller is the proportional-derivative (PD) 
controller 

GAs) = Kp + Kps. 
Determine if it is possible to find values of Kp and Kp 
such that the closed-loop system is stable. If so, obtain 
values of the controller parameters such that the 
steady-state tracking error E(s) = R(s) — Y (s) to 
a unit step input R(s) = 1/s is ex = lim e(t) = 0.1 
and the damping of the closed- ie 
loop system is ¢ = 2/2. 





¥(s) 


CP6.2 Consider a unity negative feedback system with 


$-s+2 
+241 
Develop an m-file to compute the roots of the closed- 
loop transfer function characteristic polynomial for 
K = 1, 2, and 5. For which values of K is the closed- 
loop system stable? 


GAs) = K and G(s) = 


Computer Problems 


CP6.3 Consider the system. 


0 1 0 0 
x=! 0 0 1/x+]0fe 
=6 -J1 =6 1 
y= [1 0 0}x 
Using MATLAB 


(a) Find the eigen values of the system matrix. 

(b) Find the transfer function model of the system. 
(c) Obtain the closed-loop poles. 

(d) Is the system stable? 
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assumed to be K = 1, 7; = 2, and 7z = 0.5. Develop 
an m-file to compute the closed-loop system poles for 
the fast and slow pilots. Comment on the results. What is 
the maximum pilot time delay allowable for stability? 


CP6.6 Consider the feedback control system in Figure 


CP6.6. Using the for function, develop an m-file script 
to compute the closed-loop transfer function poles for 
0 = K <5 and plot the results denoting the poles 
with the “x” symbol. Determine the maximum range 
of K for stability with the Routh-Hurwitz method. 
Compute the roots of the characteristic equation 
when K is the minimum value allowed for stability. 


CP6.4 Consider the closed-loop transfer function CP6.7 Consider a system in state variable form: 
1 0 1 0 0 
TO)" 3 op + ear ted x=) 0 0 Tat) Oju 
(a) Using the Routh-Hurwitz method, determine i ae ao 
whether the system is stable. If it is not stable, how y=[ 1 Ox. 


many poles are in the right half-plane? (b) Com- 
pute the poles of 7(s) and verify the result in part (a). 
(c) Plot the unit step response, and discuss the results. 


CP6.5 A “paper-pilot” model is sometimes utilized in air- 
craft control design and analysis to represent the pilot 


(a) Compute the characteristic equation using the poly 
function. (b) Compute the roots of the characteristic 
equation, and determine whether the system is stable. 
(c) Obtain the response plot of y(t) when u(t) is a unit 
step and when the system has zero initial conditions. 


in the loop. A block diagram of an aircraft with a pilot @pg.g Consider the feedback control system in Figure 


“in the loop” is shown in Figure CP6.5. The variable 7 
represents the pilot’s time delay. We can represent a 
slower pilot with + = 0.5 and a faster pilot with 
7 = 0.25. The remaining variables in the pilot model are 





CP6.8. (a) Using the Routh—Hurwitz method, deter- 
mine the range of K, resulting in closed-loop stability. 
(b) Develop an m-file to plot the pole locations as a 
function of 0 < K; < 30 and comment on the results. 
Elevator Aircraft 
servo model 








FIGURE CP6.5 
An aircraft with a 
pilot in the loop. 


FIGURE CP6.6 1 


F; Ris) EEEE FET aa 
A single-loop S +5s? + (K -—3)s +K 
feedback control 
system with 
parameter K. 

R(s) 

FIGURE CP6.8 
Nonunity feedback Kı 
system with Die 
parameter K4. 








+5) 
s(s” + 3.55 + 6) 
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CP6.9 Consider a system represented in state variable form 


x = Ax + Bu 
y = Cx + Du, 
where 
0 1 0 -1 
A=] 2 0 1 Bei 0 |, 
=k =-3 -2 1 
C=([1 2 0)],D = [0]. 
TERMS AND CONCEPTS 


Absolute stability A system description that reveals 
whether a system is stable or not stable without con- 
sideration of other system attributes such as degree of 
stability. 

Auxiliary polynomial The equation that immediately 
precedes the zero entry in the Routh array. 


Marginally stable A system is marginally stable if and 
only if the zero input response remains bounded as 
g- sss, 

Relative stability The property that is measured by the 
relative real part of each root or pair of roots of the 
characteristic equation. 
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(a) For what values of k is the system stable? 

(b) Develop an m-file to plot the pole locations as a 
function of 0 < k < 10 and comment on the 
results. 


Routh-Hurwitz criterion A criterion for determining the 
stability of a system by examining the characteristic 
equation of the transfer function. The criterion states 
that the number of roots of the characteristic equation 
with positive real parts is equal to the number of 
changes of sign of the coefficients in the first column 
of the Routh array. 

Stability A performance measure of a system. A system 
is stable if all the poles of the transfer function have 
negative real parts. 

Stable system A dynamic system with a bounded system 
response to a bounded input. 


CHAPTER 


The Root Locus Method 





7A Introduction 408 

7.2 The Root Locus Concept 408 

7.3 The Root Locus Procedure 413 

7.4 Parameter Design by the Root Locus Method 431 

7.5 Sensitivity and the Root Locus 437 

7.6 Three-Term (PID) Controllers 444 

7.7 Design Examples 447 

7.8 The Root Locus Using Control Design Software 458 

7.9 Sequential Design Example: Disk Drive Read System 463 
7.10 Summary 465 


PREVIEW 


The performance of a feedback system can be described in terms of the location of the 
roots of the characteristic equation in the s-plane. A graph showing how the roots of 
the characteristic equation move around the s-plane as a single parameter varies is 
known as a root locus plot. The root locus is a powerful tool for designing and analyz- 
ing feedback control systems. We will discuss practical techniques for obtaining a 
sketch of a root locus plot by hand. We also consider computer-generated root locus 
plots and illustrate their effectiveness in the design process. We will show that it is pos- 
sible to use root locus methods for controller design when more than one parameter 
varies. This is important because we know that the response of a closed-loop feedback 
system can be adjusted to achieve the desired performance by judicious selection of 
one or more controller parameters. The popular PID controller is introduced as a 
practical controller structure with three adjustable parameters. We will also define 
a measure of sensitivity of a specified root to a small incremental change in a system 
parameter. The chapter concludes with a controller design based on root locus 
methods for the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 7, students should: 


Understand the powerful concept of the root locus and its role in control system design. 
Know how to sketch a root locus and also how to obtain a computer-generated root 
locus plot. 

Be familiar with the PID controller as a key element of many feedback systems in use 
today. 

Recognize the role of root locus plots in parameter design and system sensitivity analysis. 
Be capable of designing a controller to meet desired specifications using root locus 
methods. 


Op oO OO 
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7.1 INTRODUCTION 


The relative stability and the transient performance of a closed-loop control system 
are directly related to the location of the closed-loop roots of the characteristic 
equation in the s-plane. It is frequently necessary to adjust one or more system 
parameters in order to obtain suitable root locations. Therefore, it is worthwhile to 
determine how the roots of the characteristic equation of a given system migrate 
about the s-plane as the parameters are varied; that is, it is useful to determine the 
locus of roots in the s-plane as a parameter is varied. The root locus method was 
introduced by Evans in 1948 and has been developed and utilized extensively in con- 
trol engineering practice [1-3]. The root locus technique is a graphical method for 
sketching the locus of roots in the s-plane as a parameter is varied. In fact, the root 
locus method provides the engineer with a measure of the sensitivity of the roots of 
the system to a variation in the parameter being considered. The root locus technique 
may be used to great advantage in conjunction with the Routh-Hurwitz criterion. 

The root locus method provides graphical information, and therefore an approx- 
imate sketch can be used to obtain qualitative information concerning the stability 
and performance of the system. Furthermore, the locus of roots of the characteristic 
equation of a multiloop system may be investigated as readily as for a single-loop 
system. If the root locations are not satisfactory, the necessary parameter adjust- 
ments often can be readily ascertained from the root locus [4]. 


7.2 THE ROOT LOCUS CONCEPT 


FIGURE 7.1 
Closed-loop 
control system with 
a variable 
parameter K. 


The dynamic performance of a closed-loop control system is described by the 
closed-loop transfer function 


_¥O) _ ws) 
R(s) — q(s)’ 
where p(s) and q(s) are polynomials in s. The roots of the characteristic equation 


q(s) determine the modes of response of the system. In the case of the simple single- 
loop system shown in Figure 7.1, we have the characteristic equation 


1 + KG(s) = 0, (7.2) 


where K is a variable parameter. The characteristic roots of the system must satisfy 
Equation (7.2), where the roots lie in the s-plane. Because s is a complex variable, 
Equation (7.2) may be rewritten in polar form as 


|KG(s)|7KG(s) = -1 + jo, (73) 





T(s) (7.1) 








FIGURE 7.2 
Unity feedback 
control system. The 
gain K is a variable 
parameter. 
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and therefore it is necessary that 


| /KG(s) = 180° + k360°, 


where k = 0, +1, +2, +3,.... 





and 





(7.4) 








The root locus is the path of the roots of the characteristic equation traced out 
in the s-plane as a system parameter is changed. 


The simple second-order system considered in the previous chapters is shown in 
Figure 7.2. The characteristic equation representing this system is 











A) <1 + KG) = 1+ TAs = 0, 
or, alternatively, 
A(s) = +2s+ K=s2 + 2fw,5 + w2 = 0. (75) 
The locus of the roots as the gain K is varied is found by requiring that 
kewl = || =1 (76) 
and 
ZKG(s) = +180°, +540°,.... (7.7) 


The gain K may be varied from zero to an infinitely large positive value. For a 
second-order system, the roots are 


51,52 = —Lo, + 0, VE — 1, (7.8) 


and for ¢ < 1, we know that @ = cos! ¢, Graphically, for two open-loop poles as 
shown in Figure 7.3, the locus of roots is a vertical line for £ < 1 in order to satisfy 
the angle requirement, Equation (7.7). For example, as shown in Figure 7.4, at a root 
Sı, the angles are 


K 
s(s + 2) 





= -/s; — /(sı + 2) = -[(180° — 0) + 6] = —180°. (7.9) 


S=5, 


R ERES Ys 
R(s) PH 64D | (s) 
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FIGURE 7.3 
Root locus for a 
second-order 
system when 

Ke < Ky < Kp. The 
locus is shown as 
heavy lines, with 
arrows indicating 
the direction of 
increasing K. Note 
that roots of the 
characteristic 
equation are 
denoted by “O” on 
the root locus. 


FIGURE 7.4 
Evaluation of the 
angle and gain at s4 
for gain K = K4. 
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This angle requirement is satisfied at any point on the vertical line that is a perpen- 
dicular bisector of the line 0 to —2. Furthermore, the gain K at the particular points 
is found by using Equation (7.6) as 

















K K 
1, 7.10 
56+ Dlses, sills: + 21 (ao 

and thus 
K = |sillsı + 2l, (7.11) 


where |s,| is the magnitude of the vector from the origin to sı, and |s; + 2| is the 
magnitude of the vector from —2 to s4. 

For a multiloop closed-loop system, we found in Section 2.7 that by using 
Mason’s signal-flow gain formula, we had 


> Dala SY Lalet 


n,m n,m, p 
nontouching nontouching 


(7.12) 


N 
A(s) =1- SL, + 
n=1 





| 
an 























FIGURE 7.5 

(a) Single-loop 
system. (b) Root 
locus as a function 
of the parameter a, 
where a > 0. 
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where L,, equals the value of the nth self-loop transmittance. Hence, we have a char- 
acteristic equation, which may be written as 

a(s) = A(s) = 1 + F(s). (7.13) 
To find the roots of the characteristic equation, we set Equation (7.13) equal to zero 
and obtain 


1+ F(s) = 0. (7.14) 
Equation (7.14) may be rewritten as 
F(s) = -1 + j0, (1.15) 


and the roots of the characteristic equation must also satisfy this relation. 
In general, the function F(s) may be written as 


K(s + (s+ z)(s + z3) + zm) 
(s + pills + pays + ps)" (S + Pr) í 
Then the magnitude and angle requirement for the root locus are 
Kls + alls + zal 
Is + pills + pal 





F(s) = 





|F(s)| = =l (7.16) 


and 
F(s) = stat (stare 


- (Zs + py + Zs + p + °°) = 180° + k360°, (7.17) 


where k is an integer. The magnitude requirement, Equation (7.16), enables us to 
determine the value of K for a given root location sı. A test point in the s-plane, 51, 
is verified as a root location when Equation (7.17) is satisfied. All angles are mea- 
sured in a counterclockwise direction from a horizontal line. 

To further illustrate the root locus procedure, let us consider again the 
second-order system of Figure 7.5(a). The effect of varying the parameter a can 





1 








¥(s) =<= 








(a) (b) 
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be effectively portrayed by rewriting the characteristic equation for the root 
locus form with a as the multiplying factor in the numerator. Then the character- 
istic equation is 


K 
DR SL a he eagle Or 
or, alternatively, 
$ +as+ K=0. 
Dividing by the factor s* + K, we obtain 


as 





1+ =0. 7.18 
+K p8) 
Then the magnitude criterion is satisfied when 
ai a (7.19) 
lsi + K| : 


at the root s;. The angle criterion is 





sı = (Zs, + VK + Zs, — 7 VK) = 4180°, +540°,.... 





In principle, we could construct the root locus by determining the points in the 
s-plane that satisfy the angle criterion. In the next section, we will develop a multi- 
step procedure to sketch the root locus. The root locus for the characteristic equa- 
tion in Equation (7.18) is shown in Figure 7.5(b). Specifically at the root sı, the 
magnitude of the parameter a is found from Equation (7.19) as 


is Is: — 7VK]ls, + 7VK| 


Isıl 





(1.20) 


The roots of the system merge on the real axis at the point sv and provide a critically 
damped response to a step input. The parameter a has a magnitude at the critically 
damped roots, s2 = o2, equal to 


— jVRK]loz + jVK 
gaci l IVK] 7 (3 + K) =2VK, (7.21) 
2 2 








where o% is evaluated from the s-plane vector lengths as o% = VK. Asa increases 
beyond the critical value, the roots are both real and distinct: one root is larger than 
©, and one is smaller. 

In general, we desire an orderly process for locating the locus of roots as a para- 
meter varies. In the next section, we will develop such an orderly approach to 
sketching a root locus diagram. 
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7.3 THE ROOT LOCUS PROCEDURE 


The roots of the characteristic equation of a system provide a valuable insight con- 
cerning the response of the system. To locate the roots of the characteristic equation 
in a graphical manner on the s-plane, we will develop an orderly procedure of seven 
steps that facilitates the rapid sketching of the locus. 


Step 1: Prepare the root locus sketch. Begin by writing the characteristic equa- 
tion as 


1+ F(s) = 0. (7.22) 


Rearrange the equation, if necessary, so that the parameter of interest, K, appears as 
the multiplying factor in the form, 


1 + KP(s) = 0. (7.23) 
We are usually interested in determining the locus of roots as K varies as 
0s K=s%. 


Factor P(s), and write the polynomial in the form of poles and zeros as follows: 
M 

Il Fg) 
i=1 _ 


14+K5 
TI + 2) 
jet 


0. (7.24) 


Locate the poles —p; and zeros —z; on the s-plane with selected symbols. By con- 
vention, we use ‘x’ to denote poles and ‘o’ to denote zeros. 
Rewriting Equation (7.24), we have 


n M 
Ils + p) + KIL + 2) = 0. (1.25) 
j=l i= 


Note that Equation (7.25) is another way to write the characteristic equation. When 
K = 0, the roots of the characteristic equation are the poles of P(s).To see this, con- 
sider Equation (7.25) with K = 0. Then, we have 


Tle + p) = 0. 
j= 


When solved, this yields the values of s that coincide with the poles of P(s). Con- 
versely, as K — 09, the roots of the characteristic equation are the zeros of P(s). To 
see this, first divide Equation (7.25) by K. Then, we have 


1st M 
zie + pj) + IIe + z) = 9, 
j=l jal 
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FIGURE 7.6 

(a) The zero and 
poles of a second- 
order system, 

(b) the root locus 
segments, and 

(c) the magnitude of 
each vector at s4. 
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which, as K — œ, reduces to 
M 
IIs +z) =0. 
i*i 


When solved, this yields the values of s that coincide with the zeros of P(s). There- 
fore, we note that the locus of the roots of the characteristic equation 
1 + KP(s) = 0 begins at the poles of P(s) and ends at the zeros of P(s) as K 
increases from zero to infinity. For most functions P(s) that we will encounter, sev- 
eral of the zeros of P(s) lie at infinity in the s-plane. This is because most of our func- 
tions have more poles than zeros. With n poles and M zeros and n > M, we have 
n — M branches of the root locus approaching the n — M zeros at infinity. 

Step 2: Locate the segments of the real axis that are root loci. The root locus on 
the real axis always lies in a section of the real axis to the left of an odd number of poles 
and zeros. This fact is ascertained by examining the angle criterion of Equation (7.17). 
‘These two useful steps in plotting a root locus will be illustrated by a suitable example. 


EXAMPLE 7.1 Second-order system 
A single-loop feedback control system possesses the characteristic equation 
K(3s + 1) 
1+ GH(s) = 1 + ——~——+ = 9, (7.26) 


12 
gs ts 


Step 1: The characteristic equation can be written as 
where 


The transfer function, P(s), is rewritten in terms of poles and zeros as 
2s + 2) 


“aa (7.27) 


and the multiplicative gain parameter is K. To determine the locus of roots for the gain 
0 = K = œ, we locate the poles and zeros on the real axis as shown in Figure 7.6(a). 











Root locus pe the Va 
Zero gesements, pA 
/ F 
< y he i x—o-D 
WA e -4 5 -4 =) sy 0 
Poles” k- [sı + 4 
(a) (b) (c) 
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Srer 2: The angle criterion is satisfied on the real axis between the points 0 and —2, 
because the angle from pole p; at the origin is 180°, and the angle from the zero and 
pole pz at s = —4 is zero degrees. The locus begins at the pole and ends at the zeros, 
and therefore the locus of roots appears as shown in Figure 7.6(b), where the direc- 
tion of the locus as K is increasing (KÌ) is shown by an arrow. We note that because 
the system has two real poles and one real zero, the second locus segment ends at a 
zero at negative infinity. To evaluate the gain K at a specific root location on the 
locus, we use the magnitude criterion, Equation (1.16). For example, the gain K at 


the root s = sı = —1 is found from (7.16) as 
(2K)| + 21 _ 
Isis; + 4l 
or 
|-1||-1+ 4] _ 3 
K = 7, 7.28 
2|-1 + 2| 2 (728) 


This magnitude can also be evaluated graphically, as shown in Figure 7.6(c). For the 
gain of K = 3, one other root exists, located on the locus to the left of the pole at 
~ 4. The location of the second root is found graphically to be located at s = —6, as 
shown in Figure 7.6(c). 

Now, we determine the number of separate loci, SL. Because the loci begin at 
the poles and end at the zeros, the number of separate loci is equal to the number of 
poles since the number of poles is greater than or equal to the number of zeros. 
Therefore, as we found in Figure 7.6, the number of separate loci is equal to two 
because there are two poles and one zero. 

Note that the root loci must be symmetrical with respect to the horizontal real 
axis because the complex roots must appear as pairs of complex conjugate roots. m 


We now return to developing a general list of root locus steps. 

Step 3: The loci proceed to the zeros at infinity along asymptotes centered at o4 
and with angles @ 4. When the number of finite zeros of P(s), M, is less than the num- 
ber of poles n by the number N =n — M, then N sections of loci must end at zeros 
at infinity. These sections of loci proceed to the zeros at infinity along asymptotes as 
K approaches infinity. These linear asymptotes are centered at a point on the real 
axis given by 





n M 
k > poles of P(s) — > zeros of P(s) 2p) g ya) 


n-M n-M 








(7.29) 


% 





The angle of the asymptotes with respect to the real axis is 


2k +1 





80°,| k =0,1,2,....(2-M-1), (7.30) 





416 


Chapter 7 The Root Locus Method 


where k is an integer index [3]. The usefulness of this rule is obvious for sketching 
the approximate form of a root locus. Equation (7.30) can be readily derived by con- 
sidering a point on a root locus segment at a remote distance from the finite poles 
and zeros in the s-plane. The net phase angle at this remote point is 180°, because it 
is a point on a root locus segment. The finite poles and zeros of P(s) are a great dis- 
tance from the remote point, and so the angles from each pole and zero, , are 
essentially equal, and therefore the net angle is simply (n — M)¢, where n and M 
are the number of finite poles and zeros, respectively. Thus, we have 


(n — M)p = 180°, 


or, alternatively, 





Accounting for all possible root locus segments at remote locations in the s-plane, 
we obtain Equation (7.30). 

The center of the linear asymptotes, often called the asymptote centroid, is 
determined by considering the characteristic equation in Equation (7.24). For large 
values of s, only the higher-order terms need be considered, so that the characteristic 
equation reduces to 





However, this relation, which is an approximation, indicates that the centroid of 
n — M asymptotes is at the origin, s = 0. A better approximation is obtained if we 
consider a characteristic equation of the form 


K 


A 0 
ay 


L 


with a centroid at g4. 
The centroid is determined by considering the first two terms of Equation 
(7.24), which may be found from the relation 


M 
KT[(s +z) 
1+ =1+K 
TI +p) 
j=l 


s + bys! + ++ + bo 
s + ays + + ay 





From Chapter 6, especially Equation (6.5), we note that 


M n 
bm-1 = Dz and a- = Xp; 
i=1 j=l 


Considering only the first two terms of this expansion, we have 


K 
eM sma = 9: 
gh + (Gn — by-1)s 
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The first two terms of 
A a =v ih 
(- oy" 


are 
K 


1+ =0 
gt M f (n 3 M)o,s" 





Equating the term for gs’ M~1 we obtain 
an-ı — by-1 = —(n — M), 


or 


n M 
yp) = D(z) 


which is Equation (7.29). 
For example, reexamine the system shown in Figure 7.2 and discussed in 
Section 7.2. The characteristic equation is written as 
K 


+— =l. 
1 s(s +2) 0 


Because n — M = 2, we expect two loci to end at zeros at infinity. The asymptotes 
of the loci are located at a center 


and at angles of 
ġa = 90° (fork =0) and ¢ġ4 = 270° (for k = 1). 


The root locus is readily sketched, and the locus shown in Figure 7.3 is obtained. An 
example will further illustrate the process of using the asymptotes. 


EXAMPLE 7.2 Fourth-order system 
A single-loop feedback control system has a characteristic equation as follows: 
K(s + 1) 


LEGEN RE eae Oise aye 


(7.31) 
We wish to sketch the root locus in order to determine the effect of the gain K. The 
poles and zeros are located in the s-plane, as shown in Figure 7.7(a). The root loci on 
the real axis must be located to the left of an odd number of poles and zeros; they 
are shown as heavy lines in Figure 7.7(a). The intersection of the asymptotes is 


(-2) + 2-4) = CD) _ -9 | 
ZA 4-1 3 











-3. (7.32) 
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FIGURE 7.7 

A fourth-order 
system with (a) a 
zero and (b) root 
locus. 
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Root loci sections 


f° ep 


Double pole 











(a) (b) 


The angles of the asymptotes are 


$a = +60° (k =0), 
ba = 180° (k = 1), and 
$a = 300° (k = 2), 


where there are three asymptotes, since n — M = 3. Also, we note that the root loci 
must begin at the poles; therefore, two loci must leave the double pole at s = —4. 
Then with the asymptotes sketched in Figure 7.7(b), we may sketch the form of the 
root locus as shown in Figure 7.7(b). The actual shape of the locus in the area near 
g4 would be graphically evaluated, if necessary. m 


We now proceed to develop more steps for the process of determining the root loci. 

Step 4: Determine where the locus crosses the imaginary axis (if it does so), 
using the Routh-Hurwitz criterion. The actual point at which the root locus crosses 
the imaginary axis is readily evaluated by using the criterion. 

Step 5: Determine the breakaway point on the real axis (if any). The root 
locus in Example 7.2 left the real axis at a breakaway point. The locus breakaway 
from the real axis occurs where the net change in angle caused by a small dis- 
placement is zero. The locus leaves the real axis where there is a multiplicity of 
roots (typically, two). The breakaway point for a simple second-order system is 
shown in Figure 7.8(a) and, for a special case of a fourth-order system, is shown in 
Figure 7.8(b). In general, due to the phase criterion, the tangents to the loci at the 
breakaway point are equally spaced over 360°. Therefore, in Figure 7.8(a), we find 
that the two loci at the breakaway point are spaced 180° apart, whereas in Figure 
7.8(b), the four loci are spaced 90° apart. 

The breakaway point on the real axis can be evaluated graphically or analyti- 
cally. The most straightforward method of evaluating the breakaway point involves 


FIGURE 7.8 
Illustration of the 
breakaway point 

(a) for a simple 
second-order 
system and (b) for a 
fourth-order 
system. 


FIGURE 7.9 

A graphical 
evaluation of the 
breakaway point. 
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Breakaway 
point 








(a) 
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(b) 


the rearranging of the characteristic equation to isolate the multiplying factor K. 
Then the characteristic equation is written as 


p(s) = K. 


(7.33) 


For example, consider a unity feedback closed-loop system with an open-loop trans- 
fer function 


G8)“ Ga G48 


which has the characteristic equation 


K 
1+G(s)=1 


Alternatively, the equation may be written as 


K = p(s) = —(s + 2)(s + 4). 


a ee ie 


(7.34) 


(7.35) 


The root loci for this system are shown in Figure 7.8(a). We expect the breakaway 


point to be near s = o = —3and plot p(s)|s-¢ near that point, as shown in Figure 7.9. 
In this case, p(s) equals zero at the poles s = —2 and s = —4. The plot of p(s) versus 
s — ø is symmetrical, and the maximum point occurs at s = o = —3, the breakaway 
point. 

p(s) 
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Analytically, the very same result may be obtained by determining the maxi- 
mum of K = p(s). To find the maximum analytically, we differentiate, set the differ- 
entiated polynomial equal to zero, and determine the roots of the polynomial. 
Therefore, we may evaluate 


dK _ aps) _ 
ds ds 





0 (7.36) 


in order to find the breakaway point. Equation (7.36) is an analytical expression of 
the graphical procedure outlined in Figure 7.9 and will result in an equation of only 
one degree less than the total number of poles and zeros n + M — 1. 

The proof of Equation (7.36) is obtained from a consideration of the character- 
istic equation 





irratitan 
Ee 
which may be written as 
X(s) + KY(s) = 0. (7.37) 


For a small increment in K, we have 
X(s) + (K + AK)Y(s) = 0. 
Dividing by X(s) + KY(s) yields 
AKY(s) 


1+ ¥O+KY@) ~ 


(7.38) 


Because the denominator is the original characteristic equation, a multiplicity m of 
roots exists at a breakaway point, and 


¥(s) Gi G 








X(s) + KY) (s—s)” Asy" 033) 
Then we may write Equation (7.38) as 
+ age =0, (7.40) 
or, alternatively, 
3 = a (7.41) 
Therefore, as we let As approach zero, we obtain 
a“ = (7.42) 


at the breakaway points. 


FIGURE 7.10 
Closed-loop 
system. 
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Now, considering again the specific case where 


K 
FO) Cr DG +a 
we obtain 
p(s) = K = -(s + 2)(s + 4) = —(s? + 6s + 8). (7.43) 
Then, when we differentiate, we have 
we) = —(2s + 6) = 0, (7.44) 
or the breakaway point occurs at s = —3. A more complicated example will illus- 


trate the approach and demonstrate the use of the graphical technique to determine 
the breakaway point. 


EXAMPLE 7.3 Third-order system 

A feedback control system is shown in Figure 7.10. The characteristic equation is 
K(s + 1) 

s(s + 2)(s + 3) 








1+ G(s)H(s) =1+ (7.45) 
The number of poles n minus the number of zeros M is equal to 2, and so we have 
two asymptotes at +90° with a center at 7, = —2. The asymptotes and the sec- 
tions of loci on the real axis are shown in Figure 7.11(a). A breakaway point occurs 
between s = —2 and s = —3. To evaluate the breakaway point, we rewrite the 
characteristic equation so that K is separated; thus, 





s(s + 2)(s + 3) + K(s +1) =0, 


or 
=s(s + 2)(s + 3) 
Sn nis kK 7.46 
p(s) =F (7.46) 
Then, evaluating p(s) at various values of s between s = —2 and s = —3, we obtain 


the results of Table 7.1, as shown in Figure 7.11(b). Alternatively, we differentiate 


K(s + 1) 
s(s + 2) 





¥(s) 
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FIGURE 7.11 
Evaluation of the 
(a) asymptotes and 
(b) breakaway 
point. 
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Table 7.1 
p(s) 0 0.411 0.419 0.417 +0.390 0 
s —2.00 —2.40 -2.46 —2.50 ~2.60 -3.0 





Equation (7.46) and set it equal to zero to obtain 








d [-s(s + 2)(s + 3) (è + 5s? + 6s) — (s + 1)(3s? + 10s + 6) _ ó 
ds (s + 1) (i)? 7 


2s? + 857 + 10s + 6 = 0. (7.47) 


Now to locate the maximum of p(s), we locate the roots of Equation (7.47) to obtain 
s = —2.46, —0.77 + 0.79]. The only value of s on the real axis in the interval s = —2 
to s = —3 is s = —2.46; hence this must be the breakaway point. It is evident from 
this one example that the numerical evaluation of p(s) near the expected breakaway 
point provides an effective method of evaluating the breakaway point. m 


Step 6: Determine the angle of departure of the locus from a pole and the angle 
of arrival of the locus at a zero, using the phase angle criterion. The angle of locus 
departure from a pole is the difference between the net angle due to all other poles 
and zeros and the criterion angle of +180° (2k + 1), and similarly for the locus 
angle of arrival at a zero. The angle of departure (or arrival) is particularly of inter- 
est for complex poles (and zeros) because the information is helpful in completing 
the root locus. For example, consider the third-order open-loop transfer function 


K 
(S + ps)(s? + Zos + wh) 








F(s) = G(s)H(s) (7.48) 


The pole locations and the vector angles at one complex pole —p; are shown in 
Figure 7.12(a). The angles at a test point sı, an infinitesimal distance from — p, must 











| Asymptote p(s) 
1 
1 
i 
I Maximum -0.50 
! a n R 0.419 
| | 40.25 
[i [] 
zx —— O—*¢ ; 
-3 -2 -1 0 -3 -2.46 -2 0 
i] 
! 
1 
i] 
l 
1 
l 
I 
i 
(a) (b) 


FIGURE 7.12 
Illustration of the 
angle of departure. 
(a) Test point 
infinitesimal 
distance from —pj. 
(b) Actual departure 
vector at —p,. 


FIGURE 7.13 
Evaluation of the 
angle of departure. 


Section 7.3 The Root Locus Procedure 


ô 


A point at small Q&--- 
point at smal J 


distance from TPN 














“oP 
7 
Y 
z 
7 
7 
r 
ZL 
0; RG aa 
0 x 0 
“P3 Eii 
-=p 
0, 
N 
TE A ! 
Pa | 63 


(a) 


(b) 


meet the angle criterion. Therefore, since 6; = 90°, we have 


0, + 0) + 0; = 0, + 90° + 03 = +180°, 


or the angle of departure at pole p; is 
0i = 90° — 43, 
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as shown in Figure 7.12(b). The departure at pole — p, is the negative of that at — py, 
because —p; and —p, are complex conjugates. Another example of a departure 


angle is shown in Figure 7.13. In this case, the departure angle is found from 


0, — (0; + 3 + 90°) = 180° + k360°. 
Since 6, — 03 = y in the diagram, we find that the departure angle is 0, = 90° + y. 


Step 7: The final step in the root locus sketching procedure is to complete the 
sketch. This entails sketching in all sections of the locus not covered in the previous 
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six steps. If a more detailed root locus is required, we recommend using a computer- 


aided tool. (See Section 7.8.) 


In some situation, we may want to determine a root location s, and the value of 
the parameter K, at that root location. Determine the root locations that satisfy the 


phase criterion at the root s,, x 


= J; 2 


, n, using the phase criterion. The phase 


criterion, given in Equation (17.17), is 
/P(s) = 180° + k360°, and k= 0, +1, +2,.... 


To determine the parameter value K, at a specific root s,, we use the magnitude 
requirement (Equation 7.16). The magnitude requirement at s, is 


K, 


m Aar. 
IIIs + zil 
i=1 


n 
[Ils + pil 
jal 


SES; 


It is worthwhile at this point to summarize the seven steps utilized in the root 
locus method (Table 7.2) and then illustrate their use in a complete example. 


Table 7.2 Seven Steps for Sketching a Root Locus 


Step 


Related Equation or Rule 





1. Prepare the root locus sketch. 
(a) Write the characteristic equation so that the 
parameter of interest, K, appears as a multiplier. 


(b) Factor P(s) in terms of n poles and M zeros. 


(c) Locate the open-loop poles and zeros of P(s) 
in the s-plane with selected symbols. 


(d) Determine the number of separate loci, SL. 


(e) The root loci are symmetrical with respect to the 
horizontal real axis. 


2. Locate the segments of the real axis that are root loci. 


3. The loci proceed to the zeros at infinity along 


asymptotes centered at 74 and with angles 4. 


4. Determine the points at which the locus crosses the 
imaginary axis (if it does so). 


5. Determine the breakaway point on the real axis (if any). 


6. Determine the angle of locus departure from complex 


poles and the angle of locus arrival at complex zeros, 
using the phase criterion. 
7. Complete the root locus sketch. 


1+ KP(s) = 0. 
M 
IIs +z) 

1+ KẸ =o. 
Ie + p;) 
E 


x = poles, O = zeros 

Locus begins at a pole and ends at a zero. 

SL = n when n > M;n = number of finite poles, 
M = number of finite zeros. 


Locus lies to the left of an odd number of poles and 
zeros. 


o- eB) = Ea 
ap n-M ` 
_2k+1 

A n-M 
Use Routh-Hurwitz criterion (see Section 6.2). 





180°, k = 0,1,2,...(n — M — 1). 


a) Set K = p(s). 

b) Determine roots of dp(s)/ds = 0 or use 
graphical method to find maximum of p(s). 
/ P(s) = 180° + k360° ats = —p; or —z;. 
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EXAMPLE 7.4 Fourth-order system 


1. (a). We desire to plot the root locus for the characteristic equation of a system as K 
varies for K > 0 when 


+3 — co 
si + 128° + 64s? + 128s 
(b) Determining the poles, we have 


K 
1t pricei 





0 (7.49) 


as K varies from zero to infinity. This system has no finite zeros. 
(c) The poles are located on the s-plane as shown in Figure 7.14(a). 
(d) Because the number of poles n is equal to 4, we have four separate loci. 
(e) The root loci are symmetrical with respect to the real axis. 
2. A segment of the root locus exists on the real axis between s = 0 ands = —4. 
3. The angles of the asymptotes are 
_ 2k +1) i 


e =01L23 
7 80, k=0,1,23; 


ba 
a = +45°, 135°, 225°, 315°. 


The center of the asymptotes is 


-4-4-4 
o= = 


Then the asymptotes are drawn as shown in Figure 7.14(a). 


=-3. 
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FIGURE 7.14 f 
The root locus for Departure xo 
Example 7.4. vector + -j4 


Locating (a) the 
poles and (b) the 
asymptotes. (a) (b) 
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4, The characteristic equation is rewritten as 
s(s + 4)(s? + 8s + 32) + K = sê + 125° + 64s? + 1285 + K = 0. (7.50) 


Therefore, the Routh array is 


st 1 64 K 
è | 12 128 
s Be KE i 
s! c 
s K 
where 
12(64) — 128 53.33(128) — 12K 
= = 53.33 and ¢ = = 


5 12 53.33 


Hence, the limiting value of gain for stability is K = 568.89, and the roots of the auxil- 
iary equation are 


53.335? + 568.89 = 53.33(s? + 10.67) = 53.33(s + j3.266)(s — j3.266). (7.51) 


The points where the locus crosses the imaginary axis are shown in Figure 7.14(a). 
Therefore, when K = 568.89, the root locus crosses the jw-axis at s = +j3.266. 


3. The breakaway point is estimated by evaluating 
K = p(s) = —s(s + 4)(s + 4 + j4)(s + 4 — j4) 


between s = —4 and s = 0. We expect the breakaway point to lie between s = —3 and 
s = —1, so we search for a maximum value of p(s) in that region. The resulting values 
of p(s) for several values of s are given in Table 7.3. The maximum of p(s) is found to lie 
at approximately s = —1.577, as indicated in the table. A more accurate estimate of the 
breakaway point is normally not necessary. The breakaway point is then indicated on 
Figure 7.14(a). 


6. The angle of departure at the complex pole p; can be estimated by utilizing the angle 
criterion as follows: 


0; + 90° + 90° + 63 = 180° + k360°. 


Here, 0; is the angle subtended by the vector from pole p3. The angles from the pole at 
s = —4and s = —4 — j4 are each equal to 90°. Since 6; = 135°, we find that 


6, = —135° = +225°, 


as shown in Figure 7.14(a). 
7. Complete the sketch as shown in Figure 7.14(b). 


Table 7.3 
p(s) 0 51.0 68.44 80.0 83.57 75.0 0 
s —4.0 -3.0 =25 -2.0 -1.577 -1.0 0 
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Using the information derived from the seven steps of the root locus method, 
the complete root locus sketch is obtained by filling in the sketch as well as possible 
by visual inspection. The root locus for this system is shown in Figure 7.14(b). When 
the complex roots near the origin have a damping ratio of ¢ = 0.707, the gain K can 
be determined graphically as shown in Figure 7.14(b). The vector lengths to the root 
location sı from the open-loop poles are evaluated and result in a gain at s, of 


K = |sillsı + 4l ls; — pills; — py] = (1.9)(2.9)3.8)(6.0) = 126. (7.52) 


The remaining pair of complex roots occurs at s, and S,, when K = 126. The effect 
of the complex roots at s) and $, on the transient response will be negligible com- 
pared to the roots sı and $4. This fact can be ascertained by considering the damping 
of the response due to each pair of roots. The damping due to s; and 5; is 


e sient = eo! 


> 


and the damping factor due to s and $ is 


eo b2emt = eo 


where o3 is approximately five times as large as ø}. Therefore, the transient response 
term due to s, will decay much more rapidly than the transient response term due to 
81. Thus, the response to a unit step input may be written as 


y(t) = 1+ qei sin(@it + 01) + oe? sin(wot + 62) 
= 1+ cel sin(w;t + 0). (7.53) 


The complex conjugate roots near the origin of the s-plane relative to the other roots 
of the closed-loop system are labeled the dominant roots of the system because they 
represent or dominate the transient response. The relative dominance of the complex 
roots, in a third-order system with a pair of complex conjugate roots, is determined 
by the ratio of the real root to the real part of the complex roots and will result in 
approximate dominance for ratios exceeding 5. 

The dominance of the second term of Equation (7.53) also depends upon the rel- 
ative magnitudes of the coefficients c} and cz. These coefficients, which are the 
residues evaluated at the complex roots, in turn depend upon the location of the 
zeros in the s-plane. Therefore, the concept of dominant roots is useful for estimating 
the response of a system, but must be used with caution and with a comprehension of 
the underlying assumptions. m 


EXAMPLE 7.5 Automatic self-balancing scale 


The analysis and design of a control system can be accomplished by using the 
Laplace transform, a signal-flow diagram or block diagram, the s-plane, and the root 
locus method. At this point, it will be worthwhile to examine a control system and 
select suitable parameter values based on the root locus method. 

Figure 7.15 shows an automatic self-balancing scale in which the weighing oper- 
ation is controlled by the physical balance function through an electrical feedback 
loop [5]. The balance is shown in the equilibrium condition, and x is the travel of the 
counterweight W, from an unloaded equilibrium condition. The weight W to be 
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FIGURE 7.15 

An automatic self- 
balancing scale. 
(Reprinted with 
permission from 

J. H. Goldberg, 
Automatic Controls, 
Allyn and Bacon, 
Boston, 1964.) 
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Viscous 
damper 


measured is applied 5 cm from the pivot, and the length /; of the beam to the viscous 
damper is 20 cm. We desire to accomplish the following: 


1. Select the parameters and the specifications of the feedback system. 
2. Obtain a model representing the system. 

3. Select the gain K based on a root locus diagram. 

4, Determine the dominant mode of response. 


An inertia of the beam equal to 0.05 kg m? will be chosen. We must select a battery 
voltage that is large enough to provide a reasonable position sensor gain, so we will 
choose E, = 24 volts. We will use a lead screw of 20 turns/cm and a potentiometer 
for x equal to 6 cm in length. Accurate balances are required; therefore, an input 
potentiometer 0.5 cm in length for y will be chosen. A reasonable viscous damper will 
be chosen with a damping constant b = 10V3N /(m/s). Finally, a counterweight W, 
is chosen so that the expected range of weights W can be balanced. The parameters 
of the system are selected as listed in Table 7.4. 


Specifications. A rapid and accurate response resulting in a small steady-state 
weight measurement error is desired. Therefore, we will require that the system be 
at least a type one so that a zero measurement error is obtained. An underdamped 
response to a step change in the measured weight W is satisfactory, so a dominant 
response with ¢ = 0.5 will be specified. We want the settling time to be less than 2 


Table 7.4 Self-Balancing Scale Parameters 


i 1 
W.=2N Lead screw gain K, = 4000m 24 
I = 0.05 kg m? 
lo = S5cm Input potentiometer gain K; = 4800 V/m. 
l; = 20cm 


b =10V3N m/s Feedback potentiometer gain Ky = 400 V/m. 
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Table 7.5 Specifications 


Steady-state error K, = œ, exs = 0 for a step input 
Underdamped response 6=05 
Settling time (2% criterion) Less than 2 seconds 





seconds in order to provide a rapid weight-measuring device. The settling time must 
be within 2% of the final value of the balance following the introduction of a weight 
to be measured. The specifications are summarized in Table 7.5. 

The derivation of a model of the electromechanical system may be accom- 
plished by obtaining the equations of motion of the balance. For small deviations 
from balance, the deviation angle is 


gx. (7.54) 
l 
The motion of the beam about the pivot is represented by the torque equation 
do 
I-53 = torques. 
dt > torg 


Therefore, in terms of the deviation angle, the motion is represented by 











do >, dO 
I I LW > XW PD ain (7.55) 
The input voltage to the motor is 
Un(t) = Kiy — Kpx. (7.56) 
The lead screw motion and transfer function of the motor are described by 
Ons K, 
X(s) = K,0,,(s) and inl) _ z (7.57) 


Vals) s(rs + 1)’ 


where 7 will be negligible with respect to the time constants of the overall system, 
and 0, is the output shaft rotation. A signal-flow graph and block diagram repre- 
senting Equations (7.54) through (7.57) is shown in Figure 7.16. Examining the for- 
ward path from W to X(s), we find that the system is a type one due to the 
integration preceding Y(s). Therefore, the steady-state error of the system is zero. 

The closed-loop transfer function of the system is obtained by utilizing Mason’s 
signal-flow gain formula and is found to be 


X(s) loliKiKmKs/(18°) 
W(s) 1 + 1Pb/(Is) + (KmKsKp/S) + liKiK KWo] (Is°) + 1? BKK sKy/ (8°) 
(7.58) 








where the numerator is the path factor from W to X, the second term in the denom- 
inator is the loop L4, the third term is the loop factor L», the fourth term is the loop 
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FIGURE 7.16 
Model of the 
automatic self- 
balancing scale. 
(a) Signal-flow 
graph. (b) Block 
diagram. 
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Input Motor Lead 
W(s) 5, potentiometer 
3 X(s) 
Appli O Measurement 
weight 
-W, 
(a) 
Wis) 
Applied X(s) 


weight Measurement 





(b) 


L3, and the fifth term is the two nontouching loops L,L». Therefore, the closed-loop 
transfer function is 








X(s) hWhiK Kn, as 
Ws) s(Is + 1?b)(s + Ky K.Kj) + WKmKsKili 
The steady-state gain of the system is then 
t x L 
ia ig I o le a senfa (1.60) 











|W]  s>oW(s) W; 


when W(s) = |W|/s. To obtain the root locus as a function of the motor constant 
K,,, we substitute the selected parameters into the characteristic equation, which is 
the denominator of Equation (7.59). Therefore, we obtain the following characteris- 
tic equation: 





Kn \ | 96Km _ 
s(s + sv3)(s + Ka) Poe eo. (7.61) 


Rewriting the characteristic equation in root locus form, we first isolate K,, as 
follows: 


s*(s + 8V3) + s(s + 8v3) $e + “Ea =0. (7.62) 


FIGURE 7.17 
Root locus as Km 
varies (only upper 
halfplane shown). 
One locus leaves 
the two poles at the 
origin and goes to 
the two complex 
zeros as K 
increases. The 
other locus is to the 
left of the pole at 
s=-14, 
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Then, rewriting Equation (7.62) in root locus form, we have 
K,,/(107)[s(s + 8V3) + 96] 
s(s on 8v3) 











1+ KP(s)=1+ 


Km/ (10 + 6.93 + j6.93)(s + 6.93 — j6.93 
T m/(107)(s j6.93)(s j ) (7.63) 
s*(s + 8V3) 


The root locus as K,, varies is shown in Figure 7.17. The dominant roots can be 
placed at ¢ = 0.5 when K = 25.3 = K,,/107. To achieve this gain, 


rad/s 
K, = 795P -7600 2™, 
volt volt 








(7.64) 


an amplifier would be required to provide a portion of the required gain. The real 
part of the dominant roots is less than —4; therefore, the settling time, 4/c, is less than 
1 second, and the settling time requirement is satisfied. The third root of the charac- 
teristic equation is a real root at s = —30.2, and the underdamped roots clearly dom- 
inate the response. Therefore, the system has been analyzed by the root locus method 
and a suitable design for the parameter K, has been achieved. The efficiency of the 
s-plane and root locus methods is clearly demonstrated by this example. m 


7.4 PARAMETER DESIGN BY THE ROOT LOCUS METHOD 


Originally, the root locus method was developed to determine the locus of roots of 
the characteristic equation as the system gain, K, is varied from zero to infinity. 
However, as we have seen, the effect of other system parameters may be readily 


432 


Chapter 7 The Root Locus Method 


investigated by using the root locus method. Fundamentally, the root locus method 
is concerned with a characteristic equation (Equation 7.22), which may be written as 


1+ F(s) = 0. (7.65) 


Then the standard root locus method we have studied may be applied. The question 
arises: How do we investigate the effect of two parameters, œ and £? It appears that 
the root locus method is a single-parameter method; fortunately, it can be readily 
extended to the investigation of two or more parameters. This method of parameter 
design uses the root locus approach to select the values of the parameters. 

The characteristic equation of a dynamic system may be written as 


ans” + dys" 1 + +++ + ays + ay = 0. (7.66) 
Hence, the effect of the coefficient a, may be ascertained from the root locus equation 


as 
1+ =a 3 =0. (7.67) 
AnS" + Ay—1S" + +++ + as’ + ag 





If the parameter of interest, a, does not appear solely as a coefficient, the parameter 
may be isolated as 


ApS” + apas") s+ + (yg — A)T + asa + +++ + ays + ay = 0. (7.68) 
For example, a third-order equation of interest might be 
$ + (3 +a)? +3s+6=0. (7.69) 


To ascertain the effect of the parameter a, we isolate the parameter and rewrite the 
equation in root locus form, as shown in the following steps: 


si + 3s? + as? + 35+ 6=0: (7.70) 


as” 


tesa eee ee SO 7.71 
S +3 + 35+ 6 (ony 


Then, to determine the effect of two parameters, we must repeat the root locus 
approach twice. Thus, for a characteristic equation with two variable parameters, œ 
and £, we have 
an” F apg? Foe + (apg — A) + as T+ + 

+ (amp BIT + Bs" + + tas t+ay=0. (7.72) 
The two variable parameters have been isolated, and the effect of a will be deter- 


mined. Then, the effect of £ will be determined. For example, for a certain third- 
order characteristic equation with a and £ as parameters, we obtain 


S++ Bst+a=0. (7.73) 


In this particular case, the parameters appear as the coefficients of the characteristic 
equation. The effect of varying £ from zero to infinity is determined from the root 


FIGURE 7.18 
Root loci as a 
function of a and 8. 
(a) Loci as a varies. 
(b) Loci as £ varies 
for one value of 
a= ay. 
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locus equation 


Bs 
Loa ee 8 7.74 
Stseta vay 
We note that the denominator of Equation (7.74) is the characteristic equation of 
the system with B = 0. Therefore, we must first evaluate the effect of varying a from 
zero to infinity by using the equation 


p+set+a=0, 
rewritten as 


Q 


1+5 = 
s*(s + 1) 


0, (7.75) 


where £8 has been set equal to zero in Equation (7.73). Then, upon evaluating the 
effect of a, a value of a is selected and used with Equation (7.74) to evaluate the effect 
of B. This two-step method of evaluating the effect of a and then 8 may be carried 
out as two root locus procedures. First, we obtain a locus of roots as a varies, and we 
select a suitable value of a; the results are satisfactory root locations. Then, we obtain 
the root locus for £ by noting that the poles of Equation (7.74) are the roots evalu- 
ated by the root locus of Equation (7.75). A limitation of this approach is that we 
will not always be able to obtain a characteristic equation that is linear in the para- 
meter under consideration (for example, a). 

To illustrate this approach effectively, let us obtain the root locus for œ and then 
B for Equation (7.73). A sketch of the root locus as æ varies for Equation (7.75) is 
shown in Figure 7.18(a), where the roots for two values of gain a are shown. If the 
gain ais selected as a, then the resultant roots of Equation (7.75) become the poles 
of Equation (7.74). The root locus of Equation (7.74) as £ varies is shown in Figure 
7.18(b), and a suitable 8 can be selected on the basis of the desired root locations. 

Using the root locus method, we will further illustrate this parameter design 
approach by a specific design example. 
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FIGURE 7.19 
Block diagram of 
welding head 
control system. 
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EXAMPLE 7.6 Welding head control 


A welding head for an auto body requires an accurate control system for positioning 
the welding head [4]. The feedback control system is to be designed to satisfy the 
following specifications: 

1, Steady-state error for a ramp input =35% of input slope 

2. Damping ratio of dominant roots =0.707 

3. Settling time to within 2% of the final value <3 seconds 


The structure of the feedback control system is shown in Figure 7.19, where the 
amplifier gain K, and the derivative feedback gain K are to be selected. The steady- 
state error specification can be written as 








.__s(IRI/s?) 
a= melt) lim sE (s) lim (7.76) 


s>o1l + G(s)’ 
where G(s) = G(s)/(1 + G(s)H,(s)). Therefore, the steady-state error require- 
ment is 


ls 2+ KK 


= = 0.35. ETI 
RI K yer 


Thus, we will select a small value of K, to achieve a low value of steady-state 
error. The damping ratio specification requires that the roots of the closed-loop sys- 
tem be below the line at 45° in the left-hand s-plane. The settling time specification 
can be rewritten in terms of the real part of the dominant roots as 


4 
T,=—<3s. (7.78) 
o 


Therefore, it is necessary that o = as this area in the left-hand s-plane is indicated 
along with the ¢-requirement in Figure 7.20. Note that o = VA implies that we want 
the dominant roots to lie to the left of the line defined by o = — th To satisfy the 
specifications, all the roots must lie within the shaded area of the left-hand plane. 

The parameters to be selected are a = K, and 8 = K,K;. The characteristic 
equation is 


1 + GH(s) = $ +2s + Bst+a=0. (7.79) 


¥(s) 
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defined by 


FIGURE 7.20 
o= -4/3 


A region in the 
s-plane for desired 
root location. 





The locus of roots as œ = K} varies (set 8 = 0) is determined from the equation 


Q 


1+—“~ =0 
sist 2) > 


(1.80) 


as shown in Figure 7.21 (a). For a gain of Kı = a = 20, the roots are indicated on the 
locus. Then the effect of varying 8 = 20K, is determined from the locus equation 


Bs 
1 + eeen. 7.81 
er +%st+a Ca 


where the poles of this root locus are the roots of the locus of Figure 7.21 (a). The root 
locus for Equation (7.81) is shown in Figure 7.21 (b), and roots with ¢ = 0.707 are 
obtained when 8 = 4.3 = 20K, or when K, = 0.215. The real part of these roots is 





FIGURE 7.21 
Root loci as a 

function of (a) œ 
and (b) 8. (a) (b) 
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FIGURE 7.22 
Two-parameter root 
locus. The loci for œ 
varying are solid; 
the loci for B 
varying are dashed. 
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o = —3.15; therefore, the time to settle (to within 2% of the final value) is equal to 
1.27 seconds, which is considerably less than the specification of 3 seconds, m 


We can extend the root locus method to more than two parameters by extend- 
ing the number of steps in the method outlined in this section. Furthermore, a fami- 
ly of root loci can be generated for two parameters in order to determine the total 
effect of varying two parameters. For example, let us determine the effect of varying 
a and B of the following characteristic equation: 


S + 3s? + 25+ Bsta=0. (7.82) 


The root locus equation as a function of a is (set B = 0) 


Qa 


1+ COA (1.83) 


The root locus as a function of B is 


Bs 
1+ .=——— = 0. 7.84 
+3 + 2+ ( ) 


The root locus for Equation (7.83) as a function of a is shown in Figure 7.22 (unbro- 
ken lines). The roots of this locus, indicated by slashes, become the poles for the locus 
of Equation (7.84). Then the locus of Equation (7.84) is continued on Figure 7.22 
(dotted lines), where the locus for £ is shown for several selected values of œ. This 
family of loci, often called root contours, illustrates the effect of a and £ on the roots 
of the characteristic equation of a system [3]. 
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7.5 SENSITIVITY AND THE ROOT LOCUS 


One of the prime reasons for the use of negative feedback in control systems is the re- 
duction of the effect of parameter variations. The effect of parameter variations, as we 
found in Section 4.3, can be described by a measure of the sensitivity of the system 
performance to specific parameter changes. In Section 4.3, we defined the logarithmic 
sensitivity originally suggested by Bode as 


ainT _ T/T 
alnK əK/K’ 





se (7.85) 


where the system transfer function is T(s) and the parameter of interest is K. 

In recent years, there has been an increased use of the pole-zero (s-plane) 
approach. Therefore, it has become useful to define a sensitivity measure in terms of 
the positions of the roots of the characteristic equation [7-9]. Because these roots 
represent the dominant modes of transient response, the effect of parameter varia- 
tions on the position of the roots is an important and useful measure of the sensitiv- 
ity. The root sensitivity of a system T(s) can be defined as 





ðr; _ ðr 
ainK  @K/K’ 








S% = (7.86) 





where r; equals the ith root of the system, so that 


M 
KT +z) 


T(s) = ———— (7.87) 


and K is a parameter affecting the roots. The root sensitivity relates the changes in 
the location of the root in the s-plane to the change in the parameter. The root sen- 
sitivity is related to the logarithmic sensitivity by the relation 


aInK, & ôn 1 
nK MoamK stř 





Sk = (7.88) 


when the zeros of 7(s) are independent of the parameter K, so that 


82; 


ainK 





This logarithmic sensitivity can be readily obtained by determining the derivative of 
T(s), Equation (7.87), with respect to K. For this particular case, when the gain of the 
system is independent of the parameter K, we have 


le al 
Sk=-DSk- (7.89) 





and the two sensitivity measures are directly related. 
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FIGURE 7.23 
A feedback control 
system. 
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The evaluation of the root sensitivity for a control system can be readily accom- 
plished by utilizing the root locus methods of the preceding section. The root sensitiv- 
ity $ A may be evaluated at root —r; by examining the root contours for the parameter 
K. We can change K by a small finite amount AK and determine the modified root 
—(r; + Arj) at K + AK. Then, using Equation (7.86), we have 


sia Ai 
KS RKI 





(7.90) 


Equation (7.90) is an approximation that approaches the actual value of the sensitivi- 
ty as AK — 0. An example will illustrate the process of evaluating the root sensitivity. 


EXAMPLE 7.7 Root sensitivity of a control system 


The characteristic equation of the feedback control system shown in Figure 7.23 is 


K 
1+—*_= 
s+ Bp)” 
or, alternatively, 
e+ Bst+K=0. (7.91) 


The gain K will be considered to be the parameter a. Then the effect of a change in 
each parameter can be determined by utilizing the relations 
a =œ + Aa and B= By + AB, 


where a and Bp are the nominal or desired values for the parameters @ and ß, 
respectively. We shall consider the case when the nominal pole value is By = 1 and 
the desired gain is ag = K = 0.5. Then the root locus can be obtained as a function 
of a = K by utilizing the root locus equation 


1+ K 1+ us 
s(s + Bo) s(s+1) 








0, (7.92) 


as shown in Figure 7.24. The nominal value of gain K = ay = 0.5 results in two com- 
plex roots, =r; = —0.5 + j0.5 and —r, = —?,, as shown in Figure 7.24. To evaluate 
the effect of unavoidable changes in the gain, the characteristic equation with 
æ = a + Aa becomes 


SF +s +a Aa = s +5+054 Aa (7.93) 





Therefore, the effect of changes in the gain can be evaluated from the root locus of 
Figure 7.24. For a 20% change in a, we have Aa = +0.1. The root locations for a 


a K 
<< G(s) ECT g 


Y(s) 





FIGURE 7.24 
The root locus 
for K. 
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gain a = 0.4 and a = 0.6 are readily determined by root locus methods, and the 
root locations for Aœ = +0.1 are shown in Figure 7.24.When a = K = 0.6, the root 
in the second quadrant of the s-plane is 


(-r)) + Ar; = —0.5 + j0.59, 


and the change in the root is Ar; = +j0.09. When a = K = 0.4, the root in the sec- 
ond quadrant is 


-(ry) + Ar, = —0.5 + j0.387, 











and the change in the root is —Ar = —j0.11. Thus, the root sensitivity for rı is 
Ske = Ari nical j0.45 = 0.45/+90° 7.94 
K= AK/K +027 .45/+90° (7.94) 


for positive changes of gain. For negative increments of gain, the sensitivity is 
An —j0.11 
AK/K +0.2 














Sk- j0.55 = 0.55/ —90°. 
For infinitesimally small changes in the parameter K, the sensitivity will be equal for 
negative or positive increments in K. The angle of the root sensitivity indicates the 
direction the root moves as the parameter varies. The angle of movement for + Aa is 
always 180° from the angle of movement for —Aq at the point a = ap. 

The pole varies due to environmental changes, and it may be represented by 
B = Bo + AB, where Bo = 1. Then the effect of variation of the poles is represented 
by the characteristic equation 


ve t+s+ ABs + K =0, 


or, in root locus form, 


0. (7.95) 
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FIGURE 7.25 
The root locus for 
the parameter B. 
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The denominator of the second term is the unchanged characteristic equation when 
AB = 0. The root locus for the unchanged system (AB = 0) is shown in Figure 7.24 
as a function of K. For a design specification requiring ¢ = 0.707, the complex roots 
lie at 


=r; = —0.5 + j0.5 and =f; = -0.5 — j0.5. 


-r = 


Then, because the roots are complex conjugates, the root sensitivity for r; is the con- 
jugate of the root sensitivity for ô, = r2. Using the parameter root locus techniques 
discussed in the preceding section, we obtain the root locus for AB as shown in 
Figure 7.25. We are normally interested in the effect of a variation for the parameter 
so that B = Bo + AB, for which the locus as AB decreases is obtained from the root 
locus equation 


—(AB)s 


1+ +=——_— = 
oe eee Ke 


We note that the equation is of the form 
1 — ABP(s) = 0. 


Comparing this equation with Equation (7.23) in Section 7.3, we find that the sign 
preceding the gain A£ is negative in this case. In a manner similar to the develop- 
ment of the root locus method in Section 7.3, we require that the root locus satisfy 
the equations 


|ABP(s)| =1 and /P(s) = 0° + k360°, 





AB=01 ios 
(approximately) 





x -j0.50 








-j0.75 
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where k is an integer. The locus of roots follows a zero-degree locus in contrast with 
the 180° locus considered previously. However, the root locus rules of Section 7.3 
may be altered to account for the zero-degree phase angle requirement, and then 
the root locus may be obtained as in the preceding sections. Therefore, to obtain the 
effect of reducing 8, we determine the zero-degree locus in contrast to the 180° 
locus, as shown by a dotted locus in Figure 7.25. To find the effect of a 20% change 
of the parameter 8, we evaluate the new roots for AB = +0.20, as shown in Figure 
7.25. The root sensitivity is readily evaluated graphically and, for a positive change 
in B, is 


An 0.167 —128° 
h = = = = o 
Spe AB/B 0.20 0.807 —128°. 





The root sensitivity for a negative change in £ is 


, An Clase r 
s= app = oan 7 06252438. 





As the percentage change A 8/8 decreases, the sensitivity measures S, B+ and Spe will 
approach equality in magnitude and a difference in angle of 180°. Thus, for small 
changes when AB/B = 0.10, the sensitivity measures are related as 


Is. = Is% 
and 
/ Siz. = 180° + / SB. (7.95) 


Often, the desired root sensitivity measure is desired for small changes in the 
parameter. When the relative change in the parameter is of the order AB/B = 0.10, 
we can estimate the increment in the root change by approximating the root locus 
with the line at the angle of departure 04. This approximation is shown in Figure 7.25 
and is accurate for only relatively small changes in AB. However, the use of this 
approximation allows the analyst to avoid sketching the complete root locus diagram. 
Therefore, for Figure 7.25, the root sensitivity may be evaluated for AB/B = 0.10 
along the departure line, and we obtain 


Si. = ea = = 0.075/—132°. (7.96) 

The root sensitivity measure for a parameter variation is useful for comparing 
the sensitivity for various design parameters and at different root locations. Com- 
paring Equation (7.96) for 6 with Equation (7.94) for œ, we find (a) that the sensi- 
tivity for B is greater in magnitude by approximately 50% and (b) that the angle 
for Sg- indicates that the approach of the root toward the jw-axis is more sensitive for 
changes in £8. Therefore, the tolerance requirements for 8 would be more stringent 
than for a. This information provides the designer with a comparative measure of 
the required tolerances for each parameter. m 
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FIGURE 7.26 
Pole and zero 
diagram for the 
parameter B. 
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EXAMPLE 7.8 Root sensitivity to a parameter 
A unity feedback control system has a forward transfer function 
G(s) = 20.7(s + 3) 
s(s + 2)(s + B) 
where B = By + AB and Bp = 8. The characteristic equation, as a function of A£, is 
s(s + 2)(s + 8 + AB) + 20.7(s + 3) = 0, 

or 

s(s + 2)(s + 8) + ABs(s + 2) + 20.7(s + 3) = 0. 
When AB = 0, the roots are 

=r; = —2.36 + j2.48, -rn =F, and —r3 = —5.27. 
The root locus for Af is determined by using the root locus equation 
ABs(s + 2) 


CEEE Anis t rs) (7.97) 


The roots and zeros of Equation (7.97) are shown in Figure 7.26. The angle of 
departure at r; is evaluated from the angles as follows: 


180° = (6, + 90° + 0p,) + (0, + 8.,) 
= —(64 + 90° + 40°) + (133° + 98°). 


Therefore, 6, = —80° and the locus is approximated near —r, by the line at an angle 
of 04. For a change of Ar; = 0.2/—80° along the departure line, the +A is evalu- 
ated by determining the vector lengths from the poles and zeros. Then we have 


Rete 4.8(3.75)(0.2) _ 


(3.25)(2.3) 048: 


























FIGURE 7.27 
Pole-zero diagram 
for the parameter y. 
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Therefore, the sensitivity at r; is 


n _ An _ 9.2/-80° 
l= = = —80° 
53 = apa oaa T 234280 





which indicates that the root is quite sensitive to this 6% change in the parameter £. 
For comparison, it is worthwhile to determine the sensitivity of the root —r; to a 
change in the zero s = —3. Then the characteristic equation is 


s(s + 2)(s + 8) + 20.7(s + 3 + Ay) = 0, 
or 


20.7 Ay 


ded (s + ri(s + Fi)(s + r3) a 


(7.98) 


The pole-zero diagram for Equation (7.98) is shown in Figure 7.27. The angle of 
departure at root —r, is 180° = —(0, + 90° + 40°), or 

ba = +50°. 
For a change of r, = 0.2/+50°, the Ay is positive. Obtaining the vector lengths, we 
find that 
5.22(4.18)(0.2) 


20.7 = 0.21. 


layl = 


Therefore, the sensitivity at rı for +Ay is 


Ar, _ 02/+50° 
ad = = 2.847 +50°. 
S7 Ay/y 0.21/3 ee 





Thus, we find that the magnitude of the root sensitivity for the pole £ and the zero y 
is approximately equal. However, the sensitivity of the system to the pole can be con- 
sidered to be less than the sensitivity to the zero because the angle of the sensitivity, 
Sj}, is equal to +50° and the direction of the root change is toward the jw-axis. 





-| j3 
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Evaluating the root sensitivity in the manner of the preceding paragraphs, we 
find that the sensitivity for the pole s = —5y = —2 is 


Sh = 2.174279. 
Thus, for the parameter ô, the magnitude of the sensitivity is less than for the other 


parameters, but the direction of the change of the root is more important than for B 
and y. m 


To utilize the root sensitivity measure for the analysis and design of control sys- 
tems, a series of calculations must be performed; they will determine the various 
selections of possible root configurations and the zeros and poles of the open-loop 
transfer function. Therefore, the root sensitivity measure as a design technique is 
somewhat limited by two things: the relatively large number of calculations required 
and the lack of an obvious direction for adjusting the parameters in order to provide 
a minimized or reduced sensitivity. However, the root sensitivity measure can be uti- 
lized as an analysis measure, which permits the designer to compare the sensitivity 
for several system designs based on a suitable method of design. The root sensitivity 
measure is a useful index of the system’s sensitivity to parameter variations expressed 
in the s-plane. The weakness of the sensitivity measure is that it relies on the ability 
of the root locations to represent the performance of the system. As we have seen in 
the preceding chapters, the root locations represent the performance quite adequately 
for many systems, but due consideration must be given to the location of the zeros of 
the closed-loop transfer function and the dominancy of the pertinent roots. The root 
sensitivity measure is a suitable measure of system performance sensitivity and can 
be used reliably for system analysis and design. 


7.6 THREE-TERM (PID) CONTROLLERS 


One form of controller widely used in industrial process control is called a three- 
term, or PID controller. This controller has a transfer function 





K, 
GAs) = K, + = + Kps. 











The controller provides a proportional term, an integration term, and a derivative 
term [4, 10]. The equation for the output in the time domain is 


de(t) 
dt ` 





u(t) = Kpe(t) + k feo dt + Kp 


The three-mode controller is also called a PID controller because it contains a pro- 
portional, an integral, and a derivative term. The transfer function of the derivative 


term is actually 
Kps 
Gals) = ta tP 


but 74 is usually much smaller than the time constants of the process itself, so it may 
be neglected. 
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If we set Kp = 0, then we have the proportional plus integral (PI) controller 





G(s) 


G(s) = Kp + Kps, 


which is called a proportional plus derivative (PD) controller. 

Many industrial processes are controlled using proportional-integral-derivative 
(PID) controllers. The popularity of PID controllers can be attributed partly to their 
good performance in a wide range of operating conditions and partly to their func- 
tional simplicity, which allows engineers to operate them in a simple, straightforward 
manner. To implement such a controller, three parameters must be determined for 
the given process: proportional gain, integral gain, and derivative gain [10]. 

The PID controller can also be viewed as a cascade of the PI and the PD con- 
trollers. Consider the PI controller 


When K; = 0, we have 





> È 
Gpr(s) = Kp + ae 

and the PD controller 
Gpp(s) = Kp + Kps, 


where Rp and 4 are the PI controller gains and Kp and Kp are the PD controller 
gains. Cascading the two controllers (that is, placing them in series) yields 


G(s) = Gpr(s)Gpp(s) 
= (i + “NR, + Kps) 


K, Kp 
S 





= (KpKp + R;Kp) + KpKps + 
Kı 
= Kp + Kps + a 


where we have the following relationships between the PI and PD controller gains 
and the PID controller gains 


Kp = KpKp + KiKp 


Kp = KpKp 
K; = K;Kp. 


Consider the PID controller 
Kps? + Kps + Ki 
s 








Kı 
G(s) = Kp + Pa Kps = 





_ Kp(s* +as+b) Kp(s + zi)(s + 2) 
s s 
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FIGURE 7.28 
Closed-loop system 
with a controller. 


FIGURE 7.29 
Root locus for plant 
with a PID 
controller with 
complex zeros. 
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Ys) 





where a = Kp/Kp and b = K;,/Kp. Therefore, a PID controller introduces a transfer 
function with one pole at the origin and two zeros that can be located anywhere in 
the left-hand s-plane. 

Recall that a root locus begins at the poles and ends at the zeros. If we have a 
system, as shown in Figure 7.28, with 


1 
Gs) = ——: 
() = GF D679 
and we use a PID controller with complex zeros —z; and —z>, where —z, = —3 + j1 
and —z) = —2;, we can plot the root locus as shown in Figure 7.29. As the gain, Kp, of 


the controller is increased, the complex roots approach the zeros. The closed-loop 
transfer function is 
G(s)G(s 
rip - GOES) 
1 + G(s)G.(s) 
Kp(s + zı)(s + 21) 
(s + n)(s + n)(s + 7) 





The response of this system will be attractive. The percent overshoot to a step will be 
less than 2%, and the steady-state error for a step input will be zero. The settling 


+ 73 


+j 
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time will be approximately 1 second. If a shorter settling time is desired, then we 
select zı and zz to lie further left in the left-hand s-plane and set Kp to drive the 
roots near the complex zeros. 

We will use the PD controller later in this chapter to control the hard disk drive 
sequential design problem (see Section 7.9). 


7.7 DESIGN EXAMPLES 


FIGURE 7.30 
Laser manipulator 
control system. 


In this section we present three illustrative examples. The first example is a laser ma- 
nipulator control system. Here the root locus method is used to show how the 
closed-loop system poles move in the s-plane as the proportional controller amplifi- 
er gain varies. The second example considers a simplified robotic replication facility. 
In the example, the system is represented by a fifth-order transfer function model. 
The feedback control strategy employs a velocity feedback coupled with a con- 
troller in the forward loop. Root locus design methods are used to select the two 
feedback controller gains. In the final example, the automatic control of the velocity 
of an automobile is considered. In this example, the root locus method is extended 
from one parameter to three parameters as the three gains of a PID controller are 
determined. The design process is emphasized, including considering the control 
goals and associated variables to be controlled, the design specifications, and the 
PID controller design using root locus methods. 


EXAMPLE 7.9 Laser manipulator control system 


Lasers can be used to drill the hip socket for the appropriate insertion of an artificial 
hip joint. The use of lasers for surgery requires high accuracy for position and veloc- 
ity response. Let us consider the system shown in Figure 7.30, which uses a DC 
motor manipulator for the laser. The amplifier gain K must be adjusted so that the 
steady-state error for a ramp input, r(t) = At (where A = 1 mm/s), is less than or 
equal to 0.1 mm, while a stable response is maintained. 

To obtain the steady-state error required and a good response, we select a 
motor with a field time constant 7, = 0.1s and a motor-plus-load time constant 
T2 = 0.2 s. We then have 


M KG) K 
O=O sa? Das Dak 
K 50K 


0.025 + 0.3 +s+ K s+ 1552+ 50s + 50K’ 














(7.99) 


Amplifier Motor and manipulator 


1 
Rial pur SCs + Irs + 1) F 






Y(s) 
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The steady-state error for a ramp, R(s) = A/s?, from Equation (5.29), is 


Since we desire e = 0.1 mm (or less) and A = 1mm, we require K = 10 (or 
greater). 

To ensure a stable system, we obtain the characteristic equation from Equation 
(7.99) as 


s? + 15s? + 50s + 50K = 0. 


Establishing the Routh array, we have 


where 


_ 750 — 50K 


bi 15 


Therefore, the system is stable for 
0=K=15. 
The characteristic equation can be written as 


50 
+ K=——.—— = 0. 
s + 15s? + 50s 


The root locus for K > 0 is shown in Figure 7.31. Using K = 10 results in a stable 
system that also satisfies the steady-state tracking error specification. The roots at 
K = 10are -r 13.98, —r, = —0.51 + 75.96, and —?,. The ¢ of the complex 
roots is 0.085 and fw, = 0.51. Thus, assuming that the complex roots are domi- 
nant, we expect (using Equation 5.16 and 5.13) a step input to have an overshoot of 
76% and a settling time (to within 2% of the final value) of 

4 4 


Ts = Fo, = 051 i 


1 














Plotting the actual system response, we find that the overshoot is 70% and the set- 
tling time is 7.5 seconds. Thus, the complex roots are essentially dominant. The sys- 
tem response to a step input is highly oscillatory and cannot be tolerated for laser 
surgery. The command signal must be limited to a low-velocity ramp signal. The 
response to a ramp signal is shown in Figure 7.32. m 


EXAMPLE 7.10 Robot control system 


The concept of robot replication is relatively easy to grasp. The central idea is that 
robots replicate themselves and develop a factory that automatically produces 
robots. An example of a robot replication facility is shown in Figure 7.33. To achieve 


FIGURE 7.31 
Root locus for a 
laser control 
system. 


FIGURE 7.32 
The response to a 
ramp input for a 
laser control 
system. 
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y(t) 














t(s) 


the rapid and accurate control of a robot, it is important to keep the robotic arm stiff 
and yet lightweight [6]. 

The specifications for controlling the motion of the arm are (1) a settling time to 
within 2% of the final value of less than 2 seconds, (2) a percent overshoot of less 
than 10% for a step input, and (3) a steady-state error of zero for a step input. 

The block diagram of the proposed system with a controller is shown in 
Figure 7.34. The configuration proposes the use of velocity feedback as well as 
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FIGURE 7.33 
A robot replication 
facility. 


FIGURE 7.34 
Proposed 
configuration for 
control of the 
lightweight robotic 
arm. 
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R(s) 
Desired 
position 


Y(s) 
Position 





the use of a controller G,(s). The transfer function of the arm is 


Y(s) 1 
ie F G(s) 
where 

(s? + 4s + 10004)(s? + 12s + 90036) 


(s + 10)(s? + 2s + 2501)(s? + 6s + 22509) 








G(s) 


The complex zeros are located at 

s=-2+4j100 and s= —6 + j300. 
The complex poles are located at 

s=-1+j50 and s= -3 + j150. 

A sketch of the root locus when K = 0 and the controller is an adjustable gain, 
G(s) = Ky, is shown in Figure 7.35. The system is unstable since two roots of the 
characteristic equation appear in the right-hand s-plane for K; > 0. 

It is clear that we need to introduce the use of velocity feedback by setting K, to 


a positive magnitude. Then we have H(s) = 1 + Kas; therefore, the loop transfer 
function is 


Ks + rag + 4s + 10004)(s? + 12s + 90036) 
2 








> 


1 
Ff OMAONO) = — 5 1G Os F SUI a Gs 22509) 


FIGURE 7.35 
Root locus of the 
system if 

K = 0, K; is varied 
from K, = 0 to 

Kı = 00, and 

G,(s) = Ky. 


FIGURE 7.36 
Root locus for the 
robot controller with 
a zero inserted at 

s = —0.2 with 

G(s) = Ky. 
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-50 





—j100 
—j200 
~j300 


where K; is the gain of G,(s). We now have available two parameters, K; and Kp, 
that we may adjust. We select 5 < K, < 10 in order to place the adjustable zero 
near the origin. 

When KĄ = 5 and Ķ is varied, we obtain the root locus sketched in Figure 7.36. 
When Kj = 0.8 and K = 5, we obtain a step response with a percent overshoot of 
12% and a settling time of 1.8 seconds. This is the optimum achievable response. If 
we try Ky = 7 or Ky = 4, the overshoot will be larger than desired. Therefore, we 
have achieved the best performance with this system. If we desired to continue the 
design process, we would use a controller G,(s) with a pole and zero in addition to 
retaining the velocity feedback with K, = 5. 

One possible selection of a controller is 


Ki(s + z) 
TEP i 


Gs) = 


+ j300 
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FIGURE 7.37 
Automated 
highway system. 
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If we select z = 1 and p = 5, then, when K, = 5, we obtain a step response 
with an overshoot of 8% and a settling time of 1.6 seconds. m 


EXAMPLE 7.11 Automobile velocity control 


The automotive electronics market is expected to reach $52 billion by 2010. It is 
predicted that there will be growth of about 5% up to the year 2010 in electronic 
braking, steering, and driver information in North America alone [32]. Much of 
the additional computing power will be used for new technology for smart cars 
and smart roads, such as IVHS (intelligent vehicle/highway systems) [14, 33]. New 
systems on-board the automobile will support semi-autonomous automobiles, 
safety enhancements, emission reduction, and other features including intelligent 
cruise control, and brake by wire systems eliminating the hydraulics [34]. 

The term IVHS refers to a varied assortment of electronics that provides real- 
time information on accidents, congestion, and roadside services to drivers and traf- 
fic controllers. IVHS also encompasses devices that make vehicles more 
autonomous: collision-avoidance systems and lane-tracking technology that alert 
drivers to impending disasters and allow a car to drive itself. 

An example of an automated highway system is shown in Figure 7.37. A velocity 
control system for maintaining the velocity between vehicles is shown in Figure 
7.38. The output Y(s) is the relative velocity of the two automobiles; the input R(s) 
is the desired relative velocity between the two vehicles. Our design goal is to develop 
a controller that can maintain the prescribed velocity between the vehicles and 
maneuver the active vehicle (in this case the rearward automobile) as commanded. 
The elements of the design process emphasized in this example are depicted in 
Figure 7.39. 


Lateral system information Intervehicle communications Vehicle with 
built-in equipment 







Passive benchmarks Cooperative 
for longitudinal control guideway 
structure 






Sector 
controller 
Network 
controller 





Communications 
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Automobile system 


(s + 2)(s + 8) 











Yis) 





FIGURE 7.38 
Vehicle velocity 
control system. 











Topics emphasized in this example 


x Maintain a prescribed relative 
Establish the control goals —— - p . 
velocity between two automobiles. 


Identify the variables to be controlled | <——— Relative velocity y(t). 
Design specifications: 
i DS1: Zero steady-state error 
| (for a step input). 




















Write the specifications <——-__ DS2: Steady-state error < 25% 
(for a ramp input). 

J DS3: Percent overshoot < 5%. 

DS4: Settling time < 1.5 s. 


<+—— See Figures 7.37 and 7.38. 








Establish the system configuration 


Į 


Obtain a model of the process, the 
actuator, and the sensor 


i 


Describe a controller and select key 
parameters to be adjusted 











—— See Equation (7.101) 











<+——_ See Equation (7.102), Kp and K; 














Optimize the parameters and 
analyze the performance 


l 


If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 





FIGURE 7.39 Elements of the control system design process emphasized in the automobile 
velocity control example. 


The control goal is 


Control Goal 
Maintain the prescribed velocity between the two vehicles, and maneuver the ac- 
tive vehicle as commanded. 
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The variable to be controlled is the relative velocity between the two vehicles: 


Variable to Be Controlled 
The relative velocity between vehicles, denoted by y(t). 


The design specifications are 


Design Specifications 
DS1 Zero steady-state error to a step input. 
DS2 Steady-state error due to a ramp input of less than 25% of the input magnitude. 
DS3 Percent overshoot less than 5% to a step input. 
DS4 Settling time less than 1.5 seconds to a step input (using a 2% criterion to establish 
settling time). 
From the design specifications and knowledge of the open-loop system, we find that 
we need a type 1 system to guarantee a zero steady-state error to a step input. The 
open-loop system transfer function is a type 0 system; therefore, the controller 
needs to increase the system type by at least 1. A type 1 controller (that is, a con- 
troller with one integrator) satisfies DS1.To meet DS2 we need to have the velocity 
error constant (see Equation (5.29)) 
1 


K, = limsG,(s)G(s) = 025 7 4, (7.100) 


where 


1 


CO = Gr Dye + 8) 


(7.101) 


and G,(s) is the controller (yet to be specified). 
The percent overshoot specification DS3 allows us to define a target damping 
ratio (see Figure 5.8): 


P.O. =5% implies ¢ = 0.69. 


Similarly from the settling time specification DS4 we have (see Equation (5.13)) 


nx 
To, 





S15, 


Solving for fw, yields w, = 2.6. 

The desired region for the poles of the closed-loop transfer function is shown in 
Figure 7.40. Using a proportional controller G,(s) = Kp, is not reasonable, because 
DS2 cannot be satisfied. We need at least one pole at the origin to track a ramp 
input. Consider the PI controller 


G(s) 





Š S 
= Kps + Ki _ Kp (7.102) 
r ; : 


The question is where to place the zero at s = —K;/Kp. 
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` 
a " k 
Desired region for X 


1 
1 
placement of N i 
. S 0 = sin™! 0.69 
dominant poles. NY SA 


FIGURE 7.40 
Desired region in 
the complex plane 
for locating the 
dominant system 
poles. 





We ask for what values of Kp and K; is the system stable. The closed-loop trans- 
fer function is 


Kps + Ki 
s? + 10s? + (16 + Kp)s + K; 








T(s) 


The corresponding Routh array is 


8 1 16 + Kp 
s 10 K, 
y 10(Kp + 16) — K; 9 
10 
i Kı 
The first requirement for stability (from column one, row four) is 
K > 0. (7.103) 
From the first column, third row, we have the inequality 
Kı 
>—- 16. 7.104 
Kp 10 16 (7.104) 
It follows from DS2 that 
ed ea te 
gpk 
K, = lim sG,(s)G(s) = li is ae a ne 
a oy Sane 5 (s+2)(s+8) 167” 


Therefore, the integral gain must satisfy 
K; > 64. (7.105) 
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If we select K; > 64, then the inequality in Equation (7.103) is satisfied. The valid 
region for Kp is then given by Equation (7.104), where K; > 64. 

We need to consider DS4. Here we want to have the dominant poles to the left 
of the s = —2.6 line. We know from our experience sketching the root locus that 
since we have three poles (at s = 0, —2, and —8) and one zero (at s = —K,/Kp), we 
expect two branches of the loci to go to infinity along two asymptotes at 
$ = —90°and +90° centered at 


_ Dp) — YCz) 


TA 
Np — Ng 


where n, = 3 and n, = 1. In our case 





We want to have a < —2.6 so that the two branches will bend into the desired regions. 
Therefore, 
1K 
-543 F < -2.6, 
or 
aA < 47. (7.106) 
Kp 


So as a first design, we can select K p and K; such that 
Bae om, ope Se 
=a sand! “== SA 
I > Kp > 79 Kp 


Suppose we choose K;/Kp = 2.5. Then the closed-loop characteristic equation is 


sok 25 
1+ Kp Mul 
P s(s + 2)(s + 8) 


The root locus is shown in Figure 7.41. To meet the ¢ = 0.69 (which evolved 
from DS3), we need to select Kp < 30. We selected the value at the boundary of the 
performance region (see Figure 7.41) as carefully as possible. 

Selecting Kp = 26, we have Kr/Kp = 2.5 which implies K; = 65. This satisfies 
the steady-state tracking error specification (DS2) since K; = 65 > 64. 

The resulting PI controller is 


G(s) = 26 + S, (7.107) 


The step response is shown in Figure 7.42. 


FIGURE 7.41 
Root locus for 
K/Kp = 2.5. 


FIGURE 7.42 
Automobile velocity 
control using the PI 
controller in 

Eq. (7.107). 
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The percent overshoot is P.O. = 8%, and the settling time is T, = 1.45 s. The per- 
cent overshoot specification is not precisely satisfied, but the controller in Equation 
(7.107) represents a very good first design. We can iteratively refine it. Even though the 
closed-loop poles lie in the desired region, the response does not exactly meet the 
specifications because the controller zero influences the response. The closed-loop 
system is a third-order system and does not have the performance of a second-order 
system. We might consider moving the zero to s = —2 (by choosing K;/Kp = 2) so 
that the pole at s = —2 is cancelled and the resulting system is a second-order 
system. m 


7.8 THE ROOT LOCUS USING CONTROL DESIGN SOFTWARE 


An approximate root locus sketch can be obtained by applying the orderly proce- 
dure summarized in Table 7.2. Alternatively, we can use control design software to 
obtain an accurate root locus plot. However, we should not be tempted to rely solely 
on the computer for obtaining root locus plots while neglecting the manual steps in 
developing an approximate root locus. The fundamental concepts behind the root 
locus method are embedded in the manual steps, and it is essential to understand 
their application fully. 

The section begins with a discussion on obtaining a computer-generated root 
locus plot. This is followed by a discussion of the connections between the partial 
fraction expansion, dominant poles, and the closed-loop system response. Root sen- 
sitivity is covered in the final paragraphs. 

The functions covered in this section are rlocus, rlocfind, and residue. The func- 
tions rlocus and rlocfind are used to obtain root locus plots, and the residue function 
is utilized for partial fraction expansions of rational functions. 


Obtaining a Root Locus Plot. Consider the closed-loop control system in 
Figure 7.10. The closed-loop transfer function is 


Y(s) K(s + 1)(s + 3) 
R(s) — s(s + 2)(s + 3) + K(s + 1) 








T(s) = 


The characteristic equation can be written as 


stl 


+h D665)" 


0. (7.108) 


The form of the characteristic equation in Equation (7.108) is necessary to use the 
rlocus function for generating root locus plots. The general form of the characteris- 
tic equation necessary for application of the rlocus function is 


1+ KG(s)=1+ Ke =0, (7.109) 


FIGURE 7.43 
The rlocus 
function. 


FIGURE 7.44 
The root locus for 
the characteristic 
equation, 
Equation (7.108). 
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r = complex root locations 


K = gain vector 1+ KG(s) = 0 


[r,K]=rlocus(sys) 





where K is the parameter of interest to be varied from 0 < K < œœ. The rlocus 
unction is shown in Figure 7.43, where we define the transfer function object 
sys = G(s). The steps to obtaining the root locus plot associated with Equation (7.108), 
along with the associated root locus plot, are shown in Figure 7.44. Invoking the 
rlocus function without left-hand arguments results in an automatic generation of 
the root locus plot. When invoked with left-hand arguments, the rlocus function 
returns a matrix of root locations and the associated gain vector. 

The steps to obtain a computer-generated root locus plot are as follows: 





1. Obtain the characteristic equation in the form given in Equation (7.109), where K is 
the parameter of interest. 


2. Use the rlocus function to generate the plots. 


Referring to Figure 7.44, we can see that as K increases, two branches of the 
root locus break away from the real axis. This means that, for some values of K, the 
closed-loop system characteristic equation will have two complex roots. Suppose we 








Imaginary Axis 
Oo 











Real Axis 





>>p=[1 1]; q=[1 5 6 0]; sys=tf(p,q); rlocus(sys) 


Generating a root locus plot. 


>>p=[1 1]; q=[1 5 6 0]; sys=tf(p,q); [r,K]=rlocus(sys); 

















Obtaining root locations r associated 


with various values of the gain K. 
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want to find the value of K corresponding to a pair of complex roots. We can use the 
rlocfind function to do this, but only after a root locus has been obtained with the 
rlocus function. Executing the rlocfind function will result in a cross-hair marker ap- 
pearing on the root locus plot. We move the cross-hair marker to the location on 
the locus of interest and hit the enter key. The value of the parameter K and the 
value of the selected point will then be displayed in the command display. The use of 
the rlocfind function is illustrated in Figure 7.45. 

Control design software packages may respond differently when interacting with 
plots, such as with the rlocfind function on the root locus. The response of rlocfind 

D in Figure 7.45 corresponds to MATLAB. Refer to the companion website for more 

information on other control design software applications. 

Continuing our third-order root locus example, we find that when K = 20.5775, 
the closed-loop transfer function has three poles and two zeros, at 


—2.0505 + j4.3227 “4 
poles: s = | —2.0505 — j4.3227 |; zeros: § = (23) 


—0.8989 


Considering the closed-loop pole locations only, we would expect that the real pole 








at s = —.8989 would be the dominant pole. To verify this, we can study the closed- 
loop system response to a step input, R(s) = 1/s. For a step input, we have 
20.5775(s + 1)(s + 3 1 
¥(s) l ERD (7.110) 


s(s + 2)(s + 3) + 20.5775(s + 1) s` 


Generally, the first step in computing y(t) is to expand Equation (7.110) in a partial 
raction expansion. The residue function can be used to expand Equation (7.110), as 
shown in Figure 7.46. The residue function is described in Figure 7.47. 

















—2.0509 + 4.3228i = 
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Real Axis 











>>p=[1 1]; q=[1 5 6 0]; sys=tf(p,q); rlocus(sys) 
>orlocfind(sys) H rlocfind follows the rlocus function. 


Select a point in the graphics window 








selected_point = 
-2.0509 + 4.3228i 


FIGURE 7.45 Pae : 
Using the rlocfind 20.57754 Value of K at selected point 


function. 





FIGURE 7.46 
Partial fraction 
expansion of 
Equation (7.110). 
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5 





>>K=20.5775; num=K"[1 4 3]; den=[1 5 6+K K 0]; 
>>[r,p,k]=residue(num,den) 
r= 


-1.3786 + 1.7010i 
-1.3786 - 1.7010i 




















-0.2429 
3.0000 

pope) r(2) r(3) r(4) 
ie M8) = spay ts=p@ *5-p@ *s-p@ * 

— 
-2.0505 - 4.3228! | 
-2.0505 + 4.3228: 
-0.8989 r = residues 
0 p = poles 
k = direct term 

k= 











The partial fraction expansion of Equation (7.110) is 


—1.3786 + j1.7010 z —1.3786 — j1.7010 pa —0.2429 3 
s + 2.0505 + j4.3228 s + 2.0505 — j4.3228 s+ 0.8989 s 








Y(s) 


Comparing the residues, we see that the coefficient of the term corresponding to the 
pole at s = —0.8989 is considerably smaller than the coefficient of the terms corre- 
sponding to the complex-conjugate poles at s = —2.0505 + j4.3227. From this, we 
expect that the influence of the pole at s = —0.8989 on the output response y(0) is 
not dominant. The settling time (to within 2% of the final value) is then predicted by 
considering the complex-conjugate poles. The poles at s = —2.0505 + j4.3227 cor- 
respond to a damping of ¢ = 0.4286 and a natural frequency of w, = 4.7844. Thus, 
the settling time is predicted to be 





4 
T, = = 1.95s. 

H wn š 
Using the step function, as shown in Figure 7.48, we find that T, = 1.6 s. Hence, our 
approximation of settling time T; ~ 1.95 is a fairly good approximation. The percent 
overshoot can be predicted using Figure 5.13 since the zero of T(s) at s = —3 will 
impact the system response. Using Figure 5.13, we predict an overshoot of 60%. As 


can be seen in Figure 7.48, the actual overshoot is 50%. 


462 


FIGURE 7.47 
The residue 
function. 


FIGURE 7.48 
Step response for 
the closed-loop 
system in 

Figure 7.10 with 
K = 20.5775. 
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r = residues 
p = pole locations Y(s) = T(s)U(s) = 
k = direct term 


E 


[r,p,k]=residue(num,den) 


num 
den 


















r(1) x r(2) 
s—p(l) s=p(2) 


r(n) 
s — p(n) 





Y(s) = + k(s) 











When using the step function, we can right-click on the figure to access the pull- 
down menu, which allows us to determine the step response settling time and peak 
response, as illustrated in Figure 7.48. On the pull-down menu select “Characteris- 
tics” and select “Settling Time.” A dot will appear on the figure at the settling point. 
Place the cursor over the dot to determine the settling time. 

In this example, the role of the system zeros on the transient response is illustrated. 
The proximity of the zero at s = —1 to the pole at s = —0.8989 reduces the impact of 
that pole on the transient response. The main contributors to the transient response 
are the complex-conjugate poles at s = —2.0505 + /4.3228 and the zero at s = —3. 

There is one final point regarding the residue function: We can convert the par- 
tial fraction expansion back to the polynomials num/den, given the residues r, the 
pole locations p, and the direct terms k, with the command shown in Figure 7.49. 


Fle Edt Vem Inert Tods Wodan Help Fle Ed Vem rot Tock Wrdow Help 
DUSA, PEA DSUS RAZ? PAY 





Sep Response 























Right click on figure to 
open pull-down menu 


Select peak response 
and settling time. 











>>K=20.5775;num=k'*[1 4 3]; den=[1 5 6+K K]; sys=tf(num,den); 
>>step(sys) 








FIGURE 7.49 
Converting a partial 
fraction expansion 
back to a rational 
function. 
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r = residues 
p = pole locations 
k = direct term 


num 


Y(s) = T(s)U(s) = Jen 





[num,den]=residue(r,p,k) 








Sensitivity and the Root Locus. The roots of the characteristic equation play an 
important role in defining the closed-loop system transient response. The effect of 
parameter variations on the roots of the characteristic equation is a useful measure 
of sensitivity. The root sensitivity is defined to be 


or; 
oK/K™ 





(7.111) 


We can use Equation (7.111) to investigate the sensitivity of the roots of the charac- 
teristic equation to variations in the parameter K. If we change K by a small finite 
amount AK, and evaluate the modified root r; + Ar; it follows that 


Si. — (7.112) 


The quantity S% is a complex number. Referring back to the third-order example of 
Figure 7.10 (Equation 7.108), if we change K by a factor of 5%, we find that the 
dominant complex-conjugate pole at s = —2.0505 + j4.3228 changes by 


Ar; = —0.0025 — j0.1168 
when K changes from K = 20.5775 to K = 21.6064. From Equation (7.112), it fol- 
lows that 


—0.0025 — 0.1168 
1.0289/20.5775 








Sk 0.0494 — j2.3355. 


The sensitivity S% can also be written in the form 


Sk = 2.34/268.79°. 


The magnitude and direction of S% provides a measure of the root sensitivity. The 
script used to perform these sensitivity calculations is shown in Figure 7.50. 

The root sensitivity measure may be useful for comparing the sensitivity for var- 
ious system parameters at different root locations. 


7.9 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


In Chapter 6, we introduced a new configuration for the control system using veloci- 
ty feedback (see Section 6.7). In this chapter, we will use the PID controller to obtain 
a desirable response. We will proceed with our model and then select a controller. 
Finally, we will optimize the parameters and analyze the performance. In this chap- 
ter, we will use the root locus method in the selection of the controller parameters. 
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FIGURE 7.50 
Sensitivity 
calculations for the 
root locus for a 5% 
change in 

K = 20.5775. 


FIGURE 7.51 
Disk drive control 
system with a PD 
controller. 
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% Compute the system sensitivity to a parameter 
% variation 

% 

K=20.5775, den=[1 5 6+K K]; r1=roots(den); 

% 
dK=1.0289; <—————————__._ 5% change in K 
% 
Km=K+dK; denm=[1 5 6+Km Km]; r2=roots(denm); 


dr=r1-r2; ee 
Ar 
S=dr/(dK/K); Sensitivity formula 























We use the root locus to select the controller gains. The PID controller intro- 
duced in this chapter is 


K 
G(s) = Kp + Fa + Kps. 
Since the process model G(s) already possesses an integration, we set K; = 0. Then 
we have the PD controller 
G(s) = Kp + Kps, 

and our goal is to select Kp and Kp in order to meet the specifications. The system is 
shown in Figure 7.51. The closed-loop transfer function of the system is 

Y(s) G(s)Gi(s)Ga(s) 

R(s) 1 + G,(s)G,(s)Ga(s)H(s)’ 








T(s) 


where H(s) = 1. 
In order to obtain the root locus as a function of a parameter, we write 
G(s)Gi(s)G2(s)H(s) as 
5000(Kp + Kps) 
s(s + 20)(s + 1000) 


5000Kp(s + z) 
s(s + 20)(s + 1000)’ 











G.G\GH(s) 


where z = Kp/Kp. We use Kp to select the location of the zero z and then sketch the 
locus as a function of Kp. Based on the insight developed in Section 6.7, we select 
z = 1so that 


5000Kp(s + 1) 


















GGGH => So 
GiGoH(s) s(s + 20)(s + 1000) 
Disturbance 
Tuls) 
[ PD controller Motor coil Load 
Ys) 
= = —_ 5000 _ 1 an 
R(s) GAs) = Kp + Kps G(s) = 5+ 1000 G(s) = se +20) Head 
position 














FIGURE 7.52 
Sketch of the root 
locus. 
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Asymptote 





s = —509,52 + 464.68) 





s = —0.96 
x+ I —— Ton* 
— 1000 —20 -j 

ay = -509.5 
A = roots when 
Kp = 91.3 





Table 7.6 Disk Drive Control System Specifications and 
Actual Design Performance 





Performance Actual 
Measure Desired Value Response 
Percent overshoot Less than 5% 0% 
Settling time Less than 250 ms 20ms _ 
Maximum response Less than 5 x 10° 2.3% 10°? 


to a unit disturbance 





The number of poles minus the number of zeros is 2, and we expect asymptotes at 
ob, = £90° with a centroid 


—1020 + 1 
d4 = a al —509.5, 


as shown in Figure 7.52. We can quickly sketch the root locus, as shown in Figure 1.52: 
We use the computer-generated root locus to determine the root values for various 
values of Kp. When Kp = 91.3, we obtain the roots shown in Figure 7.52. Then, 
obtaining the system response, we achieve the actual response measures as listed in 
Table 7.6. As designed, the system meets all the specifications. It takes the system a 
settling time of 20 ms to “practically” reach the final value. In reality, the system drifts 
very slowly toward the final value after quickly achieving 97% of the final value. 


The relative stability and the transient response performance of a closed-loop con- 
trol system are directly related to the location of the closed-loop roots of the charac- 
teristic equation. Therefore, we have investigated the movement of the characteristic 
roots on the s-plane as the system parameters are varied by using the root locus 
method. The root locus method, a graphical technique, can be used to obtain an 
approximate sketch in order to analyze the initial design of a system and determine 
suitable alterations of the system structure and the parameter values. A computer is 
commonly used to calculate several accurate roots at important points on the locus. 
A summary of fifteen typical root locus diagrams is shown in Table Tits 
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Furthermore, we extended the root locus method for the design of several para- 
meters for a closed-loop control system. Then the sensitivity of the characteristic 
roots was investigated for undesired parameter variations by defining a root sensi- 
tivity measure. It is clear that the root locus method is a powerful and useful approach 
for the analysis and design of modern control systems and will continue to be one of 
the most important procedures of control engineering. 


EXERCISES 


E7.1 Let us consider a device that consists of a ball rolling 
on the inside rim of a hoop [11]. This model is similar 
to the problem of liquid fuel sloshing in a rocket. The 
hoop is free to rotate about its horizontal principal 
axis as shown in Figure E7.1. The angular position of 
the hoop may be controlled via the torque T applied 
to the hoop from a torque motor attached to the hoop 
drive shaft. If negative feedback is used, the system 
characteristic equation is 


Ks(s +4) _ 
s?+2s4+2 


(a) Sketch the root locus. (b) Find the gain when the 
roots are both equal. (c) Find these two equal roots. 
(d) Find the settling time of the system when the roots 
are equal. 


Torque 
T(t) 


Hoop 


FIGURE E7.1 Hoop rotated by motor. 


E7.2 The open-loop transfer function of a unity feedback 





K T Find the closed-loop poles when K = 


system is 
1,2,3,..., 10, and mark it on the s-plane. 


E73 A control system for an automobile suspension 
tester has negative unity feedback and a process [12] 


K(s? + 4s + 8) 


G.(s)G(s) = 
e(s)G(s) s+) 
We desire the dominant roots to have a equal to 0.5. 
Using the root locus, show that K = 7.35 is required 
and the dominant roots are s = —1.3 + j2.2. 


E7.4 Consider the closed-loop system in Figure E7.4. Find 
the closed-loop poles when K = 0, 2, 4, 6, 8, 10. Mark 
the same on the s-plane. 


E7.5 A unity feedback system with open-loop transfer 


function 





is controlled by an integral controller 
(s + 4) 

of gain K}. 

(a) Find the closed-loop poles when K=0,2,4,6,8, 10. 
Is the system stable for these values of K;? 

(b) Find the range of values of K,for which the sys- 
tem is stable. 

(c) Find the range of values of K; for which system is 
underdamped. 


E7.6 One version of a space station is shown in Figure E7.6 
[30]. It is critical to keep this station in the proper 
orientation toward the sun and the Earth for generat- 
ing power and communications. The orientation con- 
troller may be represented by a unity feedback system 
with an actuator and controller, such as 


20K 


GANGS) = 25 20s + 100) 


Sketch the root locus of the system as K increases. 
Find the value of K that results in an unstable system. 


Answers: K = 100 
E7.7 Consider a unity feedback system with open-loop 
K 


transfer function ————_———-.. 
s(s + 2)(s + 4) 








FIGURE E7.4 
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Radar antenna 


Rockets 


Adjuster 
rockets 


Space shuttle 
FIGURE E7.6 Space station. 


(a) Draw the root locus of the system. 

(b) Find the range of value of K for which the system 
is stable. 

(c) Find the range of values of K for which all the 
closed-loop poles are real. 


E7.8 Sketch the root locus for a unity feedback system with 
K(s + 1) 


GANG) = Soy" 


(a) Find the gain when all three roots are real and 
equal. (b) Find the roots when all the roots are equal 
as in part (a). 
Answers: K = 27;s = -3 

E7.9 Consider the closed-loop system given in Figure E7.9. 
(a) Find the characteristic equation. 
(b) Draw the locus of the roots of the characteristic 

equation. 

(c) Find the value of K for which damping ratio is 0.2. 
(d) Find the corresponding dominant closed-loop poles. 


E7.10 A unity feedback system has the loop transfer 
function 
K(s + 2) 


KG(s) = REET $1)" 


(a) Find the breakaway and entry points on the real 
axis. 







(s+1) (s+2) 





(0.2s+1) 





FIGURE E7.9 A fourth-order system. 
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(b) Find the gain and the roots when the real part of 
the complex roots is located at —2. (c) Sketch the 
locus. 


Answers: (a) 0.59, ~3.41; (b) K = 3, s = -2 + jV2 
E7.11 A robot force control system with unity feedback 
has a loop transfer function [6] 
K(s + 2.5) 
(s? + 2s + 2)(s? + 45 + 5) 





KG(s) = 


(a) Find the gain K that results in dominant roots with 
a damping ratio of 0.707. Sketch the root locus. 

(b) Find the actual percent overshoot and peak time 
for the gain K of part (a). 


E7.12 A unity feedback system has a loop transfer function 
K(s + 1) 


KG(s) = —~— + — 
O Sacer 18) 


(a) Sketch the root locus for K > 0. (b) Find the 
roots when K = 10 and 20. (c) Compute the 0-100% 
rise time, percent overshoot, and settling time (with a 
2% criterion) of the system for a unit step input when 
K = 10 and 20. 


E7.13 A unity feedback system has a loop transfer function 
4(s + z) 


SADC) = ean ihre 3)" 


(a) Draw the root locus as z varies from 0 to 100. 
(b) Using the root locus, estimate the percent overshoot 
and settling time (with a 2% criterion) of the system at 
z = 0.6, 2, and 4 for a step input. (c) Determine the 
actual overshoot and settling time at z = 0.6, 2, and 4. 


E7.14 A unity feedback system has the loop transfer 
function 


K(s + 10) 


G.(s)G(s) = ETER 


(a) Determine the breakaway and entry points of the 
root locus and sketch the root locus for K > 0. 
(b) Determine the gain K when the two characteristic 
roots have a ¢ of 1/ V2. (c) Calculate the roots. 

E7.15 (a) Plot the root locus for a unity feedback system 
with loop transfer function 


agag- St WS FD en 


(b) Calculate the range of K for which the system is 
stable. (c) Predict the steady-state error of the system 
for a ramp input. 


Answers: (a) K > 1.67: (b) es, = 0 


Exercises 
E7.16 A negative unity feedback system has a loop trans- 
fer function 


Keo? 
s+ 





G.(s)G(s) = 


where T = 0.1 s. Show that an approximation for the 
time delay is 





Z-s 
ETa T 
2, 
Using 
-o1s . 20-5 
20+ 8° 


obtain the root locus for the system for K > 0. Deter- 
mine the range of K for which the system is stable. 


E7.17 A control system, as shown in Figure E7.17, has a 
process 


G(s) = =a) 


(a) When G,(s) = K, show that the system is always 
unstable by sketching the root locus. (b) When 


sketch the root locus and determine the range of K for 
which the system is stable. Determine the value of K 
and the complex roots when two roots lie on the 
jo-axis. 


Y(s) 








FIGURE E7.17 Feedback system. 


E7.18 A closed-loop negative unity feedback system is 
used to control the yaw of the A-6 Intruder attack jet. 
When the loop transfer function is 


K 


Cipa = See 
FANGS) = Oy ays? 4 Os + 2) 
determine (a) the root locus breakaway point and 
(b) the value of the roots on the jw-axis and the gain 
required for those roots. Sketch the root locus. 
Answers: (a) Breakaway: s = —2.29 (b) jw-axis: 
s = +j1.09,K =8 
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E7.19 A unity feedback system has a loop transfer function 
o eee 
s(s + 3)(s? + 6s + 64) 
(a) Determine the angle of departure of the root 
locus at the complex poles. (b) Sketch the root locus. 


(c) Determine the gain K when the roots are on the 
jo-axis and determine the location of these roots. 


E7.20 A unity feedback system has a loop transfer func- 
tion 


GAs)G(s) = 


K(s + 1) 
s(s — 1)(s + 4) 
(a) Determine the range of K for stability. (b) Sketch 
the root locus. (c) Determine the maximum ¢ of the 
stable complex roots. 
Answers: (a) K > 6; (b) ¢ = 0.2 
E7.21 A unity feedback system has a loop transfer function 
Ks 
sit 5s? +10 


G(s)G(s) = 


G(s)G(s) = 


Sketch the root locus. Determine the gain K when the 
complex roots of the characteristic equation have a ¢ 
approximately equal to 0.66. 

E7.22 A high-performance missile -for launching a satel- 
lite has a unity feedback system with a loop transfer 
function 

K(s* + 20)(s + 1) 

(s? — 2)(s + 10) ` 


Sketch the root locus as K varies from 0 < K < œ. 
E7.23 A unity feedback system has a loop transfer function 
4(s? + 1) 

s(s + a)” 


GAs)G(s) = 


G.(s)G(s) = 


Sketch the root locus for 0 = a < %. 
E7.24 Consider the system represented in state variable 
form 


x = Ax + Bu 
y = Cx + Du, 


0 
afs, 
C=[1 0], and D = [0]. 


Determine the characteristic equation and then 
sketch the root locus as 0 < k < œ%. 


where 


E7.25 A closed-loop feedback system is shown in 
Figure E7.25. For what range of values of the para- 
meters K is the system stable? Sketch the root locus 
as0 < K < 00, 
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Yis) 


FIGURE 7.25 
Nonunity feedback 
system with 
parameter K. 





E7.26 Consider the signle-input, single-output system is Compute the characteristic polynomial and plot the 











described by root locusas0 < K < œ. For what values of K is the 
X(t) = Ax(t) + Bu(t) system stable? 
y(t) = Cx(t) E7.27 Consider the unity feedback system in Figure 
E7.27. Sketch the root locus as 0 = p < oo. 
where 
0 
a: l; -K 
Hs) 
FIGURE 7.27 
Unity feedback 
system with 
parameter p. 
PROBLEMS 


P7.1 Sketch the root locus for the following loop transfer P7.3 Consider a unity feedback system with open-loop 
functions of the system shown in Figure P7.1 when 7 K 
0<K<o: transfer function ————~____ 
(s +a)(s +b) 


K 
Ser EE 7 When the closed-loop system is subjected to a step 
s(s + 10)(s + 8) input, the output has an overshoot of 16.3% but ulti- 
K mately attains the final value of 1. The response to a 
(° + 2s + 2)(s + 1) ramp input has a steady-state error of 0.0625. 


K(s +5) (a) Find the value of K, a and b. 
aS a (b) Mark the closed-loop poles. 
s(s + 2)(s + 7) 


(a) G.(s)G(s) = 
(b) G(s)G(s) = 


(c) G(s)G(s) = 


FIGURE P7.1 


(c) If the gain is doubled, find the closed-loop poles 
P P 
K(s? + 4s + 8) and mark it on the s-plane. 

s*(s + 7) 


(d) G(s)G(s) = 


P7.2 The linear model of a phase detector was presented in 


Problem 6.7. Sketch the root locus as a function of the 
gain K, = K,K. Determine the value of K, attained 
if the complex roots have a damping ratio equal to 
0.60 [13]. 


Controller 


(d) Find percentage overshoot corresponding to the 
gain obtained in (c). 


P7.4 The analysis of a large antenna was presented in 


Problem 4.5. Sketch the root locus of the system as 
0 < ka < œ. Determine the maximum allowable 
gain of the amplifier for a stable system. 


Process 


Y(s) 
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Ty(s) 
Disturbance 







Helicopter dynamics 


G(s) 


Y(s) 
Pitch 
attitude 





Automatic stabilization 


) 
t9 


P7.5 Automatic control of helicopters is necessary P7.6 An attitude control system for a satellite vehicle 


FIGURE P7.5 
Helicopter control. 











because, unlike fixed-wing aircraft which possess a fair within the earth’s atmosphere is shown in Figure P7.6. 
degree of inherent stability, the helicopter is quite The transfer functions of the system are 
unstable. A helicopter control system that utilizes an 
automatic control loop plus a pilot stick control is G(s) = K(s + 0.20) 
shown in Figure P7.5. When the pilot is not using the (s + 0.90)(s — 0.60)(s — 0.10) 
control stick, the switch may be considered to be 
open. The dynamics of the helicopter are represented and 
by the transfer function G (S24 ero jae) 

a 25(s + 0.03) es) s+ 40 : 

s) = A 
(s + 0.4)(s? — 0.36s + 0.16) (a) Draw the root locus of the system as K varies from 


0 to 00. (b) Determine the gain K that results in a sys- 
tem with a settling time (with a 2% criterion) less than 
12 seconds and a damping ratio for the complex roots 
greater than 0.50. 


(a) With the pilot control loop open (hands-off con- 
trol), sketch the root locus for the automatic stabiliza- 
tion loop. Determine the gain K, that results ina 
damping for the complex roots equal to ¢ = 0.707. 
(b) For the gain K, obtained in part (a),determine the P7.7 The speed control system for an isolated power sys- 


steady-state error due to a wind gust T,(s) = 1/s. tem is shown in Figure P7.7. The valve controls the 
(c) With the pilot loop added, draw the root locus as steam flow input to the turbine in order to account for 
K; varies from zero to co when K, is set at the value load changes AL(s) within the power distribution net- 
calculated in part (a). (d) Recalculate the steady-state work, The equilibrium speed desired results in a gener- 
error of part (b) when K; is equal to a suitable value ator frequency equal to 60 cps. The effective rotary 
based on the root locus. inertia J is equal to 4000 and the friction constant bis 


Satellite 
dynamics 




















PHS) + 
Desired CG) G(s) G(s) o 
arite Attitude 
FIGURE P7.6 ii 
Satellitte attitude 
control. 
Load 
torque 
Speed Steam AL(s) 
governor tu 
Aas) 
Reference _ + as 1 g 
speed GS) = 0355+ 1 oe 
= deviation 
FIGURE P7.7 
Power system 


control. R = regulation factor 
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equal to 0.75. The steady-state speed regulation factor 
Ris represented by the equation R ~ (wọ — w,)/AL, 
where w, equals the speed at rated load and wg equals 
the speed at no load. We want to obtain a very small 
R, usually less than 0.10. (a) Using root locus tech- 
niques, determine the regulation R attainable when 
the damping ratio of the roots of the system must be 
greater than 0.60. (b) Verify that the steady-state speed 
deviation for a load torque change AL(s) = AL/s is, 
in fact, approximately equal to RAL when R < 0.1. 


P7.8 Consider again the power control system of Prob- 
lem P7.7 when the steam turbine is replaced by a 
hydroturbine. For hydroturbines, the large inertia of 
the water used as a source of energy causes a consid- 
erably larger time constant. The transfer function of a 
hydroturbine may be approximated by 





where 7 = 1 second. With the rest of the system 
remaining as given in Problem P7.7, repeat parts (a) 
and (b) of Problem P7.7. 


P7.9 The achievement of safe, efficient control of the 


spacing of automatically controlled guided vehicles is 
an important part of the future use of the vehicles in a 
manufacturing plant [14, 15]. It is important that the 
system eliminate the effects of disturbances (such as 
oil on the floor) as well as maintain accurate spacing 
between vehicles on a guideway. The system can be 
represented by the block diagram of Figure P7.9. The 
vehicle dynamics can be represented by 


(s + 0.1)(s? + 2s + 289) 
s(s — 0.4)(s + 0.8)(s? + 1.45s + 361) 





G(s) = 


(a) Sketch the root locus of the system. (b) Determine 
all the roots when the loop gain K = K, Kis equal to 
4000. 

















=i + 1 
G= (7/2)s + 1° 
Controller 
R(s) 
Desired praan) 
äi (s + 30) 
spacing - 














Engine throttle Vehicle 
K. Yis) 
2 G(s) Spacing between 
E vehicles 









FIGURE P7.9 
Guided vehicle 
control. 


P7.10 New concepts in passenger airliner design will have 
the range to cross the Pacific in a single flight and the 
efficiency to make it economical [16, 31]. These new 
designs will require the use of temperature-resistant, 
lightweight materials and advanced control systems. 
Noise control is an important issue in modern aircraft 
designs since most airports have strict noise level 
requirements. One interesting concept is the Boeing 
Sonic Cruiser depicted in Figure P7.10(a). It would 
seat 200 to 250 passengers and cruise at just below the 
speed of sound. 

The flight control system must provide good han- 
dling characteristics and comfortable flying condi- 
tions. An automatic control system can be designed 
for the next generation passenger aircraft. 

The desired characteristics of the dominant roots 
of the control system shown in Figure P7.10(b) have a 
¢ = 0.707. The characteristics of the aircraft are 
@, = 2.5, ¢ = 0.30, and 7 = 0.1. The gain factor Ki, 
however, will vary over the range 0.02 at medium- 
weight cruise conditions to 0.20 at lightweight descent 
conditions. (a) Sketch the root locus as a function of 
the loop gain K, Kp. (b) Determine the gain K, neces- 
sary to yield roots with ¢ = 0.707 when the aircraft is 
in the medium-cruise condition. (c) With the gain K, 
as found in part (b), determine the ¢ of the roots when 
the gain K; results from the condition of light descent. 





P7.11 A computer system requires a high-performance 


magnetic tape transport system [17]. The environmen- 
tal conditions imposed on the system result in a severe 
test of control engineering design. A direct-drive DC 
motor system for the magnetic tape reel system is 
shown in Figure P7.11, where r equals the reel radius, 
and J equals the ree] and rotor inertia. A complete 
reversal of the tape reel direction is required in 6 ms, 
and the tape reel must follow a step command in 3 ms 
or less. The tape is normally operating at a speed of 
100 in/s. The motor and components selected for this 
system possess the following characteristics: 


K, = 0.40 r=02 
K, = K, = 2.0 
Ti = T = lms Ky is adjustable. 
Kr/(LJ) = 2.0 


The inertia of the reel and motor rotor is 2.5 x 1073 
when the reel is empty, and 5.0 X 107° when the reel 
is full. A series of photocells is used as an error- 
sensing device. The time constant of the motor is 
L/R = 0.5 ms. (a) Sketch the root locus for the system 
when Kz = 10 and J = 5.0 x 10°, 0 < K, < ©. 
(b) Determine the gain K, that results in a well-damped 
system so that the ¢ of all the roots is greater than or 
equal to 0.60. (c) With the K, determined from part 
(b), sketch a root locus for 0 < K, < 00, 
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(a) 








Controller 










Re (s + 2)°K3 






(s + 10)(s + 100) 








Actuator Aircraft dynamics 
K\(7s +1) 


3? + 2Lw,5 + oF 









Ys) 
Pitch 
rate 









FIGURE P7.10 

(a) A passenger jet 
aircraft of the 
future. (™ and © 
Boeing. Used under 
license.) (b) Control 
system. 


P7.12 A precision speed control system (Figure P7.12) is 
required for a platform used in gyroscope and inertial 
system testing where a variety of closely controlled 
speeds is necessary. A direct-drive DC torque motor 
system was utilized to provide (1) a speed range of 
0.01°/s to 600°/s, and (2) 0.1% steady-state error maxi- 
mum for a step input. The direct-drive DC torque 
motor avoids the use of a gear train with its attendant 
backlash and friction. Also, the direct-drive motor has 
a high-torque capability, high efficiency, and low motor 
time constants. The motor gain constant is nominally 
Km = 1.8, but is subject to variations up to 50%. The 
amplifier gain K, is normally greater than 10 and sub- 
ject to a variation of 10%. (a) Determine the minimum 
loop gain necessary to satisfy the steady-state error 
requirement. (b) Determine the limiting value of gain 
for stability. (c) Sketch the root locus as K, varies from 
0 to oo. (d) Determine the roots when K, = 40, and 
estimate the response to a step input. 


P7.13 A unity feedback system has the loop transfer 
function 


GANGS) = Ty ay + as + 7.84) 





(a) Find the breakaway point on the real axis and the 
gain for this point. (b) Find the gain to provide two 
complex roots nearest the jo-axis with a damping 
ratio of 0.707. (c) Are the two roots of part (b) domi- 
nant? (d) Determine the settling time (with a 2% cri- 
terion) of the system when the gain of part (b) is used. 


P7.14 The loop transfer function of a single-loop negative 
feedback system is 


K(s + 2)(s + 3) 


= a a s a E, 
GANGS) = By 1)(s + 10)(s + 50) 
This system is called conditionally stable because it is 
stable only for a range of the gain K such that 
kı < K < ky, Using the Routh-Hurwitz criteria and 
the root locus method, determine the range of the gain 
for which the system is stable. Sketch the root locus 
for0 < K < œ. 


P7.15 Let us again consider the stability and ride of a 
rider and high performance motorcycle as outlined 
in Problem 6.13. The dynamics of the motorcycle 
and rider can be represented by the loop transfer 
function 
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FIGURE P7.11 
(a) Tape control 
system. (b) Block 
diagram. 
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FIGURE P7.12 
Speed control. 


K(s? + 30s + 625) 


G.(s)G(s) = 
TG = ome aaa 200)(s? + 605 + 3400) 





Sketch the root locus for the system. Determine the È 
of the dominant roots when K = 3 x 104. 


P7.16 Control systems for maintaining constant tension 
on strip steel in a hot strip finishing mill are called 
“loopers.” A typical system is shown in Figure P7.16. 


K,(s + 25)(s + 15) 
‘s+ 2) 





(b) 





Ta 
Disturbance 





¥(s) 
Speed 






The looper is an arm 2 to 3 feet long with a roller on the 
end; it is raised and pressed against the strip by a motor 
[18]. The typical speed of the strip passing the looper is 
2000 ft/min. A voltage proportional to the looper posi- 
tion is compared with a reference voltage and integrat- 
ed where it is assumed that a change in looper position 
is proportional to a change in the steel strip tension. 
The time constant 7 of the filter is negligible relative to 
the other time constants in the system. (a) Sketch the 
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FIGURE P7.16 
Steel mill control 
system. 


root locus of the control system for 0 < K, < ©. 
(b) Determine the gain K, that results in a system 
whose roots have a damping ratio of ¢ = 0.707 or 
greater. (c) Determine the effect of r as 7 increases 
from a negligible quantity. 


P7.17 Consider again the vibration absorber discussed in 
Problems 2.2 and 2.10 as a design problem. Using the 
root locus method, determine the effect of the para- 
meters M, and kj. Determine the specific values of 
the parameters M3 and ky so that the mass M, does 
not vibrate when F(t) = a sin(@ot). Assume that 
M, =1,k,; = 1, and b= 1. Also assume that 
ky. < 1 and that the term ki may be neglected. 


P7.18 A feedback control system is shown in Figure 
P7.18. The filter G,(s) is often called a compensator, 
and the design problem involves selecting the parame- 
ters a and 8. Using the root locus method, determine 
the effect of varying the parameters. Select a suitable 
filter so that the time to settle (to within 2% of the 
final value) is less than 4 seconds and the damping 
ratio of the dominant roots is greater than 0.60. 


Process 


4 Ys) 
—— s 
s(s + 2) 





FIGURE P7.18 


Filter design. 





(b) 


P7.19 In recent years, many automatic control systems 
for guided vehicles in factories have been installed. 
One system uses a guidance cable embedded in the 
floor to guide the vehicle along the desired lane [10, 
15]. An error detector, composed of two coils mount- 
ed on the front of the cart, senses a magnetic field pro- 
duced by the current in the guidance cable. An 
example of a guided vehicle in a factory is shown in 
Figure P7.19(a). We have 


s? + 3.65 + 81 
GO) = 64 Is +5) 


and K, is the amplifier gain. (a) Sketch a root locus 
and determine a suitable gain K, so that the damping 
ratio of the complex roots is 0.707. (b) Determine the 
root sensitivity of the system for the complex root rı 
as a function of (1) K, and (2) the pole of G(s) at 
s=-l. 


P7.20 Determine the root sensitivity for the dominant 
roots of the design for Problem 7.18 for the gain 
K = 4a/B and the pole s = —2. 


P7.21 Determine the root sensitivity of the dominant 
roots of the power system of Problem P7.7. Evaluate 
the sensitivity for variations of (a) the poles at 
s = —4, and (b) the feedback gain, 1/R. 


P7.22 Determine the root sensitivity of the dominant 
roots of Problem P7.1(a) when K is set so that the 
damping ratio of the unperturbed roots is 0.707. Eval- 
uate and compare the sensitivity as a function of the 
poles and zeros of G(s)G(s)- 
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FIGURE P7.19 Rin) 
(a) An automatically Direction 
guided vehicle. reference 
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Direction 


G(s) 





of travel 





(Photo courtesy of 
Control Engineering 
Corporation.) 

(b) Block diagram. 


P7.23 Repeat Problem P7.22 for the loop transfer func- 
tion G.(s)G(s) of Problem P7.1(c). 


P7.24 For systems of relatively high degree, the form of 
the root locus can often assume an unexpected pattern. 
The root loci of four different feedback systems of 
third order or higher are shown in Figure P7.24. The 
open-loop poles and zeros of KG(s) are shown, and the 
form of the root loci as K varies from zero to infinity is 
presented. Verify the diagrams of Figure P7.24 by con- 
structing the root loci. 





(b) 


transistor amplifier. Then the loop transfer function 
may be written as 


E K(s — 1)(s + 3)? 
HOD = | eee 


(a) Using the root locus method, determine the locus 
of roots as K varies from zero to infinity. (b) Calculate 
the gain at borderline stability and the frequency of 
oscillation for this gain. 


P7.25 Solid-state integrated electronic circuits are com- P7.26 A single-loop negative feedback system has a loop 


posed of distributed R and C elements. Therefore, 
feedback electronic circuits in integrated circuit form 
must be investigated by obtaining the transfer func- 
tion of the distributed RC networks. It has been shown 
that the slope of the attenuation curve of a distributed 
RC network is 10n dB/decade, where n is the order of 
the RC filter [13]. This attenuation is in contrast with 
the normal 207 dB/decade for the lumped parameter 
circuits. (The concept of the slope of an attenuation 
curve is considered in Chapter 8. If it is unfamiliar, 
reexamine this problem after studying Chapter 8.) An 
interesting case arises when the distributed RC net- 
work occurs in a series-to-shunt feedback path of a 


transfer function 


K(s + 2)? 


GAL)G(s) s(s? + 1)(s + 8) 

(a) Sketch the root locus for 0 = K = © to indicate 
the significant features of the locus. (b) Determine the 
range of the gain K for which the system is stable. 
(c) For what value of K in the range K = 0 do purely 
imaginary roots exist? What are the values of these 
roots? (d) Would the use of the dominant roots approx- 
imation for an estimate of settling time be justified in 
this case for a large magnitude of gain (K > 50)? 


Problems 





(b) 
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FIGURE P7.24 











Root loci of four 
systems. 


P7.27 A unity negative feedback system has a loop trans- 
fer function 


K(s? + 0.105625) 

s(s? + 1) 
_ K(s + j0.325)(s — j0.325) 
j s(s? + 1) i 


G(s)G(s) = 


Sketch the root locus as a function of K. Carefully cal- 
culate where the segments of the locus enter and leave 
the real axis. 


P7.28 To meet current U.S. emissions standards for auto- 
mobiles, hydrocarbon (HC) and carbon monoxide 
(CO) emissions are usually controlled by a catalytic 
converter in the automobile exhaust. Federal standards 


for nitrogen oxides (NO,) emissions are met mainly by 
exhaust-gas recirculation (EGR) techniques. However, 
as NO, emissions standards were tightened from the 
current limit of 2.0 grams per mile to 1.0 gram per mile, 
these techniques alone were no longer sufficient. 
Although many schemes are under investigation 
for meeting the emissions standards for all three emis- 
sions, one of the most promising employs a three-way 
catalyst—for HC, CO, and NO, emissions—in con- 
junction with a closed-loop engine-control system. 
The approach is to use a closed-loop engine control, as 
shown in Figure P7.28 [19, 23]. The exhaust-gas sensor 
gives an indication of a rich or lean exhaust and com- 
pares it to a reference. The difference signal is 
processed by the controller, and the output of the con- 
troller modulates the vacuum level in the carburetor 
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FIGURE P7.28 
Auto engine control. 


to achieve the best air-fuel ratio for proper operation 
of the catalytic converter. The loop transfer function is 
represented by 


_ Ks? + 12s + 20 
s? + 10s? + 255° 


L(s) 


Calculate the root locus as a function of K. Carefully 
calculate where the segments of the locus enter and 
leave the real axis. Determine the roots when K = 2. 
Predict the step response of the system when K = 2. 

P7.29 A unity feedback control system has a transfer 
function 


K(s? + 85 + 25) 
s(s+ 4) — 


We desire the dominant roots to have a damping 
ratio equal to 0.707. Find the gain K when this con- 
dition is satisfied. Show that the complex roots are 
s = —4 + j4at this gain. 

P7.30 An RLC network is shown in Figure P7.30. The 
nominal values (normalized) of the network elements 
are L — C = 1 and R = 2.5. Show that the root sen- 
sitivity of the two roots of the input impedance Z(s) to 
a change in R is different by a factor of 4. 


o> MN 
eed 


Zs) L 


Gs)G(s) = 








-o 


FIGURE P7.30 RLC network. 


P7.31 The development of high-speed aircraft and missiles 
requires information about aerodynamic parameters 
prevailing at very high speeds. Wind tunnels are used to 
test these parameters. These wind tunnels are con- 
structed by compressing air to very high pressures and 
releasing it through a valve to create a wind. Since the 
air pressure drops as the air escapes, it is necessary to 
open the valve wider to maintain a constant wind 
speed. Thus, a control system is needed to adjust the 
valve to maintain a constant wind speed. The loop 
transfer function for a unity feedback system is 


K(s + 4) 


GA)G(S) = Soles + pis = By 






Oxygen 





where p = 7.3 + 9.7831j. Sketch the root locus and 
show the location of the roots for K = 326 and 
K = 1350. 
P7.32 A mobile robot suitable for nighttime guard duty is 
available. This guard never sleeps and can tirelessly 
patrol large warehouses and outdoor yards. The steer- 
ing control system for the mobile robot has a unity 
feedback with the loop transfer function 
K(s + 1)(s + 5) 
GANGS) = E ELS + 2) 
(a) Find K for all breakaway and entry points on the 
real axis. (b) Find K when the damping ratio of the 
complex roots is 0.707. (c) Find the minimum value of 
the damping ratio for the complex roots and the asso- 
ciated gain K. (d) Find the overshoot and the time to 
settle (to within 2% of the final value) for a unit step 
input for the gain, K, determined in parts (b) and (c). 


P7.33 The Bell-Boeing V-22 Osprey Tiltrotor is both an 
airplane and a helicopter. Its advantage is the ability to 
rotate its engines to 90° from a vertical position for 
takeoffs and landings as shown in Figure P7.33(a), and 
then to switch the engines to a horizontal position for 
cruising as an airplane [20]. The altitude control system 
in the helicopter mode is shown in Figure P7.33(b). 
(a) Determine the root locus as K varies and deter- 
mine the range of K for a stable system. (b) For 
K = 280, find the actual y(¢) for a unit step input r(t) 
and the percentage overshoot and settling time (with a 
2% criterion). (c) When K = 280 and r(t) = 0, find 
y(t) for a unit step disturbance, T,(s) = 1/s. (d) Adda 
prefilter between R(s) and the summing node so that 


0.5 
s? + 155 + 0.5" 





G,(s) = 


and repeat part (b). 


P7.34 The fuel control for an automobile uses a diesel 
pump that is subject to parameter variations. A unity 
negative feedback has a loop transfer function 

K(s + 2) 
(s + 1)(s + 2.5)(s + 4)(s + 10)" 





G.(s)G(s) = 


(a) Sketch the root locus as K varies from 0 to 2000. 
(b) Find the roots for K equal to 400, 500, and 600. 
(c) Predict how the percent overshoot to a step will 
vary for the gain K, assuming dominant roots. (d) Find 


Problems 


R(s) 


FIGURE P7.33 
(a) Osprey Tiltrotor 
aircraft. (b) Its 
control system. 


the actual time response for a step input for all three 
gains and compare the actual overshoot with the pre- 
dicted overshoot. 


P7.35 A powerful electrohydraulic forklift can be used to 
lift pallets weighing several tons on top of 35-foot 
scaffolds at a construction site. The negative unity 
feedback system has a loop transfer function 


G.(s)G(s) K(s + 1? 
s)G@) = —, E 
ü s(s? + 1) 

(a) Sketch the root locus for K > 0. (b) Find the gain 
K when two complex roots have a ¢ of 0.707, and cal- 
culate all three roots. (c) Find the entry point of the 
root locus at the real axis. (d) Estimate the expected 
overshoot to a step input, and compare it with the 
actual overshoot determined from a computer program. 


P7.36 A microrobot with a high-performance manipu- 
lator has been designed for testing very small parti- 
cles, such as simple living cells [6]. The single-loop 
unity negative feedback system has a loop transfer 
function 


K(s + 1)(s + 2)(s + 3) 


GAs)G(s) ae 
(a) Sketch the root locus for K > 0. (b) Find the gain 
and roots when the characteristic equation has two 
imaginary roots. (c) Determine the characteristic 
roots when K = 20 and K = 100. (d) For K = 20, 
estimate the percent overshoot to a step input, and 
compare the estimate to the actual overshoot deter- 
mined from a computer program. 
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Ys) 
Altitude 


(b) 


P7.37 (a) Draw the root locus of the system given in 
Figure P7.37. 
(b) Find the gain of the controller so that percent- 
age overshoot is 10%. 
(c) Find the velocity error coefficient correspond- 
ing to this value. 





Integral 
Controller 
























1+ 0.255 





FIGURE P7.37 Gain of integra! controller. 


P7.38 A unity feedback system has the loop transfer 
function 
K(s + 1) 
G, = ——. 
(6) = 5 — 3) 
This system is open-loop unstable. (a) Determine the 
range of K so that the closed-loop system is stable. 
(b) Sketch the root locus. (c) Determine the roots for 
K = 10. (d) For K = 10, predict the percent over- 
shoot for a step input using Figure 5.13. (e) Determine 
the actual overshoot by plotting the response. 


P7.39 High-speed trains for U.S. railroad tracks must tra- 
verse twists and turns. In conventional trains, the axles 
are fixed in steel frames called trucks. The trucks pivot 
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as the train goes into a curve, but the fixed axles stay 
parallel to each other, even though the front axle tends 
to go in a different direction from the rear axle [24]. If 
the train is going fast, it may jump the tracks. One so- 
lution uses axles that pivot independently. To counter- 
balance the strong centrifugal forces in a curve, the 
train also has a computerized hydraulic system that 
tilts each car as it rounds a turn. On-board sensors cal- 
culate the train’s speed and the sharpness of the curve 





R(s) 
Command 


FIGURE P7.39 ule 
Tilt control for a 
high-speed train. 


ADVANCED PROBLEMS 


AP7.1 The top view of a high-performance jet aircraft is 
shown in Figure AP7.1(a) [20]. Sketch the root locus 
and determine the gain K so that the ¢ of the complex 
poles near the jw-axis is the maximum achievable. 
Evaluate the roots at this K and predict the response 
to a step input. Determine the actual response and 
compare it to the predicted response. 


AP7.2 A magnetically levitated high-speed train “flies” 
on an air gap above its rail system [24]. The air gap 
control system has a unity feedback system with a 





Controller 





and feed this information to hydraulic pumps under 
the floor of each car. The pumps tilt the car up to eight 
degrees, causing it to lean into the curve like a race car 
on a banked track. 

The tilt control system is shown in Figure P7.39. 
Sketch the root locus, and determine the value of K 
when the complex roots have maximum damping. 
Predict the response of this system to a step input 
R(s). 


Dynamics 








Ys) 
Actual 
tilt 


loop transfer function 


_ _K(s + 1)(s + 3) 
GAGE) = Det Me + 8): 


The goal is to select K so that the response for a unit 
step input is reasonably damped and the settling 
time is less than 3 seconds. Sketch the root locus, and 
select K so that all of the complex roots have a ¢ 
greater than 0.6. Determine the actual response for 
the selected K and the percent overshoot. 


Aileron 


Elevator 


Rudder 


K(s + 6) Yis) 
s(s + 4)(s? + 4s + 8) Pitch 





FIGURE AP7.1 


(b) 


(a) High-performance aircraft. (b) Pitch control system. 


Advanced Problems 


AP7.3 A compact disc player for portable use requires a 
good rejection of disturbances and an accurate position 
of the optical reader sensor. The position control sys- 
tem uses unity feedback and a loop transfer function 


10 


G.(s)G(s) = e+ D4 p) 


The parameter p can be chosen by selecting the 
appropriate DC motor. Sketch the root locus as a func- 
tion of p. Select p so that the ¢ of the complex roots of 
the characteristic equation is approximately 1/ V2. 


AP7.4 A remote manipulator control system has unity 
feedback and a loop transfer function 


(s + a) 
S+(lta)s?+(a-isti-a@ 





G(s)G(s) = 


We want the steady-state position error for a step input 
to be less than or equal to 10% of the magnitude of the 
input. Sketch the root locus as a function of the parame- 
ter æ. Determine the range of a required for the desired 
steady-state error. Locate the roots for the allowable 
value of æ to achieve the required steady-state error, 
and estimate the step response of the system. 


AP7.5 A unity feedback system has a loop transfer 
function 


K 


cados = 
(9G) = F10 + Is — 18 


(a) Sketch the root locus and determine K for a stable 
system with complex roots with č equal to 1 {V2. 

(b) Determine the root sensitivity of the complex 
roots of part (a). 

(c) Determine the percent change in K (increase or 
decrease) so that the roots lie on the jw-axis. 


R(s) 







FIGURE AP7.8 
A position control 
system with 
velocity feedback. 


Controller 


R(s) 


FIGURE AP7.9 
A unity feedback 
control system. 
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AP7.6 A unity feedback system has a loop transfer function 
GAC) K(s? + 2s + 5) 

AS. Fe. oe as 

CIT SB 2S? + 2S +1 


Sketch the root locus for K > 0, and select a value for 
K that will provide a closed step response with settling 
time less than 2 second. 


AP7.7 A feedback system with positive feedback is 
shown in Figure AP7.7. The root locus for K > 0 
must meet the condition 


KG(s) = 1/+k360° 
for k = 0,1,2,.... 


Sketch the root locus for0 < K < 00. 


(s + 4)(s + 8) 







Y(s) 


FIGURE AP7.7 A closed-loop system with positive 
feedback. 


AP7.8 A position control system for a DC motor is shown 
in Figure AP7.8. Obtain the root locus for the velocity 
feedback constant K, and select K so that all the roots 
of the characteristic equation are real (two are equal 
and real). Estimate the step response of the system for 
the K selected. Compare the estimate with the actual 
response. 


AP7.9 A control system is shown in Figure AP7.9, Sketch 
the root loci for the following transfer functions G,(s): 


(a) G.(s) = K 
(b) G.(s) = K(s + 3) 


Y(s) 
Position 


L 
s(s + 2)(s + 5) 





Y(s) 
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K(s + 1) 

O) Gas) = ŻE 
_ K(s + 1)(s + 4) 
@ ads) == 


AP7.10 A feedback system is shown in Figure AP7.10. 
Sketch the root locus as K varies when K > 0. Deter- 
mine a value for K that will provide a step response 
with an overshoot less than 5% and a settling time 
(with a 2% criterion) less than 2.5 seconds. 


+ 10 


Ria} + 25 + 5) 


Ys) 
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AP7.11 A control system is shown in Figure AP7.11. 
Sketch the root locus, and select a gain K so that the 
step response of the system has an overshoot of less 
than 20% and the settling time (with a 2% criterion) is 
less than 5 seconds. 


AP7.12 A control system with PI control is shown in 
Figure AP7.12. (a) Let K;/Kp = 0.2 and determine 
Kp so that the complex roots have maximum damping 
ratio. (b) Predict the step response of the system with 
Kp set to the value determined in part (a). 


AP7.13 The feedback system shown in Figure AP7.13 has 
two unknown parameters K; and K}. The process 
transfer function is unstable. Sketch the root locus for 
0 = Kı, Kı < ©. What is the fastest settling time 
that you would expect of the closed-loop system in 
response to a unit step input R(s) = 1/s? Explain. 








FIGURE AP7.11 
A control system 
with parameter K. 
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FIGURE AP7.12 
Acontrol system 
with a PI controller. 
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FIGURE AP7.13 
An unstable plant 
with two 
parameters K, and 
Kp. (b) 
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Design Problems 


DESIGN PROBLEMS 


CDP7.1 The drive motor and slide system uses the output 
rF §) of a tachometer mounted on the shaft of the motor as 
G) shown in Figure CDP4.1 (switch-closed option). The 

output voltage of the tachometer is vr = K,@. Use the 
velocity feedback with the adjustable gain K}. Select 
the best values for the gain K, and the amplifier gain 
Kaso that the transient response to a step input has an 
overshoot less than 5% and a settling time (to within 


2% of the final value) less than 300 ms. 


DP7.1 A high-performance aircraft, shown in Figure 
DP7.1(a), uses the ailerons, rudder, and elevator to 
steer through a three-dimensional flight path [20]. 
The pitch rate control system for a fighter aircraft at 
10,000 m and Mach 0.9 can be represented by the sys- 
tem in Figure DP7.1(b), where 


—18(s + 0.015)(s + 0.45) 





G(s) = 


(a) Sketch the root locus when the controller is a gain, 
so that G,(s) = K, and determine K when ¢ for the 
roots with w, > 2 is larger than 0.15 (seek a maxi- 
mum £). (b) Plot the response g(t) for a step input r(t) 
with K as in (a). (c) A designer suggests an anticipatory 


FIGURE DP7.1 
(a) High- 
performance 
aircraft. (b) Pitch 
rate control system. 


FIGURE DP7.2 
Two-rotor helicopter 
velocity control. 
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controller with G,(s) = Kı + Ks = K(s + 2). 
Sketch the root locus for this system as K varies and 
determine a K so that the ¢ of all the closed-loop roots 
is >0.8. (d) Plot the response q(¢) for a step input r(t) 
with K as in (c). 


DP7.2 A large helicopter uses two tandem rotors rotating 


in opposite directions, as shown in Figure P7.33(a). 
The controller adjusts the tilt angle of the main rotor 
and thus the forward motion as shown in Figure 
DP7.2. The helicopter dynamics are represented by 


10 


G(s) = =————_.. 
6) s +45s+9 


and the controller is selected as 


K, K(s +1) 
Gs) = Kı + A Ra 
(a) Sketch the root locus of the system and determine 
K when ¢ of the complex roots is equal to 0.6. (b) Plot 
the response of the system to a step input zr(f) and find 
the settling time (with a 2% criterion) and overshoot 
for the system of part (a). What is the steady-state 


Rudder 


a, Elevator 







Qis) 


Pitch rate 








Yis) 
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error for a step input? (c) Repeat parts (a) and (b) 
when the ¢ of the complex roots is 0.41. Compare the 
results with those obtained in parts (a) and (b). 


DP7.3 The vehicle Rover has been designed for maneu- 


vering at 0.25 mph over Martian terrain. Because 
Mars is 189 million miles from Earth and it would 
take up to 40 minutes each way to communicate with 
Earth [22,27], Rover must act independently and reli- 
ably. Resembling a cross between a small flatbed 
truck and an elevated jeep, Rover is constructed of 
three articulated sections, each with its own two inde- 
pendent, axle-bearing, 
pair of sampling arms—one for chipping and drilling, 
the other for manipulating fine objects—extend from 
its front end like pincers. The control of the arms can 
be represented by the system shown in Figure DP7.3. 
(a) Sketch the root locus for K and identify the roots 
for K = 4.1 and 41. (b) Determine the gain K that re- 
sults in an overshoot to a step of approximately 1%. 
(c) Determine the gain that minimizes the settling 
time (with a 2% criterion) while maintaining an over- 
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shoot of less than 1%. 


FIGURE DP7.3 
Mars vehicle robot 
control system. 


FIGURE DP7.4 
Remotely controlled 
welder. 


FIGURE DP7.5 
High-performance 
jet aircraft. 


FIGURE DP7.6 
Automatic control 
of walking motion. 


Controller 








DP7.4 A welding torch is remotely controlled to achieve 


high accuracy while operating in changing and haz- 
ardous environments [21]. A model of the welding arm 
position control is shown in Figure DP7.4, with the dis- 
turbance representing the environmental changes. 
(a) With T,(s) = 0, select K, and K to provide 
high-quality performance of the position control sys- 
tem. Select a set of performance criteria, and examine 
the results of your design. (b) For the system in part 
(a), let R(s) = 0 and determine the effect of a unit 
step T,(s) = 1/s by obtaining y(t). 


one-meter conical wheels. A DP7.5 A high-performance jet aircraft with an autopilot 


control system has a unity feedback and control sys- 
tem, as shown in Figure DP7.5. Sketch the root locus, 
and predict the step response of the system, Deter- 
mine the actual response of the system, and compare 
it to the predicted response. 


DP7.6 A system to aid and control the walk of a partially 


disabled person could use automatic control of the 
walking motion [25]. One model of a system that is 
open-loop unstable is shown in Figure DP7.6. Using 
the root locus, select K for the maximum achievable ¢ 


Ys) 













¥(s) 











Ris) ¥(s) 
R(s) Y(s) 
Leg Actual 

position leg 
input position 





Design Problems 


of the complex roots. Predict the step response of the 
system, and compare it with the actual step response. 


DP7.7 Most commercial op-amps are designed to be 


unity-gain stable [26]. That is, they are stable when 
used in a unity-gain configuration. To achieve higher 
bandwidth, some op-amps relax the requirement to 
be unity-gain stable. One such amplifier has a DC 
gain of 10° and a bandwidth of 10 kHz. The amplifier, 
G(s), is connected in the feedback circuit shown in 
Figure DP7.7(a). The amplifier is represented by the 
model shown in Figure DP7.7(b), where K, = 10°. 
Sketch the root locus of the system for K. Determine 
the minimum value of the DC gain of the closed-loop 
amplifier for stability. Select a DC gain and the resis- 
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DP7.8 A robotic arm actuated at the elbow joint is shown 


in Figure DP7.8(a), and the control system for the 
actuator is shown in Figure DP7.8(b). Plot the root 
locus for K = 0. Select G,(s) so that the steady-state 
error for a step input is equal to zero. Using the G,(s) 
selected, plot y(t) for K equal to 1, 1.5, and 2.85. 
Record the rise time, settling time (with a 2% criteri- 
on), and percent overshoot for the three gains. We 
wish to limit the overshoot to less than 6% while 
achieving the shortest rise time possible. Select the 
best system for 1 < K = 2.85. 


DP7.9 The four-wheel-steering automobile has several 


benefits. The system gives the driver a greater degree 
of control over the automobile. The driver gets a more 


forgiving vehicle over a wide variety of conditions. 


42K, X 10!7 
(s + 3142)(s + 107)? 


tors R; and R}. 






Vi(s) 
























FIGURE DP7.7 
(a) Op-amp circuit. 
(b) Control system. (a) (b) 
Wrist 
Light weight 
flexible arm 
(a) 
Controller Elbow actuator 
R(s) ¥(s) 
Positi K(s + 1) Actual 
oie position 
FIGURE DP7.8 


(a) A robotic arm 
actuated at the joint 
elbow. (b) Its 
control system. (b) 
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The system enables the driver to make sharp, smooth 
lane transitions. It also prevents yaw, which is the 
swaying of the rear end during sudden movements. 
Furthermore, the four-wheel-steering system gives a 


Design a controller that will achieve control of the 
desired variables when G,(s) = K. 


DP7.11 A rover vehicle designed for use on other plan- 


ets and moons is shown in Figure DP7.11(a) [21]. 


car increased maneuverability. This enables the driver 
to park the car in extremely tight quarters. With addi- 
tional closed-loop computer operating systems, a car 
could be prevented from sliding out of control in G(s) = 
abnormal icy or wet road conditions, 

The system works by moving the rear wheels 
relative to the front-wheel-steering angle. The control 
system takes information about the front wheels’ steer- 
ing angle and passes it to the actuator in the back. This 
actuator then moves the rear wheels appropriately. 

When the rear wheels are given a steering angle 
relative to the front ones, the vehicle can vary its 
lateral acceleration response according to the loop 
transfer function 


The block diagram of the steering control is shown 
in Figure DP7.11(b), where 


s+15 
(s + 1)(s + 2)(s + 4)(s + 10)” 





1+ (1 + A)Tjs + (1 + ABs? 


GANG) > BOTs Bb leo) + o 





where A = 2q/(1 — q), and q is the ratio of rear 
wheel angle to front wheel steering angle [14]. We will 
assume that 7; = 7) = 1 second and w, = 4. Design 


é È r Ys) 
a unity feedback system, selecting an appropriate set Steering 
of parameters (A, K, Z) so that the steering control angle: 
2 


response is rapid and yet will yield modest overshoot 

characteristics. In addition, g must be between 0 and 1. 
DP7.10 A pilot crane control is shown in Figure (b) 

DP7.10(a). The trolley is moved by an input F(t) in 

order to control x(¢) and ¢(¢) [13]. The model of the FIGURE DP7.11 (a) Planetary rover vehicle. (b) Steering 

pilot crane control is shown in Figure DP7.10(b). control system. 





Xyls) 
Desired x ts) 
trolley Trolley 
position position 


FIGURE DP7.10 
(a) Pilot crane 
control system. 

(b) Block diagram. (b) 





Design Problems 


(a) When G,(s) = K, sketch the root locus as K 
varies from 0 to 1000. Find the roots for K equal to 
100, 300, and 600. (b) Predict the overshoot, settling 
time (with a 2% criterion), and steady-state error for a 
step input, assuming dominant roots. (c) Determine 
the actual time response for a step input for the three 
values of the gain K, and compare the actual results 
with the predicted results. 
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desired roll angle 4 and the actual angle @ will drive 
the hydraulic actuator, which in turn adjusts the deflec- 
tion of the aileron surface. 

A simplified model where the rolling motion 
can be considered independent of other motions is 
assumed, and its block diagram is shown in Figure 
DP7.12(b). Assume that K, = 1 and that the roll rate 
¢ is fed back using a rate gyro. The step response 


desired has an overshoot less than 10% and a settling 
time (with a 2% criterion) less than 9 seconds. Select 
the parameters K, and K3. 


DP7.12 The automatic control of an airplane is one 
example that requires multiple-variable feedback 
methods. In this system, the attitude of an aircraft is 
controlled by three sets of surfaces: elevators, a rud- DP7.13 Consider the feedback system shown in Figure 
der, and ailerons, as shown in Figure DP7.12(a). By DP7.13. The process transfer function is marginally 
manipulating these surfaces, a pilot can set the aircraft stable. The controller is the proportional-derivative 
on a desired flight path [20]. (PD) controller 

An autopilot, which will be considered here, is 
an automatic control system that controls the roll 
angle œ by adjusting aileron surfaces. The deflection 
of the aileron surfaces by an angle @ generates a 
torque due to air pressure on these surfaces. This 
causes a rolling motion of the aircraft. The aileron 
surfaces are controlled by a hydraulic actuator with a ns) 
transfer function 1/s. A(s) = 1 + Kp——. 

The actual roll angle œ is measured and com- d(s) 
pared with the input. The difference between the 


G(s) = Kp + Kps. 


(a) Determine the characteristic equation of the 
closed-loop system. 

(b) Let 7 = Kp/Kp. Write the characteristic equation 
in the form 


Aileron 


Roll angle 
$ 





(a) 






Amplifier 





K, 







q 
d 








Attitude gyro 


(b) 


FIGURE DP7.12 
(a) An airplane with 
a set of ailerons. 
(b) The block 
diagram for 
controlling the roll 
rate of the airplane. 
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(c) Plot the root locus for 0 = Kp < œ when 
7 = 6. 
(d) What is the effect on the root locus when 


0<7< V10? 


Controller 





FIGURE DP7.13 29 


A marginally stable 
plant with a PD 
controller in the 
loop. 


COMPUTER PROBLEMS 


CP7.1 Using the rlocus function, obtain the root locus for 
the following transfer functions of the system shown 
in Figure CP7.1 when 0 < K < œ: 





10 
6) = SS ee 
@) CO) = Sa + 43s +30 
s+ 20 
b) G(s) = =—————— 
W Gis) s? + 5s + 20 
etst1 
(©) GO) =Go, eae 
s(s* + 5s + 10) 
s5 + 4st + 659 + 857 + 65 +4 
(d) G(s) = =| 3 4,3,2 
T ar + 9° + a E 
+ 
R(s) KG(s) Y(s) 





FIGURE CP7.1 A single-loop feedback system with 
parameter K. 


CP7.2 A unity negative feedback system has the loop 
transfer function 
s?—25 +2 
s(s? + 3s + 2) 
Develop an m-file to plot the root locus and show with 


the rlocfind function that the maximum value of K for 
a stable system is K = 0.79. 


KG(s) = K 
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(e) Design the PD controller to meet the following 
specifications: 
(i) PO. < 5% 
Gay Es 






¥(s) 


CP7.3 Compute the partial fraction expansion of 
st 2 
s(s* + 6s + 5) 
and verify the result using the residue function. 
CP7.4 


Y(s) = 


(a) Using MATLAB, draw the root locus of the sys- 
tem given in Figure CP7.4. 

(b) Find the gain corresponding to a velocity error 
coefficient of 5. 

(c) From the root locus obtain the closed-loop poles 
and step response. 











FIGURE CP7.4 Velocity error constant and step 
response. 


CP7.5 The open-loop transfer function of a unity feed- 
back system is 
K 
(s + 1)(s + 2)(s + 3) 


(a) Using MATLAB, find the gain K corresponding 
to a damping ratio of 0.7. 
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FIGURE CP7.6 
Asingle-loop 
feedback control 
system with 
controller Ge 6). 


GAs) Y(s) 








FIGURE CP7.7 0, 6 
A spacecraft Desired Actual 
ane Soa og attitude attitude 
proportional- 
derivative controller. 
(b) Obtain the steady-state error due to a step input. Kp/J and K,/J so that the settling time T; is less than or 
(c) What should be the gain if the steady-state equal to 4 seconds, and the peak overshoot P.O. is less 
error has to be reduced to 50% of the original than or equal to 10% for a unit step input. Use a 2% cri- 
value? terion in determining the settling time. 
(d) Obtain the step responses corresponding to the (P78 Consider the feedback control system in Figure 
gain obtained in (a) and (c). CP7.8. Develop an m-file to plot the root locus for 
CP7.6 The open-loop transfer function of a unity feed- 0 < K < œ. Find the value of K resulting in a damp- 
back system is, ing ratio of the closed-loop poles equal to 0.707. 
K(s + 1)(s + 2) CP7.9 Consider the system represented in state variable 
~~ ea form 
s(s + 
ag x= Ax + Bu 
(a) Find the characteristic equation of the system. y = Cx + Du, 
(b) Using the MATLAB function “roots”, find the roots where 
of the characteristic equation for K =0,1,2,... , 10. 1 
(c) Plot the roots of the characteristic equation 0 1 0 
obtained in (b) on a graph sheet, A=|0 0 1 ,B=| 0], 
(d) Draw the root locus of the system using the =I sE -Ak 4 


MATLAB funtion rlocus. 
(e) Compare (c) and (d). 

CP7.7 Consider the spacecraft single-axis attitude control 
system shown in Figure CP7.7. The controller is known 
as a proportional-derivative (PD) controller. Suppose 
that we require the ratio of K,/Kp = 5. Then, develop 
an m-file using root locus methods find the values of 


K i 
FIGURE CP7.8 ii 7 


Unity feedback 
system with 
parameter K. 


C=[1 -9 12], and D= [0]. 


(a) Determine the characteristic equation. (b) Using 
the Routh—Hurwitz criterion, determine the values of 
k for which the system is stable. (c) Develop an m-file 
to plot the root locus and compare the results to those 
obtained in (b). 
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TERMS AND CONCEPTS 


Angle of departure The angle at which a locus leaves a 
complex pole in the s-plane. 


Angle of the asymptotes The angle #4 that the asymp- 
tote makes with respect to the real axis. 


Asymptote The path the root locus follows as the para- 
meter becomes very large and approaches infinity. The 
number of asymptotes is equal to the number of poles 
minus the number of zeros. 


Asymptote centroid The center g4 of the linear asymp- 
totes. 

Breakaway point The point on the real axis where the 
locus departs from the real axis of the s-plane. 


Dominant roots The roots of the characteristic equation 
that represent or dominate the closed-loop transient 
response. 


Locus A path or trajectory that is traced out as a para- 
meter is changed. 


Logarithmic sensitivity A measure of the sensitivity of 
the system performance to specific parameter changes, 


aT (s)/T(s) 
aK/K 
transfer function and K is the parameter of interest. 


given by SẸ(s) = , where 7(s) is the system 


Number of separate loci Equal to the number of poles of 
the transfer function, assuming that the number of 
poles is greater than or equal to the number of zeros 
of the transfer function. 

Parameter design A method of selecting one or two 
parameters using the root locus method. 

PID controller 


of the form G,(s) = Kp + > + Kps, where K, is 


A widely used controller used in industry 
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the proportional gain, K; is the integral gain, and Kp 
is the derivative gain. 


Proportional plus deriviative (PD) controller A two- 
term controller of the form G,(s) = K, + Kps, 
where K, is the proportional gain and Kp is the deriv- 
ative gain. 


Proportional plus integral (PI) controller A two-term 


K 
controller of the form G,(s) = K, + i where Kp 
is the proportional gain and K; is the integral gain. 


Root contours The family of loci that depict the effect of 
varying two parameters on the roots of the character- 
istic equation. 


Root locus The locus or path of the roots traced out on 
the s-plane as a parameter is changed. 


Root locus method The method for determining the locus 
of roots of the characteristic equation 1 + KP(s) = 0 
as K varies from 0 to infinity. 


Root locus segments on the real axis The root locus lying 
in a section of the real axis to the left of an odd num- 
ber of poles and zeros. 


Root sensitivity The sensitivity of the roots as a parame- 
ter changes from its normal value. The root sensitivity 


a P 
is given by Sk = ae the incremental change in the 
root divided by the proportional change of the para- 
meter. 
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PREVIEW 


In previous chapters, we examined the use of test signals such as a step and a ramp 
signal. In this chapter, we consider the steady-state response of a system to a sinu- 
soidal input test signal. We will see that the response of a linear constant coefficient 
system to a sinusoidal input signal is an output sinusoidal signal at the same fre- 
quency as the input. However, the magnitude and phase of the output signal differ 
from those of the input sinusoidal signal, and the amount of difference is a function 
of the input frequency. Thus, we will be investigating the steady-state response of the 
system to a sinusoidal input as the frequency varies. 

We will examine the transfer function G(s) when s = jw and develop methods 
for graphically displaying the complex number G(jw) as w varies. The Bode plot is 
one of the most powerful graphical tools for analyzing and designing control sys- 
tems, and we will cover that subject in this chapter. We will also consider polar plots 
and log magnitude and phase diagrams. We will develop several time-domain per- 
formance measures in terms of the frequency response of the system, as well as 
introduce the concept of system bandwidth. The chapter concludes with a frequency 
response analysis of the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 8, students should: 


OQ Understand the powerful concept of frequency response and its role in control system 
design. 

4 Know how to sketch a Bode plot and also how to obtain a computer-generated Bode plot. 

Q Be familiar with log magnitude and phase diagrams. 

O Understand performance specifications in the frequency domain and relative stability 
based on gain and phase margins. 

-2 Be capable of designing a controller to meet desired specifications using frequency 
response methods. 493 
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8.1 INTRODUCTION 


In preceding chapters, the response and performance of a system have been described 
in terms of the complex frequency variable s and the location of the poles and zeros 
on the s-plane. A very practical and important alternative approach to the analysis 
and design of a system is the frequency response method. 


The frequency response of a system is defined as the steady-state response of 
the system to a sinusoidal input signal. The sinusoid is a unique input signal, 
and the resulting output signal for a linear system, as well as signals 
throughout the system, is sinusoidal in the steady state; it differs 
from the input waveform only in amplitude and phase angle. 


For example, consider the system Y (s) = T(s)R(s) with r(t) = A sin wt. We have 





A 
oe s? rj 
and 
76) =o = 20, 


US) Tl +p) 


i=1 
where —p; are assumed to be distinct poles. Then, in partial fraction form, we have 
ky ky, aos +B 


Y A aeie 
6) s+p S+ Py Sto 








Taking the inverse Laplace transform yields 





+ 
y(t) = kye Pi +- + kpe Pa! + EI Ee B 2 
ra 


where a and £ are constants which are problem dependent. If the system is stable, 
then all p, have positive real parts and 


fas +B 
lim = Jims} 2 * 8), 





since each exponential term k,e~?i" decays to zero as t > œ. 
In the limit for y(¢), it can be shown, for t —> co (the steady state), 


y= rae * E] 





Ca + 
1 ; 
Sa AoT (jw) 


= A|T(jo)| sin(wt + $), (8.1) 


sin(wt + p) 








where ġ = /T (jø). 
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Thus, the steady-state output signal depends only on the magnitude and phase 
of T(jw) at a specific frequency w. Notice that the steady-state response, as 
described in Equation (8.1), is true only for stable systems, 7(s). 

One advantage of the frequency response method is the ready availability of 
sinusoid test signals for various ranges of frequencies and amplitudes. Thus, the 
experimental determination of the system’s frequency response is easily accom- 
plished; it is the most reliable and uncomplicated method for the experimental 
analysis of a system. Often, as we shall find in Section 8.4, the unknown transfer 
function of a system can be deduced from the experimentally determined frequency 
response of a system [1, 2]. Furthermore, the design of a system in the frequency 
domain provides the designer with control of the bandwidth of a system, as well as 
some measure of the response of the system to undesired noise and disturbances. 

A second advantage of the frequency response method is that the transfer func- 
tion describing the sinusoidal steady-state behavior of a system can be obtained by 
replacing s with jw in the system transfer function 7(s). The transfer function repre- 
senting the sinusoidal steady-state behavior of a system is then a function of the 
complex variable jw and is itself a complex function T (jw) that possesses a magni- 
tude and phase angle. The magnitude and phase angle of T(jw) are readily repre- 
sented by graphical plots that provide significant insight into the analysis and design 
of control systems. 

The basic disadvantage of the frequency response method for analysis and 
design is the indirect link between the frequency and the time domain. Direct corre- 
lations between the frequency response and the corresponding transient response 
characteristics are somewhat tenuous, and in practice the frequency response char- 
acteristic is adjusted by using various design criteria that will normally result in a 
satisfactory transient response. 

The Laplace transform pair was given in Section 2.4; it is written as 














FO = HO) = [foe ar (82) 
and 
+ joo 
IOSIF =F [Rie as, 83) 
g- jæ 








where the complex variable s = o + jw. Similarly, the Fourier transform pair is 
written as 





Fla) = FFO} = i SO di (8.4) 





and 





o0 


FO = FF} = + i Fle do. (8.5) 


-00 
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The Fourier transform exists for f(t) when 


Í \f(@)| dt < œ. 


The Fourier and Laplace transforms are closely related, as we can see by exam- 
ining Equations (8.2) and (8.4). When the function f(t) is defined only for ¢ = 0, as 
is often the case, the lower limits on the integrals are the same. Then we note that the 
two equations differ only in the complex variable. Thus, if the Laplace transform of 
a function f,(t) is known to be F(s), we can obtain the Fourier transform of this 
same time function by setting s = jw in F(s) [3]. 

Again we might ask, Since the Fourier and Laplace transforms are so closely 
related, why can’t we always use the Laplace transform? Why use the Fourier trans- 
form at all? The Laplace transform permits us to investigate the s-plane location of 
the poles and zeros of a transfer function T(s), as in Chapter 7. However, the fre- 
quency response method allows us to consider the transfer function T(jw) and to 
concern ourselves with the amplitude and phase characteristics of the system. This 
ability to investigate and represent the character of a system by amplitude, phase 
equations, and curves is an advantage for the analysis and design of control systems. 

If we consider the frequency response of the closed-loop system, we might have 
an input z(t) that has a Fourier transform in the frequency domain as follows: 


Ro) = | r(e dt. 


Then the output frequency response of a single-loop control system can be obtained 
by substituting s = jw in the closed-loop system relationship, Y (s) = T(s)R(s), so 
that we have 

G(jo) 
1 + G(jw)H(jo) 


Using the inverse Fourier transform, the output transient response would be 


Y (jo) = T(jo)RGo) = R(jo). (8.6) 


oc 


YO = FY Go} =z [Yael do. 6D 


—00 


However, it is usually quite difficult to evaluate this inverse transform integral for 
all but the simplest systems, and a graphical integration may be used. Alternatively, 
as we will note in succeeding sections, several measures of the transient response 
can be related to the frequency characteristics and utilized for design purposes. 


8.2 FREQUENCY RESPONSE PLOTS 


The transfer function of a system G(s) can be described in the frequency domain by 
the relation 


G(ljw) = G(s)|s=jo = R(w) + jX (w), (8.8) 
where 
R(@) = Re[G(jw)] and X(w)= Im[G(jo)]. 


FIGURE 8.1 
The polar plane. 


FIGURE 8.2 
An RC filter. 
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Im(G) = X(@) 


0 Re(G) = R(w) 








See the MCS website for a review of complex numbers. 
Alternatively, the transfer function can be represented by a magnitude |G(jw)| 
and a phase (jw) as 





G(jo) = |G(jo)|e* = |GGw)|/4(o), (8.9) 
where 
dita) = att = sha lego = IRo) + [X(w) 


Ro) 


The graphical representation of the frequency response of the system G( jw) can uti- 
lize either Equation (8.8) or Equation (8.9). The polar plot representation of the fre- 
quency response is obtained by using Equation (8.8). The coordinates of the polar 
plot are the real and imaginary parts of G(jw), as shown in Figure 8.1. An example 
of a polar plot will illustrate this approach. 


EXAMPLE 8.1 Frequency response of an RC filter 
A simple RC filter is shown in Figure 8.2. The transfer function of this filter is 











_vs)_ 1 
OO) = FG) Rs eT (s0) 
and the sinusoidal steady-state transfer function is 
G(jw) = 1 = l (8.11) 
JO) jo(RC) +1 jojo) + à 
where 
S 
w] RC 
R 
+o- NNN — ia o+ 
Vis) € Vats) 
ENE a Dea 
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FIGURE 8.3 
Polar plot for RC 
filter. 
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Xlo) 


Negative w 


R(w) 





Ae) w= W) 
Positive w 1 





Then the polar plot is obtained from the relation 


G(jw) = Rw) + jX (w) 


_ 1- jojo) 
(o/o) +1 
1 j(o/,) 








1+ (w/o 1+ (0/0) al) 

The first step is to determine R(w) and X (w) at the two frequencies, = 0 and 

w = &, At w = 0, we have R(w) = 1 and X (œ) = 0. At w = œ, we have R(w) = 0 
and X(w) = 0. These two points are shown in Figure 8.3. The locus of the real and 
imaginary parts is also shown in Figure 8.3 and is easily shown to be a circle with the cen- 
ter at G, 0). When w = w), the real and imaginary parts are equal in magnitude, and the 
angle ¢(@) = —45°. The polar plot can also be readily obtained from Equation (8.9) as 


G(jo) = |Gje)|74(@), (8.13) 


where 


|G(jo)| = and ¢(w) = -tan (w/w). 


1 
[1 o/o)” 
Hence, when w = w, the magnitude is |G(jw;)| = 1/V2 and the phase (#,) = 
—45°. Also, when w approaches +00, we have |G(jw)| > 0 and p(w) = —90°. Similarly, 
when w = 0, we have |G(jw)| = 1 and ¢(w) = 0. m 


EXAMPLE 8.2 Polar plot of a transfer function 


The polar plot of a transfer function is useful for investigating system stability and 
will be utilized in Chapter 9. Therefore, it is worthwhile to complete another exam- 
ple at this point. Consider a transfer function 

K K 


jo(jer +1) jw- wr 











G(s) |s=jo = Gia) (8.14) 


FIGURE 8.4 

Polar plot for G(jw) = 
K/(je( jor + 1)). Note 
that w = œ at the 
origin. 
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Table 8.1 

w 0 1/27 1/r oœ 

|G(jo)| oo 4Kr/V5 Kr/V2 0 

olw) —90° -117° —3135° —180° 
In{G] 


wrx 





Re[G] 






Positive w 





Then the magnitude and phase angle are written as 


stall af K _ at atk 
IG(Gjo)| = Wt oi + wiih and (w) = —tan ae 
The phase angle and the magnitude are readily calculated at the frequencies 
w = 0, = 1/7, and œ = +00. The values of |G(w)| and ¢(«) are given in Table 8.1, 
and the polar plot of G(jw) is shown in Figure 8.4. 

An alternative solution uses the real and imaginary parts of G(jw) as 
a K K(-jo — wr) 4 
G(jo) =-~ == 7 Rw) + jX (%), 

FT: 

where R(w) = —Kw°r/M(w) and X(w) = —wK/M(w), and where M(w) = 
w? + o'r, Then when w = 00, we have R(w) = Oand X(w) = 0.Whenw = 0, we have 
R(w) = -Kr and X(w) = —co, When w = 1/7, we have R(w) = —Kzr/2 and 
X(w) = —Kr/2, as shown in Figure 8.4. 

Another method of obtaining the polar plot is to evaluate the vector G(jw) graph- 
ically at specific frequencies, w, along the s = jw axis on the s-plane. We consider 


K/T 
s(s + 1/7) 








(8.15) 


wo + otr 


G(s) = 


with the two poles shown on the s-plane in Figure 8.5. 


500 


FIGURE 8.5 
Two vectors on the 
s-plane to evaluate 


Gj). 
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jo 





When s = jw, we have 


K/T 
jojo + py 
where p = 1/7. The magnitude and phase of G(jw) can be evaluated at a specific fre- 


quency, w, on the jw-axis, as shown in Figure 8.5. The magnitude and the phase are, 
respectively, 


G(jo) = 


K/T 


|GGo;)| = —r 
Goi) je, ||jo, + pl 


and 
glo) = -Zlo — Zlo, + p) = -90° — tan™(w,/p). m 


There are several possibilities for coordinates of a graph portraying the fre- 
quency response of a system. As we have seen, we may use a polar plot to represent 
the frequency response (Equation 8.8) of a system. However, the limitations of 
polar plots are readily apparent. The addition of poles or zeros to an existing system 
requires the recalculation of the frequency response, as outlined in Examples 8.1 
and 8.2. (See Table 8.1.) Furthermore, calculating the frequency response in this 
manner is tedious and does not indicate the effect of the individual poles or zeros. 

The introduction of logarithmic plots, often called Bode plots, simplifies the 
determination of the graphical portrayal of the frequency response. The logarith- 
mic plots are called Bode plots in honor of H. W. Bode, who used them extensively 
in his studies of feedback amplifiers [4, 5]. The transfer function in the frequency 
domain is 


G(jo) = |G(jo)|e*. (8.16) 


The logarithm of the magnitude is normally expressed in terms of the logarithm to 
the base 10, so we use 





Logarithmic gain = 20 logi9|G(jw)|, (8.17) 








FIGURE 8.6 

Bode diagram for 
G(jo) = 1/(jor + 1): 
(a) magnitude plot 
and (b) phase plot. 
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I 
Ss 








—50° 


(a), degrees 














501 


where the units are decibels (dB). A decibel conversion table is given on the MCS 
website. The logarithmic gain in dB and the angle $(w) can be plotted versus the fre- 
quency w by utilizing several different arrangements. For a Bode diagram, the plot 
of logarithmic gain in dB versus is normally plotted on one set of axes, and the 
phase $(w) versus w on another set of axes, as shown in Figure 8.6. For example, the 
Bode diagram of the transfer function of Example 8.1 can be readily obtained, as we 


will find in the following example. 
EXAMPLE 8.3 Bode diagram of an RC filter 
The transfer function of Example 8.1 is 


1 ems 
jo(RC) +1 jor +1? 








Go) 


where 
t= RC, 


the time constant of the network. The logarithmic gain is 


1 1/2 
jo)| = 20 log| ———} = —10log(1 + (w7}). 
20 log|G(jw)| otoa a a) 10 log(1 + (wr)*) 


For small frequencies—that is, o << 1/7—the logarithmic gain is 


20 log|G(jw)| = —10log(1) = 0dB, œ < 1/7. 


(8.18) 


(8.19) 


(8.20) 
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FIGURE 8.7 
Asymptotic curve 
for (iar + 1). 
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For large frequencies—that is, œ >> 1/7—the logarithmic gain is 
20 logG(jo) = —20 log(w7) w >> 1/7, (8.21) 
and at w = 1/7, we have 
20 log|G(jw)| = —10 log2 = -3.01 dB. 
The magnitude plot for this network is shown in Figure 8.6(a). The phase angle of 
the network is 
olw) = -tan (wr). (8.22) 


The phase plot is shown in Figure 8.6(b). The frequency w = 1/7 is often called the 
break frequency or corner frequency. m 


A linear scale of frequency is not the most convenient or judicious choice, and we 
consider the use of a logarithmic scale of frequency. The convenience of a logarithmic 
scale of frequency can be seen by considering Equation (8.21) for large frequencies 
w >> 1/7, as follows: 


20 log|G(jw)| = -20 log(wr) = —20 log 7 — 20 log w. (8.23) 


Then, on a set of axes where the horizontal axis is log œw, the asymptotic curve for 
w >> 1/7 is a straight line, as shown in Figure 8.7. The slope of the straight line can 
be ascertained from Equation (8.21). An interval of two frequencies with a ratio 
equal to 10 is called a decade, so that the range of frequencies from w; to @2, Where 
œ = 10a, is called a decade. The difference between the logarithmic gains, for 
œ >> 1/r, over a decade of frequency is 


20 log|G(jw;)| — 20 loglG(ja.)| 


1 


—20 log(w;7) — (—20 log(wsr)) 
wT 
20 log T (8.24) 


Il 


= —20 log -+ = +20 dB; 


that is, the slope of the asymptotic line for this first-order transfer function is 
~20 dB/decade, and the slope is shown for this transfer function in Figure 8.7. Instead 
of using a horizontal axis of log w and linear rectangular coordinates, it is easier to use 
semilog paper with a linear rectangular coordinate for dB anda logarithmic coordinate 
for w. Alternatively, we could use a logarithmic coordinate for the magnitude as well as 
for frequency and avoid the necessity of calculating the logarithm of the magnitude. 
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The frequency interval w = 2%; is often used and is called an octave of frequen- 
cies. The difference between the logarithmic gains for œ >> 1/7, for an octave, is 


20 log|G(ja,)| — 20 log|G(jo2)| = —20 log 2 


=20 log = 6.02 dB. (8.25) 


Therefore, the slope of the asymptotic line is —6 dB/octave. 

The primary advantage of the logarithmic plot is the conversion of multiplicative 
factors, such as (jw7 + 1), into additive factors, 20 log(jwr + 1), by virtue of the 
definition of logarithmic gain. This can be readily ascertained by considering the gen- 
eralized transfer function 


Q 
Ks] [0 + jor) 
i=l 





Glo) = (8.26) 


M R 
(joy TT a + jorn) JIG + Qirondjo + Golon) 


m=1 


This transfer function includes Q zeros, N poles at the origin, M poles on the real axis, 
and R pairs of complex conjugate poles. Obtaining the polar plot of such a function 
would be a formidable task indeed. However, the logarithmic magnitude of G(jw) is 


Q 
20 log|G(je)| = 20 log K, + 20X, logl1 + jor;| 
ah 


M 
~20 log|(jo)*| — 20 X, logl1 + jornl 


m=1 


2 jo \? 
TETEE 

Onk Onk 
and the Bode diagram can be obtained by adding the plot due to each individual 


factor. Furthermore, the separate phase angle plot is obtained as 
M 








R 
-20 Slog ; (8.27) 
k=l 


Q 
plo) = +X tan! (wri) — N(90°) — tan !(wT,,) 
A 1 


m= 


> 
Onk T o 


R 2. 
-2an Prum Ronke, (8.28) 


which is simply the summation of the phase angles due to each individual factor of 
the transfer function. 
Therefore, the four different kinds of factors that may occur in a transfer func- 

tion are as follows: 

1. Constant gain Ky 

2. Poles (or zeros) at the origin (jw) 

3. Poles (or zeros) on the real axis (jwr + 1) 

4. Complex conjugate poles (or zeros) [1 + (2f/@,)jo + Golon] 
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We can determine the logarithmic magnitude plot and phase angle for these four fac- 
tors and then use them to obtain a Bode diagram for any general form of a transfer 
function. Typically, the curves for each factor are obtained and then added together 
graphically to obtain the curves for the complete transfer function. Furthermore, this 
procedure can be simplified by using the asymptotic approximations to these curves 
and obtaining the actual curves only at specific important frequencies. 


Constant Gain K,. The logarithmic gain for the constant Ka is 





20 log K, = constant in dB, | 


The gain curve is a horizontal line on the Bode diagram. 
If the gain is a negative value, — K;, the logarithmic gain remains 20 log Ky. The 
negative sign is accounted for by the phase angle, —180°. 





and the phase angle is 





Poles (or Zeros) at the Origin, (jw). A pole at the origin has a logarithmic 
magnitude 





20 log 





1 
—| = -2( 
+| 0 log w dB (8.29) 





and a phase angle 
lo) = —90°. 


The slope of the magnitude curve is —20 dB/decade for a pole. Similarly, for a multi- 
ple pole at the origin, we have 





20 log = —20N log v, (8.30) 








1. 
Go)” 





and the phase is 
lw) = —90°N. 


In this case, the slope due to the multiple pole is -20N dB/decade. For a zero at the 
origin, we have a logarithmic magnitude 


20 log|jw| = +20 log w, (8.31) 


where the slope is +20 dB/decade and the phase angle is 
o 


The Bode diagram of the magnitude and phase angle of (jw)*" is shown in Figure 8.8 
for N = land N = 2. 

Poles or Zeros on the Real Axis. The pole factor (1 + jw)! has been consid- 
ered previously, and we found that, for a pole on the real axis, 
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dB OO SO (jo)? 
S 
© -90 Go! 
FIGURE 8.8 -40 —180 (jo)? 
Bode diagram for 0.1 0.1 1 10 100 
Got". i 
20 log thl log(1 + w*7?) (8.32) 
1+ jor ; ` 
The asymptotic curve for œ << 1/7 is 20 log 1 = 0 dB, and the asymptotic curve for 
w >> 1/7 is —20 log(wr), which has a slope of —20 dB/decade. The intersection of 
the two asymptotes occurs when 
20 log 1 = 0 dB = —20 log(w7), 
or when w = 1/r, the break frequency. The actual logarithmic gain when w = 1 {Tis 
—3 dB for this factor. The phase angle is ġ(@) = —tan! (wr) for the denominator 
factor. The Bode diagram of a pole factor (1 + jot)’ is shown in Figure 8.9. 
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The Bode diagram of a zero factor 1 + jw7 is obtained in the same manner as 
that of the pole. However, the slope is positive at +20 dB/decade, and the phase 
angle is p(w) = +tan!(wr). 

A piecewise linear approximation to the phase angle curve can be obtained as 
shown in Figure 8.9. This linear approximation, which passes through the correct 
phase at the break frequency, is within 6° of the actual phase curve for all frequen- 
cies. This approximation will provide a useful means for readily determining the 
form of the phase angle curves of a transfer function G(s). However, often the accu- 
rate phase angle curves are required, and the actual phase curve for the first-order 
factor must be obtained via a computer program. The exact values of the frequency 
response for the pole (1 + jwr), as well as the values obtained by using the 
approximation for comparison, are given in Table 8.2. 


Complex Conjugate Poles or Zeros [1 + (2£/w,)jw + (j@/w,)°]. The quadratic 
factor for a pair of complex conjugate poles can be written in normalized form as 


[i + j2gu m= (8.33) 


where u = w/w,. Then the logarithmic magnitude for a pair of complex conjugate 
poles is 





20 log|G(jw)| = —10 log((1 — w}? + 4¢7v2), | (8.34) 








and the phase angle is 





| lo) = -tan Ek > | (8.35) 





u 





When u < 1, the magnitude is 
20 log|G(jw)| = -10 log 1 = 0 dB, 


and the phase angle approaches 0°. When u >> 1, the logarithmic magnitude 
approaches 


20 log|G(jw)| = —10 log u* = —40 log u, 


which results in a curve with a slope of —40 dB/decade. The phase angle, when 
u >> 1, approaches —180°. The magnitude asymptotes meet at the 0 dB line when 
u = w/w, = 1. However, the difference between the actual magnitude curve and 
the asymptotic approximation is a function of the damping ratio and must be 
accounted for when ¢ < 0.707. The Bode diagram of a quadratic factor due to a 





Table 8.2 
or 0.10 0.50 0.76 1 1.31 2 5 10 
20 log|(1 + jwr)'|,dB —0.04 -1.0 -2.0 —3.0 4.3 -7.0 -14.2 20.04 
Asymptotic 
approximation, dB 0 0 0 0 2:3! —6.0 -14.0  —20.0 
p(w), degrees -5.7 -26.6 -37.4 -45.0 -527  —63.4 -78.7 -84.3 


Linear approximation, 
degrees 0 


—31.50 =39'5 —45.0 —S50.3 -385 —76.5 —90.0 





FIGURE 8.10 
Bode diagram for 
G(jo) = [1 + (26/en) 
jo + (jolo T". 
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pair of complex conjugate poles is shown in Figure 8.10. The maximum value Mpu 
of the frequency response occurs at the resonant frequency w,. When the damping 
ratio approaches zero, then w, approaches w,, the natural frequency. The resonant 
frequency is determined by taking the derivative of the magnitude of Equation 
(8.33) with respect to the normalized frequency, u, and setting it equal to zero. The 
resonant frequency is given by the relation 


w, = o,V1 — 2¢, | ¢ < 0.707, (8.36) 








0 loglal 
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FIGURE 8.11 
The maximum M, 
of the frequency 
response and the 
resonant frequency 
w, versus ¢ fora 
pair of complex 
conjugate poles. 
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and the maximum value of the magnitude | G(jw)| is 





Mpo = |G(io,)| = (2¢V1 = P)”, | ¢ < 0.707, (8.37) 





for a pair of complex poles. The maximum value of the frequency response, Mpu» 
and the resonant frequency w, are shown as a function of the damping ratio ¢ for a 
pair of complex poles in Figure 8.11. Assuming the dominance of a pair of complex 
conjugate closed-loop poles, we find that these curves are useful for estimating the 
damping ratio of a system from an experimentally determined frequency response. 

The frequency response curves can be evaluated on the s-plane by determining 
the vector lengths and angles at various frequencies w along the (s = +jw)-axis, For 
example, considering the second-order factor with complex conjugate poles, we have 


1 _ wr, 
(s/n)? + s/o, +1 3? + 2w,s + oF 





G(s) = (8.38) 
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FIGURE 8.12 
Vector evaluation of 
the frequency 
response for 
selected values of w. 
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The poles for varying ¢ lie on a circle of radius w„ and are shown for a particular ¢ in 
Figure 8.12(a). The transfer function evaluated for real frequency s = jw is written as 


2 2 
On ®n 


(s — s)(s = 8) |s=jo Go = s) = 81)’ 








G(jw) (8.39) 


where sı and s} are the complex conjugate poles. The vectors jw — sı and jw — $i 
are the vectors from the poles to the frequency jw, as shown in Figure 8.12(a). Then 
the magnitude and phase may be evaluated for various specific frequencies. The 
magnitude is 

wh 


IG(jo)| = (8.40) 


ljo — silljo — sil 
and the phase is 
o) = —L(jw = sı) — Llo = $). 
The magnitude and phase may be evaluated for three specific frequencies, namely, 
w= 0, w=w, and w = wy, 


as shown in Figure 8.12 in parts (b), (c), and (d), respectively. The magnitude and 
phase corresponding to these frequencies are shown in Figure 8.13. 





























(c) (d) 
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FIGURE 8.13 
Bode diagram for 
complex conjugate 
poles. 


FIGURE 8.14 
Twin-T network. 
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EXAMPLE 8.4 Bode diagram of a twin-T network 


As an example of the determination of the frequency response using the pole-zero 
diagram and the vectors to jw, consider the twin-T network shown in Figure 8.14 [6]. 
The transfer function of this network is 


Vols) _ (st? +1 


G(s) = Vals) (s7)2 + 4s7 +1 





(8.41) 





where t = RC. The zeros are at +/1, and the poles are at —2 +3 in the s7-plane, 
as shown in Figure 8.15(a). At w = 0, we have |G(jw)| = 1 and $(w) = 0°. At 
w = 1/7, |G(jw)| = 0 and the phase angle of the vector from the zero at st = jl 
passes through a transition of 180°. When w approaches œ, |G(jw)| = 1 and 
¢(@) = 0 again. Evaluating several intermediate frequencies, we can readily obtain 
the frequency response, as shown in Figure 8.15(b). m 


A summary of the asymptotic curves for basic terms of a transfer function is 
provided in Table 8.3. 

In the previous examples, the poles and zeros of G(s) have been restricted to 
the left-hand plane. However, a system may have zeros located in the right-hand s- 
plane and may still be stable. Transfer functions with zeros in the right-hand s-plane 
are classified as nonminimum phase transfer functions. If the zeros of a transfer 
function are all reflected about the jw-axis, there is no change in the magnitude of 
the transfer function, and the only difference is in the phase-shift characteristics, If 
the phase characteristics of the two system functions are compared, it can be readily 


R R 





FIGURE 8.15 
Twin-T network. 

(a) Pole-zero pattern. 
(b) Frequency 
response. 
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sT- plane i 
a 
lcl 




















(a) (b) 


shown that the net phase shift over the frequency range from zero to infinity is less 
for the system with all its zeros in the left-hand s-plane. Thus, the transfer function 
G,(s), with all its zeros in the left-hand s-plane, is called a minimum phase transfer 
function. The transfer function G(s), with |G,(jw)| = |G;(jw)| and all the zeros of 
G,(s) reflected about the jw-axis into the right-hand s-plane, is called a nonmini- 
mum phase transfer function. Reflection of any zero or pair of zeros into the right 
half-plane results in a nonminimum phase transfer function. 


A transfer function is called a minimum phase transfer function if all its 
zeros lie in the left-hand s-plane. It is called a nonminimum phase 
transfer function if it has zeros in the right-hand s-plane. 


The two pole-zero patterns shown in Figures 8.16(a) and (b) have the same 
amplitude characteristics as can be deduced from the vector lengths. However, the 
phase characteristics are different for Figures 8.16(a) and (b). The minimum phase 
characteristic of Figure 8.16(a) and the nonminimum phase characteristic of Figure 
8.16(b) are shown in Figure 8.17. Clearly, the phase shift of 


St? 
Sep 





G(s) = 
ranges over less than 80°, whereas the phase shift of 


"Sai 
S+p 





G(s) = 


ranges over 180°. The meaning of the term minimum phase is illustrated by Figure 8.17. 
The range of phase shift of a minimum phase transfer function is the least possible 
or minimum corresponding to a given amplitude curve, whereas the range of the 
nonminimum phase curve is the greatest possible for the given amplitude curve. 
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Table 8.3 Asymptotic Curves for Basic Terms of a Transfer Function 
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Term Magnitude 20 log|G| Phase o(w) 
1. Gain, 40 a 
G(jo) = K ! 
20|~ 45° ee 
20 log K | 
dB 0 Po) 0° ; H 
-20 -45° 
-40 -90° - 
oO w 
2, Zero, 40 
G(jw) = 
1+ jø/w 20 = 
dB OO } piw) 
-20 | a -45° | 
| 
—40 . 3 —90° : 
0.10, o 10o 0.10; oy 100, 
w w 
90° 
3. Pole, 
Gljw) = 45° | ae oes 
(1 + joja)! | 
jo/o) do) 0° x o 
-45° = — 
—90° 
0.1e, o 10a, 
w w 
4. Pole at the origin, 40 90° 
G(jw) = 1/jw | 
20 |——__-.—— = 45° 
| 
æ oj- aa = po) 0° 
-20 = —45° 
—40 —90° L 
0.01 0.1 1 10 100 0.01 0.1 1 10 100 
w w 
5. Two complex poles, 40 180° 
0.1 < ¢ < 1, G(jw) = 
(1 + j2gu — ê)! 2 0 
u = won do) œ 
—90° 
! -180° ! 
0.01 0.1 1 10 100 0.01 0.1 1 10 100 
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FIGURE 8.16 
Pole-zero patterns 
giving the same 
amplitude response 
and different phase 
characteristics. (a) 











FIGURE 8.17 

The phase 
characteristics for 
the minimum phase 
and nonminimum 
phase transfer 
function. w 








A particularly interesting nonminimum phase network is the all-pass network, 
which can be realized with a symmetrical lattice network [8]. A symmetrical pattern 
of poles and zeros is obtained as shown in Figure 8.18(a). Again, the magnitude 
|G(jo)| remains constant; in this case, it is equal to unity. However, the angle varies 


[OTN] y [PTN 
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FIGURE 8.18 SS A 
The all-pass z c c g 
network (a) mun L Ë = 
pole-zero pattern, R 
(b) frequency =e AWN ae 


response, and (c) a 
lattice network. 
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FIGURE 8.19 
Magnitude 
asymptotes of 
poles and zeros 
used in the 
example. 
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from 0° to —360°. Because 6, = 180° — 6, and 63 = 180° — 6}, the phase is given by 
p(w) = —2(6, + 01). The magnitude and phase characteristic of the all-pass net- 
work is shown in Figure 8.18(b). A nonminimum phase lattice network is shown in 


Figure 8.18(c). 


EXAMPLE 8.5 Sketching a bode plot 


The Bode diagram of a transfer function G(s), which contains several zeros and 
poles, is obtained by adding the plot due to each individual pole and zero. The sim- 
plicity of this method will be illustrated by considering a transfer function that pos- 
sesses all the factors considered in the preceding section. The transfer function of 
interest is 

5(1 + j0.10) 


jo(1 + j0.5@)(1 + j0.6(@/50) + (jw/50)?)" (8:42) 





G(jw) = 


The factors, in order of their occurrence as frequency increases, are as follows: 


1. A constant gain K = 5 

2. A pole at the origin 

3. A poleat w = 2 

4, A zero at w = 10 

5. A pair of complex poles at w = w,, = 50 


First, we plot the magnitude characteristic for each individual pole and zero fac- 
tor and the constant gain: 


1. The constant gain is 20 log 5 = 14 dB, as shown in Figure 8.19. 

2. The magnitude of the pole at the origin extends from zero frequency to infinite fre- 

quencies and has a slope of —20 dB/decade intersecting the 0-dB line at w = 1, as 
shown in Figure 8.19. 

3. The asymptotic approximation of the magnitude of the pole at w = 2 has a slope of 

—20 dB/decade beyond the break frequency at w = 2. The asymptotic magnitude 

elow the break frequency is 0 dB, as shown in Figure 8.19. 

4. The asymptotic magnitude for the zero at œ = +10 has a slope of +20 dB/decade 

beyond the break frequency at w = 10, as shown in Figure 8.19. 
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FIGURE 8.20 
Magnitude 
characteristic. 
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5. The magnitude for the complex poles is —40 dB/decade. The break frequency is 
w = @, = 50, as shown in Figure 8.19. This approximation must be corrected to the 
actual magnitude because the damping ratio is £ = 0.3, and the magnitude differs 
appreciably from the approximation, as shown in Figure 8.20. 


Therefore, the total asymptotic magnitude can be plotted by adding the asymp- 
totes due to each factor, as shown by the solid line in Figure 8.20. Examining the as- 
ymptotic curve of Figure 8.20, we note that the curve can be obtained directly by 
plotting each asymptote in order as frequency increases. Thus, the slope is 
—20 dB/decade due to (jw) intersecting 14 dB at w = 1. Then, at w = 2, the slope 
becomes —40dB/decade due to the pole at w= 2. The slope changes to 
—20dB/decade due to the zero at w= 10. Finally, the slope becomes 
—60 dB/decade at w = 50 due to the pair of complex poles at w, = 50. 

The exact magnitude curve is then obtained by using Table 8.2, which provides 
the difference between the actual and asymptotic curves for a single pole or zero. 
The exact magnitude curve for the pair of complex poles is obtained by utilizing 
Figure 8.10(a) for the quadratic factor. The exact magnitude curve for G(jw) is 
shown by a dashed line in Figure 8.20. 

The phase characteristic can be obtained by adding the phase due to each indi- 
vidual factor. Usually, the linear approximation of the phase characteristic for a sin- 
gle pole or zero is suitable for the initial analysis or design attempt. Thus, the 
individual phase characteristics for the poles and zeros are shown in Figure 8.21 and 
are as follows: 


1. The phase of the constant gain is 0°. 

2. The phase of the pole at the origin is a constant —90°. 

3. The linear approximation of the phase characteristic for the pole at w = 2 is shown in 
Figure 8.21, where the phase shift is —45° at w = 2. 


4. The linear approximation of the phase characteristic for the zero at œ = 10 is also 
shown in Figure 8.21, where the phase shift is +45° at œ = 10. 
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FIGURE 8.21 
Phase 
characteristic. 
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5. The actual phase characteristic for the pair of complex poles is obtained from Figure 
8.10 and is shown in Figure 8.21. 


Therefore, the total phase characteristic, 6(w), is obtained by adding the phase due 
to each factor as shown in Figure 8.21. While this curve is an approximation, its useful- 
ness merits consideration as a first attempt to determine the phase characteristic. Thus, 
a frequency of interest, as we shall note in the following section, is the frequency for 
which ¢(w) = —180°. The approximate curve indicates that a phase shift of —180° 
occurs at w = 46. The actual phase shift at œ = 46 can be readily calculated as 





2. 
elw) = —90° — tan wr; + tan! wr, — tan! ču 7 (8.43) 
=u 
where 
Tı = 0.1, 2¢ =0.6, and u = w/w, = w/50. 
Then we find that 


(46) = —90° — tan™! 23 + tan! 4.6 — tan! 3.55 = —175°, 


(8.44) 


and the approximate curve has an error of 5° at w = 46. However, once the 
approximate frequency of interest is ascertained from the approximate phase 
curve, the accurate phase shift for the neighboring frequencies is readily deter- 
mined by using the exact phase shift relation (Equation 8.43). This approach is usu- 
ally preferable to the calculation of the exact phase shift for all frequencies over 
several decades. In summary, we may obtain approximate curves for the magnitude 
and phase shift of a transfer function G(jw) in order to determine the important 
frequency ranges. Then, within the relatively small important frequency ranges, the 


FIGURE 8.22 
The Bode plot of 
the G(jw) of 
Equation (8.42), 
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exact magnitude and phase shift can be readily evaluated by using the exact equa- 
tions, such as Equation (8.43). 

The frequency response of G(jw) can be calculated and plotted using a computer 
program. The Bode plot for the example in this section (Equation 8.42) can be read- 
ily obtained, as shown in Figure 8.22. The plot is generated for four decades, and the 
0-dB line is indicated, as well as the —180° line. The data above the plot indicate that 
the magnitude is 34 dB and that the phase is —92.36° at w = 0.1. Similarly, the data 
indicate that the magnitude is —43 dB and that the phase is —243° at w = 100. 
Using the tabular data provided, we find that the magnitude is 0 dB at w = 3.0, and 
the phase is —180° at œ = 50. m 


8.3 FREQUENCY RESPONSE MEASUREMENTS 


A sine wave can be used to measure the open-loop frequency response of a control 
system. In practice, a plot of amplitude versus frequency and phase versus frequency 
will be obtained [1, 3, 6]. From these two plots, the open-loop transfer function 
GH (jw) can be deduced. Similarly, the closed-loop frequency response of a control 
system, T (jw), may be obtained and the actual transfer function deduced. 

A device called a wave analyzer can be used to measure the amplitude and 
phase variations as the frequency of the input sine wave is altered. Also, a device 
called a transfer function analyzer can be used to measure the open-loop and 
closed-loop transfer functions [6]. 

A typical signal analyzer instrument can perform frequency response measure- 
ments from DC to 100 kHz. Built-in analysis and modeling capabilities can derive 
poles and zeros from measured frequency responses or construct phase and magni- 
tude responses from user-supplied models. This device can also synthesize the fre- 
quency response of a model of a system, allowing a comparison with an actual 
response. 

As an example of determining the transfer function from the Bode plot, let us 
consider the plot shown in Figure 8.23. The system is a stable circuit consisting of 
resistors and capacitors. Because the magnitude declines at about —20 dB/decade as 
w increases between 100 and 1000, and because the phase is —45° and the magnitude 
is —3 dB at 300 rad/s, we can deduce that one factor is a pole at p) = 300. Next, we 
deduce that a pair of quadratic zeros exist at w,, = 2450. This is inferred by noting 
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FIGURE 8.23 

A Bode diagram for 
a system with an 
unidentified transfer 
function. 
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that the phase changes abruptly by nearly +180°, passing through 0° at w, = 2450. 
Also, the slope of the magnitude changes from —20 dB/decade to +20 dB/decade at 
wn = 2450. Because the slope of the magnitude returns to 0 dB/decade as w exceeds 
50,000, we determine that there is a second pole as well as two zeros. This second pole 
is at p) = 20,000, because the magnitude is —3 dB from the asymptote and the phase 
is +45° at this point (—90° for the first pole, +180° for the pair of quadratic zeros, and 
—45° for the second pole). We sketch the asymptotes for the poles and the numerator 
of the proposed transfer function T(s) of Equation (8.45), as shown in Figure 8.23(a). 


The equation is 


T(s) = 


100,000 


_ (s/o, + 2g/an)s + 1 
(s/p + 1)(s/p2 + 1) ° 
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The difference in magnitude from the corner frequency (w, = 2450) of the 
asymptotes to the minimum response is 10 dB, which, from Equation (8.37), indicates 
that = 0.16. (Compare the plot of the quadratic zeros to the plot of the quadratic 
poles in Figure 8.10. Note that the plots need to be turned “upside down” for the qua- 
dratic zeros and that the phase goes from 0° to +180° instead of — 180°.) Therefore, 
the transfer function is 


(s/2450)? + (0.32/2450)s + 1 
(s/300 + 1)(s/20000 + 1) ` 





T(s) = 


This frequency response is actually obtained from a bridged-T network (see Prob- 
lems 2.8 and 8.3 and Figure 8.14). 


8.4 PERFORMANCE SPECIFICATIONS IN THE FREQUENCY DOMAIN 


We must continually ask the question: how does the frequency response of a system 
relate to the expected transient response of the system? In other words, given a set 
of time-domain (transient performance) specifications, how do we specify the fre- 
quency response? For a simple second-order system, we have already answered this 
question by considering the time-domain performance in terms of overshoot, set- 
tling time, and other performance criteria, such as integral squared error. For the 
second-order system shown in Figure 8.24, the closed-loop transfer function is 


2 


T(s) = (8.46) 


s? + 2f0,5 + o 


The frequency response of this feedback system will appear as shown in Figure 8.25. 
Because this is a second-order system, the damping ratio of the system is related to the 
maximum magnitude M po, Which occurs at the frequency w, as shown in Figure 8.25. 


At the resonant frequency w, a maximum value Mpo of the frequency 
response is attained. 









FIGURE 8.24 aH) 56+ 2fw,) 
A second-order 

closed-loop 

system. 


20 log Mpu 


Ys) 


FIGURE 8.25 
Magnitude 
characteristic of the 
second-order 
system. 


20 log|7|, dB 
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FIGURE 8.26 
Normalized 
bandwidth, wp/wp, 
versus ¢ fora 
second-order 
system (Equation 
8.46). The linear 
approximation 
p/p) = 

1.192 + 1.85 is 
accurate for 

0.3 = ¢ < 0.8. 
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The bandwidth, wg, is a measure of a ability of the system to faithfully repro- 
duce an input signal. 


The bandwidth is the frequency wg at which the frequency response has 
declined 3 dB from its low-frequency value. This corresponds to approximately 
half an octave, or about 1V2 of the low-frequency value. 


The resonant frequency w, and the —3-dB bandwidth can be related to the 
speed of the transient response. Thus, as the bandwidth wa increases, the rise time of 
the step response of the system will decrease. Furthermore, the overshoot to a step 
input can be related to Mp, through the damping ratio ¢. The curves of Figure 8.11 
relate the resonance magnitude and frequency to the damping ratio of the second- 
order system. Then the step response overshoot may be estimated from Figure 5.8 
or may be calculated by utilizing Equation (5.15). Thus, we find as the resonant peak 
Mpo increases in magnitude, the overshoot to a step input increases. In general, the 
magnitude M,,, indicates the relative stability of a system. 

The bandwidth of a system wp, as indicated on the frequency response, can be 
approximately related to the natural frequency of the system. Figure 8.26 shows the 
normalized bandwidth w/w, versus ¢ for the second-order system of Equation 
(8.46). The response of the second-order system to a unit step input is of the form 
(see Equation (5.9)) 


y(t) = 1 + Be $n! cos(wit + 0). (8.47) 


The greater the magnitude of w, when ¢ is constant, the more rapidly the response 
approaches the desired steady-state value. Thus, desirable frequency-domain speci- 
fications are as follows: 


1. Relatively small resonant magnitudes: Mpa < 1.5, for example. 


2. Relatively large bandwidths so that the system time constant 7T = 1/({w,) is sufficiently 
small, 
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The usefulness of these frequency response specifications and their relation to 
the actual transient performance depend upon the approximation of the system by a 
second-order pair of complex poles. This approximation was discussed in Section 
7.3, and the second-order poles of T(s) are called the dominant roots. If the fre- 
quency response is dominated by a pair of complex poles, the relationships between 
the frequency response and the time response discussed in this section will be valid. 
Fortunately, a large proportion of control systems satisfy this dominant second- 
order approximation in practice. 

The steady-state error specification can also be related to the frequency 
response of a closed-loop system. As we found in Section 5.6, the steady-state error 
for a specific test input signal can be related to the gain and number of integrations 
(poles at the origin) of the loop transfer function. Therefore, for the system shown in 
Figure 8.24, the steady-state error for a ramp input is specified in terms of K,, the 
velocity constant. The steady-state error for the system is 


X _A 
Jime(t) = K; 


where A = magnitude of the ramp input. The velocity constant for the system of 
Figure 8.24 without feedback is 








2 
K, = limsG(s) = lims On = oe (8.48) 
? s0 s>0 \s(s + 2f@,) 2¢ 
In Bode diagram form (in terms of time constants), the transfer function is written as 


@,/ (26) K, 
s(s/(2f@,) +1)  s(rs + 1)’ 








G(s) = (8.49) 


and the gain constant is K, for this type-one system. For example, reexamining Ex- 
ample 8.5, we had a type-one system with a loop transfer function 


5(1 + jør) 
jo(1 + jor,)(1 + j0.6u — uy 





G(jo) = (8.50) 


where u = w/w,. Therefore, in this case, we have K, = 5. In general, if the loop 
transfer function of a feedback system is written as 


xTIa + jwr;) 
Glo) = —=3——_, (8.51) 
Goy" ITO + jot.) 


then the system is type N and the gain K is the gain constant for the steady-state 
error. Thus, for a type-zero system that has a loop transfer function, we have 
K 


(+ jor)(l + jor een 


G(jo) = 


In this equation, K = K, (the position error constant) that appears as the low- 
frequency gain on the Bode diagram. 
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Furthermore, the gain constant K = K, for the type-one system appears as the 
gain of the low-frequency section of the magnitude characteristic. Considering only 
the pole and gain of the type-one system of Equation (8.50), we have 


. 5 K, 
G(jo) = i Tg w <1/n, (8.53) 
and the K, is equal to the magnitude when this portion of the magnitude character- 
istic intersects the 0-dB line. For example, the low-frequency intersection of K ,/jw 
in Figure 8.20 is equal to w = 5, as we expect. 

Therefore, the frequency response characteristics represent the performance of 
a system quite adequately, and with some experience, they are quite useful for the 
analysis and design of feedback control systems. 


8.5 LOG MAGNITUDE AND PHASE DIAGRAMS 


There are several alternative methods for presenting the frequency response of a 
function G(jw). We have seen that suitable graphical presentations of the frequency 
response are (1) the polar plot and (2) the Bode diagram. An alternative approach 
to portraying the frequency response graphically is to plot the logarithmic magni- 
tude in dB versus the phase angle for a range of frequencies. Because this informa- 
tion is equivalent to that portrayed by the Bode diagram, it is normally easier to 
obtain the Bode diagram and transfer the information to the coordinates of the log 
magnitude versus phase diagram. 

An illustration will best portray the use of the log-magnitude—phase diagram. 
This diagram for a transfer function 


5 
jo(0.5jo + 1)(jo/6 + 1) 








G,(jo) (8.54) 


is shown in Figure 8.27. The numbers indicated along the curve are for values of fre- 
quency w. 
The log-magnitude—phase curve for the transfer function 
5(0.1j@ + 1) 
jo(0.5ja + 1)(1 + j0.6(w/50) + (jw/50)?) 








Gx(jo) (8.55) 


considered in Section 8.2 is shown in Figure 8.28. This curve is obtained most readily by 
utilizing the Bode diagrams of Figures 8.20 and 8.21 to transfer the frequency response 
information to the log magnitude and phase coordinates. The shape of the locus of the 
frequency response on a log-magnitude—phase diagram is particularly important as the 
phase approaches —180° and the magnitude approaches 0 dB. The locus of Equation 
(8.54) and Figure 8.27 differs substantially from the locus of Equation (8.55) and Figure 
8.28. Therefore, as the correlation between the shape of the locus and the transient 
response of a system is established, we will obtain another useful portrayal of the fre- 
quency response of a system. In Chapter 9, we will establish a stability criterion in the 
frequency domain for which it will be useful to utilize the log-magnitude-phase dia- 
gram to investigate the relative stability of closed-loop feedback control systems. 


Section 8.6 Design Examples 523 


































































































40 40 
30 
20 
10 
io] m 
x 5 
S o Ss 
2 2 
S © 
N A 
=10 -10 
TECE ea 
-20 ; L -20 
-30 == - -30 
-40 mi: z -ao O: i 
—270 -225 —180 =155 —90 —270 =225; —180 -135 —90 
Phase, degrees Phase, degrees 
FIGURE 8.27 Log-magnitude-phase curve FIGURE 8.28 Log-magnitude-phase curve 
for G;(jo). for Go(jw). 


8.6 DESIGN EXAMPLES 


In this section we present two illustrative examples using frequency response meth- 
ods to design controllers. The first example illustrates the use of log-magnitude- 
phase plots, as well as open-and closed-loop Bode plots. The specific problem is to 
design a proportional controller gain for an engraving machine control feedback 
control system. The second example considers the control of one leg of a six-legged 
robotic device. In this example, the specifications that must be satisfied include a 
mix of time-domain specifications (percent overshoot and settling time) and 
frequency-domain specifications (bandwidth). The design process leads to a viable 
PID controller meeting all the specifications. 


EXAMPLE 8.6 Engraving machine control system 


The engraving machine shown in Figure 8.29(a) uses two drive motors and associat- 
ed lead screws to position the engraving scribe in the x direction [7]. A separate 
motor is used for both the y- and z-axes, as shown. The block diagram model for the 
x-axis position control system is shown in Figure 8.29(b). The goal is to select an 
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FIGURE 8.29 
(a) Engraving 
machine control 
system. (b) Block 
diagram model. 
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appropriate gain K, using frequency response methods, so that the time response to 
step commands is acceptable. 

To represent the frequency response of the system, we will first obtain the open- 
loop and closed-loop Bode diagrams. Then we will use the closed-loop Bode dia- 
gram to predict the time response of the system and check the predicted results with 
the actual results. 

To plot the frequency response, we arbitrarily select K = 2 and proceed with 
obtaining the Bode diagram, If the resulting system is not acceptable, we will later 
adjust the gain. 

The frequency response of G(jw) is partially listed in Table 8.4 and is plotted in 
Figure 8.30. We need the frequency response of the closed-loop transfer function 


2 


Ls): =- za nM 8.56 
6) s$ + 3s? +2s+2 ( ) 
Table 8.4 Frequency Response for G(jæ) 
w 0.2 0.4 0.8 1.0 1.4 18 
20 log|G| 14 7 =i —=4 -9 =13 


$ =107° —123° =1505° —162° -mA =193° 
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TGo) E (8.57) 
ao) = . es 
(2 — 30°) + jo(2 — w°) 
The Bode diagram of the closed-loop system is shown in Figure 8.31, where 
20 log|T(jw)| = 5 dB at w, = 0.8. Hence, 
20 log Mp =5 or Mp = 1.78. 
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FIGURE 8.32 

An artist's conception 
of the six-legged 
Ambler. 
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If we assume that the system has dominant second-order roots, we can approximate 
the system with a second-order frequency response of the form shown in Figure 
8.10. Since Mpa = 1.78, we use Figure 8.11 to estimate ¢ to be 0.29. Using this ¢ and 
w, = 0.8, we can use Figure 8.11 to estimate w,/w,, = 0.91. Therefore, 

0.8 


On = 0.91 = 0.88. 


Since we are now approximating T(s) as a second-order system, we have 


w? 0.774 
S? + 2~w,5 +o s? + 0.51s + 0.774 








T(s) = (8.58) 
We use Figure 5.8 to predict the overshoot to a step input as 37% for ¢ = 0.29. The 
settling time (to within 2% of the final value) is estimated as 


4 4 
B= Fo, = (29,088 ~ 7S: 


The actual overshoot for a step input is 34%, and the actual settling time is 17 sec- 
onds. We see that the second-order approximation is reasonable in this case and can 
be used to determine suitable parameters on a system. If we require a system with 
lower overshoot, we would reduce K to 1 and repeat the procedure. m 


EXAMPLE 8.7 Control of one leg of a six-legged robot 


The Ambler is a six-legged walking machine being developed at Carnegie-Mellon 
University [23]. An artist’s conception of the Ambler is shown in Figure 8.32. 

In this example we consider the control system design for position control of 
one leg. The elements of the design process emphasized in this example are high- 
lighted in Figure 8.33. The mathematical model of the actuator and leg is provided. 
The transfer function is 


1 


GS) = 5 + 28 + 10 


(8.59) 





FIGURE 8.33 
Elements of the 
control system 
design process 
emphasized in this 
six-legged robot 
example. 
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Control the robot leg 
position and maintain the 
desired position in the 
presence of disturbances. 


Leg position. 

Design specifications: 
DS1: w> 1Hz. 
DS2: P.O. < 15% 


DS3: Zero steady-state 
error to a step. 


See Figure 8,32 and 8.34 


See Equation (8.59). 


See Equation (8.60). 


Use control design 
software. 


If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 


The input is a voltage command to the actuator, and the output is the leg posi- 
tion (vertical position only). A block diagram of the control system is shown in 


Figure 8.34. The control goal is 


Control Goal 


Control the robot leg position and maintain the position in the presence of un- 


wanted measurement noise. 


The variable to be controlled is 


Variable to Be Controlled 
Leg position, Y(s). 


We want the leg to move to the commanded position as fast as possible but with 
minimal overshoot. As a practical first step, the design goal will be to produce a sys- 
tem that moves, albeit slowly. In other words, the control system bandwidth will ini- 


tially be low. 
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Ts) 


Ys) 
Actual leg 
position 


Ris) 
Desired leg 
position 


Ns) 
Measurement 
noise 





FIGURE 8.34 Control system for one leg. 


The control design specifications are 


Control Design Specifications 

DS1 Closed-loop bandwidth greater than 1 Hz. 

DS2 Percent overshoot less than 15% to a step input. 

DS3 Zero steady-state tracking error to a step input. 
Specifications DS1 and DS2 are intended to ensure acceptable tracking performance. 
Design specification DS3 is actually a nonissue in our design: the actuator/leg transfer 
function is a type-one system so a zero steady-state tracking error to a step input is guar- 
anteed. We simply need to ensure that G,(s)G (s) remains at least a type-one system. 

Consider the controller 


K(s? + as + b) 

ste ` 
As c > 0, a PID controller is obtained with Kp = K,, Kp = K, and K; = Kb. We 
can let c be a parameter at this point and see if the additional freedom in selecting 


c # 0 is useful. It may be that we can simply set c = 0 and use the PID form. The 
key tuning parameters are 


G(s) = (8.60) 


Select Key Tuning Parameters 
K, a, b, and c. 


The controller in Equation (8.60) is not the only controller that we can consider. For 
example, we might consider 
FZ 


Ges) = KE 





(8.61) 


where K, z,and p are the key tuning parameters. The design of the type of controller 
given in Equation (8.61) will be left as a design problem at the end of the chapter. 

The response of a closed-loop control system is determined predominantly by 
the location of the dominant poles. Our approach to the design is to determine 
appropriate locations for the dominant poles of the closed-loop system. We can 
determine the locations from the performance specifications by using second-order 
system approximation formulas. Once the controller parameters are obtained so 
that the closed-loop system has the desired dominant poles, the remaining poles are 
located so that their contribution to the overall response is negligible. 
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The bandwidth wp is approximately related to the natural frequency wẹ by 

= = —1.1961¢ + 1.8508 (0.3 = ¢ = 0.8). (8.62) 

This approximation applies to second-order systems. Per specification DS1, we want 
wg = 1 Hz = 6.28 rad/s. (8.63) 


From the percent overshoot specification, we can determine the minimum value of ¢. 
Thus for P.O. = 15%, we require 


6 = 0.52, (8.64) 


where we have used Equation (5.16) (valid for second-order systems) that 


P.O. = 100e87/V1-8, 


Another useful design formula (Equation (8.37)) relates Mpo = |T(w,)| to the 
damping ratio: 


1 
avig 
The relationship between the resonant frequency, w, the natural frequency wn, and 


the damping ratio ¢ is given by (Equation (8.36)) 
w, = V1 — 2 (¢ < 0.707). (8.66) 


Mp = |\T(@,)| = (¢ < 0.707). (8.65) 


We require ¢ = 0.52; therefore, we will design with ¢ = 0.52. Even though settling 
time is not a design specification for this problem, we usually attempt to make the 
system response as fast as possible while still meeting all the design specifications. 
From Equations (8.62) and (8.63) it follows that 


wB 


= ZI1961¢ + 1.8508 = 5.11 rad/s. (8.67) 


On 


Then with w, = 5.11 rad/s and ¢ = 0.52 and using Equation (8.66) we compute 
w, = 3.46 rad/s. (8.68) 
So if we had a second-order system, we would want to determine values of the con- 
trol gains such that 
ow, = 5.11 rad/s and ¢ = 0.52, 
which give 
Mp = 1125 and @, = 3.46 rad/s. 

Our closed-loop system is a fourth-order system and not a second-order system. 

So, a valid design approach would be to select K, a, b, and c so that two poles are 


dominant and located appropriately to meet the design specifications. This will be 
the approach followed here. 
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Another valid approach is to develop a second-order approximation of the 
fourth-order system. In the approximate transfer function, the parameters K, a, b, 
and c are left as variables. Following the approach discussed in Chapter 5, we can 
obtain an approximate transfer function T;(s) in such a way that the frequency 
response of 7;(s) is very close to that of the original system. 

The loop transfer function is 


K(s? + as + b) 


BASS) = s(s? + 2s + 10)(s +c)’ 


and the closed-loop transfer function is 


G.(s)G(s) 


a aks GLGC) 


(8.69) 


K(s? + as + b) 
st + (2 + c)s? + (10 + 2c + K)s* + (10c + Ka)s + Kb 








The associated characteristic equation is 
s? + (2 + c)s? + (10 + 2c + K)s? + (10c + Ka)s + Kb=0. (8.70) 


The desired characteristic polynomial must also be fourth-order, but we want it to 
be composed of multiple factors, as follows: 


PACs) = (s? + 2c, + w2)(s? + dys + do), 


where ¢ and œ, are selected to meet the design specifications, and the roots of 
s + 2Z@,8 + w3 = 0 are the dominant roots. Conversely we want the roots of 
s? + dys + do = 0 to be the nondominant roots. The dominant roots should lie on a 
vertical line in the complex plane defined by the distance s = —{w,, away from the 
imaginary axis. Let 


dı = 2alu,. 


Then the roots of s? + dıs + dy = 0, when complex, lie on a vertical line in the 
complex plane defined by s = —afw,, By choosing a > 1, we effectively move the 
roots to the left of the dominant roots. The larger we select a, the further the non- 
dominant roots lie to the left of the dominant roots. A reasonable value of a is 


a= 12. 
Also, if we select 
dy = o° Cw 
then we obtain two real roots 


$ + dys + dy = (s + ato,’ = 0. 
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Choosing dọ = a7£?w,? is not required, but this seems to be a reasonable choice 
since we would like the contribution of the nondominant roots to the overall re- 
sponse to be quickly fading and nonoscillatory. 

The desired characteristic polynomial is then 


st + [2a,(1 + a)]s? + oll + af?(a + 4))]s” (8.71) 


+ Pago, (1 + Ca)|s + Lon = 0. 
Equating the coefficients of Equations (8.70) and (8.71) yields four relationships 
involving K, a, b, c, and a: 
2fo,(1 + a) =2 +c, 
@,2(1 + af?(4 + a)) = 10 + 2c + K, 
Jato, (1 + fa) = 10c + Ka, 


Lor = Kb. 
In our case £ = 0.52, w = 5.11, and a = 12. Thus we obtain 
c = 67.13 
K = 1239.2 
a = 5.17 
b = 21.48 


and the resulting controller is 


s? + 5.17s + 21.48 
2: A $ 
G(s) = 1239 —— TI (8.72) 








The step response of the closed-loop system using the controller in Equation 
(8.72) is shown in Figure 8.35. The percent overshoot is P.O. = 14%, and the set- 
tling time is T, = 0.96 second. 

The magnitude plot of the closed-loop system is shown in Figure 8.36. The band- 
width is wg = 27.2 rad/s = 4.33 Hz. This satisfies DS1 but is larger than the 
wg = 1 Hz used in the design (due to the fact that our system is not a second-order 
system). The higher bandwidth leads us to expect a faster settling time. The peak 
magnitude is Mpo = 1.21. We were expecting Mpu = 1.125. 

What is the steady-state response of the closed-loop system if the input is a sinu- 
soidal input? From our previous discussions we expect that as the input frequency 
increases, the magnitude of the output will decrease. Two cases are presented here. In 
Figure 8.37 the input frequency is w = 1 rad/s. The output magnitude is approximate- 
ly equal to 1 in the steady-state. In Figure 8.38 the input frequency is œ = 500 rad/s. 
The output magnitude is less than 0.005 in the steady-state. This verifies our intuition 
that the system response decreases as the input sinusoidal frequency increases. 

Using simple analytic methods, we obtained an initial set of controller parame- 
ters for the mobile robot. The controller thus designed proved to satisfy the design 
requirements. Some fine-tuning would be necessary to meet the design specifica- 
tions exactly. m 
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FIGURE 8.35 
Step response 
using the controller 
in Equation (8.72). 


FIGURE 8.36 
Magnitude plot of 
the closed-loop 
system with the 
controller in 
Equation (8.72). 
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Output response of 
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8.7 FREQUENCY RESPONSE METHODS USING CONTROL DESIGN SOFTWARE 


FIGURE 8.39 
The Bode plot 

associated with 
Equation (8.73). 


This section begins with an introduction to the Bode diagram and then discusses the 
connection between the frequency response and performance specifications in the 
time domain. The section concludes with an illustrative example of designing a con- 
trol system in the frequency domain. 

We will cover the functions bode and logspace. The bode function is used to 
generate a Bode diagram, and the logspace function generates a logarithmically 
spaced vector of frequencies utilized by the bode function. 


Bode Diagram. Consider the transfer function 
5(1 + 0.15) 
s(1 + 0.5s)(1 + (0.6/50)s + (1/507)s?)’ 





G(s) (8.73) 
The Bode diagram corresponding to Equation (8.73) is shown in Figure 8.39. The 
diagram consists of the logarithmic gain in dB versus in one plot and the phase 
p(w) versus w in a second plot. As with the root locus plots, it will be tempting to 
rely exclusively on control design software to obtain the Bode diagrams. The soft- 
ware should be treated as one tool in a tool kit that can be used to design and ana- 
lyze control systems. It is essential to develop the capability to obtain approximate 
Bode diagrams manually. There is no substitute for a clear understanding of the un- 
derlying theory. 

A Bode diagram is obtained with the bode function, shown in Figure 8.40. The 
Bode diagram is automatically generated if the bode function is invoked without 
left-hand arguments. Otherwise, the magnitude and phase characteristics are placed 
in the workspace through the variables mag and phase. A Bode diagram is obtained 
with the plot or semilogx function using mag, phase, and w. The vector w contains 
the values of the frequency in rad/s at which the Bode diagram will be calculated. 









































Frequency (rad/s) 


FIGURE 8.40 
The bode function, 
given G(s). 
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Frequency (rad/s) 
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E sys i frequency (optional) 








[mag, phase,w]=bode(sys,w) 








If w is not specified, the bode function will automatically choose the frequency val- 
ues by placing more points in regions where the frequency response is changing 
quickly. If the frequencies are specified explicitly, it is desirable to generate the vec- 
tor w using the logspace function. The logspace function is shown in Figure 8.41. 

The Bode diagram in Figure 8.39 is generated using the script shown in Figure 
8.42. The bode function automatically selected the frequency range. This range is 
user selectable using the logspace function. The bode function can be used with a 
state variable model, as shown in Figure 8.43. The use of the bode function is exactly 
the same as with transfer functions, except that the input is a state-space object 
instead of a transfer function object. 

Keep in mind that our goal is to design control systems that satisfy certain per- 
formance specifications given in the time domain. Thus, we must establish a connec- 
tion between the frequency response and the transient time response of a system. 
The relationship between specifications given in the time domain to those given in 
the frequency domain depends upon approximation of the system by a second- 
order system with the poles being the system dominant roots. 

Consider the second-order system shown in Figure 8.24. The closed-loop trans- 
fer function is 





T(s) = (8.74) 


S + ons + 2° 


The Bode diagram magnitude characteristic associated with the closed-loop 
transfer function in Equation (8.74) is shown in Figure 8.25. The relationship 
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FIGURE 8.41 
The logspace 
function. 


FIGURE 8.42 
The script for the 
Bode diagram in 
Figure 8.39. 
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n points between 10% and 10° 












w=logspace(a,b,n) 


Logarithmically spaced vector 


Generate 200 points between 0.1 and 1000. 





>>w=logspace(-1,3,200); 
>>bode(sys,w); 









































































































































Bode Diagram 

a = | il l] ] MOTI ] 
m | Hh | 
3 0 j FN | iil 
v | il 
3 -50 l H L 
2 I ATT | 
ob LU Li tt T i 
$ 100 TT TITTI | TT Pi 

-150 U w SAH L 

—90 7 

Hh 

@ -135 
2 
x —180 
3 
£ =225 

-270 at — - = 

107? 10° 10! 10? 103 
Frequency (rad/s) 





% Bode plot script for Figure 8.39 
% 
num=5"[0.1 1]; 





f1=[1 0]; f2=[0.5 1]; £3=[1/2500 .6/50 1]; Compute 
06, 1 
06,13 
s + 053\(1 + Sos + aa ) 


den=conv(f1,conv(f2,f3)); 
% 

sys=tf(num,den); 
bode(sys) 














between the resonant frequency, w,, the maximum of the frequency response, 
Mpo, and the damping ratio, ¢, and the natural frequency, w, is shown in Figure 
8.44 (and in Figure 8.11). The information in Figure 8.44 will be quite helpful in 
designing control systems in the frequency domain while satisfying time-domain 
specifications. 
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bode(sys) 


Transfer function model 


sys = tf(num,den) 








State-space model 








FIGURE 8.43 BEAU ATOR) 
The bode function J |_ sys = ss(A, B,C, D) | 
with a state variable bode(sys) 

model. 























0 
0 02 04 06 08 
é g 

(a) 


zeta=[0.15:0.01:0.7]; zeta ranges from 0.15 to 0.70 


wr_over_wn=sqrt(1-2*zeta.2); 
Mp=(2*zeta .* sqrt(1-zeta.*2)).“(-1); 
% 

FIGURE 8.44 subplot(211),plot(zeta,Mp),grid 

(a) The relationship xlabel('\zeta’), ylabel(‘M_{p\omega}') +] cert lots 
between (Mos, œ) subplot(212),plot(zeta,wr_over_wn),grid 

and (¢, œn) fora xlabel('\zeta’), ylabel(‘\omega_t/\omega_n') 

second-order 
system. (b) m-file 
script. (b) 

















EXAMPLE 8.8 Engraving machine system 


Consider the block diagram model in Figure 8.29. Our objective is to select K so that 
the closed-loop system has an acceptable time response to a step command. A func- 
tional block diagram describing the frequency-domain design process is shown in 
Figure 8.45. First, we choose K = 2 and then iterate K if the performance is unac- 
ceptable. The script shown in Figure 8.46 is used in the design. The value of K is 
defined at the command level. Then the script is executed and the closed-loop Bode 
diagram is generated. The values of M,,, and w, are determined by inspection from 
the Bode diagram. Those values are used in conjunction with Figure 8.44 to deter- 
mine the corresponding values of ¢ and wp. 

Given the damping ratio, ¢, and the natural frequency, w», the settling time and 
percent overshoot are estimated using the formulas 


4 “in 
T, © P.O. = 100 exp————.. 
` Lon PV e 


If the time-domain specifications are not satisfied, then we adjust K and iterate. 
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FIGURE 8.45 
Frequency design 
functional block 
diagram for the 


engraving machine. 
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continue analysis. Freq. [rad/s] 
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| | 


Establish relationship between frequency domain 
specs and time domain specs. 






































Mpo = (2£V1 ~ ŻY, £< 0.707 w/o, = V1 — 262, £< 0.707 
3.5 1 
3 - -- 0.8 |- 
es, = 0.6 F 
Mises a [a 
15 f 0.2 
1 u cy A I 
0 02 04 06 08 0 02 04 06 08 
g g 


Determine w, and ¢. 








The values for ¢ and w, corresponding to K = 2 are = 0.29 and w, = 0.88. 
This leads to a prediction of P.O. = 37% and T, = 15.7 seconds. The step response, 
shown in Figure 8.47, is a verification that the performance predictions are quite 
accurate and that the closed-loop system performs adequately. 

In this example, the second-order system approximation is reasonable and leads 
to an acceptable design. However, the second-order approximation may not always 
lead directly to a good design. Fortunately, the control design software allows us to 
construct an interactive design facility to assist in the design process by reducing the 
manual computational loads while providing easy access to a host of classical and 
modern control tools. m 


FIGURE 8.46 
Script for the 
design of an 
engraving machine. 


FIGURE 8.47 

(a) Engraving 
machine step 
response for K = 2. 
(b) m-file script. 
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engrave.m 








num=[K]; den=[1 3 2 K]; 
sys=tf(num,den); 
w=logspace(-1,1,400); 
[mag,phase,w]=bode(sys,w); <————— Closed -loop Bode plot. 
[mp,!]=max(mag);wr=w/(I); 


zeta=sqrt(0.5*(1-sqrt(1-1/mp2))); Solving Eqs. (8.36) and 
wn=wr/sqrt(1-2*zeta’2); (8.37) for č and w, 


ts=4/zeta/wn 
po=100"exp(-zeta*pi/sqrt(1-zeta^2)) 


Closed-loop transfer function. 


j 











>> K=2; engrave 





























ts= 
K, 57902 Check specifications 
= and iterate, if necessary. 
39.4570 
14 -====== I 7 T 
wals t — Percent overshoot = 39% | 
Py ee ae ee eee as li 
a r a 
1 
0.8 ar 
= I 
0.6 k 


























ops, D. se 


Time (s) 
(a) 








K=2; num=[K]; den=[1 3 2 K]; sys=tf(num,den); 
t=[0:0.01:20); 

y=step(sys,t); plot(t,y); grid 

xlabel(‘Time (s)'), ylabel(‘y(t)') 





(b) 
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8.8 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


The disk drive uses a flexure suspension to hold the reader head mount, as shown in 

B Figure 2.71. As noted in Section 3.10, this flexure may be modeled by a spring and 
mass, as shown in Figure 3.40. In this chapter, we will include the effect of the flex- 
ure within the model of the motor-load system [22]. 

We model the flexure with the mounted head as a mass M, a spring k, and a slid- 
ing friction b, as shown in Figure 8.48. Here, we assume that the force u(t) is exerted 
on the flexure by the arm. The transfer function of a spring-mass-damper was devel- 
oped in Chapter 2, where 


YO o we 1 
U(s) — a(s) = È + 2f0,5 + on Magri (2£s/a@,) + (s/n)? 








A typical flexure and head has ¢ = 0.3 and a natural resonance at f, = 3000 Hz. 
Therefore, w, = 18.85 X 10° as shown in the model of the system (see 
Figure 8.49), 

First, we sketch the magnitude characteristics for the open-loop Bode diagram. 
The Bode diagram sketch is shown in Figure 8.50. Note that the actual plot has a 10-dB 
gain (over the asymptotic plot) at the resonance w = w,,, as shown in the sketch. The 
sketch is a plot of 


20 log|K (jo + 1)G,(jo)G,jo)G3(jo)|, 


for the system of Figure 8.49 when K = 400. Note the resonance at w,. Clearly, we 
wish to avoid exciting this resonance. 


ý (n) 
Spring ? 


Arm force 
ult) k 
—o—_ WN Mass M 
FIGURE 8.48 
Spring, mass, eee SS ee 
friction model of Friction 
flexure and head. b 











Flexure and head. 


_ 1 
O= TE Oups + lea, 


£= 0.3, @, = 18.85 X 103 






PD control Motor coil 










Ys) 








FIGURE 8.49 Disk drive head position control, including effect of flexure head mount. 
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60 g 
ketch of actual curve 
rA 






40 bima iR 
LA Asymptotic approximation 
20 = i —> 
-20 dB/dec ae 











FIGURE 8.50 Sketch of the Bode diagram magnitude for the system of Figure 8.49. 


Plots of the magnitude of the open-loop Bode diagram and the closed-loop 
Bode diagram are shown in Figure 8.51. The bandwidth of the closed-loop system is 
wg = 2000 rad/s. We can estimate the settling time (with a 2% criterion) of this sys- 
tem using 


4 
T, =— 


bon 


where ¢ = 0.8 and w, ~ wg = 2000 rad/s. Therefore, we expect T, = 2.5 ms for the 
system of Figure 8.49. As long as K = 400, the resonance is outside the bandwidth 
of the system. 


8.9 SUMMARY 


In this chapter, we have considered the representation of a feedback control sys- 
tem by its frequency response characteristics. The frequency response of a system 
was defined as the steady-state response of the system to a sinusoidal input signal. 
Several alternative forms of frequency response plots were considered. They 
included the polar plot of the frequency response of a system G(jw) and logarith- 
mic plots, often called Bode plots. The value of the logarithmic measure was also 
illustrated. The ease of obtaining a Bode plot for the various factors of G(jw) was 
noted, and an example was considered in detail. The asymptotic approximation for 
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sketching the Bode diagram simplifies the computation considerably. A summary 
of fifteen typical Bode plots is shown in Table 8.5. Several performance specifica- 
tions in the frequency domain were discussed; among them were the maximum 
magnitude M,, and the resonant frequency ,. The relationship between the 
Bode diagram plot and the system error constants (K, and K,) was noted. Finally, 
the log-magnitude versus phase diagram was considered for graphically represent- 
ing the frequency response of a system. 
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FIGURE 8.51 The magnitude Bode plot for (a) the open-loop 
transfer function and (b) the closed-loop system. 
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EXERCISES 


E8.1 (a) Draw the polar plot of a system with transfer 
function 


1 
s(s + 2) 





G(s) = 


(b) Find the frequency corresponding to |G(jw)| = 1. 


The feedforward transfer function of closed-loop 
system 


E8.2 


G(s) 


= s(s + 2) 


and feedback transfer function 





AS) ed 


(a) Draw the polar plot of G(s)H(s). 
(b) Find w corresponding to 


ZG(jo)H(jo) = 180° 
(c) Find |G(jw)H(jw)| corresponding to the angle 


obtained in (b). 
E8.3 A robotic arm has a joint-control loop transfer 
function 
300(s + 100) 
GAs)G(s) = 


s(s + 10)(s + 40) 


Prove that the frequency equals 28.3 rad/s when the 
phase angle of (jw) is —180°. Find the magnitude of 
G,(jw)G(jw) at that frequency. 

Answer: |G,(j28.3)G(j28.3)| = —2.5 dB 








+20 dB/dec 









—20 dB/dec 





0 dB/dec 





20 log|G| (dB) 





0 dB/dec 
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E8.4 (a) Derive the transfer function of the system given 








in Figure E8.4. 
(b) If R} =10K, R=5K and C=0.1 uF, draw the Bode 
plot. 
R, 
poe | 
un) E R, vn 
e . 





FIGURE E8.4 ARC Network. 
E8.5 The magnitude plot of a transfer function 


K(1 + 0.5s)(1 + as) 
s(1 + s/8)(1 + bs)(1 + s/36) 


is shown in Figure E8.5. Determine K, a, and b from 
the plot. 


Answer: K = 8,a = 1/4, b = 1/24 


E8.6 Several studies have proposed an extravehicular 
robot that could move around in a NASA space sta- 
tion and perform physical tasks at various worksites 
[9]. The arm is controlled by a unity feedback control 
with loop transfer function 





G(s) = 


K 


Ls) = GAGS) = C76 + 16/10 + 17 


Draw the Bode diagram for K = 10, and determine 
the frequency when 20 log|L(jw)| is 0 dB. 






—40 dB/dec 





PSY a a E ace NE. A 


FIGURE E8.5 l 
Bode diagram. 


BR a. 
&------------------= 


w 


@ (rad/s) 


Exercises 
E8.7 Consider a system with a closed-loop transfer function 


Y(s) _ 4 
R(s) (s? +5 + 1)(s? + 0.4 +4) 


This system will have no steady-state error for a 
step input. (a) Plot the frequency response, noting 
the two peaks in the magnitude response. (b) Predict 
the time response to a step input, noting that the 
system has four poles and cannot be represented as 
a dominant second-order system. (c) Plot the step 
response. 





T(s) = 


E8.8 A feedback system has a loop transfer function 
100(s — 1) 


CE) =>. SS 
ANG) = F554 100 

(a) Determine the corner frequencies (break fre- 
quencies) for the Bode plot. (b) Determine the slope 
of the asymptotic plot at very low frequencies and at 
high frequencies. (c) Sketch the Bode magnitude 
plot. 


E8.9 The Bode diagram of a system is shown in Figure 
E8.9. Determine the transfer function G(s). 


E8.10 The dynamic analyzer shown in Figure E8.10(a) 
can be used to display the frequency response of a 
selected G(jw) model. Also shown is a head position- 
ing mechanism for a disk drive, which uses a linear 
motor to position the head. Figure E8.10(b) shows the 
actual frequency response of the head positioning 
mechanism. Estimate the poles and zeros of the 
device. Note X = 1.37 kHz at the first cursor, and 
AX = 1.257 kHz to the second cursor. 


547 


(b) Find the frequency corresponding to 
2ZG(jw)H (jw) = 180° from the phase plot. 

(c) Find the gain in db corresponding to the frequency 
obtained in (b). 


E8.12 Consider the system represented in state variable 


form 
x= g ; x+ g 
-2 -3 5 |" 


y=[1 —1)x + [0]u 


(a) Determine the transfer function representation of 
the system. (b) Sketch the Bode plot. 


E8.13 Frequency domain specification of a II order system 
is given as w, (the resonance frequency) = 0.707 rad/s 
Mpo (maximum value of frequency response) in 
dB = 3.5dB. 


(a) Find the transfer function of the system. 
(b) Find the time domain specifications. 


E8.14 Consider the nonunity feedback system in Figure 
E8.14, where the controller gain is K = 2. Sketch the 
Bode plot of the loop transfer function. Determine the 
phase of the loop transfer function when the magnitude 
20 log|L(jw)| = 0 dB. Recall that the loop transfer 
function is L(s) = G,(s)G(s)H(s). 


E8.15 Consider the single-input, single-output system 
described by 
x(t) = Ax(t) + Bu(t) 
y(t) = Cx) 
where 


0 1 0 
TEF tpp as [6 3]. 


Compute the bandwidth of the system for K = 1,2, 
and 10.As K increases, does the bandwidth increase or 
decrease? 











E811 
(a) Draw the Bode plot of a system with transfer 
function 
20 
G(s) = ————_— 
(3) = 4 ae + 5) 
S 
g 
B. 
2 
īa 
FIGURE E8.9 = i 10 me 
w (rad/s) 


Bode diagram. 
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X = 1.37kHz AYa = 4.076 dB 
Ya = —4.9411 AX = 1.275kHz 


M: FreqResp 20Avg O%OvIp Unif 
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dB 














-30.0 -— - 
0 X  2kHz 4kHz 


(b) 
FIGURE E8.10 (a) Dual-exposure photo showing the head positioner and 


the Signal Analyzer 3562A. (b) Frequency response. (Courtesy of Hewlett- 
Packard Co.) 
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Controller 





s? + 10s + 100 










1 
Ys) 








FIGURE E8.11 
Unity feedback 
system. 


R(s) 


FIGURE E8.14 
Nonunity feedback 
system with 
controller gain K. 


PROBLEMS 


P8.1 Sketch the polar plot of the frequency response for 
the following loop transfer functions: 


1 
(a) Gls\G(S) = GO Sya + Bs) 


10(s? + 1.4 + 1) 
(s — 1) 
is = 10 
s + 6s + 10 
30(s + 8) 
s(s + 2)(s + 4) 


(b) G.(s)G(s) = 
(e) G.(s)G(s) = 


(d) GAs)G(s) = 


P8.2 Sketch the Bode diagram representation of the fre- 
quency response for the transfer functions given in 
Problem 8.1, 

P8.3 A rejection network that can be used instead of the 
twin-T network of Example 8.4 is the bridged-T net- 
work shown in Figure P8.3. The transfer function of 
this network is 

st o 
G(s) = a a: 
8 + 2X(w,/Q)s + oP 

(can you show this?), where wp? = 2/LC, Q = w,L/Rj, 

and R, is adjusted so that R, = (w,L)°/4R, [3]. 

(a) Determine the pole-zero pattern and, using the 

vector approach, evaluate the approximate fre- 

quency response. (b) Compare the frequency res- 
ponse of the twin-T and bridged-T networks when 

Q = 10. 






Process, G(s) 


1 
2+ 14s+1 





Ys) 















WN 
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1 
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FIGURE P8.3 Bridged-T network. 


P8.4 The transfer function of an AC servomotor is ob- 
ws) 42 

V(s) 1+ 20s 

(a) Obtain the Bode Plot. 

(b) Obtain the Bandwidth. 








tained as 


P8.5 Consider the system given in Figure P8.5 where 


_ K(s + 5) 
Gel) = 40) 
1 
SaD = s(s? + 2s + 2) 
H(s) =1 


(a) Find K such that the velocity error coefficient 
K, = 10. 

(b) Draw the Bode plot of the open-loop system. 

(c) From the Bode plot, find the frequency corre- 
sponding to 0dB gain. 
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G(s) 

FIGURE P8.4 

Bode Plot. 

P8.6 The asymptotic log-magnitude curves for two trans- 


P8.7 


fer functions are given in Figure P8.6. Sketch the cor- 
responding asymptotic phase shift curves for each 
system. Determine the transfer function for each sys- 
tem. Assume that the systems have minimum phase 
transfer functions. 

Driverless vehicles can be used in warehouses, 
airports, and many other applications. These vehicles 
follow a wire embedded in the floor and adjust the 
steerable front wheels in order to maintain proper 
direction, as shown in Figure P8.7(a) [10]. The sensing 
coils, mounted on the front wheel assembly, detect an 
error in the direction of travel and adjust the steering. 





The overall control system is shown in Figure P8.7(b). 
The loop transfer function is 


K 
L@) = — = 
s(s + T) s(s/m + 1) 
We want the bandwidth of the closed-loop system to 
exceed 27 rad/s. (a) Set K, = 2a and sketch the 
Bode diagram. (b) Using the Bode diagram, obtain 
the logarithmic-magnitude versus phase angle curve. 


P8.8 A feedback control system is shown in Figure P8.8. 


The specification for the closed-loop system requires 
that the overshoot to a step input be less than 10%. 














g 12 
2 
= 
oO 
fa 
a > log 
wo 1.0 10.0 \ nee 
—40 dB/dec 
(a) 
A 
a 
2 
a 
oO 
Ke! 
a /' > log w 
FIGURE P8.6 —20 dB/dec 
Log-magnitude 


curves. (b) 


Problems 





Reference 





FIGURE P8.7 
Steerable wheel 
control. 


(a) Determine the corresponding specification M p in the 
frequency domain for the closed-loop transfer function 


Y(jo) | 
RGo) 





T (ja). 


(b) Determine the resonant frequency ,. (c) Deter- 
mine the bandwidth of the closed-loop system. 


P8.9 Sketch the logarithmic-magnitude versus phase 
angle curves for the transfer functions (a) and (b) of 
Problem 8.1. 


P8.10 A linear actuator is used in the system shown in 
Figure P8.10 to position a mass M. The actual position of 
the mass is measured by a slide wire resistor, and thus 
H(s) = 1.0. The amplifier gain is selected so that the 
steady-state error of the system is less than 1% of the 
magnitude of the position reference R(s). The actuator has 
a field coil with a resistance R; = 0.1 Q and Ly = 0.2 H. 









FIGURE P8.8 
Second-order unity 
feedback system. 


Controller 


Controller 


Process 
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Steering 
servo 
Steerable 


wheels 


Sensing 
coils 


Energized guidepath wire 


(a) 





Direction 
of travel 


Vehicle 
wheels 







Sensing 
coils 






(b) 


The mass of the load is 0.1 kg, and the friction is 0.2 N 
sim. The spring constant is equal to 
0.4 N/m. (a) Determine the gain K necessary to maintain 
a steady-state error for a step input less than 1%. That is, 
XK, must be greater than 99. (b) Sketch the Bode dia- 
gram of the loop transfer function, L(s) = G(s)H(s). 
(c) Sketch the logarithmic magnitude versus phase angle 
curve for L(jw). (d) Sketch the Bode diagram for the 
closed-loop transfer function, Y (jw)/R(jw). Determine 
M pw ©, and the bandwidth. 


P8.11 Automatic steering of a ship would be a particularly 
useful application of feedback control theory [20]. 
In the case of heavily traveled seas, it is important 
to maintain the motion of the ship along an accurate 
track. An automatic system would be more likely to 
maintain a smaller error from the desired heading than 
a helmsman who recorrects at infrequent intervals. 
A mathematical model of the steering system has 






1 
s(s + 7) 


Ys) 
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Ris) 






























FIGURE P8.10 Measurement 
Linear actuator His) 
control. s 
100 —280 
- — 320 |, 
a G 
3 Amplitude S 
v i i -360 S 
= | 
R gojat Bi -400 ™ 
i | | 
20} iP —440 
FIGURE P8.11 ö | i 
Frequency 
response of ship 0.002 0.01 0.1 0.4 
control system. @ (rad/s) 


been developed for a ship moving at a constant veloc- P8.13 A position control system may be constructed by 


ity and for small deviations from the desired track. For 
a large tanker, the transfer function of the ship is 


_ E(s) _ 0.164(s + 0.2)(—s + 0.32) 
~ As) s?(s + 0.25)(s — 0.009) ` 





G(s) 


where E(s) is the Laplace transform of the deviation 
of the ship from the desired heading and 6(s) is the 
Laplace transform of the angle of deflection of the 
steering rudder. Verify that the frequency response of 
the ship, E(jw)/5(jw), is that shown in Figure P8.11. 

P8.12 The block diagram of a feedback control system is 
shown in Figure P8.12(a). The transfer functions of the 
blocks are represented by the frequency response 
curves shown in Figure P8.12(b). (a) When G; is dis- 
connected from the system, determine the damping 
ratio ¢ of the system. (b) Connect G; and determine 
the damping ratio ¢. Assume that the systems have 
minimum phase transfer functions. 


using an AC motor and AC components, as shown in 
Figure P8.13. The syncro and control transformer may 
be considered to be a transformer with a rotating 
winding. The syncro position detector rotor turns with 
the load through an angle @). The syncro motor is 
energized with an AC reference voltage, for example, 
115 volts, 60 Hz. The input signal or command is 
R(s) = 6jq(s) and is applied by turning the rotor of the 
control transformer. The AC two-phase motor oper- 
ates as a result of the amplified error signal. The 
advantages of an AC control system are (1) freedom 
from DC drift effects and (2) the simplicity and accu- 
racy of AC components. To measure the open-loop 
frequency response, we simply disconnect X from Y 
and X’ from Y’ and then apply a sinusoidal modula- 
tion signal generator to the Y — Y’ terminals and 
measure the response at X — X'. (The error (6) — 8;) 
will be adjusted to zero before applying the AC gener- 
ator.) The resulting frequency response of the loop 





Problems 





553 


Yis) 



















(a) 
Im 
Polar plot Bode plot 
Gio) -20 dB/dec Gajo) 
dB _ 
1 boa 
. L ` 
10 Ke 0 0.6 N 1.0 —_> 
—40 dB/dec loge 
dB 
tes Î Logarithmic magnitude 
increasing vs. phase plot 
w=] }-=----4 9.54 Galja) 
+ t ł + $ 
—360° —270° —180° —90° 
FIGURE P8.12 
Feedback system. (b) 
transfer function L(jw) = G(jw)G(jo)H(jw), is Phase. 
shown in Figure P8.13(b). Determine the transfer ; K 
function L(jw). Assume that the system has a mini- g rad/s [Gjo degrees 
mum phase transfer function. 0.1 50 -90 
i 1 5.02 —92.4 
P8.14 A bandpass amplifier may be represented by the 3 2.57 -96.2 
circuit model shown in Figure P8.14 [3]. When R, = 4 1.36 —100 
R, = 1 kQ, C, = 100 pF, C) = 1 aF, and K = 100, 5 117 -104 
showlthal 6.3 1.03 -110 
G(s) 10°s 8 0.97 —120 
s) = ——————>.. = 
(s + 1000)(s + 10) TA oa ae 
(a) Sketch the Bode diagram of G(jw). (b) Find the 20 0.13 —245 
31 0.026 —258 


midband gain (in dB). (c) Find the high and low fre- 
quency —3 dB points. 


P8.15 To determine the transfer function of a process 
G(s), the frequency response may be measured using 
a sinusoidal input. One system yields the data in the 
following table: 


Determine the transfer function G(s). 


P8.16 The space shuttle has been used to repair satellites 
and the Hubble telescope. Figure P8.16 illustrates how 
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Ly 














Control Reference winding 
Bs Ba indi AC two-phase motor 
x Y winding pl 
Rotor K, 
° ° Load 
x F 





Control transformer 















































Stator 
Syncro generator 
(a) 
—20 dB/dec m 
8 
= —90° 
3 
3 olw) —180° 
D5 
2 -270° 
a 
—360° 
10 100 1000 
FIGURE P8.13 ene 
(a) AC motor control, 
(b) Frequency 
response. (b) 
R Cy (a) Determine the response y(t) to a unit step input, 
r NAN 5 5| 5 R(s) = 1/s. (b) Determine the bandwidth of the system. 
+ + + 
vi Cı vV KV, Ry Vo 
o = 5 





FIGURE P8.14 Bandpass amplifier. 


a crew member, with his feet strapped to the platform 
on the end of the shuttle’s robotic arm, used his arms 
to stop the satellite’s spin. The control system of the 
robotic arm has a closed-loop transfer function 


Y(s) _ 53.5 
R(s) s? + 14.15 + 53.5 FIGURE P8.16 Satellite repair. 





Problems 


P8.17 The experimental Oblique Wing Aircraft (OWA) 


has a wing that pivots, as shown in Figure P8.17. The 
wing is in the normal unskewed position for low 
speeds and can move to a skewed position for 
improved supersonic flight [11]. The aircraft control 
system loop transfer function is 


4(0.5s + 1) 


(a) Sketch the Bode diagram. (b) Find the frequency 
@, when the magnitude is 0 dB, and find the frequency 
œ when the phase is —180°. 


G(s)G(s) = 







Maximum skewed 
wing position 

















FIGURE P8.17 The Oblique Wing Aircraft, top and side 
views. 


P8.18 Remote operation plays an important role in 


hostile environments, such as those in nuclear or 
high-temperature environments and in deep space. 
In spite of the efforts of many researchers, a tele- 
operation system that is comparable to the human’s 
direct operation has not been developed. Research 
engineers have been trying to improve teleope- 
rations by feeding back rich sensory information 
acquired by the robot to the operator with a sensation 
of presence. This concept is called tele-existence or 
telepresence [9]. 

The tele-existence master-slave system consists 
of a master system with a visual and auditory sensa- 
tion of presence, a computer control system, and an 
anthropomorphic slave robot mechanism with an arm 
having seven degrees of freedom and a locomotion 
mechanism, The operator’s head movement, right arm 
movement, right hand movement, and other auxiliary 
motion are measured by the master system. A specially 
designed stereo visual and auditory input system 
mounted on the neck mechanism of the slave robot 
gathers visual and auditory information from the 
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remote environment. These pieces of information are 
sent back to the master system and are applied to the 
specially designed stereo display system to evoke the 
sensation of presence of the operator. The locomotion 
control system has the loop transfer function 


12(s + 0.5) 
s? + 13s + 30° 
Obtain the Bode diagram for G,(jw)G(jw) and deter- 


mine the frequency when 20 log|G,(jw)G(jw)| is very 
close to 0 dB. 


G.(s)G(s) = 


P8.19 A DC motor controller used extensively in auto- 


mobiles is shown in Figure P8.19(a). The measured 
plot of O(s)/1(s) is shown in Figure P8.19(b). Deter- 
mine the transfer function of O(s)/1(s). 


P8.20 For the successful development of space projects, 


robotics and automation will be a key technology. 
Autonomous and dexterous space robots can reduce 
the workload of astronauts and increase operational 
efficiency in many missions. Figure P8.20 shows a con- 
cept called a free-flying robot [9, 13]. A major charac- 
teristic of space robots, which clearly distinguishes 
them from robots operated on earth, is the lack of a 
fixed base. Any motion of the manipulator arm will 
induce reaction forces and moments in the base, which 
disturb its position and attitude. 

The control of one of the joints of the robot can 
be represented by the loop transfer function 


781(s + 10) 
s? + 22s + 484 
(a) Sketch the Bode diagram of G,(j@)G(jw). (b) De- 
termine the maximum value of 20 log|G,(jw)G(ja)|, 


the frequency at which it occurs, and the phase at that 
frequency. 


G(s)G(s) = 


P8.21 Low-altitude wind shear is a major cause of air carrier 


accidents in the United States. Most of these accidents 
have been caused by either microbursts (small-scale, 
low-altitude, intense thunderstorm downdrafts that im- 
pact the surface and cause strong divergent outflows of 
wind) or by the gust front at the leading edge of expand- 
ing thunderstorm outflows. A microburst encounter is a 
serious problem for either landing or departing aircraft, 
because the aircraft is at low altitudes and is traveling at 
just over 25% above its stall speed [12]. 

The design of the control of an aircraft encoun- 
tering wind shear after takeoff may be treated as a 
problem of stabilizing the climb rate about a desired 
value of the climb rate. The resulting controller uses 
only climb rate information. 

The standard negative unity feedback system of 
Figure 8.24 has a loop transfer function 


—200s? 


G(s)G(s) = =. 
ANUS) si + 14s? + 44s + 40 
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phase (deg) 














FIGURE P8.19 
(a) Motor controller. 


(b) Measured plot. (b) 





FIGURE P8.20 
capturing a satellite. 


A space robot with three arms, shown 


Note the negative gain in G,(s)G(s). This system rep- 
resents the control system for the climb rate. Sketch 
the Bode diagram and determine gain (in dB) when 
the phase is —180°. 

P8.22 The frequency response of a process G(jw) is 
shown in Figure P8.22. Determine G(s). 

P8.23 The frequency response of a process G(jw) is 
shown in Figure P8.23. Deduce the type number 
(number of integrations) for the system. Determine 
the transfer function of the system, G(s). Calculate the 
error to a unit step input. 





P8.24 The Bode diagram of a closed-loop film transport 
system is shown in Figure P8.24 [17]. Assume that the 
system transfer function T(s) has two dominant 
complex conjugate poles. (a) Determine the best sec- 
ond-order model for the system. (b) Determine the 
system bandwidth. (c) Predict the percent overshoot 
and settling time (with a 2% criterion) for a step input. 

P8.25 A unity feedback closed-loop system has a steady- 
state error equal to A/10, where the input is 
r(t) = At?/2. The Bode plot of the magnitude and 
phase angle versus w is shown in Figure P8.25 for 
G(jo). Determine the transfer function G(s). 


P8.26 Determine the transfer function of the op-amp cir- 
cuit shown in Figure P8.26. Assume an ideal op-amp. 
Plot the frequency response when R = 10kQ, 
Rı = 9 KQ, Rp = 1kO, and C = 1 pF. 


P8.27 A unity feedback system has the loop transfer 
function 
K(s + 50) 

s? + 10s + 25° 

Sketch the Bode plot of the loop transfer function and 
indicate how the magnitude 20 log|L(je)| plot varies as 
K varies. Develop a table for K = 0.75, 2, and 10, and 
for each K determine the crossover frequency 
(w; for 20 log|L(jw)| = 0 dB), the magnitude at low 
frequency (20 log|L(jw)| forw << 1), and for the 
closed-loop system determine the bandwidth for each K. 


L(s) = G(s)G(s) = 
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Problems 
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FIGURE P8.22 Bode plot of G(s). 
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FIGURE P8.23 Frequency response of G(ja). 
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FIGURE P8.24 Bode plot of a closed-film transport system. 
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FIGURE P8.25 Bode plot of a unity feedback system. 





FIGURE P8.26 
An op-amp circuit. 











ADVANCED PROBLEMS 


AP8.1 A spring-mass-damper system is shown in Figure in Figure AP8.1(b). Determine the numerical values 
AP8.1(a). The Bode diagram obtained by experimen- of m, b,and k. 
tal means using a sinusoidal forcing function is shown 





Spring, k S 


20 log|G| (dB) 














Damper, b [=~] wo) ~180° 
0.01 0.1 1 10 100 


FIGURE AP8.1 e] % (rad/s) 


A spring-mass- 
damper system. (a) (b) 





Advanced Problems 


AP8.2 A system is shown in Figure AP8.2. The nominal 


value of the parameter b is 4.0. Determine the sensi- 
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tivity Sf and plot 20 log|S#|, the Bode magnitude dia- 
gram for K = 2. 


¥(s) 


FIGURE AP8.2 
System with 
parameter b. 





AP8.3_ Asan automobile moves along the road, the vertical suspension system, for which we assume the input is si- 


displacements at the tires act as the motion excitation 
to the automobile suspension system [16]. Figure AP8.3 
is a schematic diagram of a simplified automobile 


nusoidal. Determine the transfer function X(s)/R(s), 
and sketch the Bode diagram when M = 1kg, 
b =4Ns/m, and k = 18 N/m. 


MJW 
in 
uw 





FIGURE AP8.3 
Auto suspension 
system model. 


ue 


AP8.4 A helicopter with a load on the end of a cable is 
shown in Figure AP8.4(a). The position control system 
is shown in Figure AP8.4(b), where the visual feed- 
back is represented by H(s). Sketch the Bode diagram 
of G(jw)H (jo). 


1, 10, 50, 110, and 500. (c) Is the open-loop system sta- 
ble? Is the closed-loop system stable? 


AP8.6 Consider the spring-mass system depicted in Fig- 
ure AP8.6. Develop a transfer function model to 
describe the motion of the mass M = 2 kg, when the 
input is u(t) and the output is x(r). Assume that the ini- 
tial conditions are x(0) = 0 and x(0) = 0. Determine 
values of k and b such that the maximum steady-state 
response of the system to a sinusoidal input 
u(t) = sin(wt) is less than 1 for all w. For the values 
you selected for k and b, what is the frequency at 
which the peak response occurs? 


AP8.5 A closed-loop system with unity feedback has a 
transfer function 
10(s + 1) 
s? +95 +10 


T(s) = 


(a) Determine the loop transfer function G.(s) G(s). 
(b) Plot the log-magnitude-phase (similar to Figure 
8.27), and identify the frequency points for w equal to 
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position 


FIGURE AP8.4 
A helicopter 
feedback control 
system. 


FIGURE AP8.6 
Suspended spring- 
mass system with 
parameters k and b. u(t) 





DESIGN PROBLEMS 


CDP8.1 In this chapter, we wish to use a PD controller DP8.1 Understanding the behavior of a human steering 
ey such that an automobile remains an interesting subject [14, 15, 

‘i $ 
as] = i 16, 21]. The design and development of systems 
Gds) = K(s + 2). for four-wheel steering, active suspensions, active, 


The tachometer is not used (see Figure CDP4.1). independent braking, and “drive-by-wire” steering 
Plot the Bode diagram for the system when K = 40. provide the engineer with considerably more freedom 
Determine the step response of this system and esti- in altering vehicle-handling qualities than existed in 
mate the overshoot and settling time (with a 2% the past. 


criterion). 


Design Problems 












G(s) 
Vehicle 


1 
(s + 12) 


Ris) 
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K(s + 2) 


FIGURE DP8.1 
Human steering 
control system. 


center line 


Yis) 


Distance 
from center 
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The vehicle and the driver are represented by 
the model in Figure DP8.1, where the driver devel- 
ops anticipation of the vehicle deviation from the 
center line. For K = 1, plot the Bode diagram of (a) 
the loop transfer function G,(s)G(s) and (b) the 
closed-loop transfer function 7(s). (c) Repeat parts 
(a) and (b) when K = 50. (d) A driver can select the 
gain K. Determine the appropriate gain so that 
Mp. = 2, and the bandwidth is the maximum attain- 
able for the closed-loop system. (e) Determine the 
steady-state error of the system for a ramp input 
rit) =t. 


DP8.2 The unmanned exploration of planets such as 


Mars requires a high level of autonomy because of the 
communication delays between robots in space and 
their Earth-based stations. This affects all the compo- 
nents of the system: planning, sensing, and mechanism. 
In particular, such a level of autonomy can be 
achieved only if each robot has a perception system 
that can reliably build and maintain models of the 
environment. The perception system is a major part of 


the development of a complete system that includes 
planning and mechanism design. The target vehicle is 
the Spider-bot, a four-legged walking robot shown in 
Figure DP8.2(a), being developed at NASA Jet 
Propulsion Laboratory [18]. The control system of one 
leg is shown in Figure DP8.2(b). 

(a) Sketch the Bode diagram for G,(s)G(s) 
when K = 20. Determine (1) the frequency when the 
phase is —180° and (2) the frequency when 
20 log|G.G| = 0 dB. (b) Plot the Bode diagram for 
the closed-loop transfer function T(s) when K = 20. 
(c) Determine Mpo, @,, and wg for the closed-loop sys- 
tem when K = 20and K = 40. (d) Select the best gain 
of the two specified in part (c) when it is desired that 
the overshoot of the system to a step input z(t), be less 
than 35% and the settling time be as short as possible. 


DP83 A table is used to position vials under a dispenser 


head, as shown in Figure DP8.3(a). The objective is 
speed, accuracy, and smooth motion in order to elimi- 
nate spilling. The position control system is shown in 
Figure DP8.3(b). Since we want small overshoot for a 











G(s) Amplifier 
FIGURE DP8.2 and controller 
(a) The Mars-bound 
Spider-bot. (Photo 
courtesy of NASA.) 
(b) Block diagram of 
the control system 
for one leg. (b) 


Ris) ¥(s) 
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FIGURE DP8.3 
Automatic table 
and dispenser. 


(+5) 





(b) 


step input and yet desire a short settling time, we will 
limit 20 log M,,, to 3 dB for T (jw). Plot the Bode dia- 
gram for a gain K that will result in a stable system. 
Then adjust K until 20 log Mpo = 3 dB, and deter- 
mine the closed-loop system bandwidth. Determine 
the steady-state error for the system for the gain K 
selected to meet the requirement for M pw: 


DP8.4 Anesthesia can be administered automatically by a 


control system. For certain operations, such as brain 
and eye surgery, involuntary muscle movements can be 
disastrous. To ensure adequate operating conditions 
for the surgeon, muscle relaxant drugs, which block in- 
voluntary muscle movements, are administered. 

A conventional method used by anesthesiolo- 
gists for muscle relaxant administration is to inject a 
bolus dose whose size is determined by experience 
and to inject supplements as required. However, an 
anesthesiologist may sometimes fail to maintain a 
steady level of relaxation, resulting in a large drug 
consumption by the patient. Significant improve- 
ments may be achieved by introducing the concept of 


automatic control, which results in a considerable 
reduction in the total relaxant drug consumed [19]. 

A model of the anesthesia process is shown in 
Figure DP8.4. Select a gain K so that the bandwidth of 
the closed-loop system is maximized while Mp, = 1.5. 
Determine the bandwidth attained for your design. 


DP8.5 Consider the control system depicted in Figure 


DP8.5(a) where the plant is a “black box” for which 
little is known in the way of mathematical models. The 
only information available on the plant is the frequency 
response shown in Figure DP8.5(b). Design a con- 
troller G,(s) to meet the following specifications: (i) 
The crossover frequency is between 10 rad/s and 50 
rad/s; (ii) The magnitude of G,(s)G(s) is greater than 
20 dB for w < 0.1 rad/s. 


DP8.6 A single-input, single-output system is described by 


x(t) = Is ‘hwo + ize 


y(t) = [0 1x) 
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Design Problems 


(a) Determine p and K such that the unit step (c) For the values of p and K determined in part (a), 
response exhibits a zero steady-state error and obtain the Bode plot of the system and determine 
the percent overshoot meets the requirement the bandwidth wg. 

P.O. = 5%. (d) Using the approximate formula shown in Figure 

(b) For the values of p and K determined in part (a), 8.26, compute the bandwidth using ¢ and w„ and 
determine the system damping ratio ¢ and the compare the value to the actual bandwidth from 


natural frequency wp- part (c). 
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COMPUTER PROBLEMS 


CP8.1 Write a MATLAB program to draw the polar plot of 
a type I third-order system with transfer function 


K 


SOS s(s? + 25 + 4) 


for a specified value of K. 
(a) Using the program draw polar plot when K = 3. 
(b) From the plot find w, when ZG(jw) = 180°. 
(c) Find |G(jw)| corresponding to frequency ob- 
tained in (b). 
CP8.2 For the following transfer functions, sketch the 
Bode plots, then verify with the bode function: 


1 
© CO) GF TNs + 10) 
s+ 10 
©) CS) = FG + M) 
1 
(¢) Gls) = s? +25 + 50 
(a) Gis) soi 


(s + 2)(s? + 12s + 50) 
CP8.3 For each of the following transfer functions, sketch 
the Bode plot and determine the crossover frequency 
(that is, the frequency at which 20 log;,|G(jw)| = 0 dB): 


@) 6) = Gy oe + 30) 
100 
(©) OO) = Const A s + 20) 
50(s + 100) 
©) G(s) = Be + 50) 
100(s? + 14s + 50) 
(d) G(s) = 


(s + 1)(s + 2)(s + 500) 
CP8.4 A unity negative feedback system has the loop 
transfer function 


50 

GAs)G(s) a + 5)" 
Determine the closed-loop system bandwidth by using 
the bode function to obtain the Bode plot, and esti- 
mate the bandwidth from the plot. Label the plot with 

the bandwidth. 
CP8.5 A block diagram of a second-order system is shown 
in Figure CP8.5. 

(a) Determine the resonant peak M,,, the reso- 
nant frequency w,, and the bandwidth wa, of the system 
from the closed-loop Bode plot. Generate the Bode 
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plot with an m-file for w = 0.1 to w = 1000 rad/s using 
the logspace function. (b) Estimate the system damping 
ratio, č, and natural frequency wp, using Equations 
(8.36) and (8.37) in Section 8.2. (c) From the closed- 
loop transfer function, compute the actual ¢ and w,, and 
compare with your results in part (b). 









100 
s(s + 6) 





R(s) Y(s) 





FIGURE CP8.5 A second-order feedback control 
system. 


CP8.6 Using MATLAB obtain Bode plot of a system with 


transfer function 
m K(1 + 0.1s) 
GO) = ae Be 
5(1 + 2s)(s° + 2s + 2) 
(a) K = 10. 
(b) K = 20. 


(c) Compare plots obtained in (a) and (b). 
CP8.7 Given, 





G(s) = Lt 05) 
cl) = 1.055) 
12 
Gr) = s(s + 1) 
using MATLAB 


(a) Obtain Bode plot of Ge (s). 
(b) Obtain Bode plot of Gp(s). 
(c) Obtain Bode plot of Ge (s) + Gp(s). 

CP8.8 Consider the problem of controlling an inverted 
pendulum on a moving base, as shown in Figure 
CP8.8(a). The transfer function of the system is 


—1/(MpL) 


AS) = FT + Me, 


The design objective is to balance the pendulum 
(ie., @(¢) = 0) in the presence of disturbance inputs. A 
block diagram representation of the system is depicted 
in Figure CP8.8(b). Let M, = 10 kg, M, = 100 kg, 
L=1m,g = 981 m/s*,a=5, and b6=10. The 


Computer Problems 
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A(s) = 0 


FIGURE CP8.8 
(a) An inverted 
pendulum on a 
moving base. 

(b) A block diagram 
representation. 


design specifications, based on a unit step disturbance, 
are as follows: 


1. settling time (with a 2% criterion) less than 10 
seconds, 

2. percent overshoot less than 40%, and 

3. steady-state tracking error less than 0.1° in the 
presence of the disturbance. 


Develop a set of interactive m-file scripts to aid in the 
control system design. The first script should accomplish 
at least the following: 


1. Compute the closed-loop transfer function from the 
disturbance to the output with K as an adjustable 
parameter, 
2. Draw the Bode plot of the closed-loop system. 
3. Automatically compute and output Mpo and 
Oy. 
As an intermediate step, use Mpo and wy and Equa- 
tions (8.36) and (8.37) in Section 8.2 to estimate ¢ and 
w, The second script should at least estimate the set- 
tling time and percent overshoot using ¢ and œp as 
input variables. 

If the performance specifications are not satis- 
fied, change K and iterate on the design using the first 
two scripts. After completion of the first two steps, the 


K(s +a) 


Tats) 
Disturbance 














Pendulum model 
Es 
M,L 
p Mt Mg 
M,L 






As) 


(b) 


final step is to test the design by simulation. The func- 
tions of the third script are as follows: 


1. plot the response, 6(t), to a unit step disturbance 
with K as an adjustable parameter, and 
2. label the plot appropriately. 


Utilizing the interactive scripts, design the controller to 
meet the specifications using frequency response Bode 
methods. To start the design process, use analytic 
methods to compute the minimum value of K to meet 
the steady-state tracking error specification. Use the 
minimum K as the first guess in the design iteration. 


CP8.9 Design a filter, G(s), with the following frequency 


response: 


1. For ù < 1 rad/s, the magnitude 20 logyo|G(jo)| < 
0dB 
2, For 1 < œ < 1000 rad/s, the magnitude 20 logio 
|G(jo)| = 0dB 
- 3. For œ > 1000rad/s, the magnitude 20 logio 
|G(ja)| < 0 dB 


Try to maximize the peak magnitude as close to 
w = 40 rad/s as possible. 
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TERMS AND CONCEPTS 


All-pass network A nonminimum phase system that 
passes all frequencies with equal gain. 

Bandwidth The frequency at which the frequency re- 
sponse has declined 3 dB from its low-frequency 
value. 

Bode plot The logarithm of the magnitude of the trans- 
fer function is plotted versus the logarithm of w, the 
frequency. The phase ¢ of the transfer function is sep- 
arately plotted versus the logarithm of the frequency. 


Break frequency The frequency at which the asymptotic 
approximation of the frequency response for a pole 
(or zero) changes slope. 

Corner frequency See Break frequency. 


Decade A factor of 10 in frequency (e.g., the range of fre- 
quencies from 1 rad/s to 10 rad/s is one decade). 

Decibel (dB) The units of the logarithmic gain. 

Dominant roots The roots of the characteristic equation 
that represent or dominate the closed-loop transient 
response. 

Fourier transform The transformation of a function of 
time f(t) into the frequency domain. 

Fourier transform pair A pair of functions, one in the 
time domain, denoted by f(t), and the other in the fre- 
quency domain, denoted by F(w), related by the 
Fourier transform as F(w) = ¥{f(t)}, where F 
denotes the Fourier transform. 


Frequency response The steady-state response of a sys- 
tem to a sinusoidal input signal. 


Laplace transform pair A pair of functions, one in the 
time domain, denoted by f(t), and the other in the 
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frequency domain, denoted by F(s), related by the 
Laplace transform as F(s) = £{f(t)}, where £ 
denotes the Laplace transform. 


Logarithmic magnitude The logarithm of the magnitude 
of the transfer function, usually expressed in units of 
20 dB, thus 20 logi9/GI. 


Logarithmic plot See Bode plot. 


Maximum value of the frequency response A pair of com- 


plex poles will result in a maximum value for the fre- 
quency response occurring at the resonant frequency. 


Minimum phase transfer function All the zeros of a 
transfer function lie in the left-hand side of the s- 
plane. 


Natural frequency The frequency of natural oscillation 
that would occur for two complex poles if the damp- 
ing were equal to zero. 


Nonminimum phase transfer function Transfer functions 
with zeros in the right-hand s-plane. 


Polar plot A plot of the real part of G(jw) versus the 
imaginary part of G(jw). 

Resonant frequency The frequency w, at which the max- 
imum value of the frequency response of a complex 
pair of poles is attained. 


Transfer function in the frequency domain The ratio of 
the output to the input signal where the input is a 
sinusoid. It is expressed as G(jw). 
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PREVIEW 


In previous chapters, we discussed stability and developed various tools to deter- 
mine stability and to assess relative stability. We continue that discussion in this 
chapter by showing how frequency response methods can be used to investigate sta- 
bility. The important concepts of gain margin, phase margin, and bandwidth are 
developed in the context of Bode plots and Nyquist diagrams. A frequency response 
stability result—known as the Nyquist stability criterion—is presented and its use 
illustrated through several interesting examples. The implications of having pure 
time delays in the system on both stability and performance are discussed. We will 
see that the phase lag introduced by the time delay can destabilize an otherwise 
stable system. The chapter concludes with a frequency response analysis of the 
Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 9, students should: 


Q Understand the Nyquist stability criterion and the role of the Nyquist plot. 

Q Be familiar with time-domain performance specifications in the frequency domain. 

Q Appreciate the importance of considering time delays in feedback control systems. 

Q Be capable of analyzing the relative stability and performance of feedback control 
systems using frequency response methods considering phase and gain margin, and 
system bandwidth. 
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INTRODUCTION 


For a control system, it is necessary to determine whether the system is stable. 
Furthermore, if the system is stable, it is often necessary to investigate the rela- 
tive stability. In Chapter 6, we discussed the concept of stability and several meth- 
ods of determining the absolute and relative stability of a system. The 
Routh-Hurwitz method, discussed in Chapter 6, is useful for investigating the 
characteristic equation expressed in terms of the complex variable s = o + jw. 
Then, in Chapter 7, we investigated the relative stability of a system utilizing the 
root locus method, which is also expressed in terms of the complex variable s. In 
this chapter, we are concerned with investigating the stability of a system in the 
real frequency domain, that is, in terms of the frequency response discussed in 
Chapter 8. 

The frequency response of a system represents the sinusoidal steady-state 
response of a system and provides sufficient information for the determination 
of the relative stability of the system. The frequency response of a system can 
readily be obtained experimentally by exciting the system with sinusoidal input 
signals; therefore, it can be utilized to investigate the relative stability of a sys- 
tem when the system parameter values have not been determined. Furthermore, 
a frequency-domain stability criterion would be useful for determining suitable 
approaches to adjusting the parameters of a system in order to increase its rela- 
tive stability. 

A frequency domain stability criterion was developed by H. Nyquist in 1932, 
and it remains a fundamental approach to the investigation of the stability of lin- 
ear control systems [1, 2]. The Nyquist stability criterion is based on a theorem in 
the theory of the function of a complex variable due to Cauchy. Cauchy’s theorem 
is concerned with mapping contours in the complex s-plane, and fortunately the 
theorem can be understood without a formal proof requiring complex variable 
theory. 

To determine the relative stability of a closed-loop system, we must investigate 
the characteristic equation of the system: 


F(s) =1+ L(s) = 0. (9.1) 


For the single-loop control system of Figure 9.1, L(s) = G,(s)G(s)H(s). For a mul- 
tiloop system, we found in Section 2.7 that, in terms of signal-flow graphs, the char- 
acteristic equation is 


F(s) = A(s) = 1- SL, + ELplg.-. = 0, 


where A(s) is the graph determinant. Therefore, we can represent the character- 
istic equation of single-loop or multiple-loop systems by Equation (9.1), where 
L(s) is a rational function of s. To ensure stability, we must ascertain that all the 
zeros of F(s) lie in the left-hand s-plane. Nyquist thus proposed a mapping of the 
right-hand s-plane into the F(s)-plane. Therefore, to use and understand 
Nyquist’s criterion, we shall first consider briefly the mapping of contours in the 
complex plane. 
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Gs) G(s) 
Ris) Y(s) 


—H(s) 


(a) 





R(s) Ys) 
FIGURE 9.1 
Single-loop 
feedback control 
system. (b) 


9.2 MAPPING CONTOURS IN THE s-PLANE 


We are concerned with the mapping of contours in the s-plane by a function F(s). A 
contour map is a contour or trajectory in one plane mapped or translated into anoth- 
er plane by a relation F(s). Since s is a complex variable,s = o + jw, the function F(s) 
is itself complex; it can be defined as F(s) = u + jv and can be represented on a com- 
plex F(s)-plane with coordinates u and v. As an example, let us consider a function 
F(s) = 2s + 1 anda contour in the s-plane, as shown in Figure 9.2(a). The mapping 





FIGURE 9.2 
Mapping a square 
contour by 

F(s) = 28+ 1= 
2s + 1/2). (a) (b) 
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of the s-plane unit square contour to the F(s)-plane is accomplished through the 
relation F(s), and so 


u + jv = F(s) =2s+1=2(0 + jw) +1. (9.2) 
Therefore, in this case, we have 
u=20+1 (9.3) 
and 
v = 20. (9.4) 


Thus, the contour has been mapped by F(s) into a contour of an identical form, a 
square, with the center shifted by one unit and the magnitude of a side multiplied by 
two. This type of mapping, which retains the angles of the s-plane contour on the 
F(s)-plane, is called a conformal mapping. We also note that a closed contour in the 
s-plane results in a closed contour in the F(s)-plane. 

The points A, B, C, and D, as shown in the s-plane contour, map into the points 
A, B, C, and D shown in the F(s)-plane. Furthermore, a direction of traversal of the 
s-plane contour can be indicated by the direction ABCD and the arrows shown on 
the contour. Then a similar traversal occurs on the F(s)-plane contour as we pass 
ABCD in order, as shown by the arrows. By convention, the area within a contour to 
the right of the traversal of the contour is considered to be the area enclosed by the 
contour. Therefore, we will assume clockwise traversal of a contour to be positive 
and the area enclosed within the contour to be on the right. This convention is op- 
posite to that usually employed in complex variable theory, but is equally applicable 
and is generally used in control system theory. We might consider the area on the 
right as we walk along the contour in a clockwise direction and call this rule “clock- 
wise and eyes right.” 

Typically, we are concerned with an F(s) that is a rational function of s. There- 
fore, it will be worthwhile to consider another example of a mapping of a contour. 
Let us again consider the unit square contour for the function 


s 
s+2 





F(s) = (9.5) 
Several values of F(s) as s traverses the square contour are given in Table 9.1, and 
the resulting contour in the F(s)-plane is shown in Figure 9.3(b). The contour in the 
F(s)-plane encloses the origin of the F(s)-plane because the origin lies within the en- 
closed area of the contour in the F(s)-plane. 


Table 9.1 Values of F(s) 


s=0 + jo 


F(s) =u + jv 














Point A Point B Point C Point D 

1+ 1 1 1-jl -j1 -1 -ji -1 -1+jl jl 

4+2j 1 4-2j 1-2 , ; 1+2j 
10 a m 5 7 w N 5 





FIGURE 9.3 
Mapping for 
F(s) = s/(s + 2). 
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Cauchy’s theorem is concerned with mapping a function F(s) that has a finite 
number of poles and zeros within the contour, so that we may express F(s) as 


KT +z) 
F(s) = ==" ——, (9.6) 
He + px) 


where —z; are the zeros of the function F(s) and — p; are the poles of F(s). The func- 
tion F(s) is the characteristic equation, and so 





Fie) =1 + L(s), (9.7) 
where 
_ NG) 
L(s) = Ds)" 


Therefore, we have 


Ms) _ Dy +s) “Heta 
D(s) D(s) Tl ns i 


k=1 














F(s) =1+L(s)=1+ (9.8) 


and the poles of L(s) are the poles of F(s). However, it is the zeros of F(s) that are 
the characteristic roots of the system and that indicate its response. This is clear if we 
recall that the output of the system is 


ÈR Ak DAA 


k 
AS) R(s) = F(s) R(s), (9.9) 





Y(s) = T(s)R(s) 





where P, and A, are the path factors and cofactors as defined in Section 2.7. 
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Reexamining the example when F(s) = 2(s + 1/2), we have one zero of F(s) 
at s = —1/2, as shown in Figure 9.2. The contour that we chose (that is, the unit 
square) enclosed and encircled the zero once within the area of the contour. Simi- 
larly, for the function F(s) = s/(s + 2), the unit square encircled the zero at the 
origin but did not encircle the pole at s = —2. The encirclement of the poles and 
zeros of F(s) can be related to the encirclement of the origin in the F(s)-plane by 
Cauchy’s theorem, commonly known as the principle of the argument, which 
states [3, 4]: 


Ifa contour I’, in the s-plane encircles Z zeros and P poles of F(s) and does not pass 
through any poles or zeros of F(s) and the traversal is in the clockwise direction along 
the contour, the corresponding contour I’; in the F(s)-plane encircles the origin of the 
F(s)-plane N = Z — P times in the clockwise direction. 


Thus, for the examples shown in Figures 9.2 and 9.3, the contour in the F(s)- 
plane encircles the origin once, because N = Z — P = 1, as we expect. As another 
example, consider the function F(s) = s/(s + 1/2). For the unit square contour 
shown in Figure 9.4(a), the resulting contour in the F(s) plane is shown in Figure 9.4(b). 
In this case, N = Z — P = 0, as is the case in Figure 9.4(b), since the contour Tp 
does not encircle the origin. 

Cauchy’s theorem can be best comprehended by considering F(s) in terms of 
the angle due to each pole and zero as the contour T, is traversed in a clockwise di- 
rection. Thus, let us consider the function 


_ G+ als + a) 


FO) ex pet py 


(9.10) 


where —z; is a zero of F(s), and —p, isa pole of F(s). Equation (9.10) can be written 
as 


F(s) = |F(s)|/F(s) 





+ alls + 
-talta (stat te - s+ pi 7 s+ p)) 
= IF(S)I(be, + ba = bp, — Pn). (9.11) 


Now, considering the vectors as shown for a specific contour I’, (Figure 9.5a), we 
can determine the angles as s traverses the contour. Clearly, the net angle change as 
s traverses along I’, (a full rotation of 360° for $p, $p, and ¢,,) is zero degrees. 
However, for ġ,, as s traverses 360° around I’, the angle ¢,, traverses a full 360° 
clockwise. Thus, as I’, is completely traversed, the net angle increase of F(s) is equal 
to 360°, since only one zero is enclosed. If Z zeros were enclosed within T, then the 
net angle increase would be equal to ġ, = 27Z rad. Following this reasoning, if Z 
zeros and P poles are encircled as I’, is traversed, then 27Z — 27P is the net resul- 
tant angle increase of F(s). Thus, the net angle increase of Tp of the contour in the 


FIGURE 9.4 
Mapping for 
F(s) = s/(s + 1/2). 


FIGURE 9.5 
Evaluation of the 
net angle of T p. 
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(a) (b) 


F(s)-plane is simply 
or = bz — dp, 
or 
2aN = 27Z — 2nP, (9.12) 


and the net number of encirclements of the origin of the F(s)-plane is N = Z — P. 
Thus, for the contour shown in Figure 9.5(a), which encircles one zero, the contour 
I’; shown in Figure 9.5(b) encircles the origin once in the clockwise direction. 


jo ju 


T contour 
P, contour 





bo >u 














(a) (b) 
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FIGURE 9.6 
Example of 
Cauchy’s theorem 
with three zeros 
and one pole 
within Ts. 


FIGURE 9.7 
Example of 
Cauchy's theorem 
with one pole 
within T's- 
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jo jv 
4 














(a) (b) 


As an example of the use of Cauchy’s theorem, consider the pole-zero pattern 
shown in Figure 9.6(a) with the contour I’, to be considered. The contour encloses 
and encircles three zeros and one pole. Therefore, we obtain 


N=3-12= +2, 


and Tp completes two clockwise encirclements of the origin in the F(s)-plane, as 
shown in Figure 9.6(b). 

For the pole and zero pattern shown and the contour I, as shown in Figure 9.7(a), 
one pole is encircled and no zeros are encircled. Therefore, we have 


N=Z-P=-1, 


and we expect one encirclement of the origin by the contour Tp in the F(s)-plane. 
However, since the sign of N is negative, we find that the encirclement moves in the 
counterclockwise direction, as shown in Figure 9.7(b). 











(a) (b) 
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Now that we have developed and illustrated the concept of mapping of con- 
tours through a function F(s), we are ready to consider the stability criterion pro- 
posed by Nyquist. 


9.3 THE NYQUIST CRITERION 


To investigate the stability of a control system, we consider the characteristic equa- 
tion, which is F(s) = 0, so that 


KTLG + zi) 
F(s) =1+ L(s) = = 0. (9.13) 


TI + pẹ) 
k=1 


For a system to be stable, all the zeros of F(s) must lie in the left-hand s-plane. Thus, 
we find that the roots of a stable system (the zeros of F(s)) must lie to the left of the 
jw-axis in the s-plane. Therefore, we choose a contour I, in the s-plane that encloses 
the entire right-hand s-plane, and we determine whether any zeros of F(s) lie within 
I, by utilizing Cauchy’s theorem. That is, we plot I’; in the F(s)-plane and determine 
the number of encirclements of the origin N. Then the number of zeros of F(s) with- 
in the T, contour (and therefore, the unstable zeros of F(s)) is 


o1 


Thus, if P = 0, as is usually the case, we find that the number of unstable roots of the 
system is equal to N, the number of encirclements of the origin of the F(s)-plane. 
The Nyquist contour that encloses the entire right-hand s-plane is shown in 
Figure 9.8. The contour T, passes along the jw-axis from —joo to +joo, and this 
part of the contour provides the familiar F(jw). The contour is completed by a 








FIGURE 9.8 
Nyquist contour is 
shown as the heavy 
line. 
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semicircular path of radius r, where r approaches infinity so this part of the con- 
tour typically maps to a point. This contour I’ is known as the Nyquist diagram or 
polar plot. 

Now, the Nyquist criterion is concerned with the mapping of the characteristic 
equation 


F(s) = 1+ L(s) (9.15) 


and the number of encirclements of the origin of the F(s)-plane. Alternatively, we 
may define the function 


F'(s) = F(s) - 1 = L(s). (9.16) 


The change of functions represented by Equation (9.16) is very convenient 
because L(s) is typically available in factored form, while 1 + L(s) is not. Then, 
the mapping of T, in the s-plane will be through the function F'(s) = L(s) into 
the L(s)-plane. In this case, the number of clockwise encirclements of the origin 
of the F(s)-plane becomes the number of clockwise encirclements of the —1 point 
in the F'(s) = L(s)-plane because F’(s) = F(s) — 1. Therefore, the Nyquist sta- 
bility criterion can be stated as follows: 


A feedback system is stable if and only if the contour I’; in the L(s)-plane does 
not encircle the (— 1, 0) point when the number of poles of L(s) in the right- 
hand s-plane is zero (P = 0). 


When the number of poles of L(s) in the right-hand s-plane is other than zero, 
the Nyquist criterion is stated as follows: 


A feedback control system is stable if and only if, for the contour T}, the 
number of counterclockwise encirclements of the (—1, 0) point is equal to the 
number of poles of L(s) with positive real parts. 


The basis for the two statements is the fact that, for the F’(s) = L(s) mapping, 
the number of roots (or zeros) of 1 + L(s) in the right-hand s-plane is represented 
by the expression 


Z=N+P. 


Clearly, if the number of poles of L(s) in the right-hand s-plane is zero (P = 0), we 
require for a stable system that N = 0, and the contour T, must not encircle the —1 
point. Also, if P is other than zero and we require for a stable system that Z = 0, 
then we must have N = —P, or P counterclockwise encirclements. 

It is best to illustrate the use of the Nyquist criterion by completing several 
examples. 


FIGURE 9.9 

Nyquist contour and 

mapping for L(s) = 
100 

(s + 1)(s/10 + 1) 
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EXAMPLE 9.1 System with two real poles 
A single-loop control system is shown in Figure 9.1, where 
K 
£6) (9.17) 


= (ys + (ts + 1) 


In this case, L(s) = G,(s)G(s)H(s), and we use a contour T; in the L(s)-plane. The 
contour I’, in the s-plane is shown in Figure 9.9(a), and the contour I; is shown in 
Figure 9.9(b) for 7; = 1,72 = 1/10, and K = 100. The magnitude and phase of 
L(ja) for selected values of w are given in Table 9.2. We use these values to obtain 
the polar plot of Figure 9.9(b). 

The +jw-axis is mapped into the solid line, as shown in Figure 9.9. The —jw-axis 
is mapped into the dashed line, as shown in Figure 9.9. The semicircle with r — œ in 
the s-plane is mapped into the origin of the L(s)-plane. 

We note that the number of poles of L(s) in the right-hand s-plane is zero, 
and thus P = 0. Therefore, for this system to be stable, we require N = Z = 0, 
and the contour must not encircle the —1 point in the L(s)-plane. Examining 
Figure 9.9(b) and Equation (9.17), we find that, irrespective of the value of K, the 
contour does not encircle the —1 point, and the system is always stable for all K 
greater than zero. m 
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Table 9.2 Magnitude and Phase of L(/a) 





w 0 0.1 0.76 1 2 10 20 100 oo 
|L(jo)| 100 96 79.6 70.7 50.2 6.8 2.24 0.10 0 
/L( jo) 0 =57 AS =507 MI 1293 ==1505 -M =W 


(degrees) 
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FIGURE 9.10 
Nyquist contour and 
mapping for 

L(s) = K/(s(rs + 1). 
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EXAMPLE 9.2 System with a pole at the origin 


A single-loop control system is shown in Figure 9.1, where 


K 
EG) s(ts +1) 
In this single-loop case, L(s) = G,(s)G(s)H(s), and we determine the contour I’, in 
the L(s)-plane. The contour I’, in the s-plane is shown in Figure 9.10(a), where an 
infinitesimal detour around the pole at the origin is effected by a small semicircle of 
radius €, where e 0. This detour is a consequence of the condition of Cauchy’s 
theorem, which requires that the contour cannot pass through the pole at the origin. 
A sketch of the contour T; is shown in Figure 9.10(b). Clearly, the portion of the 
contour I’; from w = 0* to w = +œ is simply L(jw), the real frequency polar plot. 
Let us consider each portion of the Nyquist contour I, in detail and determine the 
corresponding portions of the L(s)-plane contour Tz. 


(a) The Origin of the s-plane. The small semicircular detour around the pole at 
the origin can be represented by setting s = ee!® and allowing ¢ to vary from —90° 
at w = 0" to +90° at w = 0*. Because e approaches zero, the mapping for L(s) is 


K ee ae 
lin 6) = ti = li (218) 
Therefore, the angle of the contour in the L(s)-plane changes from 90° at w = 0_ 
to —90° at w = 0,, passing through 0° at w = 0. The radius of the contour in the 
L(s)-plane for this portion of the contour is infinite, and this portion of the contour 
is shown in Figure 9.10(b). The points denoted by A, B, and C in Figure 9.10(a) map 
to A, B, and C, respectively, in Figure 9.10(b). 


(b) The Portion from w = 0, to w = +œ. The portion of the contour I, 
from w = 0, to œ = +00 is mapped by the function L(s) as the real frequency polar 
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plot because s = jw and 
L(s)lsajo = L(je) (9.19) 


for this part of the contour. This results in the real frequency polar plot shown in 
Figure 9.10(b). When w approaches +00, we have 


ot Ue) = ihe Foor + 1) 
= lim |—3|/—(7/2) — tan (wz). (9.20) 
wn TW 








Therefore, the magnitude approaches zero at an angle of —180°. 


(c) The Portion from œw = +œ to w = —œ. The portion of T, from 
w = +% to w = —© is mapped into the point zero at the origin of the L(s)-plane 
by the function L(s). The mapping is represented by 


e?it (9.21) 








lim L(s)|,=,2% = lim 
F500 


as ġ changes from @ = +90° at œ = +œ to d = —90° at w = —00. Thus, the con- 
tour moves from an angle of —180° at w = +00 to an angle of +180° at w = —c. 
The magnitude of the L(s) contour when r is infinite is always zero or a constant. 


(d) The Portion from w = — © to œw = 0_. The portion of the contour I, 
from w = -œ to w = 0_ is mapped by the function L(s) as 
L(s)|5--jo = L(—jo). (9.22) 


Thus, we obtain the complex conjugate of L(jw), and the plot for the portion of the 
polar plot from w = —œ to w = 0_ is symmetrical to the polar plot from œ = +00 
to w = 0,. This symmetrical polar plot is shown on the L(s)-plane in Figure 9.10(b). 

To investigate the stability of this second-order system, we first note that the 
number of poles, P, within the right-hand s-plane is zero. Therefore, for this system 
to be stable, we require N = Z = 0, and the contour I’; must not encircle the —1 
point in the L(s)-plane. Examining Figure 9.10(b), we find that irrespective of the 
value of the gain K and the time constant 7, the contour does not encircle the —1 
point, and the system is always stable. As in Chapter 7, we are considering positive 
values of gain K. If negative values of gain are to be considered, we should use —K, 
where K = 0. 

We may draw two general conclusions from this example: 


1. The plot of the contour T; for the range —00 < w < 0- will be the complex conjugate 
of the plot for the range 0,. < w < +00, and the polar plot of L(s) = G.(s)G(s)H(s) 
will be symmetrical in the L(s)-plane about the u-axis. Therefore, it is sufficient to con- 
struct the contour I’, for the frequency range 0, < w < + © in order to investigate 
the stability (keeping in mind the detour around the origin). 
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2. The magnitude of L(s) = G,(s)G(s)H(s) as s = ref? and r > œ will normally approach 
zero Or a constant. W 


EXAMPLE 9.3 System with three poles 


Let us again consider the single-loop system shown in Figure 9.1 when 


K 


L(s) = G,(s)G(s)H(s) = slas + I(t + 1) 


(9.23) 


The Nyquist contour I’, is shown in Figure 9.10(a). Again, this mapping is symmetri- 
cal for L(jw) and L(—jw) so that it is sufficient to investigate the L(jw)-locus. The 
small semicircle around the origin of the s-plane maps into a semicircle of infinite 
radius, as in Example 9.2. Also, the semicircle re" in the s-plane as r > œo maps into 
the point L(s) = 0, as we expect. Therefore, to investigate the stability of the sys- 
tem, it is sufficient to plot the portion of the contour T; that is the real frequency 
polar plot L(jw) for 04 < œ < +00. Thus, when s = +jw, we have 


K 
jo(jor, + 1)(jwr, + 1) 








L(jo) 
—K(1 + m) — jKQ/o)(1 = wrm) 
1+ w(t} + 73) + or 


K 
[otli + 12)? + a(l = wrm) 














x /-tan (wr,) — tan (wr) — (7/2). (9.24) 





When w = 0,, the magnitude of the locus is infinite at an angle of —90° in the 
L(s)-plane. When w approaches +00, we have 





LZ—(a/2) — tan“ (@7;) — tan (wr) 











Jim L(je) = lim 











dinaa o 772 
1 
= lim —30/2. 9.25 
dim, an E (9.25) 


Therefore, L(jw) approaches a magnitude of zero at an angle of —270° [30]. To 
approach at an angle of —270°, the locus must cross the u-axis in the L(s)-plane, as 
shown in Figure 9.11. Thus, it is possible to encircle the —1 point. The number of en- 
circlements when the —1 point lies within the locus, as shown in Figure 9.11, is equal 
to two, and the system is unstable with two roots in the right-hand s-plane. The point 
where the L(s)-locus intersects the real axis can be found by setting the imaginary 
part of L(jw) = u + jv equal to zero. We then have, from Equation (9.24), 
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FIGURE 9.11 
Nyquist diagram for 
L(s) = K/(s(r1s + 1) 
(728 + 1)). The tic 
mark shown to the 
left of the origin is 
the —1 point. 











—K(1/o)(1 — orr. 
£ / 5 X : ta = 0. (9.26) 
1+ (rt + 73) + wt rir 
Thus, v = 0 when 1 — writ = 0 or w = 1/\/7;72, The magnitude of the real part 
of L(jw) at this frequency is 
—K(t, + 72) 
1+ wrt + 13) + w TITA lett, 








u 


-Kn + run č _ -Krm 








3 9.27 
m2 + (AHA tan ntn 027) 


Therefore, the system is stable when 
Romia 
Ti t T2 

or 


+ 
pann (9.28) 
T1T2 


Consider the case where t; = 72 = 1, so that 


K 
L(s) = G,(s)G(s)H(s) = ———>. 
O) = GIIGO)H(s) = Ts 
Using Equation (9.28), we expect stability when 
K <2. 


The Nyquist diagrams for three values of K are shown in Figure 9.12. m 
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FIGURE 9.12 Nyquist plot for L(s) = G,(s)G(s)H(s) = 





K 
ror yee) K = 1, (b) K = 2, and (c) K = 3. 
EXAMPLE 9.4 System with two poles at the origin 


Again, let us determine the stability of the single-loop system shown in Figure 9.1 
when 


K 
L(s) = G.(s)G(s)H(s) = =———. 9.29 
(9) = GAS\G()H(9) = rT (9.29) 
The real frequency polar plot is obtained when s = jw, and we have 


. K K 4 
L(jo) alorr o Parl m — tan (or). (9.30) 











We note that the angle of L(jw) is always —180° or less, and the locus of L(jw) is 
above the u-axis for all values of w. As w approaches 0,, we have 








im, Le) = im, z Zit (9:31) 
As w approaches +00, we have 
‘ ; a. R 
dm, LUO) = ain /-37/2. (9.32) 


At the small semicircular detour at the origin of the s-plane where s = ee’, we have 
lim L(s) = lim K 28 (9.33) 
e>0 60 e? ? ` 

where —7/2 = ġ = 7/2. Thus, the contour l; ranges from an angle of +rw = 0_ 


to =v at w = 0, and passes through a full circle of 27 rad as w changes from w = 0- 
to w = 04. The complete contour plot of Tz is shown in Figure 9.13. Because the 


FIGURE 9.13 
Nyquist contour 
plot for L(s) = 
K/(s*(rs + 1)). 


FIGURE 9.14 
Second-order 
feedback control 
system. (a) Signal- 
flow graph. 

(b) Block diagram. 
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jo 


~ 
sf > Ls)-plane 
N 











contour encircles the —1 point twice, there are two roots of the closed-loop system 
in the right-hand plane, and the system, irrespective of the gain K, is unstable. m 


EXAMPLE 9.5 System with a pole in the right-hand s-plane 


Let us consider the control system shown in Figure 9.14 and determine the stability 
of the system. First, let us consider the system without derivative feedback, so that 
K, = 0. We then have the loop transfer function 


Kı 
L(s) = G(s)G(s)H (s) = oD (9.34) 
Thus, the loop transfer function has one pole in the right-hand s-plane, and there- 
fore P = 1. For this system to be stable, we require N = —P = —1, one counter- 


clockwise encirclement of the —1 point. At the semicircular detour at the origin 





1 Kı s-1 7 
-1 
(a) 





Y(s) 
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FIGURE 9.15 
Nyquist diagram for 
L(s) = K;/(s(s — 1). 
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of the s-plane, we let s = ee/* when —7/2 = p =< 7/2. Then, when s = ec!®, 
we have 








è . 1 : Kı 
lim L(s lim - lim 
e—>0 (9) e>0-ee* =o] € 








/—180° — ¢. (9.35) 
Therefore, this portion of the contour I’; is a semicircle of infinite magnitude in the 
left-hand L(s)-plane, as shown in Figure 9.15. When s = jw, we have 


Ki Kı 
joje —1) (w + o)!” 








L(jo) = Gjø)GGo)H Go) 





/ (7/2) — tan! (—w 





d aod ae 
(ah wR /+n/2 + tan` w. 
(9.36) 
Finally, for the semicircle of radius r as r approaches infinity, we have 
Jim LO)l-ree = lim |] 6-2, (937) 








where ¢ varies from 7/2 to —7/2 in a clockwise direction. Therefore, the contour 
T,, at the origin of the L(s)-plane, varies 27 rad in a counterclockwise direction. 
Several important values of the L(s)-locus are given in Table 9.3. The contour T; in 
the L(s)-plane encircles the —1 point once in the clockwise direction so N = +1, 


Table 9.3 Values of L(s) = G,(s)G(s)H(s) 
s jo- jo+ fi +joo -jæ 





|LI/Ky 00 oo 1/V2 0 0 
ZL -90° +90° +135° +180° -180° 





FIGURE 9.16 
Nyquist diagram for 
L(s) = Kilt + Kas)/ 
(s — 1). 
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and there is one pole s = 1 in the right-hand plane so P = 1. Hence, 
Z=N+P=2, (9.38) 


and the system is unstable because two roots of the characteristic equation, irre- 
spective of the value of the gain K4, lie in the right half of the s-plane. 
Let us now consider again the system when the derivative feedback is included 
in the system shown in Figure 9.14 (K, > 0). Then the loop transfer function is 
K,(1 + Kos) 
L(s) = G(s)H(s) = ————— 
(9) = OLGO) = “> 


The portion of the contour I’, when s = ee? is the same as the system without 
derivative feedback, as shown in Figure 9.16. However, when s = ref? as r ap- 
proaches infinity, we have 


(9.39) 


KıK2 





e, (9.40) 





R jo = ij 
Jim L(s)Is=re lin 


and the I’;-contour at the origin of the L(s)-plane varies 7 rad in a counterclock- 
wise direction. The frequency locus L(jw) crosses the u-axis at a point determined 
by considering the real frequency transfer function 
: : ; . Kı(1 + Kyjo) 
L(jw) = GGjo)G(jo)H (jw) = ——5— 
-o0 — jw 
_ -K (0° + oK) + j(@ — Kyw*)K; 


w + ow! 





(9.41) 


The L(je)-locus intersects the u-axis at a point where the imaginary part of L(je) is 
zero. Therefore, 





w — Ko = 0 
L(s)-plane 
w= -e 
>u 
w= +0 
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at this point, or w = 1/K>. The value of the real part of L(jw) at the intersection is 
then 
-w° K\(1 + K3) 


2 4 
wo +a w=1/Kz 











Ul ar=1/K> KK. (9.42) 


Therefore, when —K,K < —1 or K,K> > 1, the contour T, encircles the —1 point 
once in a counterclockwise direction, and therefore N = —1. Then the number of 
zeros of the system in the right-hand plane, is 


Z=N+P=-1+1=0. 
Thus, the system is stable when KK, > 1. Often, it may be useful to utilize a com- 
puter to plot the Nyquist diagram [5]. m 
EXAMPLE 9.6 System with a zero in the right-hand s-plane 
Let us consider the feedback control system shown in Figure 9.1 when 
K(s — 2) 


L(s) = G(s)G(s)H(s) = one 


We have 
K(jo 2) ___K(jw ~ 2) 


eh = bie U- oD F jw eee) 





As w approaches +00 on the +jw axis, we have 
lim L(jw) = li E 2 
ain yoy je eae 


When o = V5, we have L(jw) = K/2. At w = 0,, we have L(jw) = —2K. The 
Nyquist diagram for L(jw)/K is shown in Figure 9.17. L(j@) intersects the —1 + j0 
point when K = 1/2. Thus, the system is stable for the limited range of gain 
0 < K =1/2.When K > 1/2, the number of encirclements of the —1 point is N = 1. 
The number of poles of L(s) in the right half s-plane is P = 0. Therefore, we have 


Z=N+P=1, 


and the system is unstable. Examining the Nyquist diagram of Figure 9.17, which is 
plotted for L(jw)/K, we conclude that the system is unstable for all K > 1/2. m 


9.4 RELATIVE STABILITY AND THE NYQUIST CRITERION 


We discussed the relative stability of a system in terms of the s-plane in Section 6.3. 
For the s-plane, we defined the relative stability of a system as the property mea- 
sured by the relative settling time of each root or pair of roots. Therefore, a system 
with a shorter settling time is considered more relatively stable. We would like to 


FIGURE 9.17 
Nyquist diagram for 
Example 9.6 for 
L(ja)/K. 
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determine a similar measure of relative stability useful for the frequency response 
method. The Nyquist criterion provides us with suitable information concerning the 
absolute stability and, furthermore, can be utilized to define and ascertain the rela- 
tive stability of a system. 

The Nyquist stability criterion is defined in terms of the (—1, 0) point on the 
polar plot or the 0-dB, —180° point on the Bode diagram or log-magnitude—phase 
diagram. Clearly, the proximity of the L(jw)-locus to this stability point is a measure of 
the relative stability of a system. The polar plot for L(jw) for several values of K and 


K 


jo(jor, + 1)(Gwr, + 1) Be) 


L(jw) = Gja)GYo)H Gw) = 


is shown in Figure 9.18. As K increases, the polar plot approaches the —1 point and 
eventually encircles the —1 point for a gain K = K3. We determined in Section 9.3 
that the locus intersects the u-axis at a point 


-Krit 
u=—— 


see (9.45) 


Therefore, the system has roots on the jw-axis when 


Ty eT 
u=-1 of K=t 

772 
As K is decreased below this marginal value, the stability is increased, and the mar- 
gin between the critical gain K = (7, + 72)/7;72 and a gain K = K; isa measure of 
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FIGURE 9.18 
Polar plot for L( jw) 
for three values of 
gain. 
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the relative stability. This measure of relative stability is called the gain margin and 
is defined as the reciprocal of the gain |L(jw)| at the frequency at which the phase 
angle reaches — 180° (that is, v = 0). The gain margin is a measure of the factor by 
which the system gain would have to be increased for the L(jw) locus to pass 
through the u = —1 point. Thus, for a gain K = K, in Figure 9.18, the gain margin is 
equal to the reciprocal of L(jw) when v = 0. Because w = 1/V 7172 when the phase 
shift is -180°, we have a gain margin equal to 


1 Kina {1 1 
= 3 9.46 
|LGe)| | + 2 d 0.46) 


The gain margin can be defined in terms of a logarithmic (decibel) measure as 











20 log = -20 log d dB. (9.47) 











For example, when 7; = 7) = 1, the system is stable when K < 2. Thus, when 
K = K, = 0.5, the gain margin is equal to 


1 Karıma | 
a=) et? |] =4 9.4 
d E + 7 0.48) 
or, in logarithmic measure, 
20 log 4 = 12 dB. (9.49) 


Therefore, the gain margin indicates that the system gain can be increased by a fac- 
tor of four (12 dB) before the stability boundary is reached. 


The gain margin is the increase in the system gain when phase = — 180° that 
will result in a marginally stable system with intersection of the —1 + j0 point 
on the Nyquist diagram. 
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An alternative measure of relative stability can be defined in terms of the phase 
angle margin between a specific system and a system that is marginally stable. The 
phase margin is defined as the phase angle through which the L(j@) locus must be 
rotated so that the unity magnitude |L(j@)| = 1 point will pass through the 
(—1, 0) point in the L(jw) plane. This measure of relative stability is equal to the 
additional phase lag required before the system becomes unstable. This information 
can be determined from the Nyquist diagram shown in Figure 9.18. For a gain 
K = ky, an additional phase angle, ¢2, may be added to the system before the sys- 
tem becomes unstable. Similarly, for the gain K;, the phase margin is equal to ¢, as 
shown in Figure 9.18. 


The phase margin is the amount of phase shift of the L(jw) at unity magnitude 
that will result in a marginally stable system with intersection of the —1 + j0 
point on the Nyquist diagram. 


The gain and phase margins are easily evaluated from the Bode diagram, and 
because it is preferable to draw the Bode diagram in contrast to the polar plot, it is 
worthwhile to illustrate the relative stability measures for the Bode diagram. The 


critical point for stability is u = —1, v = 0 in the L(jw)-plane, which is equivalent to 
a logarithmic magnitude of 0 dB and a phase angle of 180° (or —180°) on the Bode 
diagram. 


It is relatively straightforward to examine the Nyquist diagram of a minimum- 
phase system. Special care is required with a nonminimum-phase system, however, 
and the complete Nyquist diagram should be studied to determine stability. 

The gain margin and phase margin can be readily calculated by utilizing a com- 
puter program, assuming the system is minimum phase. In contrast, for nonmini- 
mum-phase systems, the complete Nyquist diagram must be constructed. 

The Bode diagram of 


1 


L(jw) = G(jo)G(jo)H (jo) = joGo + 1)(02jo + 1) 


(9.50) 


is shown in Figure 9.19. The phase angle when the logarithmic magnitude is 0 dB is 
equal to 137°. Thus, the phase margin is 180° — 137° = 43°, as shown in Figure 9.19. 
The logarithmic magnitude when the phase angle is —180° is —15 dB, and therefore 
the gain margin is equal to 15 dB, as shown in Figure 9.19. 

The frequency response of a system can be graphically portrayed on the loga- 
rithmic-magnitude-phase-angle diagram. For the log-magnitude-phase diagram, 
the critical stability point is the 0-dB, —180° point, and the gain margin and phase 
margin can be easily determined and indicated on the diagram. The log-magnitude— 
phase locus of 


1 
jw(jo + 1)(0.2j@ + 1) 








LiGo) = G(jo)G(jo) Hi Ge) (9.51) 
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FIGURE 9.19 
Bode diagram for 
L(jo) = 

1/(je(jo + 1) 

(0.2 jo + 1). 
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is shown in Figure 9.20. The indicated phase margin is 43°, and the gain margin is 
15 dB, For comparison, the locus for 


1 


L,(jo) = G(jo)G(jw) Mjw) = jaja + 1? 


(9.52) 


is also shown in Figure 9.20. The gain margin for L, is equal to 5.7 dB, and the 
phase margin for L is equal to 20°. Clearly, the feedback system L(jw) is rela- 
tively less stable than the system L;(jw). However, the question still remains: 
How much less stable is the system L,(jw) in comparison to the system L;(jw)? In 
the following, we answer this question for a second-order system, and the gener- 
al usefulness of the relation that we develop will depend on the presence of dom- 
inant roots. 

Let us now determine the phase margin of a second-order system and relate the 
phase margin to the damping ratio ¢ of an underdamped system. Consider the loop- 
transfer function of the system shown in Figure 9.1, where 


2 


L(s) = G(s)G(s)H(s) = e+ Koy 


(9.53) 


The characteristic equation for this second-order system is 
È + ons + op = 
Therefore, the closed-loop roots are 


s = —lo, + jo,V1 - 2. 


FIGURE 9.20 

Log-magnitude- 
phase curve for 

Ly and Lo. 
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The frequency domain form of Equation (9.53) is 


2 
Wn 


LOO) = Tajo + 2) 


(9.54) 


The magnitude of the frequency response is equal to 1 at a frequency w,; thus, 


Iua =1. (9.55) 
odo? + 4o)” 
Rearranging Equation (9.55), we obtain 
(WS + P o) — o = 0. (9.56) 
Solving for w,, we find that 
w 





z = (4¢4 + 1)? - 22, 


n 
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FIGURE 9.21 
Damping ratio 
versus phase 
margin for a 
second-order 
system. 
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The phase margin for this system is 





(27A 
= 180° — 90° — tan !—* 
Ppm 0 tan Xo, 


90° — tan! (zer +12- arpe) 


2 

-1 

[4 + /g)'? — ay?" 
Equation (9.57) is the relationship between the damping ratio ¢ and the phase mar- 
gin pm, Which provides a correlation between the frequency response and the time 
response. A plot of ¢ versus #pm is shown in Figure 9.21. The actual curve of ¢ versus 
pm can be approximated by the dashed line shown in Figure 9.21. The slope of the 
linear approximation is equal to 0.01, and therefore an approximate linear relation- 
ship between the damping ratio and the phase margin is 


é = 0.016 pm, 


where the phase margin is measured in degrees. This approximation is reasonably 
accurate for ¢ = 0.7 and is a useful index for correlating the frequency response 
with the transient performance of a system. Equation (9.58) is a suitable approxima- 
tion for a second-order system and may be used for higher-order systems if we can 
assume that the transient response of the system is primarily due to a pair of domi- 
nant underdamped roots. The approximation of a higher-order system by a domi- 
nant second-order system is a useful approximation indeed! Although it must be 
used with care, control engineers find this approach to be a simple, yet fairly accu- 
rate, technique of setting the specifications of a control system. 
Therefore, for the system with a loop transfer function 


1 
LG 
(ie) = Go + 1)(02je + 1)’ 
we found that the phase margin was 43°, as shown in Figure 9.19. Thus, the damping 
ratio is approximately 








tan (9.57) 





(9.58) 

















(9.59) 


E = 0.01pm = 0.43. (9.60) 


FIGURE 9.22 
(a) Gain margin 
versus gain K. 
(b) Phase margin 
versus gain K. 
(c) Gain margin 
versus phase 
margin. 
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Then the percent overshoot to a step input for this system is approximately 
P.O. = 22%, (9.61) 


as obtained from Figure 5.8 for ¢ = 0.43. 

It is feasible to develop a computer program to calculate and plot phase margin 
and gain margin versus the gain K for a specified L(jw). Consider the system of 
Figure 9.1 with 


K 


L(s) = G(s)G(s)H(s) = xs +4 


The gain for which the system is marginally stable is K = K* = 128. The gain mar- 
gin and the phase margin plotted versus K are shown in Figures 9.22(a) and (b), 
respectively. The gain margin is plotted versus the phase margin, as shown in Figure 
9.22(c). Note that either the phase margin or the gain margin is a suitable measure 
of the performance of the system. We will normally emphasize phase margin as a 
frequency-domain specification. 

The phase margin of a system is a quite suitable frequency response measure 
for indicating the expected transient performance of a system. Another useful index 
of performance in the frequency domain is M pw, the maximum magnitude of the 
closed-loop frequency response, and we shall now consider this practical index. 


Gain margin versus gain 
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9.5 TIME-DOMAIN PERFORMANCE CRITERIA IN THE FREQUENCY DOMAIN 


The transient performance of a feedback system can be estimated from the closed- 
loop frequency response. The closed-loop frequency response is the frequency 
response of the closed-loop transfer function T(jw). The open- and closed-loop fre- 
quency responses for a single-loop system are related as follows: 


Y(jo) _ Pa) G(jo)GGo) 
Rijo I” T TE G(je)G(jo)H GOY 











(9.62) 


The Nyquist criterion and the phase margin index are defined for the loop transfer 
function L(jw) = G,(jw)G(jw)H (jæ). However, as we found in Section 8.2, the 
maximum magnitude of the closed-loop frequency response can be related to the 
damping ratio of a second-order system of 


Myo = |T(@,)| = (26V1- FJ] ¢ < 0.707. (9.63) 





This relation is graphically portrayed in Figure 8.11. Because this relationship be- 
tween the closed-loop frequency response and the transient response is a useful one, 
we would like to be able to determine M,,, from the plots completed for the investi- 
gation of the Nyquist criterion. That is, we want to be able to obtain the closed-loop 
frequency response (Equation 9.62) from the open-loop frequency response. Of 
course, we could determine the closed-loop roots of 1 + L(s) and plot the closed- 
loop frequency response. However, once we have invested all the effort necessary to 
find the closed-loop roots of a characteristic equation, then a closed-loop frequency 
response is not necessary. 

The relation between the closed-loop and open-loop frequency response is illu- 
minated on the magnitude-phase plot when considering unity feedback systems, 
that is, when H(s) = 1 in Figure 9.1. In the unity feedback case, key performance 
indicators such as M,,, and w, can be determined from the magnitude-phase plot 
using circles of constant magnitude of the closed-loop transfer function. These cir- 
cles are known as constant M-circles. If the system is not in fact a unity feedback sys- 
tem where H(jw) = 1, we can modify the system (see Section 5.6). For unity 
feedback systems, Equation (9.62) becomes 


G(jw)G(jo) 


Ta) = Male = 7G GaGa) 


(9.64) 


The relationship between T(jw) and G,(jw)G(jw) is readily obtained in terms of 
complex variables in the G.G(jw)-plane. The coordinates of the G.G(jw)-plane are 
u and v, and we have 


G(jw)G(jw) = u + jv. (9.65) 
Therefore, the magnitude of the closed-loop transfer function is 
(u? + vy? 
{a + u)? + vp 


G(jo)G(je) 
1 + G,(jo)G(ja) 








M(w) = (9.66) 


1lt+u+t jv 








| u + jv 





FIGURE 9.23 
Constant M circles. 
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Squaring Equation (9.66) and rearranging, we obtain 
(1 — Mhe + (1 — M — 2M?u = M?. (9.67) 


Dividing Equation (9.67) by 1 — M? and adding the term [M?/(1 — M)}? to both 
sides, we have 


2M?u M? 2 M? M? 2 
2 + 2 + + . (9.68 
i ITM (25) foe) ane]? S9 


Rearranging, we obtain 


M? 2 M 2 
pael a 


which is the equation of a circle on the (u, v)-plane with the center at 











2 
u= = v=0. 

1- M? 

The radius of the circle is equal to |M/(1 — M*)|. Therefore, we can plot several cir- 
cles of constant magnitude M in the [G,(jw)G(jw) = u + jv]-plane. Several con- 
stant M circles are shown in Figure 9.23. The circles to the left of u = —1/2 are for 
M > 1, and the circles to the right of u = —1/2 are for M < 1, When M = 1, the 
circle becomes the straight line u = —1/2, which is evident from inspection of 
Equation (9.67). 

The open-loop frequency response for a system is shown in Figure 9.24 for two 
gain values where K, > Ky. The frequency response curve for the system with gain 
K; is tangent to magnitude circle M, at a frequency w,;. Similarly, the frequency 
response curve for gain K; is tangent to magnitude circle M, at the frequency ,9. 
Therefore, the closed-loop frequency response magnitude curves are estimated as 
shown in Figure 9.25. Hence, we can obtain the closed-loop frequency response of a 
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FIGURE 9.25 Closed-loop frequency response 


ofT (jw) = Gelje)Gljo)/(1 + Gs (jw)Gljw)). Note that 
Ka > Ky. 





FIGURE 9.24 Polar plot of G,(jw)G(jw) for 
two values of a gain (Kp > Kj). 


system from the (u + jv)-plane. If the maximum magnitude, M,,,, is the only infor- 
mation desired, then it is sufficient to read this value directly from the polar plot. 
The maximum magnitude of the closed-loop frequency response, M,,,, is the value 
of the M circle that is tangent to the G,(jw)G(jw)-locus. The point of tangency 
occurs at the frequency w,, the resonant frequency. The complete closed-loop fre- 
quency response of a system can be obtained by reading the magnitude M of the cir- 
cles that the G,(jw)G(jw)-locus intersects at several frequencies. Therefore, the 
system with a gain K = K; has a closed-loop magnitude M; at the frequencies w; and 
%2. This magnitude is read from Figure 9.24 and is shown on the closed-loop frequency 
response in Figure 9.25. The bandwidth for K, is shown as œg. 

It may be empirically shown that the crossover frequency w, on the open-loop 
Bode diagram is related to the closed-loop system bandwidth wg by the approxima- 
tion wg = 1.6@, for ¢ in the range 0.2 to 0.8. 

In a similar manner, we can obtain circles of constant closed-loop phase angles. 
Thus, for Equation (9.64), the angle relation is 


o = (Tie) = /(u + jv)/ + u + jr) 


= tanh B afl 
tan (2) tan =} (9.70) 


Taking the tangent of both sides and rearranging, we have 








wtu- x =0; (9.71) 
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where N = tan @. Adding the term 1/4[1 + 1/N?] to both sides of the equation and 
simplifying, we obtain 


1\ yi 1 
aaea a 


which is the equation of a circle with its center at u = —1/2 and v = +1/(2N). The 
radius of the circle is equal to 1/2[1 + 1/N?]'. Therefore, the constant phase 
angle curves can be obtained for various values of N in a manner similar to the M 
circles. 

The constant M and N circles can be used for analysis and design in the polar 
plane. However, it is much easier to obtain the Bode diagram for a system, and it 
would be preferable if the constant M and N circles were translated to a logarithmic 
gain phase. N. B. Nichols transformed the constant M and N circles to the log- 
magnitude-phase diagram, and the resulting chart is called the Nichols chart [3, 7]. 
The M and N circles appear as contours on the Nichols chart shown in Figure 9.26. 
The coordinates of the log-magnitude-phase diagram are the same as those used in 
Section 8.5. However, superimposed on the log-magnitude-phase plane we find 
constant M and N lines. The constant M lines are given in decibels and the N lines in 
degrees. An example will illustrate the use of the Nichols chart to determine the 
closed-loop frequency response. 








EXAMPLE 9.7 Stability using the Nichols chart 
Consider a unity feedback system with a loop transfer function 


EENI 1 
Ceu = Gian Tajo + Ly 





(9.73) 


The G,(jw)G(jw)-locus is plotted on the Nichols chart and is shown in Figure 9.27. 
The maximum magnitude, Mpo, is equal to +2.5 dB and occurs at a frequency 
w, = 0.8. The closed-loop phase angle at w, is equal to —72°. The 3-dB closed-loop 
bandwidth, where the closed-loop magnitude is —3 dB, is equal to wg = 1.33, as 
shown in Figure 9.27. The closed-loop phase angle at wg is equal to — 142°. m 


EXAMPLE 9.8 Third-order system 
Let us consider a unity feedback system with a loop transfer function 


0.64 


— m 9.74 
jo[(jo) + jo + 1 ee 


G,(jo)G(jo) = 
where ¢ = 0.5 for the complex poles. The Nichols diagram for this system is shown 
in Figure 9.28. The phase margin for this system as it is determined from the Nichols 
chart is 30°. On the basis of the phase, we use Equation (9.58) to estimate the system 
damping ratio as ¢ = 0.30. The maximum magnitude is equal to +9 dB occurring at 
a frequency w, = 0.88. Therefore, 


20 log Mp» =9dB, or Mpo = 2.8. 
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Loop gain G,G, in decibels 











Loop gain-phase diagram 
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FIGURE 9.26 Nichols chart. The phase curves for the closed-loop system are shown as heavy 
curves. 


FIGURE 9.27 
Nichols diagram for 
G(jo)G(jo) = 
1/(jo(jo + 1) 
(0.2jo + 1)). 

Three points on 
curve are shown for 
w = 0.5, 0.8, and 
1.35, respectively. 
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Solving Equation (9.63), we find that ¢ = 0.18. We are confronted with two conflict- 
ing damping ratios, where one is obtained from a phase margin measure and another 
from a peak frequency response measure. In this case, we have discovered an exam- 
ple in which the correlation between the frequency domain and the time domain is 
unclear and uncertain. This apparent conflict is caused by the nature of the 
Ge(jw)G(jw)-locus, which slopes rapidly toward the 180° line from the 0-dB axis. If 
we determine the roots of the characteristic equation for 1 + L(s), we obtain 


qs) = (s + 0.77)(s2 + 0.225s + 0.826) = 0. (9.75) 


The damping ratio of the complex conjugate roots is equal to 0.124, where the com- 
plex roots do not dominate the response of the system. Therefore, the real root will 
add some damping to the system, and we might estimate the damping ratio to be 
approximately the value determined from the Mpo index; that is, ¢ = 0.18. A designer 
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must use the frequency-domain-to-time-domain correlations with caution. However, 
we are usually safe if the lower value of the damping ratio resulting from the phase 
margin and the Mpe relation is used for analysis and design purposes. m 


The Nichols chart can be used for design purposes by altering the G,G(jw)-locus 
so we can obtain a desirable phase margin and Mpe. The system gain K is readily 
adjusted to provide a suitable phase margin and M,a by inspecting the Nichols chart. 
For example, let us consider again Example 9.8, where 


K 


G(jo)G(jo) = Talgo + jo + 1] 


(9.76) 
The G,G(jw)-locus on the Nichols chart for K = 0.64 is shown in Figure 9.28. Let us 
determine a suitable value for K so that the system damping ratio is greater than 
0.30. Examining Figure 8.11, we find that it is required that M,,, be less than 1.75 (4.9 


dB). From Figure 9.28, we find that the G.G(jw)-locus will be tangent to the 4.9-dB 
curve if the G.G(jw)-locus is lowered by a factor of 2.2 dB. Therefore, K should be 
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reduced by 2.2 dB or the factor antilog(2.2/20) = 1.28. Thus, the gain K must be less 
than 0.64/1.28 = 0.50 if the system damping ratio is to be greater than 0.30. 


9.6 SYSTEM BANDWIDTH 


The bandwidth of the closed-loop control system is an excellent measurement of the 
range of fidelity of response of the system. In systems where the low-frequency mag- 
nitude is 0 dB on the Bode diagram, the bandwidth is measured at the —3-dB fre- 
quency. The speed of response to a step input will be roughly proportional to œg, 
and the settling time is inversely proportional to wg. Thus, we seek a large band- 
width consistent with reasonable system components [12]. 

Consider the following two closed-loop system transfer functions: 





Ae) = wi 


and 


Ts) = (9.77) 


5s +1 
The frequency response of the two systems is contrasted in part (a) of Figure 9.29, 
and the step response of the systems is shown in part (b). Also the response to a 
ramp is shown in part (c) of that figure. The system with the larger bandwidth pro- 
vides the faster step response and higher fidelity ramp response. 

Now consider the two second-order systems with closed-loop transfer functions 


100 


Ls) = mm 
(9) = 2 F tos + 100 


and 
900 
s? + 30s + 900° 


Both systems have a ¢ of 0.5. The frequency response of both closed-loop systems is 
shown in Figure 9,30(a). The natural frequency is 10 and 30 for systems T3 and T4, 
respectively. The bandwidth is 12.7 and 38.1 for systems T3 and T4, respectively. Both 
systems have a 16% overshoot, but T4 has a peak time of 0.12 second compared to 
0.36 for T3, as shown in Figure 9.30(b). Also, note that the settling time for T4 is 0.27 
second, while the settling time for T; is 0.8 second. The system with a larger bandwidth 
provides a faster response. 


Tis) = (9.78) 


9.7 THE STABILITY OF CONTROL SYSTEMS WITH TIME DELAYS 


The Nyquist stability criterion has been discussed and illustrated in the previous 
sections for control systems whose transfer functions are rational polynomials of 
jw. Many control systems have a time delay within the closed loop of the system 
that affects the stability of the system. A time delay is the time interval between the 
start of an event at one point in a system and its resulting action at another point in 
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FIGURE 9.29 Response of two first-order systems. 


the system. Fortunately, the Nyquist criterion can be utilized to determine the 
effect of the time delay on the relative stability of the feedback system. A pure time 
delay, without attenuation, is represented by the transfer function 


Gals) = e7, (9.79) 


where T is the delay time. The Nyquist criterion remains valid for a system with a 
time delay because the factor e~*? does not introduce any additional poles or zeros 
within the contour. The factor adds a phase shift to the frequency response without 
altering the magnitude curve. 

This type of time delay occurs in systems that have a movement of a material 
that requires a finite time to pass from an input or contro] point to an output or 
measured point [8, 9]. 

For example, a steel rolling mill control system is shown in Figure 9.31. The 
motor adjusts the separation of the rolls so that the thickness error is minimized. If 
the steel is traveling at a velocity v, then the time delay between the roll adjustment 
and the measurement is 


d 
= 


FIGURE 9.30 
Response of two 
second-order 
systems. 


FIGURE 9.31 
Steel rolling mill 
control system. 
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Therefore, to have a negligible time delay, we must decrease the distance to the 
measurement and increase the velocity of the flow of steel. Usually, we cannot elim- 


inate the effect of time delay; thus, the loop transfer function is [10] 
GAs)G(s)e™. 


(9.80) 


However, we note that the frequency response of this system is obtained from the 


loop transfer function 
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L(jo) = GAjo)G(jo)e". (9.81) 


The usual loop transfer function is plotted on the L(jw)-plane and the stability ascer- 
tained relative to the —1 point. Alternatively, we can plot the Bode diagram including 
the delay factor and investigate the stability relative to the 0-dB, —180° point. The 
delay factor e% results in a phase shift 


elo) = -oT (9.82) 














and is readily added to the phase shift resulting from G(j@)G(jw). Note that the 
angle is in radians in Equation (9.82). An example will show the simplicity of this 
approach on the Bode diagram. 


EXAMPLE 9.9 Liquid level control system 


A level control system is shown in Figure 9.32(a) and the block diagram in Figure 
9.32(b) [11]. The time delay between the valve adjustment and the fluid output is 
T = d/v. Therefore, if the flow rate is 5 m?/s, the cross-sectional area of the pipe is 
1 m’, and the distance is equal to 5 m, then we have a time delay T = 1s. The loop 
transfer function is then 
L(s) = Gals)G(G (se 
z 315 oot 
(s + 1)@Os + 1)[(s7/9) + (s/3) + 1] 
The Bode diagram for this system is shown in Figure 9.33. The phase angle is shown 
both for the denominator factors alone and with the additional phase lag due to the 
time delay. The logarithmic gain curve crosses the 0-dB line at w = 0.8. Therefore, 
the phase margin of the system without the pure time delay would be 40°. However, 
with the time delay added, we find that the phase margin is equal to —3°, and the 
system is unstable. Consequently, the system gain must be reduced in order to pro- 
vide a reasonable phase margin. To provide a phase margin of 30°, the gain would 
have to be decreased by a factor of 5 dB, to K = 31.5/1.78 = 17.7. 

A time delay e™" in a feedback system introduces an additional phase lag and 
results in a less stable system. Therefore, as pure time delays are unavoidable in 
many systems, it is often necessary to reduce the loop gain in order to obtain a sta- 
ble response. However, the cost of stability is the resulting increase in the steady- 
state error of the system as the loop gain is reduced. m 





(9.83) 


The systems considered by most analytical tools are described by rational func- 
tions (that is, transfer functions) or by a finite set of ordinary constant coefficient 
differential equations. Since the time-delay is given by e™T, where T is the delay, we 
see that the time delay is nonrational. It would be helpful if we could obtain a ratio- 
nal function approximation of the time-delay. Then it would be more convenient to 
incorporate the delay into the block diagram for analysis and design purposes. 

The Padé approximation uses a series expansion of the transcendental function 
e™T and matches as many coefficients as possible with a series expansion of a rational 
function of specified order. For example, to approximate the function e~*? with a first- 
order rational function, we begin by expanding both functions in a series (actually a 
Maclaurin series), 


'F(s) = (0) + $F) + SFO) + -- 


FIGURE 9.32 
(a) Liquid level 
control system. 
(b) Block diagram. 


FIGURE 9.33 
Bode diagram for 
level control 
system. 
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T=] ss (9.84) 


and 








ns + no No don, — nod; d?ng din, \ 5 
3 s+ = on De 
dist+dy do diy dj dé 


For a first-order approximation, we want to find 7p, 21, do, and dı such that 














eT ns + LA 
dıs + dy 
Equating the corresponding coefficients of the terms in s, we obtain the relationships 
Mo Mm _ Rody ding diy TP 
dg °do dh * dg dj 2’ 
Solving for 19, do, n4, and d; yields 
n = do, 
doT 
a=, 
_ 40 
n = 2 
Setting dọ = 1, and solving yields 
F 
E re ad FE (9.85) 
dis + do Ps+1` E 
A series expansion of Equation (9.85) yields 
T 
ms +n —zst1 Te Pr 
= =1-Ts+ = 9.86 
dst do Est a) 4 pe 


Comparing Equation (9.86) to Equation (9.84), we verify that the first three terms 
match. So for small s, the Padé approximation is a reasonable representation of the 
time-delay. Higher-order rational functions can be obtained. 


9.8 DESIGN EXAMPLES 


In this section we present two illustrative examples. The first example is a remotely 
controlled reconnaissance vehicle control design. The Nichols chart is illustrated as 
a key element of the design of a controller gain to meet time-domain specifications. 
The second example considers the control of a hot ingot robot used in manufactur- 
ing. The goal is to minimize the tracking error in the presence of disturbances and a 
known time-delay. The design process is illustrated, leading to a PI controller that 
meets a mixture of time-domain and frequency-domain performance specifications. 
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EXAMPLE 9.10 Remotely controlled reconnaissance vehicle 


The use of remotely controlled vehicles for reconnaissance for U.N. peacekeeping 
missions may be an idea whose time has come. One concept of a roving vehicle is 
shown in Figure 9.34(a), and a proposed speed control system is shown in Figure 
9.34(b). The desired speed R(s) is transmitted by radio to the vehicle; the disturbance 
T,(s) represents hills and rocks. The goal is to achieve good overall control with a low 
steady-state error and a low-overshoot response to step commands, R(s) [13]. 

First, to achieve a low steady-state error for a unit step command, we calculate 


limsE(s) 
s>0 


Si R(s) 
=T 


1 1 
~1+L(s) 1+ K/2’ 


Ess 


where L(s) = G,(s)G(s). If we select K = 20, we will obtain a steady-state error of 
9% of the magnitude of the input command. Using K = 20, we reformulate 
L(s) = G.(s)G(s) for Bode diagram calculations, obtaining 


10(1 + s/2) 
(1 + s)(1 + 5/2 + s?/4)" 


TS 





L(s) = G-(s)G(s) 





(a) 


FIGURE 9.34 

(a) Remotely 
controlled 
reconnaissance 
vehicle. (b) Speed 
control system. This 
vehicle could be 
used for United 
Nations 
peacekeeping 
missions. (b) 


Yis) 
Speed 
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FIGURE 9.35 
Nichols diagram for 
the design example 
when K = 20 and 
for two reduced 
gains. 
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Table 9.4 Frequency Response Data for Design Example 





w 0 1.2 1.6 2.0 2.8 4 6 
dB 20 18.4 17.8 16.0 10.5 2.7 35.2 
Degrees 0 —65 —86 —108 —142 —161 -170 





The calculations for 0 = w = 6 provide the data summarized in Table 9.4. The 
Nichols diagram for K = 20 is shown in Figure 9.35. Examining the Nichols chart, 
we find that M,,, is 12 dB and the phase margin is 15 degrees. The step response of 
this system is underdamped, and we use Equation (9.58) and Figure 5.8 to predict an 
excessive overshoot of approximately 61%. 

To reduce the overshoot to a step input, we can reduce the gain to achieve a pre- 
dicted overshoot. To limit the overshoot to 25%, we select a desired ¢ of the domi- 
nant roots as 0.4 (from Figure 5.8) and thus require M p, = 1.35 (from Figure 8.11) 
or 20 log Mpo = 2.6 dB. To lower the gain, we will move the frequency response 
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FIGURE 9.36 

The response of the 
system for three 
values of K fora 
unit step input r(t). 
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vertically down on the Nichols chart, as shown in Figure 9.35. At w; = 2.8, we just 
intersect the 2.6-dB closed-loop curve. The reduction (vertical drop) in gain is equal 
to 13 dB, or a factor of 4.5, Thus, K = 20/4.5 = 4.44. For this reduced gain, the 
steady-state error is 


1 


Sigga h 


Ess 


so that we have a 31% steady-state error. 

The actual step response when K = 4.44, as shown in Figure 9.36, has an over- 
shoot of 32%. If we use a gain of 10, we have an overshoot of 48% with a steady- 
state error of 17%. The performance of the system is summarized in Table 9.5. As a 
suitable compromise, we select K = 10 and draw the frequency response on the 
Nichols chart by moving the response for K = 20 down by 20 log 2 = 6 dB, as 
shown in Figure 9.35, 












Unit si 





Output 





























Time (s) 


Table 9.5 Actual Response for Selected Gains 


K 4.44 10 20 
Percent overshoot 32.4 48.4 61.4 
Settling time (seconds) 4.94 5.46 6.58 
Peak time (seconds) 1.19 0.88 0.67 
C55 31% 16.7% 9.1% 





Note: Percent overshoot is defined by Equation (5.12). 
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FIGURE 9.37 
Artist’s depiction of 
the hot ingot robot 
control system. 
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Examining the Nichols chart for K = 10, we have Mpo = 7 dB, and a phase 
margin of 26 degrees. Thus, we estimate a ¢ for the dominant roots of 0.23 which 
should result in an overshoot to a step input of 23%. The actual response is record- 
ed in Table 9.5. The bandwidth of the system is wg ~ 5. Therefore, we predict a set- 
tling time (with a 2% criterion) of 


ae 4 7 
S fon, (0.34)(wg/1.4) 





33s, 


since wg © 1.4w, for ¢ = 0.34, using Figure 8.26. The actual settling time is approx- 
imately 5.4 seconds, as shown in Figure 9.36. 

The steady-state effect of a unit step disturbance can be determined by using 
the final-value theorem with R(s) = 0, as follows: 


; G(s) Ty i 
y= lit d: F (2) 442K (9:86) 


Thus, the unit disturbance is reduced by the factor 4 + 2K. For K = 10, we have 
y(%) = 1/24, or the steady-state disturbance is reduced to 4% of the disturbance 
magnitude. Thus we have achieved a reasonable result with K = 10. 

The best compromise design would be K = 10, since we achieve a compromise 
steady-state error of 16.7%. If the overshoot and settling time are excessive, then we 
need to reshape the L(jw)-locus on the Nichols chart by methods we will describe in 
Chapter 10. m 





EXAMPLE 9.11 Hot ingot robot control 


The hot ingot robot mechanism is shown in Figure 9.37. The robot picks up hot ingots 
and sets them in a quenching tank. A vision sensor is in place to provide a measure- 
ment of the ingot position. The controller uses the sensed position information to ori- 
ent the robot over the ingot (along the x-axis). The vision sensor provides the desired 
position input R(s) to the controller. The block diagram depiction of the closed-loop 


Feedback of difference 
between gripper and 
ingot position in x and y 
directions 


XO f 






—> x(t) 





Controller 






Vision W 
sensor 






Conveyor 






i 
Quenching 
tank 





FIGURE 9.38 
Hot ingot robot 
control system 
block diagram. 
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| Controller Hot ingot robot 
R(s) t A Eds) GAs) et Yis) 
Desired position j (s +1)? Actual position 








system is shown in Figure 9.38. More information on robots and robot vision systems 
can be found in [15, 31, 32]. 

The position of the robot along the track is also measured (by a sensor other 
than the vision sensor) and is available for feedback to the controller. We assume 
that the position measurement is noise free. This is not a restrictive assumption since 
many accurate position sensors are available today. For example some laser diode 
systems are self-contained (including the power supply, optics, and laser diode) and 
provide position accuracy of over 99.9%. 

The robot dynamics are modeled as a second-order system with two poles at 


s = —1 and include a time delay of T = 7/4 s. Therefore, 
eT 
G(s) ==) 9.87 
TT, (9.87) 


where T = 77/4. The elements of the design process emphasized in this example 
are highlighted in Figure 9.39. The control goal is as follows: 


Control Goal 
Minimize the tracking error E(s) = R(s) — Y(s) in the presence of external 
disturbances while accounting for the known time-delay. 


To this end the following control specifications must be satisfied: 


Design Specifications 


DS1 Achieve a steady-state tracking error less than 10% for a step input. 
DS2 Phase margin greater than 50° with the time-delay T = 1/4 s. 
DS3 Percent overshoot less than 10% for a step input. 


Our design method is first to consider a proportional controller. We will show 
that the design specifications cannot be simultaneously satisfied with a propor- 
tional controller; however, the feedback system with proportional control pro- 
vides a useful vehicle to discuss in some detail the effects of the time-delay. In 
particular, we consider the effects of the time-delay on the Nyquist plot. The final 
design uses a PI controller, which is capable of providing adequate performance 
(that is, it satisfies all design specifications). 
As a first try, we consider a simple proportional controller: 


GAs) = K. 
Then ignoring the time-delay for the moment, we have the loop gain 


K K 


a) = (s +1 g $ +2s+1 
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E Topics emphasized in this example 


Establish the control goals 


J 


Identify the variables to be controlled 


l 


Write the specifications 


} 


Establish the system configuration i 


is: aaa 


Obtain 3 mee o me process, the See Figure 9.37 and 9.38, and 
actuator, and the sensor Equation (9.87). 





























Describe a controller and select key See Equation (9.90) for 
4 — 
parameters to be adjusted the PI controller. 











Optimize the parameters and See Figures 9.46 and 9.47 
analyze the performance es — 


l 


If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 





FIGURE 9.39 Elements of the control system design process emphasized in the hot ingot robot control example. 


Proportional 
controller 






FIGURE 9.40 

Hot ingot robot 

control system Ris) 
block diagram with Desired position 
the proportional 

controller and no 

time-delay. 


Ys) 
Actual position 





The feedback control system is shown in Figure 9.40 with a proportional controller 
and no time-delay. The system is a type-zero system, so we expect a nonzero steady- 
state tracking error to a step input (see Section 5.6 for a review of system type). The 


closed-loop transfer function is 
K 


T(s) = >= .. 
(s) Ż+2s+1+K 


With the tracking error defined as 
E(s) = R(s) — Y (s), 


FIGURE 9.41 
Bode plot with 

K = 9 and no time- 
delay showing gain 
margin G.M. = co 
and phase margin 
P.M. = 38.9°. 
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and with R(s) = a/s, where a is the input magnitude, we have 


2 
St 2r1 a 

E(s) = akan oye ha a tee ue 

Sts +l pK Ss 

Using the final value theorem (which is possible since the system is stable for all 

positive values of K) yields 


, a 
es = SES) = Te 
Per specification DS1, we require the steady-state tracking error be less than 10%. 
Therefore, 
nagi 
TOF 

Solving for the appropriate gain K yields K = 9. With K = 9, we obtain the Bode 
plot shown in Figure 9.41. 

If we raise the gain above K = 9, we find that the crossover moves to the right 
(that is, w, increases) and the corresponding phase margin (P.M.) decreases. Is a 
P.M. = 38.9° at w = 2.8 rad/s sufficient for stability in the presence of a time-delay 


of T = 7/48? The addition of the time-delay term causes a phase lag without chang- 
ing the magnitude plot. The amount of time-delay that our system can withstand while 





remaining stable is ¢ = —wT which implies that 
—38.97 
780 —2.8T. 
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FIGURE 9.42 
Nyquist plot with 

K = 9 and no time- 
delay showing no 
encirclements of 
the minus 1 point. 
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Solving for T yields T = 0.24 s. Thus for time-delays less than T = 0.24 s, our 
closed-loop system remains stable. However, the time-delay T = 7/4s will cause 
instability. Raising the gain only exacerbates matters, since the phase margin goes 
down further. Lowering the gain raises the phase margin, but the steady-state track- 
ing error exceeds the 10% limit. A more complex controller is necessary. Before 
proceeding, let us consider the Nyquist plot and see how it changes with the addition 
of the time-delay. The Nyquist plot for the system (without the time-delay) 


L(s) = G(s)G(s) = G+? 


is shown in Figure 9.42, where we use K = 9. The number of open-loop poles of 
G(s)G(s) in the right half-plane is P = 0. From Figure 9.42 we see that there are no 
encirclements of the —1 point, thus, N = 0. 

By the Nyquist theorem, we know that the net number of encirclements N 
equals the number of zeros Z (or closed-loop system poles) in the right half-plane 
minus the number of open-loop poles P in the right half-plane. Therefore, 


Z=N+P=0. 


Since Z = 0, the closed-loop system is stable. More importantly, even when the gain 
K is increased (or decreased), the —1 point is never encircled—the gain margin is 
oo, Similarly when the time-delay is absent, the phase margin is always positive. The 
value of the P.M. varies as K varies, but the P M. is always greater than zero. 
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FIGURE 9.43 
Nyquist plot with 

K =QandT = 7/4 
showing two 
encirclements of 
the —1 point, 
N=2. 
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With the time-delay in the loop, we can rely on analytic methods to obtain the 
Nyquist plot. The loop transfer function with the time-delay is 


= -E 
L(s) = G(s)G(s) = Ca y’ Z; 


Using the Euler identity 
e FT = cos(oT) — j sin(@T), 


and substituting s = jw into L(s) yields 


= <a = aP) cos(oT) — 2w sin(wT) — j[(1 — w°) sin(wT) + 2w cos(wT))], 
(9.88) 


where 
A = (1 — oP + 40. 


Generating a plot of Re(L(jw)) versus Im(L(jw)) for various values of w leads 
to the plot shown in Figure 9.43. With K = 9, the number of encirclements of the —1 
point is N = 2. Therefore, the system is unstable since Z = N + P = 2. 
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FIGURE 9.44 
Nyquist plot with 
K = 9 and various 
time-delays. 
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Figure 9.44 shows the Nyquist plot for four values of time-delay: T = 0, 0.1, 
0.24, and 1/4 = 0.78 s. For T = 0 there is no possibility of an encirclement of the 
—1 point as K varies (see the upper left graph of Figure 9.44). We have stability (that 
is, N = 0) for T = 0.1 s (upper right graph), marginal stability for T = 0.24 s (lower 
left graph), and for T = 7/4 = 0.78 s we have N = 1 (lower right graph), thus the 
closed-loop system is unstable, 

Since we know that T = 7/4 in this example, the proportional gain controller is 
not a viable controller. With it we cannot meet the steady-state error specifications 
and have a stable closed-loop system in the presence of the time-delay T = 77/4. 
However, before proceeding with the design of a controller that meets all the speci- 
fications, let us take a closer look at the Nyquist plot with a time-delay. 

Suppose we have the case where K = 9 and T = 0.1 s. The associated Nyquist 
plot is shown in the upper right of Figure 9.44. The Nyquist plot intersects (or cross- 
es over) the real axis whenever the imaginary part of G,(jw)G(jw) = 0 [see Equa- 
tion (9.88)], or 


(1 — a?) sin(0.1w) + 2w cos(0.10) = 0. 
Thus we obtain the relation that describes the frequencies w at which crossover occurs: 
(1 = w’) tan(0.1o) _ E 
2w 


Equation (9.89) has an infinite number of solutions. The first real-axis crossing (far- 
thest in the left half-plane) occurs when w = 4.43 rad/s. 

The magnitude of |L(j4.43)| is equal to 0.0484 K. For stability we require that 
|L(Gjw)| < 1 when w = 4.43 (to avoid an encirclement of the —1 point). Thus, for 
stability we find 


(9.89) 
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1 
0.0484 


when T = 0.1. When K = 9, the closed-loop system is stable, as we already know. If 
the gain K = 9 increases by a factor of 2.3 to K = 20.67, we will be on the border of 
instability. This factor 6 is the gain margin: 


G.M. = 20 logy 2.3 = 7.2 dB. 





K< = 20.67, 


Consider the PI controller 


Gs) = Kp + — 


Kı _ Kes + Ki (0.56) 
Sas i 


S 


The loop system transfer function is 
Kes + Kj K _ r 

s (G+ ` 
The system type is now equal to 1; thus we expect a zero steady-state error to a step 
input. The steady-state error specification DS1 is satisfied. We can now concentrate 
on meeting specification DS3, PO. < 10% and DS2, the requirement for stability in 
the presence of the time-delay T = 71/4 s. 

From the percent overshoot specification we can determine a desired system 
damping ratio. Thus we determine for P.O. = 10% that ¢ = 0.59. Due to the PI con- 
troller, the system now has a zero at s = —K;/Kp. The zero will not affect the 
closed-loop system stability, but it will affect the performance. Using the approxi- 
mation (valid for small ¢, PM. expressed in degrees) 


PM. 
E~ Too’ 
we determine a good target phase margin (since we want ¢ = 0.59) to be 60%. We 
can rewrite the PI controller as 


L(s) = G(s)G(s) = 





1+ ts 
GAs) = Ki, 





where 1/7 = K;/Kp is the break frequency of the controller. The PI controller is 

essentially a low-pass filter and adds phase lag to the system below the break frequency. 

We would like to place the break frequency below the crossover frequency so that 

the phase margin is not reduced significantly due to the presence of the PI zero. 
The uncompensated Bode plot is shown in Figure 9.45 for 


a 9 =T 
CO Gane’ 


where T = 7/4. The uncompensated system phase margin is PM. = —88.34° at 
w, = 2.83 rad/s. Since we want PM. = 60°, we need the phase to be minus 120° at 
the crossover frequency. In Figure 9.45 we can estimate the phase ¢ = —120° 
at œ ~ 0.87 rad/s. This is an approximate value but is sufficiently accurate for the 
design procedure. At w = 0.87 the magnitude is about 14.5 dB. If we want the 
crossover to be w, = 0.87 rad/s, the controller needs to attenuate the system gain 
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FIGURE 9.45 
Uncompensated 
Bode plot with 
K = 9 and 

T = 7/4. 
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by 14.5 dB, so that the magnitude is 0 dB at w, = 0.87. With 


L 
+ Kp 





Ss 
GAs) = Kp 


we can consider Kp to be the gain of the compensator (a good approximation for 
large w). Therefore, 


Kp = 107@49/20) = 0,188. 


Finally we need to select K;. Since we want the break frequency of the controller to 
be below the crossover frequency (so that the phase margin is not reduced signifi- 
cantly due to the presence of the PI zero), a good rule-of-thumb is to select 
1/7 = K;/Kp = 0.1@,. To make the break frequency of the controller zero one 
decade below the crossover frequency. The final value of K; is computed to be 
K; = 0.1lw,Kp = 0.0164, where w, = 0.87 rad/s. Thus the PI controller is 


0.1888 + 0.0164 


Gas) = 


(9.91) 


The Bode plot of G,(s)G(s) is shown in Figure 9.46. The gain and phase margins are 
G.M. = 5.3 dB and PM. = 56.5°. 
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We consider whether the design specifications have been met. The steady-state 
tracking specification (DS1) is certainly satisfied since our system is type one; the PI 
controller introduced an integrator. The phase margin (with the time-delay) is 
P.M. = 56.5°, so the phase margin specification, DS2, in satisfied. The unit step 
response is shown in Figure 9.47. The percent overshoot is approximately 
P.O. ~ 4.2%. The target percent overshoot was 10%, so DS3 is satisfied. Overall 
the design specifications are satisfied. 


9.9 PID CONTROLLERS IN THE FREQUENCY DOMAIN 


The PID controller provides a proportional term, an integral term, and a derivative 
term (see Section 7.6). We then have the PID controller transfer function as 


K 
GAs) = Kp + mg + Kps. (9.92) 
If we set Kp = 0, we have the PI controller 


K 
G(s) = Kp +. (9.93) 


If we set K; = 0, we have the PD controller 


G(s) = Kp + Kps. (9.94) 


In general, we note that PID controllers are particularly useful for reducing the 
steady-state error and improving the transient response when G(s) has one or two 
poles (or may be approximated by a second-order process). 

We may use frequency response methods to represent the addition of a PID 
controller. The PID controller, Equation (9.92), may be rewritten as 


K, K 
«(Se i: aa fe 1) K,(rs + (Es $ i} 


Ss S 











G,(s) (9.95) 
The Bode diagram of Equation (9.95) is shown in Figure 9.48 for wr, K; = 2, and 
a = 10. The PID controller is a form of a notch (or bandstop) compensator with a 
variable gain, K;. Of course, it is possible that the controller will have complex zeros 
and a Bode diagram that will be dependent on the ¢ of the complex zeros. The con- 
tribution by the zeros to the Bode chart may be visualized by reviewing Figure 8.10 
for complex poles and noting that the phase and magnitude change as ¢ changes. 
The PID controller with complex zeros is 








Kill + (2¢/,)jo — (w/en)'] 


G(w) 
jo 


(9.96) 


Normally, we choose 0.9 > ¢ > 0.7. 


FIGURE 9.48 
Bode diagram for a 
PID controller using 
the asymptomatic 
approximation for 
the magnitude 
curve. 
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9.10 STABILITY IN THE FREQUENCY DOMAIN USING CONTROL DESIGN SOFTWARE 


FIGURE 9.49 
The nyquist 
function. 


We now approach the issue of stability using the computer as a tool. This section revis- 
its the Nyquist diagram, the Nichols chart, and the Bode diagram in our discussions on 
relative stability. Two examples will illustrate the frequency-domain design approach. 
We will make use of the frequency response of the closed-loop transfer function T (jw) 
as well as the loop transfer function L(jw). We also present an illustrative example that 
shows how to deal with a time delay in the system by utilizing a Padé approximation 
[6]. The functions covered in this section are nyquist, nichols, margin, pade, and ngrid. 

It is generally more difficult to manually generate the Nyquist plot than the 
Bode diagram. However, we can use the control design software to generate the 
Nyquist plot. The Nyquist plot is generated with the nyquist function, as shown in 
Figure 9.49. When nyquist is used without left-hand arguments, the Nyquist plot is 
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FIGURE 9.50 
An example of the 
nyquist function. 


FIGURE 9.51 

A closed-loop 
control system 
example for Nyquist 
and Bode with 
relative stability. 
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>>num=(0.5]; den=[1 2 1 0.5 J; 
>>sys=tf(num,den); 
>>nyquist(sys) 
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automatically generated; otherwise, the real and imaginary parts of the frequency 
response (along with the frequency vector w) is returned. An illustration of the 
nyquist function is given in Figure 9.50, 

As discussed in Section 9.4, relative stability measures of gain margin and phase 
margin can be determined from both the Nyquist plot and the Bode diagram. The 
gain margin is a measure of how much the system gain would have to be increased 
for the L(jw) locus to pass through the —1 + jO point, thus resulting in an unstable 
system. The phase margin is a measure of the additional phase lag required before 
the system becomes unstable. Gain and phase margins can be determined from both 
the Nyquist plot and the Bode diagram. 

Consider the system shown in Figure 9.51. Relative stability can be determined 
from the Bode diagram using the margin function, which is shown in Figure 9.52. If 
the margin function is invoked without left-hand arguments, the Bode diagram is 
automatically generated with the gain and phase margins labeled on the diagram. 
This is illustrated in Figure 9.53 for the system shown in Figure 9.51. 

The script to generate the Nyquist plot for the system in Figure 9.51 is shown in 
Figure 9.54. In this case, the number of poles of L(s) = G.(s)G(s)H(s) with positive 
real parts is zero, and the number of counterclockwise encirclements of —1 is zero; 


© er arr 
A s? + 2s? +s +0.5 i 


Ys) 
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[mag,phase,w]=bode(sys); or | [Gm,Pm,Wcg,Wcp]=margin(sys); 
[Gm,Pm,Wcg,Wcp]=margin(mag,phase,w); 


























107! 10° 10! 


Example Frequency (rad/s) 


num=(0.5]; den=[1 2 1 0.5); 
sys=tf(num,den); 


















margin(sys); bo ‘i Phase margin Pm 
© 
A 
Gm = gain margin (dB) 
Pm = phase margin (deg) er 1 
FIGURE 9.52 Weg = freq. for phase = —180 19 10° ig 
The margin Wep = freq. for gain = 0 dB Frequency (rad/s) 
function. 





Gm = 9.5424 dB (at 1 rad/s) Pm = 48.94 deg. (at 0.64359 rad/s) 
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FIGURE 9.53 
The Bode diagram num=[0.5]; 
for the system in den=[1 2 10.5]; 


i K ith tl 
h SAN = sys=tf(num,den); <————————_ Loop transfer function 
phase margin % ; 
indicated on the margin(sys) 
plots. 
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FIGURE 9.54 

(a) The Nyquist plot 
for the system in 
Figure 9.51 with 
gain and phase 
margins. (b) m-file 
script. 
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Gm = 3.0127, Pm = 49.2851 
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Real Axis 
% The Nyquist plot of 
% 
% 0.5 
Yo G(S) = ~+--77-------7---775 mnan 
% 843 + 2 s^2 + s + 0.5 







% with gain and phase margin calculation. 
% 

num=(0.5]; den=[1 2 1 0.5]; sys=tf(num,den); 
% 
([mag,phase,w]=bode(sys); 


[Gm,Pm,Weg, Wep]=margin(mag,phase,w); | Nyquist plot | 
% Pn wasipin | 
nyquist(sys); 
title(['Gm = ''num2str(gm),' Pm = ';num2str(Pm)]}) 
Label gain and phase 
margins on plot. 














hence, the closed-loop system is stable. We can also determine the gain margin and 
phase margin, as indicated in Figure 9.54. 


Nichols Chart. Nichols charts can be generated using the nichols function, shown 
in Figure 9.55. If the nichols function is invoked without left-hand arguments, the 
Nichols chart is automatically generated; otherwise the nichols function returns the 
magnitude and phase in degrees (along with the frequency w). A Nichols chart grid 
is drawn on the existing plot with the ngrid function. The Nichols chart, shown in 


FIGURE 9.55 
The nichols 
function. 


FIGURE 9.56 
Nichols chart for 
the system of 
Equation (9.97). 
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G(s) = sys 
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mag,phase,w]=nichols(sys,w) 














Open-Loop Gain (dB) 











—50 
—240 -220 -200 —180 -160 -140 -120 —100 -80 
Open-Loop Phase (deg) 











num=[1]; den=[0.2 1.2 10]; 
sys=tf(num,den); 


Set up to generate 
Figure 9.27. 
w=logspace(-1,1,400); 7 
nichols(sys,w); <«——————— = ae chart 
ngrid and add grid lines. 
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FIGURE 9.57 
The pade function. 
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Figure 9.56, is for the system 


il 
jo(jo + 1)(0.2jo + 1) 





G(jo) = (9.97) 


EXAMPLE 9.12 Liquid level control system 


Consider a liquid level control system described by the block diagram shown in 
Figure 9.32 (see Example 9.9). Note that this system has a time delay. The loop 
transfer function is given by 


B SEST 
© (s + 1)(30s + 1)(s?/9 + s/3 + 1) 





L(s) (9.98) 

We first change Equation (9.98) in such a way that L(s) has a transfer function 
form with polynomials in the numerator and the denominator. To do this, we can 
make an approximation to e~*’ with the pade function, shown in Figure 9.57, For 
example, suppose our time delay is T =1s, and we want a second-order 
approximation n = 2. Using the pade function, we find that 


s — 6s + 12 
s a 9.99 
e = + 6s 412 (293) 


Substituting Equation (9.99) into Equation (9.98), we have 


31.5(s? — 6s + 12) 
(s + 1)(30s + 1)(s?/9 + 5/3 + 1)(s? + 6s + 12) 





L(s) 


Now we can build a script to investigate the relative stability of the system using the 
Bode diagram. Our goal is to have a phase margin of 30°. The associated script is 
shown in Figure 9.58. To make the script interactive, we let the gain K (now set at 
K = 31.5) be adjustable and defined outside the script at the command level. Then 
we set K and run the script to check the phase margin and iterate if necessary. The 
final selected gain is K = 16. Remember that we have utilized a second-order Padé 
approximation of the time delay in our analysis. m 











Time delay Order of approximation 








[num,den]=pade(T,n) 

















1 
aT A EE EN o AES 
e ar 7 (sT)* + dens) 








FIGURE 9.58 
(a) Bode diagram 
for the liquid level 
control system. 
(b) m-file script. 
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Gm = 4.364 (at 0.73145 rad/s), Pm = 30.852 deg. (at 0.48496 rad/s) al 


















































50 mam om T 
l Meets specification. 
a 
= 
3 
8 
E 
? 
2 —100 
—150 
_ —200 P= 
ağ 
È 
3 —400 
p=] 
a 
—600 
—800 l i j i l 
10-3 107? 107! 10° 10! 102 
Frequency (rad/s) 
(a) 
>>K=16; liquid Command level input. | 
liquid.m 





% Liquid Control System Analysis 
% 

[np,dp]=pade(1,2); i 
sysp=tf(np,dp); 

num=K; 

d1={1 1]; d2=[30 1]; d3=[1/9 1/3 1]; 
den=conv(d1,conv(d2,d3)); 


sysg=tf(num,den); ee ae Compute L(s). 
sys=series(sysp,sysg); 


% f 
s | Compute gain and 


margin(sys); {oo = a ieee marin 


(b) 























EXAMPLE 9.13 Remotely controlled reconnaissance vehicle 


Consider the speed control system for a remotely controlled reconnaissance vehicle 
shown in Figure 9.34. The design objective is to achieve good control with a low 
steady-state error and a low overshoot to a step command. Building a script will allow 
us to perform many design iterations quickly and efficiently. First, we investigate the 
steady-state error specification. The steady-state error to a unit step command is 


1 


Ess 
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FIGURE 9.59 
Remotely controlled 
vehicle. (a) Closed- 
loop system Bode 
diagram. (b) m-file 
script. 
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The effect of the gain K on the steady-state error is clear from Equation (9.100): If 
K = 20, the error is 9% of the input magnitude; if K = 10, the error is 17% of the 
input magnitude. 

Now we can investigate the overshoot specification in the frequency domain. 
Suppose we require that the percent overshoot is less than 50%. Solving 


PO. © 100 exp @/V1-? < 50 


for ¢ yields ¢ = 0.215. Referring to Figure 8.11, we find that Mpo = 2.45. We must 
keep in mind that the information in Figure 8.11 is for second-order systems only 
and can be used here only as a guideline. We now compute the closed-loop Bode 
diagram and check the values of Mpa. Any gain K for which M,e = 2.45 may be a 
valid gain for our design, but we will have to investigate step responses further to 
check the actual overshoot. The script in Figure 9.59 aids us in this task. We further 
investigate the gains K = 20, 10, and 4.44 (even though M,,, > 2.45 for K = 20). 
























































Magnitude 










































































Frequency (rad/s) 
(a) 
x Ke "i Loop for three gains 
Yange ee ae K=[20,10,4.44]; K = 20, 10, 4.44, 


for i=1:3 
numge=K(i)*[1 2]; denge=[1 1]; sysge=tf(numge,dengc); 
numg=[1]; deng=[1 2 4]; sysg=tf(numg,deng); 
[syss]=series(sysgc,sysg); sys=feedback(syss,[1]); 
[mag, phase,w]=bode(sys,w); 


mag_save(i,:)=mag(:,1,:); Compute closed-loop 
end frequency response 
% 


loglog(w,mag_save(1,:), wsmag_save(2,:), w,mag_save(3,:)) 
xlabel(‘Frequency (rad/s)'), ylabel(‘Magnitude’), grid on 











(b) 


FIGURE 9.60 
Remotely controlled 
vehicle. (a) Step 
response, (b) m-file 
script. 
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yt) 














1.6 1 
14 A K=20 | 
J | eaa | 
12 K=10 | — 







































































0.6 - 
04 | K=44 Ess | 
| 
0.2 l i 
0 | | | | 
o 1 2 #3 4 #5 +6 7 8 9 410 
Time (s) 
(a) 


for i=1:3 
numge=K(i)*[1 2]; denge=[1 1]; sysgo=tf(numge,denge); 
numg=(1]; deng=[1 2 4]; sysg=tf(numg,deng); 
syss=series(sysgc,sysg); 


sys=feedback(syss,[1]); Ci 
y(:,i)=step(sys,t); oes 
sia response. 


% 
plot(ty(:,1),ty(:,2),ty(:,3)), grid 
xlabel('Time (s)’), ylabel('y(t)') 





(b) 


t=[0:0.01:10]; K=[20,10,4.44]; Tigon fon nee nits, 
y=zeros(length(t), length(k)); K = 20, 10, 4.44. 
% 
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We can plot the step responses to quantify the overshoot as shown in Figure 9.60. 
Additionally, we could have used a Nichols chart to aid the design process, as shown 
in Figure 9.61. 
The results of the analysis are summarized in Table 9.5 for K = 20, 10, and 4.44, 
We choose K = 10 as our design gain. Then we obtain the Nyquist plot and check 
relative stability, as shown in Figure 9.62. The gain margin is GM = 49.56 dB and 
the phase margin is PM = 26.11°. m 


9.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


In this chapter, we will examine the system described in Chapter 8, using the system 
represented by Figure 8.49, This system includes the effect of the flexure resonance 
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FIGURE 9.61 
Remotely controlled 
vehicle. (a) Nichols 
chart. (b) m-file 
script. 
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Open-Loop Gain (dB) 
| 
a 





—25 
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(a) 





% Remotely Controlled Battlefield Vehicle 

% 

numge=(1 2]; denge=[1 1]; sysgo=tf(numge,denge); 
numg=([1]; deng=[1 2 4]; sysg=tf(numg,deng); 


sys=series(sysgc,sysg); Compute G,G(s). 
% 


w=logspace(-1, 1,200); 


% a ç oO 
K=[20,10,4.44]; Nichols chart for 











hold off, clf | K = 20, 10, and 4.44. 
for i=1:3 
nichols(K(i)*sys,w), ngrid 
hold on 
end 
(b) 
and incorporates a PD controller with a zero at s = —1. We will determine the system 


gain margin and phase margin when K = 400. 

The Bode diagram for the system of Figure 8.49 when K = 400 is shown in 
Figure 9.63. The gain margin is 22.9 dB, and the phase margin is 37.2°. The plot of the 
step response of this system is shown in Figure 9.64. The settling time of this design 
is T, = 9.6 ms. 


FIGURE 9.62 

(a) Nyquist chart for 
the remotely 
controlled vehicle 
with K = 10. 

(b) m-file script. 


FIGURE 9.63 
Bode diagram of 
the system shown 
in Figure 8.49. 
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Gm = Inf, Pm = 26.0559 
T 








Imaginary Axis 








Real Axis 
(a) 





% Remotely Controlled Vehicle 

% Nyquist plot for K=10 

% 

numgc=10"[1 2]; dengc=[1 1]; sysge=tf(numge,denge); 
numg=(1]; deng=[1 2 4]; sysg=tf(numg,deng); 
sys=series(sysgc,sysg); 

% 

[Gm,Pm,Wcg,Wep]=margin(sys); 

% 

nyquist(sys); 

title(['Gm = ',num2str(Gm), ' Pm = ',num2str(Pm))J) 








(b) 


Gm = 22.889 dB, (at 5420.8 rad/s) Pm = 37.184 deg. (at 1252.3 rad/s) 
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FIGURE 9.64 
Response of the 
system to a step 
input. 
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1.4 
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The stability of a feedback control system can be determined in the frequency domain 
by utilizing Nyquist’s criterion. Furthermore, Nyquist’s criterion provides us with two 
relative stability measures: (1) gain margin and (2) phase margin. These relative stabil- 
ity measures can be utilized as indices of the transient performance on the basis of cor- 
relations established between the frequency domain and the transient response. The 
magnitude and phase of the closed-loop system can be determined from the frequency 
response of the open-loop transfer function by utilizing constant magnitude and phase 
circles on the polar plot. Alternatively, we can utilize a log-magnitude—phase diagram 
with closed-loop magnitude and phase curves superimposed (called the Nichols chart) 
to obtain the closed-loop frequency response. A measure of relative stability, the maxi- 
mum magnitude of the closed-loop frequency response, M,,,, is available from the 
Nichols chart. The frequency response, Mpa, can be correlated with the damping ratio 
of the time response and is a useful index of performance. Finally, a control system with 
a pure time delay can be investigated in a manner similar to that for systems without 
time delay. A summary of the Nyquist criterion, the relative stability measures, and the 
Nichols diagram is given in Table 9.6 for several transfer functions. 

Table 9.6 is very useful and important to the designer and analyst of control sys- 
tems. If we have the model of a process G(s) and a controller G,(s), then we can deter- 
mine L(s) = G,(s)G(s). With this loop transfer function, we can examine the transfer 
function table in column 1. This table contains fifteen typical transfer functions. For a 
selected transfer function, the table gives the Bode diagram, the Nichols diagram, and 
the root locus. With this information, the designer can determine or estimate the per- 
formance of the system and consider the addition or alteration of the controller G,(s). 
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Table 9.6 Transfer Function Plots for Typical Transfer Functions 
L(s) Polar Plot Bode Diagram 
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Table 9.6 (continued) 
Nichols Diagram Root Locus Comments 
jo 
w 
M £ 
Phase 
d agm F Böotiosus Stable; gain margin = co 
—180° -90° 0° 
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margin A 
M 
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0 dB i Elementary regulator; stable; gain 
—180° 0° 4 1 1 T margin = ©o 
a | a 
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jo 
Phase 
margin 
Gain margin Regulator with additional energy- 
0dB ¢ storage component; unstable, but can 
be made stable by reducing gain 


180° —90° 





wo 


jw 


Ideal integrator; stable 





are 


(continued) 
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Table 9.6 (continued) 
L(s) Polar Plot 
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Bode Diagram 
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Table 9.6 (continued) 























Nichols Diagram Root Locus Comments 
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(continued) 
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Table 9.6 (continued) 
L(s) 


Polar Plot 
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Bode Diagram 
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Table 9.6 (continued) 


Nichols Diagram Root 
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Comments 
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Table 9.6 (continued) 
L(s) 


Polar Plot 
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Bode Diagram 
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Table 9.6 (continued) 


Nichols Diagram Root Locus Comments 





Conditionally stable; becomes 
unstable if gain is too low 
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EXERCISES 
E9.1 A system has the loop transfer function (a) Draw the polar plot. 
2.5(1 + 5/5) (b) Find the gain crossover frequency and phase 
GAs)G(s) = ——— r a crossover frequency. 
s(1 + 2s)(1 + s/7 + s°/49) (c) Find the gain margin and phase margin. 
Plot the Bode diagram. Show that the phase margin is 9.3 Consider the system given in Figure E9.3. Obtain 
approximately 28° and that the gain margin is approx- gain margin and phase margin by drawing Bode 
imately 21 dB. plot of appropriate transfer function. 
E9.2 Consider a unity feedback system with open-loop E9.4 Consider a system with a loop transfer function 


transfer function 
100 
uy Gs)G(s) = Tp) 


s(s + 2)(s + 5) s(s + 10) 


























Exercises 
+ ¥(s) 
Ris) 2 10 
s *| G45) 
5 
(5+2) 











FIGURE E9.3 Gain Margin and Phase Margin. 


We wish to obtain a resonant peak Mpe = 3.0 dB for 
the closed-loop system. The peak occurs between 6 
and 9 rad/s and is only 1.25 dB. Plot the Nichols chart 
for the range of frequency from 6 to 15 rad/s. Show 
that the system gain needs to be raised by 4.6 dB to 
171. Determine the resonant frequency for the adjusted 
system. 


Answer: w, = 11 rad/s 


E9.5 An integrated CMOS digital circuit can be repre- 
sented by the Bode diagram shown in Figure E9.5. 
(a) Find the gain and phase margins of the circuit. 
(b) Estimate how much we would need to reduce the 
system gain (dB) to obtain a phase margin of 60°. 
E9.6 A system has a loop transfer function 
K(s + 100) 


s(s + 10)(s + 407 
When K = 500, the system is unstable. Show that if 


we reduce the gain to 50, the resonant peak is 3.5 dB. 
Find the phase margin of the system with K = 50. 


G.(s)G(s) = 


Gain (dB) 





(a) 





Phase 


—180 1 1 L 
1kHz 10kHz 100 kHz 1 MHz 10 MHz 


Frequency 








(b) —360 H 


FIGURE E9.5 CMOS circuit 
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E9.7 A unity feedback system has a loop transfer function 


K 
G(s)G(s) = rah 
Determine the range of K for which the system is sta- 
ble by drawing the polar plot. 
E9.8 The open-loop transfer function of a unity feed back 
system is, 


5 
s(1 + 0.5s)(1 + 0.15) 


(a) Draw the Bode Plot of loop transfer function. 
(b) Find the gain crossover frequency, gain margin 
and phase margin. 
(c) If the steady gain is doubled, find gain crossover 
frequency, gain margin and phase margin. 
E9.9 Consider a unity feedback system with open-loop 
transfer function. 


—_ Kk 
s(1 + s)(1 + 2s) 


(a) Draw the Nyquist plot and check whether the sys- 
tem is stable if K =1. 

(b) From the Nyquist plot find the range of values of 
K for which the system is stable. 


E9.10 Consider the wind tunnel control system of Problem 
P7.31. Obtain the Bode diagram and show that the phase 
margin is 25° and that the gain margin is 10 dB. Also, show 
that the bandwidth of the closed-loop system is 6 rad/s. 


E9.11 Consider a unity feedback system with the loop 
transfer function 
10(1 + 0.45) 
s(1 + 2s)(1 + 0.24s + 0.0457)" 
(a) Plot the Bode diagram. (b) Find the gain margin 
and the phase margin. 


£9.12 A closed-loop system, as shown in Figure 9.1, has 
H(s) = 1 and 





G.(s)G(s) = 


K 

G(s)G(s) = ———_—_—.,, 
s)G(s) s(748 + 1)(725 + 1) 
where 7; = 0.02 and 72 = 0.2. (a) Select a gain K so 
that the steady-state error for a ramp input is 10% of 
the magnitude of the ramp function A, where 
r(t) = At,t =O. (b) Plot the Bode plot of 
G,(s)G(s), and determine the phase and gain mar- 
gins. (c) Using the Nichols chart, determine the band- 
width wg, the resonant peak Mpo, and the resonant 
frequency w, of the closed-loop system. 
Answer: 

(a) K =10 

(b) PM = 32°,GM = 15dB 

(c) wg = 10.3, M,, = 1.84, 0, = 6.5 
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E9.13 A unity feedback system has a loop transfer function 


150 
G.(s)G(s) = ——. 
MIG) = S 
(a) Find the maximum magnitude of the closed-loop 
frequency response using the Nichols chart. (b) Find 
the bandwidth and the resonant frequency of this sys- 
tem. (c) Use these frequency measures to estimate the 
overshoot of the system to a step response. 
Answers: (a) 7.5 dB, (b) wg = 19, w, = 12.6 


E9.14 A Nichols chart is given in Figure E9.14 for a system 
where G,(jw)G(jw) is plotted. Using the following 
table, find (a) the peak resonance M,, in dB; (b) the 
resonant frequency w,; (c) the 3-dB bandwidth; and (d) 
the phase margin of the system. 
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E9.15 Consider a unity feedback system with the loop 
transfer function 


100 


G(s)G(s) = EET 


Find the bandwidth of the closed-loop system. 
Answers: wg = 109 


E9.16 The pure time delay e`" may be approximated by 
a transfer function as 

_ i= T2 

“T+ Ts/2 


mT 


for 0 < w < 2/T. Obtain the Bode diagram for the 
actual transfer function and the approximation for 
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Geljw)G( jw). 





Loop phase 4 G,G (degrees) 


Exercises 


E9.17 A unity feedback system has a loop transfer function 


K(s + 2) 


GAS)G(s) = si + 2s? + 155° 


(a) Plot the Bode diagram and (b) determine the gain 
K required to obtain a phase margin of 30°. What is 


X: 486.93 
Trans 1 


Y: —4,5924m 
R#:3 


#A: 100 
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the steady-state error for a ramp input for the gain of 
part (b)? 


£9.18 An actuator for a disk drive uses a shock mount to 
absorb vibrational energy at approximately 60 Hz 
[14]. The Bode diagram of G,(s)G(s) of the control 
system is shown in Figure E9.18. (a) Find the expected 
percent overshoot for a step input for the closed-loop 


Y: 0.0 
Expand 
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FIGURE E9.20 
Automobile control 
system. 


system, (b) estimate the bandwidth of the closed-loop 
system, and (c) estimate the settling time (with a 2% 
criterion) of the system. 


E9.19 A unity feedback system with G,(s) = K has 


els 


G(s) = s+ 10° 





Select a gain K so that the phase margin of the system is 
50°. Determine the gain margin for the selected gain, K. 

E9.20 Consider a simple model of an automobile driver 
following another car on the highway at high speed. 
The model shown in Figure E9.20 incorporates the 
driver’s reaction time, T. One driver has T = 1 s, and 
another has T = 1.5s. Determine the time response 
y(t) of the system for both drivers for a step change in 
the command signal R(s) = —1/s, due to the braking 
of the lead car. 


E9,21 A unity feedback control system has a loop trans- 
fer function 


K 


G(s)G(s) = s(s + 2)(s + 50)" 


Determine the phase margin, the crossover frequency, 
and the gain margin when K = 1300. 


Answers: PM = 16.6°, w = 4.9, GM = 4 or 12 dB 
E9.22 A unity feedback system has a loop transfer function 


K(s +1) 
(s — 1)(s — 6) 


(a) Using a Bode diagram for K = 8, determine the 
system phase margin. (b) Select a gain K so that the 
phase margin is at least 45°. 


E9.23 Consider again the system of E9.21 when K = 438. 
Determine the closed-loop system bandwidth, resonant 
frequency, and M,,, using the Nichols chart. 


Answers: wg = 4.25 rad/s, w, = 2.7, Mpo = 1.7 


GAs)G(s) = 





E9,24 A unity feedback system has a loop transfer function 


K 


G(5)G(s) = F zs 


where K = 4 and +=1. The polar plot for 
G.(jw)G(jw) is shown in Figure E9.24. Determine 
whether the system is stable by using the Nyquist 








criterion. 
w 
— 
a -t 0 
FIGURE E9.24 
Polar plot for 
G,(s)G(s) = 
K/(-1 + rs) 


E9.25 A unity feedback system has a loop transfer function 


11.7 


GelG(S) = GF 0050 F Os)" 


Determine the phase margin and the crossover fre- 
quency. 
Answers: PM = 27.7°, w = 8.31 rad/s 


E9.26 For the system of E9.25, determine M pw, @,, and 
wpg for the closed-loop frequency response by using 
the Nichols chart. 


E9.27 A unity feedback system has a loop transfer function 


K 


G(s)G(s) = se+ OF 


Exercises 


Determine the maximum gain K for which the phase 
margin is at least 40° and the gain margin is at least 6 
dB. What are the gain margin and phase margin for 
this value of K? 

E9.28 A unity feedback system has the loop transfer 
function 


K 


GA(s)G(s) = +02) 


(a) Determine the phase margin of the system when 
K = 0.16. (b) Use the phase margin to estimate ¢ and 
predict the overshoot. (c) Calculate the actual re- 
sponse for this second-order system, and compare the 
result with the part (b) estimate. 


E9.29 A loop transfer function is 





G(s)G(s) = Rey 
Using the contour in the s-plane shown in Figure 
E9.29, determine the corresponding contour in the 
F(s)-plane (B = —1 + j). 














FIGURE E9.29 Contour in the s-plane. 
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E9.30 Consider the system represented in state variable 
form 


x = Ax + Bu 
y = Cx + Du, 


0 1 0 
ane Re a E H. 


C = [1000 0], and D = [0]. 


where 


Sketch the Bode plot. 


E9.31 A closed-loop feedback system is shown in Figure 
E9.31. Sketch the Bode plot and determine the phase 
margin. 


R(s) 





FIGURE E9.31 Nonunity feedback system. 


E9.32 Consider the system described in state variable 
form by 
X(t) = Ax(t) + Bu(t) 
y(t) = Cx(r) 


Compute the phase margin. 


E9.33 Consider the system shown in Figure E9.33. Com- 
pute the loop transfer function L(s), and sketch the 
Bode plot. Determine the phase margin and gain mar- 
gin when the controller gain K = 5. 


ae: SN 
8? +28354+4 






Ys) 








Controller 
ps 
R(s) K 

FIGURE E9.33 il 

Nonunity feedback 

system with 

proportional 

controller K. 
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PROBLEMS 


P9.1 For the polar plots of Problem P8.1, use the Nyquist 
criterion to ascertain the stability of the various sys- 
tems. In each case, specify the values of N, P, and Z. 

P9.2 Sketch the polar plots of the following loop transfer 
functions G,(s)G(s), and determine whether the sys- 
tem is stable by applying the Nyquist criterion: 


a a 
(a) G.(s)G(s) = s(s? +5 + 4)" 
(b) G.(s)G(s) = xs +4) 


Tf the system is stable, find the maximum value for K 
by determining the point where the polar plot crosses 
the w-axis. 

P9.3 (a) Find a suitable contour I, in the s-plane that can 
be used to determine whether all roots of the charac- 
teristic equation have damping ratios greater than ¢4. 
(b) Find a suitable contour I’, in the s-plane that can 
be used to determine whether all the roots of the char- 
acteristic equation have real parts less than s = —o}. 
(c) Using the contour of part (b) and Cauchy’s theo- 
rem, determine whether the following characteristic 
equation has roots with real parts less than s = —1; 


qls) = s$? + 11s? + 56s + 96. 


P9.4 The polar plot of a conditionally stable system is shown 
in Figure P9.4 for a specific gain K. (a) Determine 


jo 


# Ms G.@)G(jo)-plane 











FIGURE P9.4 Polar plot of conditionally stable 
system. 


Throttle 
Ris) 


FIGURE P9.5 
Engine speed 
control. 
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whether the system is stable, and find the number of 
roots (if any) in the right-hand s-plane. The system has 
no poles of G,(s)G(s) in the right half-plane. (b) Deter- 
mine whether the system is stable if the —1 point lies at 
the dot on the axis. 

P9.5 A speed control for a gasoline engine is shown in 
Figure P9.5. Because of the restriction at the carburetor 
intake and the capacitance of the reduction manifold, 
the lag 7, occurs and is equal to 1 second. The engine 
time constant 7, is equal to J/b = 3 s. The speed mea- 
surement time constant is 7,, = 0.4s. (a) Determine 
the necessary gain K if the steady-state speed error is 
required to be less than 10% of the speed reference set- 
ting. (b) With the gain determined from part (a), apply 
the Nyquist criterion to investigate the stability of the 
system. (c) Determine the phase and gain margins of 
the system. 

P9.6 A direct-drive arm is an innovative mechanical arm in 
which no reducers are used between motors and their 
loads, Because the motor rotors are directly coupled to 
the loads, the drive systems have no backlash, small fric- 
tion, and high mechanical stiffness, which are all impor- 
tant features for fast and accurate positioning and 
dexterous handling using sophisticated torque control. 

The goal of the MIT direct-drive arm project is to 
achieve arm speeds of 10 m/s [15]. The arm has 
torques of up to 660 N m (475 ft Ib). Feedback and a 
set of position and velocity sensors are used with each 
motor. The frequency response of one joint of the arm 
is shown in Figure P9.6(a). The two poles appear at 3.7 
Hz and 68 Hz. Figure P9.6(b) shows the step response 
with position and velocity feedback used. The time 
constant of the closed-loop system is 82 ms. Develop 
the block diagram of the drive system and prove that 
82 ms is a reasonable result. 

P9.7 A vertical takeoff (VTOL) aircraft is an inherently 
unstable vehicle and requires an automatic stabiliza- 
tion system. An attitude stabilization system for the 
K-16B U.S. Army VTOL aircraft has been designed 
and is shown in block diagram form in Figure P9.7 
[16]. At 40 knots, the dynamics of the vehicle are 
approximately represented by the transfer function 


10 


G(s) =- m 
6) s? + 0.36 


Yis) 
Speed 
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40 
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3 3 
3% È 
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= 10 fe 
0 
—10 
4Hz 10 20 60 100 Hz 4Hz 10 20 60 100 Hz 
(a) 
FIGURE P9.6 
The MIT arm: 
(a) frequency 
response, and 
(b) position 
response. (b) 
Tyls) 
Ris) Actuator Vehicle a(n) 
Reference and filter G(s) Attitude 
FIGURE P9.7 
VTOL aircraft Rate gyro 
stabilization H(s)=s 
system. 


The actuator and filter are represented by the transfer 
function 


K,(s + 7) 


GAs) = s Fa 


(a) Obtain the Bode diagram of the loop transfer 
function L(s) = G,(s)G(s)H(s) when the gain is 
K, = 2. (b) Determine the gain and phase margins of 
this system. (c) Determine the steady-state error for a 
wind disturbance of 7,(s) = 1/s. (d) Determine the 
maximum amplitude of the resonant peak of the 
closed-loop frequency response and the frequency of 
the resonance, (e) Estimate the damping ratio of the 
system from M,,, and the phase margin. 


P9.8 Electrohydraulic servomechanisms are used in con- 
trol systems requiring a rapid response for a large 
mass. An electrohydraulic servomechanism can pro- 
vide an output of 100 kW or greater [17]. A photo of a 
servovalve and actuator is shown in Figure P9.8(a). 








The output sensor yields a measurement of actuator 
position, which is compared with Vin. The error is 
amplified and controls the hydraulic valve position, thus 
controlling the hydraulic fluid flow to the actuator. The 
block diagram of a closed-loop electrohydraulic servo- 
mechanism using pressure feedback to obtain damping 
is shown in Figure P9.8(b) [17, 18]. Typical values for 
this system are 7 = 0.02 s; for the hydraulic system 
they are w = 7(27) and ¢, = 0.05. The structural 
resonance w, is equal to 10(27), and the damping is 
£, = 0.05. The loop gain is K,K,K> = 1.0. (a) Sketch 
the Bode diagram and determine the phase margin of 
the system. (b) The damping of the system can be in- 
creased by drilling a small hole in the piston so that 
£2 = 0.25. Sketch the Bode diagram and determine 
the phase margin of this system. 


P9.9 The space shuttle, shown in Figure P9.9(a), carries 
large payloads into space and returns them to earth 
for reuse [19]. The shuttle uses elevons at the trailing 
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FIGURE P9.8 

(a) A servovalve and 
actuator (courtesy 
of Moog, Inc., 
Industrial Division). 
(b) Block diagram. 
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edge of the wing and a brake on the tail to control the 
flight during entry. The block diagram of a pitch rate 
control system is shown in Figure P9.9(b). The sensor 
is represented by a gain, H(s) = 0.5, and the vehicle 
by the transfer function 


_ 0.30(s + 0.05)(s* + 1600) 


G(s) = i 
(s? + 0.05s + 16)(s + 70) 

The controller G,(s) can be a gain or any suitable 

transfer function. (a) Sketch the Bode diagram of the 

system when G(s) = 2 and determine the stability 

margin. (b) Sketch the Bode diagram of the system 

when 


GAs) = Kp + K,/s and K;/Kp = 0.5. 


The gain Kp should be selected so that the gain mar- 
gin is 10 dB. 


P9.10 Machine tools are often automatically controlled as 


shown in Figure P9.10. These automatic systems are 
often called numerical machine controls [9]. On each 
axis, the desired position of the machine tool is 






Yis) 
Position 







(Ts + n= Nt 1) 


w a 


(b) 


compared with the actual position and is used to actu- 
ate a solenoid coil and the shaft of a hydraulic actuator. 
The transfer function of the actuator (see Table 2.7) is 


X(s) Ka 
Ys) s(tas + 1)" 


where K, = 1 and 7, = 0.4s. The output voltage of 
the difference amplifier is 


Ed(s) = Ki(X(s) — Xa(s)), 


where x,(t) is the desired position input. The force on 
the shaft is proportional to the current i, so that 
F = K>i(t), where K, = 3.0. The spring constant K, 
is equal to 1.5, R = 0.1, and L = 0.2. 


(a) Determine the gain K, that results in a system 
with a phase margin of 30°. (b) For the gain K, of part 
(a), determine Mpo, œ, and the closed-loop system 
bandwidth. (c) Estimate the percent overshoot of the 
transient response to a step input X,(s) = 1/s, and 
the settling time (to within 2% of the final value). 
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FIGURE P9.9 (a) 
(a) The Earth- 

orbiting space 

shuttle against the 
blackness of space. 

The remote Ris) 
manipulator robot is 

shown with the 

cargo bay doors 

open in this top 

view, taken by a 

satellite. (b) Pitch 

rate control system. 
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FIGURE P9.10 i t 
Machine tool = aj 
control. Supply 
P9.11 A control system for a chemical concentration con- 5 
trol system is shown in Figure P9.11. The system G(s) = wri 


receives a granular feed of varying composition, and 
we want to maintain a constant composition of the and that of the controller is 
output mixture by adjusting the feed-flow valve. The K 
: Sedat A 
transfer function of the tank and output valve is G(s) = Kı + 
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Conveyor 








Controller 





+ 
FIGURE P9.11 R(s) 
Chemical 

concentration 

control. 


The transport of the feed along the conveyor requires 
a transport (or delay) time, T = 1.5 s. (a) Sketch the 
Bode diagram when K; = K, = 1, and investigate 
the stability of the system. (b) Sketch the Bode dia- 
gram when K, = 0.1 and K, = 0.04, and investigate 
the stability of the system. (c) When K, = 0, use the 
Nyquist criterion to calculate the maximum allowable 
gain K, for the system to remain stable. 


P9.12 A simplified model of the control system for regu- 
lating the pupillary aperture in the human eye is 
shown in Figure P9.12 [20]. The gain K represents the 
pupillary gain, and 7 is the pupil time constant, which 
is 0.6 s. The time delay T is equal to 0.15 s. The pupil- 
lary gain is equal to 3.8. 


Controller 
Gs) 


Conveyor 
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Desired 
concentration 






Measurement 
of concentration 


Ys) 
Composition 


(a) Assuming the time delay is negligible, sketch the 
Bode diagram for the system. Determine the phase 
margin of the system. (b) Include the effect of the time 
delay by adding the phase shift due to the delay. 
Determine the phase margin of the system with the 
time delay included. 


P9.13 A controller is used to regulate the temperature 
of a mold for plastic part fabrication, as shown in 
Figure P9.13. The value of the delay time is estimated 
as 1.2 s. (a) Using the Nyquist criterion, determine 
the stability of the system for K,=K=1. 
(b) Determine a suitable value for K, for a stable sys- 
tem that will yield a phase margin greater than 50° 
when K = 1. 
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Controller Hanns 
dynamics 
+ P 
1 -sT Ys) 
ud) æ Ka (x a 1) Temperature 
Sensor 
FIGURE P9.13 
Temperature H(s)=1 
controller. 
Vehicle and 
front wheels 
P + Control stick K 5 Ys) 
(s) Saar a5 irection 
sonst of fravél 
FIGURE P9.14 
Automobile steering 
control. 


P9.14 Electronics and computers are being used to control 
automobiles. Figure P9.14 is an example of an 
automobile control system, the steering control for a re- 
search automobile. The control stick is used for steer- 
ing. A typical driver has a reaction time of T = 0.2 s. 


(a) Using the Nichols chart, determine the magnitude 
of the gain K that will result in a system with a 
peak magnitude of the closed-loop frequency 
response Mpa less than or equal to 2 dB. 

(b) Estimate the damping ratio of the system based 
on (1) M,,, and (2) the phase margin. Compare 
the results and explain the difference, if any. 

(c) Determine the closed-loop 3-dB bandwidth of the 
system. 


P9.15 Consider the automatic ship-steering system dis- 
cussed in Problem P8.11. The frequency response of 
the open-loop portion of the ship steering control sys- 
tem is shown in Figure P8.11. The deviation of the 
tanker from the straight track is measured by radar 
and is used to generate the error signal, as shown in 
Figure P9.15. This error signal is used to control the 
rudder angle ô(s). 


(a) Is this system stable? Discuss what an unstable 
ship-steering system indicates in terms of the 
transient response of the system. Recall that the 
system under consideration is a ship attempting 
to follow a straight track. 

(b) Is it possible to stabilize this system by lowering 
the gain of the transfer function G(s)? 

(c) Is it possible to stabilize this system? Suggest a 
suitable feedback compensator? 

(d) Repeat parts (a), (b), and (c) when switch S is 
closed. 








Desired constant 
Rudder heading 
angle 


ô(s) 






o œo 
Switch $ 


FIGURE P9.15 Automatic ship steering. 


P9.16 An electric carrier that automatically follows a 
tape track laid out on a factory floor is shown in 
Figure P9.16(a) [15]. Closed-loop feedback systems 
are used to control the guidance and speed of the 
vehicle. The cart senses the tape path by means of an 
array of 16 phototransistors. The block diagram of 
the steering system is shown in Figure P9.16(b). Se- 
lect a gain K so that the phase margin is approxi- 
mately 30°. 


P9.17 The primary objective of many control systems is to 
maintain the output variable at the desired or reference 
condition when the system is subjected to a disturbance 
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(a) 


Motor and cart dynamics 







Phototransistor 




















array 
FIGURE P9.16 Ris) t 1 Ys) 
(a) An electric j (s/10 + ID(s? + s + 2) Cart heading 
carrier vehicle 
(photo courtesy of 
Control Engineering 
Corporation). 
(b) Block diagram. () 
Ris) Ys) 
FIGURE P9.17 
Chemical reactor 
control. 
[23]. A typical chemical reactor control scheme is i 
shown in Figure P9.17. The disturbance is represented Gis) = it 
by U(s), and the chemical process by G3 and G4. The i 
controller is represented by G4 and the valve by Gz. where T3 = 74 = 4s and K; = Ky, = 0.1. The valve 
The feedback sensor is H(s) and will be assumed to be constants are K = 20 and rz = 0.5s. We want to 
equal to 1. We will assume that G2, G3, and G; are all of maintain a steady-state error less than 5% of the 


the form desired reference position. 


Problems 


(a) When G(s) = K4, find the necessary gain to sat- 
isfy the error-constant requirement. For this con- 
dition, determine the expected overshoot to a 
step change in the reference signal r(r). 

(b) If the controller has a proportional term plus an in- 
tegral term so that G\(s) = K,(1 + l/s), deter- 
mine a suitable gain to yield a system with an 
overshoot less than 30%, but greater than 5%. For 
parts (a) and (b), use the approximation of the 
damping ratio as a function of phase margin that 
yields £ = 0.01pm. For these calculations, assume 
that U(s) = 0. 

(c) Estimate the settling time (with a 2% criterion) of 
the step response of the system for the controller 
of parts (a) and (b). 

(d) The system is expected to be subjected to a step 
disturbance U(s) = A/s. For simplicity, assume 
that the desired reference is r(t) = 0 when the 
system has settled. Determine the response of the 
system of part (b) to the disturbance. 


P9.18 A model of an automobile driver attempting to steer 


a course is shown in Figure P9.18, where K = 5.3. 
(a) Find the frequency response and the gain and phase 
margins when the reaction time T is zero. (b) Find the 
phase margin when the reaction time is 0.1 s 
(c) Find the reaction time that will cause the system to 
be borderline stable (phase margin = 0°). 






R(s) 
Desired 
course 





Predicted 
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P9.19 In the United States, billions of dollars are spent 


annually for solid waste collection and disposal. One 
system, which uses a remote control pick-up arm for 
collecting waste bags, is shown in Figure P9.19. The 
loop transfer function of the remote pick-up arm is 


0.25 
GAs So 
ASIG(S) = ae tye + 3) 
(a) Plot the Nichols chart and show that the gain mar- 
gin is approximately 32 dB. (b) Determine the phase 
margin and the M,,, for the closed loop. Also, deter- 
mine the closed-loop bandwidth. 


P9.20 The Bell-Boeing V-22 Osprey Tiltrotor is both an air- 


plane and a helicopter. Its advantage is the ability to 
rotate its engines to a vertical position, as shown in 
Figure P7.33(a), for takeoffs and landings and then 
switch the engines to a horizontal position for cruising 
as an airplane. The altitude control system in the 
helicopter mode is shown in Figure P9.20. (a) Obtain 
the frequency response of the system for K = 100. 
(b) Find the gain margin and the phase margin for this 
system. (c) Select a suitable gain K so that the phase 
margin is 40°. (Decrease the gain above K = 100.) 
(d) Find the response y(t) of the system for the gain 
selected in part (c). 


Lateral 
displacement 


s? + 0.85 + 0.32 
| 


Driver ' Auto 













course 


FIGURE P9.18 
Automobile and 
driver control. 


FIGURE P9.19 
Waste collection 
system. 
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ie K(s? + 1.5s + 0.5) 1 Yis) 
P (20s + 1)(10s + 1)(0.5s + 1) Altitude 
FIGURE P9.20 
Tiltrotor aircraft 
control. 
P9.21 The open-loop transfer function of a unity feedback for each point on the graph is given in the following 
system is, table: 
K Poit 1 2 3 4 5 6 7 8 9 
(1 + 0.1s)(s + 2) w 1 20 26 34 42 52 60 7.0 80 
Find the value of K so that the phase margin is 40°. Determine (a) the resonant frequency, (b) the band- 
width, (c) the phase margin, and (d) the gain margin. 
P9.22 The Nichols diagram for G,(jw)G(jw) of a closed- (e) Estimate the overshoot and settling time (with a 
loop system is shown in Figure P9.22. The frequency 2% criterion) of the response to a step input. 
Š 
SA 
o 
a 
E 
=12 
FIGURE P9.22 
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FIGURE P9.23 Speed control system. 


P9.23 Consider the system given in figure P9.23. 


(a) If K,=1, find gain Margin using Bode Plot. Also 


find steady state error to a ram input. 
(b) Find K;so that gain margin is 5. 


(c) Corresponding to the K; obtained in (b) find the 


steady-state error to a ramp input. 


P9.24 A closed-loop system with unity feedback has a 


loop transfer function 


K(s + 20) 
s? ` 


G.(s)G(s) = 















Grinding 
wheel Safety 
RTF | guard 
Z-axis 
motor 
x-axis + 
motor Ris ) 


y-axis motor 


(a) 


FIGURE P9.26 Surface-grinding wheel control system. 


Controller 
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FIGURE P9.27 
Nonunity feedback 
system with 





proportional 
controller K. 
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(a) Determine the gain K so that the phase margin is 
45°. (b) For the gain K selected in part (a), determine 
the gain margin. (c) Predict the bandwidth of the 
closed-loop system. 


P9.25 A closed-loop system has the loop transfer function 


ats 





Ke 
GAs)G(s) = = 
(a) Determine the gain K so that the phase margin is 
60° when T = 0.2. (b) Plot the phase margin versus 
the time delay T for K as in part (a). 


P9.26 A specialty machine shop is improving the efficien- 


cy of its surface-grinding process [22]. The existing 
machine is mechanically sound, but manually operat- 
ed, Automating the machine will free the operator for 
other tasks and thus increase overall throughput of 
the machine shop. The grinding machine is shown in 
Figure P9.26(a) with all three axes automated with 
motors and feedback systems. The control system for 
the y-axis is shown in Figure P9.26(b). To achieve a 
low steady-state error to a ramp command, we choose 
K = 10. Sketch the Bode diagram of the open-loop 
system and obtain the Nichols chart plot. Determine 
the gain and phase margin of the system and the band- 
width of the closed-loop system. Estimate the ¢ of the 
system and the predicted overshoot and settling time 
(with a 2% criterion) 


P9.27 Consider the system shown in Figure P9.27. Deter- 
mine the maximum value of K = K max for which the 
closed-loop system is stable, Plot the phase margin 
as a function of the gain 1 = K S K max Explain 
what happens to the phase margin as K approaches 
K max: 


Sensor 







5(0.25s + 1(O.1s + 1) Ha} 


i 


(b) 


Ys) 


656 


P9.28 Consider the feedback system shown in Figure 
P9.28 with the process transfer function given as 


Chapter 9 Stability in the Frequency Domain 


(a) Determine a value of Kp such that the phase mar- 
gin is approximately P.M. ~ 45°. 
(b) Using the PM. obtained, predict the percent over- 





























1 
G(s) = EET shoot of the closed-loop system to a unit step input. 
as (c) Plot the step response and compare the actual 
The controller is the proportional controller percent overshoot with the predicted percent 
overshoot. 
Gs) = Kp. 
Controller Process 
FIGURE P9.28 " | | | 
Aunity feedback = A) og ! ie 
system with a e p? sis + 1) "i 
proportional 
controller in the 
loop. 
ADVANCED PROBLEMS 


AP9.1 Operational spacecraft undergo substantial mass 

property and configuration changes during their life- 
time [26]. For example, the inertias change consider- 
ably during operations. Consider the orientation 
control system shown in Fig. AP9.1. 
(a) Plot the Bode diagram, and determine the gain 
and phase margins when wp = 15,267. (b) Repeat 
part (a) when w,,” = 9500. Note the effect of chang- 
ing wp” by 38%. 








AP9.2 Anesthesia is used in surgery to induce uncon- 


sciousness. One problem with drug-induced uncon- 
sciousness is large differences in patient responsiveness. 
Furthermore, the patient response changes during an 
operation, A model of drug-induced anesthesia control 
is shown in Figure AP9.2. The proxy for unconscious- 
ness is the arterial blood pressure. 


(a) Plot the Bode diagram and determine the gain mar- 
gin and the phase margin when T = 0.05 s. (b) Repeat 
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part (a) when T = 0.1s. Describe the effect of the 
100% increase in the time delay T. (c) Using the phase 
margin, predict the overshoot for a step input for parts 
(a) and (b). 


AP9.3 Welding processes have been automated over the 
past decades. Weld quality features, such as final met- 
allurgy and joint mechanics, typically are not measur- 
able online for control. Therefore, some indirect way 
of controlling the weld quality is necessary. A compre- 
hensive approach to in-process control of welding 
includes both geometric features of the bead (such as 
the cross-sectional features of width, depth, and 
height) and thermal characteristics (such as the heat- 
affected zone width and cooling rate). The weld bead 
depth, which is the key geometric attribute of a major 
class of welds, is very difficult to measure directly, but 
a method to estimate the depth using temperature 
measurement has been developed [27]. A model of the 
weld control system is shown in Figure AP9.3. 


(a) Determine the phase margin and gain margin for 
the system when K = 1. (b) Repeat part (a) when 
K = 1.5. (c) Determine the bandwidth of the system 
for K = 1 and K = 1.5 by using the Nichols chart. 
(d) Predict the settling time (with a 2% criterion) of a 
step response for K = 1 and K = 1.5. 


AP9.4 The control of a paper-making machine is quite 
complex [28]. The goal is to deposit the proper amount 
of fiber suspension (pulp) at the right speed and in a 
uniform way. Dewatering, fiber deposition, rolling, 





and drying then take place in sequence. Control of the 
paper weight per unit area is very important. For the 
control system shown in Figure AP9.4, select K so that 
the phase margin =40° and the gain margin =10 dB. 
Plot the step response for the selected gain. Deter- 
mine the bandwidth of the closed-loop system. 


AP9.5 NASA is planning many Mars missions with rover 


vehicles. A typical rover is a solar-powered vehicle 
which will see where it is going with TV cameras and 
will measure distance to objects with laser range find- 
ers. It will be able to climb a 30° slope in dry sand and 
will carry a spectrometer that can determine the 
chemical composition of surface rocks. It will be con- 
trolled remotely from Earth. 

For the model of the position control system 
shown in Figure AP9.5, determine the gain K that 
maximizes the phase margin. Determine the over- 
shoot for a step input with the selected gain. 


AP9.6 The acidity of water draining from a coal mine is 


often controlled by adding lime to the water. A valve 
controls the lime addition and a sensor is downstream. 
For the model of the system shown in Figure AP9.6, 
determine K and the distance D to maintain stability. 
We require D > 2 meters in order to allow full mix- 
ing before sensing. 





AP9.7 Building elevators are limited to about 800 meters. 


Above that height, elevator cables become too thick 
and too heavy for practical use. One solution is to elim- 
inate the cable. The key to the cordless elevator is the 


658 


Ris) 






























AP9.8 A control system is shown in Figure AP9.8. The 


gain K is greater than 500 and less than 3000. Select a 
gain that will cause the system step response to have 


Chapter 9 Stability in the Frequency Domain 
Controller | Plant | 
K(s + 0.4) 1 
s43 ss + 6) 











FIGURE AP9.5 Position control system of a Mars rover. 


R(s) = 0 

Desired 
FIGURE AP9.6 acidity 
Mine water acidity 
control. 

Controller 
R(s) 

Desired 

elevator K(s + 4) 
FIGURE AP9.7 Position 
Elevator position 
control. 

R(s) Ke + 1%? 

(s + 8)(s + 20) 

FIGURE AP9.8 


Gain 


linear motor technology now being applied to the 
development of magnetically levitated rail transporta- 
tion systems. Under consideration is a linear synchro- 
nous motor that propels a passenger car along the 
tracklike guideway running the length of the elevator 
shaft. The motor works by the interaction of an elec- 
tromagnetic field from electric coils on the guideway 
with magnets on the car [29]. 

If we assume that the motor has negligible friction, 
the system may be represented by the model shown in 
Figure AP9.7. Determine K so that the phase margin of 
the system is 45°. For the gain K selected, determine 
the system bandwidth. Also calculate the maximum 
value of the output for a unit step disturbance for the 
selected gain. 























an overshoot of less than 18%. Plot the Nichols dia- 
gram, and calculate the phase margin. 


AP9.9 Consider again the system shown in Figure AP7.12 


which uses a PI controller. Let 


K; 


= 0.2, 
Kp 


and determine the gain Kp that provides the maxi- 
mum phase margin. 


AP9.10 A multiloop block diagram is shown in Figure 


AP9.10, 


(a) Compute the transfer function T(s) = Y(s)/R(s). 

(b) Determine K such that the steady-state tracking 
error to a unit step input R(s) = 1/s is zero. Plot 
the unit step response. 

(c) Using K from part (b), compute the system band- 
width wp. 
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FIGURE AP 9.10 
Multiloop feedback 
control system. 








DESIGN PROBLEMS 


CDP9.1 The system of Figure CDP4.1 uses a controller 
Cy G(s) = Ką. Determine the value of K, so that the 
\ 7y phase margin is 70°. Plot the response of this system to 

a step input. 


status within narrow bounds. Consider the use of a 
drug delivery system for the regulation of blood pres- 
sure by the infusion of a drug. The feedback control 
system is shown in Figure DP9.3. Select an appropri- 


DP9.1 A mobile robot for toxic waste cleanup is shown in ate/eain X that maintauts narrow deviation for blood 


Figure DP9.1(a) [24]. The closed-loop speed control is 
represented by Figure 9.1 with H(s) = 1. The Nichols 
chart in Figure DP9.1(b) shows the plot of G,(jw) 
G(jw)/K versus w. The value of the frequency at the 
points indicated is recorded in the following table: 


Point 1 2 3 4 5 
w 2 3 10 20 50 


(a) Determine the gain and phase margins of the 
closed-loop system when K = 1. (b) Determine the 
resonant peak in dB and the resonant frequency for 
K = 1. (c) Determine the system bandwidth and 
estimate the settling time (with a 2% criterion) and 
percent overshoot of this system for a step input. 
(d) Determine the appropriate gain K so that the 
overshoot to a step input is 30%, and estimate the set- 
tling time of the system. 





DP9.2 Flexible-joint robotic arms are constructed of 


lightweight materials and exhibit lightly damped 
open-loop dynamics [15]. A feedback control system 
for a flexible arm is shown in Figure DP9.2. Select K 
so that the system has maximum phase margin. Pre- 
dict the overshoot for a step input based on the phase 
margin attained, and compare it to the actual over- 
shoot for a step input. Determine the bandwidth of 
the closed-loop system. Predict the settling time (with 
a 2% criterion) of the system to a step input and com- 
pare it to the actual settling time. Discuss the suitability 
of this control system. 


DP9.3 An automatic drug delivery system is used in the 


regulation of critical care patients suffering from car- 
diac failure [25]. The goal is to maintain stable patient 


pressure while achieving a good dynamic response. 


DP9.4 A robot tennis player is shown in Figure DP9.4(a), 


and a simplified control system for @(t) is shown in 
Figure DP9.4(b). The goal of the control system is to 
attain the best step response while attaining a high K , 
for the system. Select Ky; = 0.325 and K. = 0.45, 
and determine the phase margin, gain margin, and 
closed-loop bandwidth for each case. Estimate the 
step response for each case and select the best value 
for K. 


DP9.5 An electrohydraulic actuator is used to actuate 


large loads for a robot manipulator, as shown in 
Figure DP9.5 [17]. The system is subjected to a step 
input, and we desire the steady-state error to be mini- 
mized. However, we wish to keep the overshoot less 
than 10%. Let T = 0.85. 


(a) Select the gain K when G,(s) = K, and determine 
the resulting overshoot, settling time (with a 2% crite- 
rion), and steady-state error. (b) Repeat part (a) when 
G.(s) = Kı + K>/s by selecting Kı and K3. Sketch 
the Nichols chart for the selected gains K; and K3. 


DP9.6 The physical representation of a steel strip-rolling 


mill is a damped-spring system [8]. The output thick- 
ness sensor is located a negligible distance from the 
output of the mill, and the objective is to keep the thick- 
ness as close to a reference value as possible. Any 
change of the input strip thickness is regarded as a dis- 
turbance. The system is a nonunity feedback system, as 
shown in Figure DP9.6. Depending on the maintenance 
of the mill, the parameter varies as 80 = b < 300. 
Determine the phase margin and gain margin for 
the two extreme values of b when the normal value of 
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FIGURE DP9.1 
{a) Mobile robot for 
toxic waste 
cleanup. (b) Nichols 
chart. 
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FIGURE DP9.2 
Control of a flexible 
robot arm. 


FIGURE DP9.3 
Automatic drug 
delivery. 


FIGURE DP9.4 
(a) An articulated 
two-link tennis 
player robot. 

(b) Simplified 
control system. 


FIGURE DP9.5 
Electrohydraulic 
actuator. 
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FIGURE DP9.6 


Steel 
mill. 


DP9. 


DP9. 


+ 
Ris) 
FIGURE DP9.7 
Lunar vehicle 
control. 
R(s) 

Desired 

FIGURE DP9.8 thickness 


Steel-rolling mill 


conti 
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Controller 


K(s + 0.1) 
s 









strip-rolling 





the gain is K = 170. Recommend a reduced value for 
K so that the phase margin is greater than 40° and the 
gain margin is greater than 8 dB for the range of b. 


.7 Vehicles for lunar construction and exploration 


work will face conditions unlike anything found on 
Earth. Furthermore, they will be controlled via 
remote control. A block diagram of such a vehicle 
and the control are shown in Figure DP9,7. Select a 
suitable gain K when T =0.5s. The goal is to 
achieve a fast step response with an overshoot of 
less than 20%. 


.8 The control of a high-speed steel-rolling mill is 
a challenging problem. The goal is to keep the strip 
thickness accurate and readily adjustable. The 
model of the control system is shown in Figure 
DP9.8. Design a control system by selecting K so 
that the step response of the system is as fast as pos- 
sible with an overshoot less than 0.5% and a settling 
time (with a 2% criterion) less than 4 seconds. Use 


Controller 






rol. 











Sensor 







Dynamics 


K 
s(s + 25)(s? + 100s + 2600) 





Strip mill 
3333 
+ bs + 10,000 





Ys) 











the root locus to select K, and calculate the roots for 
the selected K. Describe the dominant root(s) of the 
system. 


DP9.9 A two-tank system containing a heated liquid 


has the model shown in Figure DP9.9(a), where Ty is 
the temperature of the fluid flowing into the first 
tank and T3 is the temperature of the liquid flowing 
out of the second tank. The block diagram model is 
shown in Figure DP9.9(b). The system of the two 
tanks has a heater in tank 1 with a controllable heat 
input Q. The time constants are 7; = 10s and 

T = 50s. 

(a) Determine 7>(s) in terms of Ty(s) and T>,(s). 

(b) If Za(s), the desired output temperature, is 
changed instantaneously from 7T2,(s) = A/s to 
Toq(s) = 2A/s, determine the transient response 
of T,(t) when G,(s) = K = 500. Assume that, 
prior to the abrupt temperature change, the sys- 
tem is at steady state. 


1 
s(s + 1)? 








Ys) 














Ys) 
Thickness 
of strip 
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(a) 


FIGURE DP9.9 
Two-tank 
temperature 
control. (b) 





(c) Find the steady-state error e,, for the system of 
part (b), where E(s) = Tyg(s) — T>(s). 

(d) Let G(s) = K/s and repeat parts (b) and (c). 
Use a gain K such that the percent overshoot is 
less than 10%. 

(e) Design a controller that will result in a system 
with a settling time (with a 2% criterion) of 
Ts < 150s and a percent overshoot of less than 
10%, while maintaining a zero steady-state error 
when 


K 
GAs) = Kp + =. 
(f) Prepare a table comparing the percent overshoot, 


settling time, and steady-state error for the designs 
of parts (b) through (e). 


DP9.10 Consider the system is described in state variable 


form by 


x(t) = Ax(t) + Bu(t) 
yD) = Cx(t) 


where 


01 0 
T TOH 0). 


Assume that the input is a linear combination of the 
states, that is, 


u(t) = —Kx(r) + r(t), 
where r(t) is the reference input and the gain matrix is 


K = [K, K3). Substituting «(¢) into the state vari- 
able equation yields the closed-loop system 


x(t) = [A — BK]x(¢) + Br(t) 


y(t) = Cx() 
(a) Obtain the characteristic equation associated 
with A-BK, 
(b) Design the gain matrix K to meet the following 
specifications: (i) the closed-loop system is stable; 
(ii) the system bandwidth w, = 1 rad/s; and (iii) 
the steady-state error to a unit step input 
R(s) = 1/s is zero. 
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COMPUTER PROBLEMS 


CP9.1 Consider two systems with transfer function 
a Sn 
+244 

25 
s+ 5s +25 


G(s) = 
GAs) = 


Using MATLAB: 

(a) Draw the Bode Plot of both systems on the same 
sheet. 

(b) From the Bode plot, find the band width wp. 

(c) Obtain the step response of the systems. 

(c) From the step response, find percentage over- 
shoot, rise time and settling time. 

(c) What is the effect of band width on time response? 


CP9.2 Consider the closed-loop feedback system given in 
Figure CP9.2. Write a MATLAB program to: 
(a) Draw the Bode plot of loop transfer function. 
(b) Draw the Bode plot of closed-loop transfer function. 
(c) Find gain margin, phase margin and Band width 
of the system. 









a 


(+ 3s +9) 





FIGURE CP9.2 A closed-loop feedback system. 


CP9.3 Using the nichols, and logspace functions, obtain 
the Nichols chart with a grid for the following transfer 
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Determine the approximate phase and gain margins 
from the Nichols charts and label the charts accord- 


ingly. 


CP9.4 Consider a unity feedback system with open-loop 
10 

(s + 1)(s + 2) 

(a) Draw the Bode plot of G(s) and find gain margin 
and phase margin. 

(b) If a pure delay with transfer function D(s) =e! 
is also present in the feed forward path, draw the 
Bode plot of D(s)G(s). 

(c) Compare the G. M. and P. M. of G(s) and D(s)G(s). 


CP9.5 Consider the paper machine control in Figure 
AP9.4, Develop an m-file to plot the bandwidth of the 
closed-loop system as K varies in the interval 
1s K s50. 


CP9.6 A block diagram of the yaw acceleration con- 
trol system for a bank-to-turn missile is shown in 
Figure CP9.6. The input is yaw acceleration com- 
mand (in g’s), and the output is missile yaw acceler- 
ation (in g's). The controller is specified to be a 
proportional, integral (PI) controller. The nominal 
value of by is 0.5. 


transfer function G(s) = 


(a) Using the margin function, compute the phase 
margin, gain margin, and system crossover fre- 
quency (0 dB), assuming the nominal value of bọ. 

(b) Using the gain margin from part (a), determine 
the maximum value of bọ for a stable system. 
Verify your answer with a Routh—-Hurwitz 
analysis of the characteristic equation. 


CP9.7 An engineering laboratory has presented a plan 
to operate an Earth-orbiting satellite that is to be 
controlled from a ground station. A block diagram of 
the proposed system is shown in Figure CP9.7. It 
takes T seconds for a signal to reach the spacecraft 
from the ground station and the identical delay for a 
return signal. The proposed ground-based controller 
is a proportional-derivative (PD) controller, where 


G(s) = Kp + Kps. 
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acceleration control 
of a bank-to-turn 
missile. 





Terms and Concepts 


(a) Assume no transmission time delay (i.e, T = 0), 
and design the controller to the following specifica- 
tions: (1) percent overshoot less than 20% to a unit 
step input and (2) time to peak less than 30 seconds. 

(b) Compute the phase margin with the controller in 
the loop but assuming a zero transmission time 
delay. Estimate the amount of allowable time 
delay for a stable system from the phase margin 
calculation. 

(c) Using a second-order Padé approximation to the 
time delay, determine the maximum allowable 
delay T max for system stability by developing a m- 
file script that employs the pade function and 
computes the closed-loop system poles as a func- 
tion of the time delay T. Compare your answer 
with the one obtained in part (b). 


CP9.8 Consider the system represented in state variable 


form 
[o 1] fo 
=i =10 22” 


y= [10 O}x + [0]u 
Using the nyquist function, obtain the polar plot. 


FIGURE CP9.7 
A block diagram of 
a ground-controlled 
satellite. 


TERMS AND CONCEPTS 


Bandwidth The frequency at which 


the frequency 
response has declined 3 dB from its low-frequency 
value. 


Cauchy’s theorem If a contour encircles Z zeros and P 
poles of F(s) traversing clockwise, the corresponding 
contour in the F(s)-plane encircles the origin of the 
F(s)-plane N = Z — P times clockwise. 

Closed-loop frequency response The frequency response 
of the closed-loop transfer function T (jæ). 
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CP9.9 For the system in CP9.8, use the nichols function 
to obtain the Nichols chart and determine the phase 
margin and gain margin. 


CP9.10 Consider a unity feedback system with open-loop 
K(s + 4) í 

——.——. Using MATLAB 

s(s + 1)(s + 2) 

(a) Obtain Nyquist plot and comment on the stability 
of the system if K =1. 

(b) Find the maximum value of K for which the sys- 
tem is stable. 


transfer function 





Conformal mapping A contour mapping that retains the 
angles on the s-plane on the F(s)-plane. 

Contour map A contour or trajectory in one plane is 
mapped into another plane by a relation F(s). 

Gain margin The increase in the system gain when 
phase = —180° that will result in a marginally stable 
system with intersection of the —1 + j0 point on the 
Nyquist diagram. 
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Closed-loop frequency response The frequency response 
of the closed-loop transfer function T(jw). 

Conformal mapping A contour mapping that retains the 
angles on the s-plane on the F(s)-plane. 

Contour map A contour or trajectory in one plane is 
mapped into another plane by a relation F(s). 

Gain margin The increase in the system gain when 
phase = —180° that will result in a marginally stable 
system with intersection of the —1 + jO point on the 
Nyquist diagram. 


Logarithmic (decibel) measure A measure of the gain 


1 1 
margin defined as 20 logio(1/d), where — = ———— 
gi 10(1/d) d 7 Go) 
when the phase shift is —180°. 


Nichols chart A chart displaying the curves for the rela- 
tionship between the open-loop and closed-loop fre- 
quency response. 
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Nyquist stability criterion A feedback system is stable if, 
and only if, the contour in the L(s)-plane does not en- 
circle the (—1, 0) point when the number of poles of 
L(s) in the right-hand s-plane is zero. If L(s) has P 
poles in the right-hand plane, then the number of 
counterclockwise encirclements of the (—1, 0) point 
must be equal to P for a stable system. 

Phase margin The amount of phase shift of the L(jw) at 
unity magnitude that will result in a marginally stable 
system with intersections of the —1 + j0 point on the 
Nyquist diagram. 

Principle of the argument See Cauchy’s theorem. 

Time delay A time delay T, so that events occurring at 
time ¢ at one point in the system occur at another 
point in the system at a later time £ + T. 
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PREVIEW 


In this chapter, we address the central issue of the design of compensators. Using the 
methods of the previous chapters, we develop several design techniques in the fre- 
quency domain that enable us to achieve the desired system performance. The pow- 
erful lead and lag controllers are introduced and used in several design examples. 
Phase-lead and phase-lag control design approaches using both root locus plots and 
Bode diagrams are presented. The proportional-integral (PI) controller is revisited 
in the context of achieving high steady-state tracking accuracies. The chapter con- 
cludes with a proportional-derivative (PD) controller design with prefiltering for 
the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 10, students should: 


2 Be familiar with the design of lead and lag compensators using root locus and Bode plot 
methods. 


Q Understand the value of prefilters and how to design for deadbeat response. 
O Have a greater appreciation for the varied approaches available for control system 
design. 


667 


668 


Chapter 10 The Design of Feedback Control Systems 


10.1 INTRODUCTION 


The performance of a feedback control system is of primary importance. This sub- 
ject was discussed at length in Chapter 5 and quantitative measures of performance 
were developed. We have found that a suitable control system is stable and that it 
results in an acceptable response to input commands, is less sensitive to system 
parameter changes, results in a minimum steady-state error for input commands, 
and, finally, is able to reduce the effect of undesirable disturbances. A feedback con- 
trol system that provides an optimum performance without any necessary adjust- 
ments is rare indeed. Usually, we find it necessary to compromise among the many 
conflicting and demanding specifications and to adjust the system parameters to 
provide a suitable and acceptable performance when it is not possible to obtain all 
the desired optimum specifications. 

At several points in the preceding chapters, we have considered the question of 
design and adjustment of the system parameters in order to provide a desirable 
response and performance. In Chapter 5, we defined and established several suitable 
measures of performance. In Chapter 6, we determined a method of investigating 
the stability of a control system, recognizing that a system is unacceptable unless it is 
stable. In Chapter 7, we used the root locus method to design a self-balancing scale 
and illustrated a method of parameter design by using the root locus method. Fur- 
thermore, in Chapters 8 and 9, we developed suitable measures of performance in 
terms of the frequency variable w and used them to design several suitable control 
systems. Thus, we have been considering the problems of the design of feedback 
control systems as an integral part of the subjects of the preceding chapters. It is now 
our purpose to study the question further and to point out several significant design 
and compensation methods. 

The preceding chapters have shown that it is often possible to adjust the system 
parameters in order to provide the desired system response. However, we often find 
that it is not sufficient to adjust a system parameter and thus obtain the desired per- 
formance. Rather, we are required to consider the structure of the system and 
redesign the system in order to obtain a suitable one. That is, we must examine the 
scheme or plan of the system and obtain a new design or plan that results in a suitable 
system. Thus, the design of a control system is concerned with the arrangement, or the 
plan, of the system structure and the selection of suitable components and parame- 
ters. For example, if we desire a set of performance measures to be less than some 
specified values, we often encounter a conflicting set of requirements. Hence, if we 
wish a system to have a percent overshoot less than 20% and w,7, = 3.3, we obtain a 
conflicting requirement on the system damping ratio ¢, as can be seen by examining 
Figure 5.8 again. If we are unable to relax these two performance requirements, we 
must alter the system in some way. The alteration or adjustment of a control system in 
order to provide a suitable performance is called compensation; that is, compensation 
is the adjustment of a system in order to make up for deficiencies or inadequacies. 

In redesigning a control system to alter the system response, an additional com- 
ponent is inserted within the structure of the feedback system, It is this additional 
component or device that equalizes or compensates for the performance deficiency. 
The compensating device may be electric, mechanical, hydraulic, pneumatic, or 
some other type of device or network and is often called a compensator. Commonly, 
an electric circuit serves as a compensator in many control systems. 


FIGURE 10.1 
Types of 
compensation. 
(a) Cascade 
compensation. 
(b) Feedback 
compensation. 


(c) Output, or load, 


compensation. 
(d) Input 
compensation. 
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A compensator is an additional component or circuit that is inserted into a 
control system to compensate for a deficient performance. 


The transfer function of a compensator is designated as G(s) = E,(s)/Ein(s), 
and the compensator can be placed in a suitable location within the structure of the 
system. Several types of compensation are shown in Figure 10.1 for a simple, single- 
loop feedback control system. The compensator placed in the feedforward path is 
called a cascade, or series, compensator (Figure 10.1a). Similarly, the other compen- 
sation schemes are called feedback, output (or load), and input compensation, as 
shown in Figures 10.1(b), (c), and (d), respectively. The selection of the compensa- 
tion scheme depends upon a consideration of the specifications, the power levels at 
various signal nodes in the system, and the networks available for use. Usually, the 
output Y(s) is a direct output of the process G(s) and the output compensation of 
Figure 10.1(c) is not physically realizable. We cannot consider all the possibilities in 
this chapter; Chapters 11 and 12 will provide further information. 


10.2 APPROACHES TO SYSTEM DESIGN 


The performance of a control system can be described in terms of the time-domain 
performance measures or the frequency-domain performance measures. The per- 
formance of a system can be specified by requiring a certain peak time 7, maximum 
overshoot, and settling-time for a step input. Furthermore, it is usually necessary to 
specify the maximum allowable steady-state error for several test signal inputs and 
disturbance inputs. These performance specifications can be defined in terms of the 
desirable location of the poles and zeros of the closed-loop system transfer function 
T(s). Thus, the location of the s-plane poles and zeros of T(s) can be specified. As we 
found in Chapter 7, the locus of the roots of the closed-loop system can be readily 
obtained for the variation of one system parameter. However, when the locus of 
roots does not result in a suitable root configuration, we must add a compensating 
network (Figure 10.1) to alter the locus of the roots as the parameter is varied. 
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Therefore, we can use the root locus method and determine a suitable compensator 
network transfer function so that the resultant root locus yields the desired closed- 
loop root configuration. 

Alternatively, we can describe the performance of a feedback control system in 
terms of frequency performance measures. Then a system can be described in terms 
of the peak of the closed-loop frequency response Mpo» the resonant frequency w,, 
the bandwidth, and the phase margin of the system. We can add a suitable compen- 
sation network, if necessary, in order to satisfy the system specifications. The design 
of the network, represented by G,(s), is developed in terms of the frequency 
response as portrayed on the polar plane, the Bode diagram, or the Nichols chart. 
Because a cascade transfer function is readily accounted for on a Bode plot by adding 
the frequency response of the network, we usually prefer to approach the frequency 
response methods by utilizing the Bode diagram. 

Thus, the design of a system is concerned with the alteration of the frequency 
response or the root locus of the system in order to obtain a suitable system perfor- 
mance. For frequency response methods, we are concerned with altering the system 
so that the frequency response of the compensated system will satisfy the system 
specifications. Hence, in the frequency response approach, we use compensation 
networks to alter and reshape the system characteristics represented on the Bode 
diagram and Nichols chart. 

Alternatively, the design of a control system can be accomplished in the s-plane by 
root locus methods. For the case of the s-plane, the designer wishes to alter and reshape 
the root locus so that the roots of the system will lie in the desired position in the s-plane. 

We have illustrated several of these approaches in the preceding chapters. In 
Chapter 7, we used the root locus method in considering the design of a feedback 
network in order to obtain a satisfactory performance. In Chapters 8 and 9, we con- 
sidered the selection of the gain in order to obtain a suitable phase margin and 
therefore a satisfactory relative stability. 

Quite often, in practice, the best and easiest way to improve the performance of 
a control system is to alter, if possible, the process itself. That is, if the system 
designer is able to specify and alter the design of the process that is represented by 
the transfer function G(s), then the performance of the system may be readily 
improved. For example, to improve the transient behavior of a servomechanism 
position controller, we often can choose a better motor for the system. In the case of 
an airplane control system, we might be able to alter the aerodynamic design of the 
airplane and thus improve the flight transient characteristics. Thus, a control system 
designer should recognize that an alteration of the process may result in an improved 
system. However, the process is often unalterable or has been altered as much as pos- 
sible and still results in unsatisfactory performance. Then the addition of compensa- 
tion networks becomes useful for improving the performance of the system. 

In the following sections, we will assume that the process has been improved as 
much as possible and that the G(s) representing the process is unalterable. First, we 
shall consider the addition of a so-called phase-lead compensation network and 
describe the design of the network by root locus and frequency response techniques. 
Then, using both the root locus and frequency response techniques, we will describe 
the design of the integration compensation networks in order to obtain a suitable 
system performance. 
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10.3 CASCADE COMPENSATION NETWORKS 


FIGURE 10.2 
Pole-zero diagram 
of the phase-lead 
network. 


In this section, we will consider the design of a cascade or feedback network, as 
shown in Figures 10.1(a) and (b), respectively. The compensation network function 
G(s) is cascaded with the specified process G(s) in order to provide a suitable loop 
transfer function L(s) = G,(s)G(s)H(s). The compensator G,(s) can be chosen to 
alter either the shape of the root locus or the frequency response. In either case, the 
network may be chosen to have a transfer function 


6X3) =— (10.1) 


Then the problem reduces to the judicious selection of the poles and zeros of the 
compensator. To illustrate the properties of the compensation network, we will con- 
sider a first-order compensator. The compensation approach developed on the basis 
of a first-order compensator can then be extended to higher-order compensators, 
for example, by cascading several first-order compensators. 

A compensator G,(s) is used with a process G(s) so that the overall loop gain 
can be set to satisfy the steady-state error requirement, and then G,(s) is used to 
adjust the system dynamics favorably without affecting the steady-state error. 

Consider the first-order compensator with the transfer function 


K(s + z) 


GAs) = stp 


(10.2) 








The design problem then becomes the selection of z, p, and K in order to provide a 
suitable performance. When |z| < |p|, the network is called a phase-lead network 
and has a pole-zero s-plane configuration, as shown in Figure 10.2. If the pole was 
negligible, that is, |p| >> |z|, and the zero occurred at the origin of the s-plane, we 
would have a differentiator so that 


G(s) ~ oo (10.3) 





x >o 
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FIGURE 10.3 
Bode diagram of 
the phase-lead 
network. 


Chapter 10 The Design of Feedback Control Systems 


Thus, a compensation network of the form of Equation (10.2) is a differentiator-type 
network. The differentiator network of Equation (10.3) has the frequency characteristic 


G.(jo) = ive = (Ee Jom (10.4) 


and a phase angle of +90°. Similarly, the frequency response of the differentiating 
network of Equation (10.2) is 
A K(jo +z) (Kz/p)[j(@/z) +1] = Ky. + jwar) 
G (jo) F - = ; » Gos) 
jo+p j(@/p) +1 1 + jor 











where 7 = 1/p, p = az, and K; = K/a. The frequency response of this phase-lead 
network is shown in Figure 10.3. The angle of the frequency characteristic is 


olw) = tan” (aw) — tan (wr). (10.6) 


Because the zero occurs first on the frequency axis, we obtain a phase-lead charac- 
teristic, as shown in Figure 10.3. The slope of the asymptotic magnitude curve is 
+20 dB/decade. 

The phase-lead compensation transfer function can be obtained with the net- 
work shown in Figure 10.4. The transfer function of this network is 


V,(s) Ry 
V(s) Ri/(Cs) 
+ ———— ae 
Ry R, + 1/(Cs) 
o k RCs +1 
~ Ri + Ry [RiR/(R; + RCs + 1 








G(s) = 





(10.7) 


Therefore, we let 





RR, c d R + R 
T= anı m= 
Ri + R R ? 
20 log æ 
a 
3 
x 0 
x 
a 
2 
ž 
R 














@ (log scale) 


FIGURE 10.4 
Phase-lead 
network. 
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and we obtain the phase-lead compensation transfer function 


1+ ats 


GAs) = a(l + ts) 


(10.8) 





which is equal to Equation (10.5) when an additional cascade gain K is inserted. 

The maximum value of the phase lead occurs at a frequency wm, where w, is the 
geometric mean of p = 1/7 and z = 1/(ær); that is, the maximum phase lead occurs 
halfway between the pole and zero frequencies on the logarithmic frequency scale. 
Therefore, 





To obtain an equation for the maximum phase-lead angle, we rewrite the phase 
angle of Equation (10.5) as 





-1 QWT — WT 


= tan . 
$ 1 + (w7)a 


(10.9) 











Then, substituting the frequency for the maximum phase angle, wm = 1/(7’Va), we 
have 


a/Va -1/Va _a-1 
1+1 2Vaæ` 


We use the trigonometric relationship sin @ = tan ¢/ V1 + tan? ¢ and obtain 








tan by (10.10) 


a-1l 
atl 





sin by = (10.11) 





Equation (10.11) is very useful for calculating a necessary a ratio between the pole 
and zero of a compensator in order to provide a required maximum phase lead. A 
plot of $, versus a is shown in Figure 10.5. The phase angle readily obtainable from 
this network is not much greater than 70°. Also, since a = (R + R2)/R», there are 
practical limitations on the maximum value of a that we should attempt to obtain. 
Therefore, if we required a maximum angle greater than 70°, two cascade compen- 
sation networks would be used. Then the equivalent compensation transfer function 
would be G,,(s)G;,(s) when the loading effect of G,,(s) on G,,(s) is negligible. 
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FIGURE 10.5 
Maximum phase 
angle $m versus a 
for a phase-lead 
network. 


FIGURE 10.6 


Phase-lag network. 


FIGURE 10.7 
Pole-zero diagram 
of the phase-lag 
network. 
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It is often useful to add a cascade compensation network that provides a phase- 
lag characteristic. The phase-lag network is shown in Figure 10.6. The transfer func- 
tion of the phase-lag network is 


Vo(s) Ro + 1/(Cs) RCs +1 
Vals) Ry + Rp + 1/(Cs) (Ri + R)Cs + 1 








G(s) = (10.12) 


When t = RC and a = (R; + R2)/R2, we have the phase-lag compensation trans- 
fer function 








ite lees 
CO) | Ty em eae oF 





(10.13) 






where z = 1/7 and p = 1/(az7). In this case, because œ > 1, the pole lies closest to 
the origin of the s-plane, as shown in Figure 10.7. This type of compensation network 
is often called an integrating network because it has a frequency response like an in- 
tegrator over a finite range of frequencies. The Bode diagram of the phase-lag net- 
work is obtained from the transfer function 


1 + jor 


G.(jo) = (10.14) 


1 + jar 





FIGURE 10.8 
Bode diagram of 
the phase-lag 
network. 
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—90° 


and is shown in Figure 10.8. The form of the Bode diagram of the lag network is sim- 
ilar to that of the phase-lead network; the difference is the resulting attenuation and 
phase-lag angle instead of amplification and phase-lead angle. However, note that 
the shapes of the diagrams of Figures 10.3 and 10.8 are similar. Therefore, we can 
show that the maximum phase lag occurs at wm = Vzp. 

In the succeeding sections, we wish to utilize these compensation networks to 
obtain a desired system frequency response or s-plane root location. The lead net- 
work can provide a phase-lead angle and thus a satisfactory phase margin for a sys- 
tem. Alternatively, the phase-lead network can enable us to reshape the root locus 
and thus provide the desired root locations. The phase-lag network is used, not to 
provide a phase-lag angle, which is normally a destabilizing influence, but rather to 
provide an attenuation and to increase the steady-state error constant [3]. The fol- 
lowing six sections discuss these approaches to design utilizing the phase-lead and 
phase-lag networks. 


10.4 PHASE-LEAD DESIGN USING THE BODE DIAGRAM 


The Bode diagram is used to design a suitable phase-lead network in preference to 
other frequency response plots. The frequency response of the cascade compensation 
network is added to the frequency response of the uncompensated system. That is, 
because the total loop transfer function of Figure 10.1(a) is Ljw) = G.(jw)G(jo) H (je), 
we will first plot the Bode diagram for G(jw)H (jw). Then we can examine the plot for 
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G(je)H (jo) and determine a suitable location for p and z of G,(jw) in order to satis- 
factorily reshape the frequency response. The uncompensated G(jw)H (jw) is plotted 
with the desired gain to allow an acceptable steady-state error. Then the phase margin 
and the expected Mp, are examined to find whether they satisfy the specifications. If 
the phase margin is not sufficient, phase lead can be added to the phase-angle curve of 
the system by placing the G,(jw) in a suitable location. To obtain maximum additional 
phase lead, we adjust the network so that the frequency w, is located at the frequency 
where the magnitude of the compensated magnitude curve crosses the 0-dB axis. 
(Recall the definition of phase margin.) The value of the added phase lead required allows 
us to determine the necessary value for a from Equation (10.11) or Figure 10.5. The 
zero z = 1/(ar) is located by noting that the maximum phase lead should occur at 
wm = Vzp, halfway between the pole and the zero. Because the total magnitude gain 
for the network is 20 log a, we expect a gain of 10 log a at wm. Thus, we determine the 
compensation network by completing the following steps: 


1. Evaluate the uncompensated system phase margin when the error constants are satisfied. 
2. Allowing for a small amount of safety, determine the necessary additional phase lead Q, 
3. Evaluate a from Equation (10.11). 

4. Evaluate 10 log œ and determine the frequency where the uncompensated magni- 
tude curve is equal to —10 log a dB. Because the compensation network provides a 
gain of 10 log @ at wm, this frequency is the new 0-dB crossover frequency and wm 
simultaneously. 

5. Calculate the pole p = @,Va and z = p/a. 


6. Draw the compensated frequency response, check the resulting phase margin, and 
repeat the steps if necessary. Finally, for an acceptable design, raise the gain of the 
amplifier in order to account for the attenuation (1/a). 


EXAMPLE 10.1 A lead compensator for a type-two system 


Let us consider a single-loop feedback control system as shown in Figure 10.1(a), where 
K: 

G(s) => (10.15) 
S 


and H(s) = 1. The uncompensated system is a type-two system and at first appears 
to possess a satisfactory steady-state error for both step and ramp input signals. How- 
ever, the response of the uncompensated system is an undamped oscillation because 
Y(s) Ky 
TO => = = 10.16 

(s) R(s) s$ + Ky ( ) 
Therefore, the compensation network is added so that the loop transfer function is 
L(s) = G,(s)G(s). The specifications for the system are 

Settling time, T; = 4 s; 

System damping constant ¢ = 0.45. 


The settling time (with a 2% criterion) requirement is 


T 4 


S fo, 


4; 


FIGURE 10.9 
Bode diagram for 
Example 10.1. 
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therefore, 


Perhaps the easiest way to check the value of w, for the frequency response is to 
relate w,„ to the bandwidth wp, and evaluate the —3-dB bandwidth of the closed- 
loop system. For a closed-loop system with ¢ = 0.45, we estimate from Figure 8.26 
that wg = 1.330, Therefore, we require a closed-loop bandwidth wg = 
1.33(2.22) = 3.00. The bandwidth can be checked following compensation by utiliz- 
ing the Nichols chart. For the uncompensated system, the bandwidth of the system is 
wg = 1.33, and w, = VK. Therefore, a loop gain equal to K = w,? ~ 5 would be 
sufficient. To provide a suitable margin for the settling time, we will select K = 10 in 
order to draw the Bode diagram of 


K 
G(je) = —>: 
(joy 
The Bode diagram of the uncompensated system is shown as solid lines in Figure 10.9. 
By using Equation (9.58), the phase margin of the system is required to be 
approximately 
g 0.45 


dom a = 45°, 


= 0.01 0.01 10) 


The phase margin of the uncompensated system is 0° because the double integra- 
tion results in a constant 180° phase lag. Therefore, we must add a 45° phase-lead 
angle at the crossover (0-dB) frequency of the compensated magnitude curve. Eval- 
uating the value of a, we have 






























































a-l 
= sin $m = sin 45° 10.18 
A = sin by (10.18) 
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and thus a = 5.8. To provide a margin of safety, we will use a = 6. The value of 
10 log a is then equal to 7.78 dB. Then the lead network will add an additional gain 
of 7.78 dB at the frequency wm, and we want to have w,, equal to the compensated 
slope near the 0-dB axis (the dashed line) so that the new crossover is œ, and the 
dashed magnitude curve is 7.78 dB above the uncompensated curve at the crossover 
frequency. Thus, the compensated crossover frequency is located by evaluating the 
frequency where the uncompensated magnitude curve is equal to —7.78 dB, which 
in this case is w = 4.95. Then the maximum phase-lead angle is added to 
w = Wm = 4.95, as shown in Figure 10.9. Using step 5, we determine the pole 
P = Va = 12.0 and the zero z = p/a = 2.0. 

The bandwidth of the compensated system can be obtained from the Nichols 
chart. For estimating the bandwidth, we can simply examine Figure 9.26 and note 
that the —3-dB line for the closed-loop system occurs when the magnitude of G(jw) 
is —6 dB and the phase shift of G(jw) is approximately —140°. Therefore, to esti- 
mate the bandwidth from the open-loop diagram, we will approximate the band- 
width as the frequency for which 20 X log|G| is equal to —6dB. Thus, the 
bandwidth of the uncompensated system is approximately equal to wg = 4.4, while 
the bandwidth of the compensated system is equal to wg = 8.4. The lead compensa- 
tion doubles the bandwidth in this case, and satisfies the specification that 
wpg > 3.00. Therefore, the compensation of the system is completed, and the system 
specifications are satisfied. The total compensated loop transfer function is 


10[jo/2.0 + 1] 





L(jo) = G{jo)G(jo) = —, ———.. 10.19 
(jo) = G-(jo)G(jo) Goy'[o/12.0 + 1] (10.19) 
The transfer function of the compensator is 
Rx 11+ s/2.0 
GAs) =" = / (10.20) 


a(l + rs) 61+5/12.0’ 


in the form of Equation (10.8). Because an attenuation of A results from the passive RC 

network, the gain of the amplifier in the loop must be raised by a factor of 6 so that the 

total DC loop gain is still equal to 10, as required in Equation (10.19). When we add the 

compensation network Bode diagram to the uncompensated Bode diagram, as in 

Figure 10.9, we assume that we can raise the amplifier gain to account for this 1/a 

attenuation. The pole and zero values can be read from Figure 10.9, noting that p = az. 
The total loop transfer function is (recall that H(s) = 1) 


10(1 + 5/2)  60(s + 2) 
s°(1 + 5/12) s*(s + 12) 











L(s) 


The closed-loop transfer function is 
60(s + 2) 60(s + 2) 
si + 12s? + 60s +120 (s? + 6s + 20)(s + 6) 








T(s) 


and the effects of the zero at s = —2 and the third pole at s = —6 will affect the 
transient response. Plotting the step response, we find an overshoot of 34% and a 
settling time of 1.4 seconds. m 
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EXAMPLE 10.2 A lead compensator for a second-order system 


A unity feedback control system has a loop transfer function 


K 
L(s) = ———~ 10.21 
EET (10.21) 
where L(s) = G,(s)G(s) and H(s) = 1. We want to have a steady-state error for a 
ramp input equal to 5% of the velocity of the ramp. Therefore, we require that 


A A 


=^ =——— = 2. 0. 
K, z 005A 20. (10.22) 


Furthermore, we desire that the phase margin of the system be at least 45°. The first 
step is to plot the Bode diagram of the uncompensated transfer function 








ais K, 20 
J) jo(05jo +1) jo(05jo + 1)’ 





(10.23) 


as shown in Figure 10.10(a). The frequency at which the magnitude curve crosses the 
0-dB line is 6.2 rad/s, and the phase margin at this frequency is determined readily 
from the equation of the phase of G(jw), which is 


/G(jw) = p(w) = —90° — tan™!(0.5%w). (10.24) 
At the crossover frequency w = w, = 6.2 rad/s, we have 
lw) = —162°, (10.25) 


and therefore the phase margin is 18°. Using Equation (10.24) to evaluate the phase 
margin is often easier than drawing the complete phase-angle curve, which is shown 
in Figure 10.10(a). Thus, we need to add a phase-lead network so that the phase mar- 
gin is raised to 45° at the new crossover (0-dB) frequency. Because the compensa- 
tion crossover frequency is greater than the uncompensated crossover frequency, 
the phase lag of the uncompensated system is also greater. We shall account for this 
additional phase lag by attempting to obtain a maximum phase lead of 
45° — 18° = 27°, plus a small increment (10%) of phase lead to account for the 
added lag. Thus, we will design a compensation network with a maximum phase lead 
equal to 27° + 3° = 30°. Then, calculating a, we obtain 


a- 





1 i ET 
aa sin 30° = 0.5, (10.26) 


and therefore a = 3. 

The maximum phase lead occurs at w, and this frequency will be selected so 
that the new crossover frequency and w,, coincide. The magnitude of the lead net- 
work at wn is 10 log a = 10 log 3 = 4.8 dB. The compensated crossover frequency 
is then evaluated where the magnitude of G(jw) is —4.8dB, and thus 
Om = We = 8.4. Drawing the compensated magnitude line so that it intersects the 
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FIGURE 10.10 
(a) Bode diagram 
for Example 10.2. 
(b) Nichols diagram 
for Example 10.2. 
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0-dB axis at w = w, = 8.4, we find that z = w,,/Va = 4.8 and p = az = 144. 
Therefore, the compensation network is 
11+ 5/48 


Gls) = 375 4d 


(10.27) 


The total DC loop gain must be raised by a factor of three in order to account for the 

factor 1/a = L Then the compensated loop transfer function is 
20(s/4.8 + 1) 

s(0.5s + 1)(s/14.4 + 1) 





L(s) = G(s)G(s) = (10.28) 


To verify the final phase margin, we can evaluate the phase of G,(jw)G(jw) at 
w = w, = 8.4 and thus obtain the phase margin. The phase angle is then 





= one E AE =; ates Oe -12e 
lwe) 90° — tan™ 0.5w, — tan 144 + tan 48 
= —90° — 76.5° — 30.0° + 60.2° 
= —136.3°. (10.29) 


Therefore, the phase margin for the compensated system is 43.7°. If we desire to 
have exactly a 45° phase margin, we would repeat the steps with an increased value 
of a—for example, with œ = 3.5. In this case, the phase lag increased by 7° between 
w = 6.2 and w = 8.4, and therefore the allowance of 3° in the calculation of a was 
not sufficient. The step response of this system yields a 28% overshoot with a set- 
tling time of 0.75 second. 

The Nichols diagram for the compensated and uncompensated system is shown 
in Figure 10.10(b). The reshaping of the frequency response locus is clear on this 
diagram. Note the increased phase margin for the compensated system as well as 
the reduced magnitude of M,,,, the maximum magnitude of the closed-loop fre- 
quency response. In this case, M,,, has been reduced from an uncompensated value 
of +12 dB to a compensated value of approximately +3.2 dB. Also, we note that the 
closed-loop 3-dB bandwidth of the compensated system is equal to 12 rad/s com- 
pared with 9.5 rad/s for the uncompensated system. m 


Looking again at Examples 10.1 and 10.2, we note that the system design is sat- 
isfactory when the asymptotic curve for the magnitude 20 log|GG,| crosses the 0-dB 
line with a slope of —20 dB/decade. 


10.5 PHASE-LEAD DESIGN USING THE ROOT LOCUS 


The design of the phase-lead compensation network can also be readily accom- 
plished using the root locus. The phase-lead network has a transfer function 


stifar st+z 
GAs) = ea de ae x (10.30) 
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FIGURE 10.11 
Compensation on 
the s-plane using a 
phase-lead 
network. 
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where a and 7 are defined for the RC network in Equation (10.7). The locations of 
the zero and pole are selected so as to result in a satisfactory root locus for the com- 
pensated system. The specifications of the system are used to specify the desired 
location of the dominant roots of the system. The s-plane root locus method is as 
follows: 


1. List the system specifications and translate them into a desired root location for the 
dominant roots. 


2. Sketch the uncompensated root locus, and determine whether the desired root loca- 
tions can be realized with an uncompensated system. 


3. If a compensator is necessary, place the zero of the phase-lead network directly below 
the desired root location (or to the left of the first two real poles). 


4, Determine the pole location so that the total angle at the desired root location is 180° 
and therefore is on the compensated root locus. 


5. Evaluate the total system gain at the desired root location and then calculate the error 
constant. 


6. Repeat the steps if the error constant is not satisfactory. 


Therefore, we first locate our desired dominant root locations so that the dominant 
roots satisfy the specifications in terms of ¢ and w,,, as shown in Figure 10.11(a). The 
root locus of the uncompensated system is sketched as illustrated in Figure 10.11(b). 


jo jo 






Desired ¢ line 


Desired —~ 
root 











(a) Desired root location (b) Uncompensated root locus 
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Then the zero is added to provide a phase lead by placing it to the left of the first two 
real poles. Some caution is necessary because the zero must not alter the dominance of 
the desired roots; that is, the zero should not be placed closer to the origin than the sec- 
ond pole on the real axis, or a real root near the origin will result and will dominate the 
system response. Thus, in Figure 10.11 (c), we note that the desired root is directly above 
the second pole, and we place the zero z somewhat to the left of the second real pole. 

Consequently, the real root may be near the real zero, and the coefficient of this 
term of the partial fraction expansion may be relatively small. Hence, the response due 
to this real root may have very little effect on the overall system response. Neverthe- 
less, the designer must be continually aware that the compensated system response will 
be influenced by the roots and zeros of the system and that the dominant roots will not 
by themselves dictate the response. It is usually wise to allow for some margin of error 
in the design and to test the compensated system using a computer simulation. 

Because the desired root is a point on the root locus when the final compensation 
is accomplished, we expect the algebraic sum of the vector angles to be 180° at that 
point. Thus, we calculate the angle 0, from the pole of the compensator in order to 
result in a total angle of 180°. Then, locating a line at an angle @, intersecting the desired 
root, we are able to evaluate the compensator pole p, as shown in Figure 10.11(d). 

The advantage of the root locus method is the ability of the designer to specify 
the location of the dominant roots and therefore the dominant transient response. 
The disadvantage of the method is that we cannot directly specify an error constant 
(for example, K,) as in the Bode diagram approach. After the design is complete, 
we evaluate the gain of the system at the root location, which depends on p and z, 
and then calculate the error constant for the compensated system. If the error con- 
stant is not satisfactory, we must repeat the design steps and alter the location of 
the desired root as well as the location of the compensator pole and zero. We shall 
consider again Examples 10.1 and 10.2 and design a compensation network using 
the root locus (s-plane) approach. 


EXAMPLE 10.3 Lead compensator using the root locus 


Let us consider again the system of Example 10.1 where the uncompensated loop 
transfer function is 


K 
L(s) =>. (10.31) 
Ss 
The characteristic equation of the uncompensated system is 


K 
1+ L(s)=1+4=0, (10.32) 
S 


and the root locus is the jw-axis. Therefore, we propose to compensate this system 
with a network 


i 
GAs) = — 





10.33 
=a (10.33) 


where |z| < |p|. The specifications for the system are 


Settling time (with a 2% criterion), T; = 4 s; 
Percent overshoot for a step input PO. = 35%. 
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FIGURE 10.12 
Phase-lead design 
for Example 10.3. 
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Therefore, the damping ratio should be £ = 0.32. The settling time requirement is 


4 
T, = =4, 
i wn 


so w, = 1. Thus, we will choose a desired dominant root location as 
r,t, = -1 + j2, (10.34) 


as shown in Figure 10.12 (hence, ¢ = 0.45). 

Now we place the zero of the compensator directly below the desired location 
ats = =z = —1, as shown in Figure 10.12. Measuring the angle at the desired root, 
we have 





$ = —2(116°) + 90° = —142°. 
Therefore, to have a total of 180° at the desired root, we evaluate the angle from the 
undetermined pole, 8p, as 
—=180° = —142° — 0p, (10.35) 
or 0p = 38°. Then a line is drawn at an angle 0, = 38° intersecting the desired root 


location and the real axis, as shown in Figure 10.12. The point of intersection with 
the real axis is then s = —p = —3.6. Therefore, the compensator is 


s+1 
s +36 





Gs) = (10.36) 


| Compensated. | 
-T root locus 
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and the compensated loop transfer function for the system is 


K,(s + 1) 


L(s) = G,(s)G(s) = As 436) 


(10.37) 


The gain K, is evaluated by measuring the vector lengths from the poles and zeros 
to the root location. Hence, 


2.23)7(3.25 
l= eee) = 8.1, (10.38) 
2 
Finally, the error constants of this system are evaluated. We find that this system 
with two open-loop integrations will result in a zero steady-state error for a step and 
ramp input signal. The acceleration constant is 


8.1 
K, = 7% = 205. (10.39) 


The steady-state performance of this system is quite satisfactory, and therefore 
the compensation is complete. When we compare the compensation network evalu- 
ated by the s-plane method with the network obtained by using the Bode diagram 
approach, we find that the magnitudes of the poles and zeros are different. Howev- 
er, the resulting system will have the same performance, and we need not be con- 
cerned with the difference. In fact, the difference arises from the arbitrary design 
step (number 3), which places the zero directly below the desired root location. If 
we placed the zero at s = —2.0, we would find that the pole evaluated by the s-plane 
method is approximately equal to the pole evaluated by the Bode diagram 
approach. 

The specifications for the transient response of this system were originally 
expressed in terms of the overshoot and the settling time of the system. These specifi- 
cations were translated, on the basis of an approximation of the system by a 
second-order system, to an equivalent ¢ and w, and therefore a desired root loca- 
tion. However, the original specifications will be satisfied only if the selected roots 
are dominant. The zero of the compensator and the root resulting from the addition 
of the compensator pole result in a third-order system with a zero. The validity of 
approximating this system with a second-order system without a zero is dependent 
upon the validity of the dominance assumption. Often, the designer will simulate the 
final design by using a digital computer and obtain the actual transient response of 
the system. In this case, a computer simulation of the system resulted in an over- 
shoot of 46% and a settling time (to within 2% of the final value) of 3.8 seconds for 
a step input. These values compare moderately well with the specified values of 35% 
and 4 seconds, and they justify the use of the dominant root specifications. The dif- 
ference in the overshoot from the specified value is due to the zero, which is not neg- 
ligible. Thus, again we find that the specification of dominant roots is a useful 
approach but must be utilized with caution and understanding. A second attempt 
to obtain a compensated system with an overshoot of 30% would use a prefilter to 
eliminate the effect of the zero in the closed-loop transfer function, as described in 
Section 10.10. m 
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EXAMPLE 10.4 Lead compensator for a type-one system 


Now, let us consider again the system of Example 10.2 and design a compensator 
based on the root locus approach. The system loop transfer function is 


L(s) = (10.40) 


K 
s(s + 2) 
We want the damping ratio of the dominant roots of the system to be ¢ = 0.45 and 
the velocity error constant to be equal to 20. To satisfy the error constant require- 
ment, the gain of the uncompensated system must be K = 40. When K = 40, the 
roots of the uncompensated system are 


s? + 2s + 40 = (s + 1 + j6.25)(s + 1 — 6.25). (10.41) 


The damping ratio of the uncompensated roots is approximately 0.16, and therefore 
a compensation network must be added. To achieve a rapid settling time, we will 
select the real part of the desired roots as {w, = 4, and therefore T, = 1s. This 
implies the natural frequency of these roots is fairly large, w,, = 9; hence, the velocity 
constant should be reasonably large. The location of the desired roots is shown in 
Figure 10.13(a) for œ, = 4,¢ = 0.45, and w, = 9. 

The zero of the compensator is placed at s = —z = —4, directly below the 
desired root location. Then the angle at the desired root location is 


$ = —116° — 104° + 90° = —130°. (10.42) 
Therefore, the angle from the undetermined pole is determined from 
180° = —130° =G 


and thus 6, = 50°. This angle is drawn to intersect the desired root location, and p is 
evaluated as s = —p = —10.6, as shown in Figure 10.13(a). The gain of the compen- 
sated system is then 


g = 286204 _ 


5: 10.4 
: 96.5 (10.43) 


The compensated system loop transfer function is then 











io- Gime = 96.5(s + 4) oad 
(9) = GING) = Tes 105: (10.44) 
Therefore, the velocity constant of the compensated system is 
K, = lims[G,(s)G(s)] = st 18.2. 0.45 
v = lim s[G,(s)G(s)] = 210.6) ` $2 (10.45) 


The velocity constant of the compensated system is less than the desired value of 20. 
Accordingly, we must repeat the design procedure for a second choice of a desired 
root. If we choose œw, = 10, the process can be repeated, and the resulting gain K 
will be increased. The compensator pole and zero location will also be altered. 


FIGURE 10.13 

(a) Design of a 
phase-lead network 
on the s-plane for 
Example 10.4. 

(b) Step response 
of the compensated 
system of Example 
10.4. 
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Then the velocity constant can be again evaluated. We will leave it as an exercise to 
show that for w, = 10, the velocity constant is K, = 22.7 when z = 4.5 and 
p = 11.6. 
Finally, for the compensation network of Equation (10.44), we have 
s+4 s + 1/(a7) 
s+106  s+1/7 





GAs) = (10.46) 


The design of an RC-lead network to implement G,(s), as shown in Figure 10.4, fol- 
lows directly from Equations (10.46) and (10.7): 


R RCs +1 
R, + R [RiR/(R; + R] Cs + 1 





Gs) = (10.47) 


Thus, in this case, we have 
1 Ri, +R. 10.6 


——s4 d = = 
RC and a B 7 


Then, choosing C = 1 yf, we obtain R; = 250,000 Q and R, = 152,000 Q. The step 
response of the compensated system yields a 32% overshoot with a settling time of 
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0.8 second, as shown in Figure 10.13(b). As shown here, we may use a computer to 
verify the actual transient response. m 


The phase-lead compensation network is a useful compensator for altering the 
performance of a control system. The phase-lead network adds a phase-lead angle 
to provide an adequate phase margin for feedback systems. Using an s-plane design 
approach, we can choose the phase-lead network in order to alter the system root 
locus and place the roots of the system in a desired position in the s-plane. When the 
design specifications include an error constant requirement, the Bode diagram 
method is more suitable, because the error constant of a system designed on the 
s-plane must be ascertained following the choice of a compensator pole and zero. 
Therefore, the root locus method often results in an iterative design procedure 
when the error constant is specified. On the other hand, the root locus is a very sat- 
isfactory approach when the specifications are given in terms of overshoot and set- 
tling time, thus specifying the ¢ and w, of the desired dominant roots in the s-plane. 
The use of a lead network compensator always extends the bandwidth of a feedback 
system, which may be objectionable for systems subjected to large amounts of noise. 
Also, lead networks are not suitable for providing high steady-state accuracy in sys- 
tems requiring very high error constants. To provide large error constants, typically 
K, and K,, we must consider the use of integration-type compensation networks. 
This is the subject of the following section. 


10.6 SYSTEM DESIGN USING INTEGRATION NETWORKS 


FIGURE 10.14 
Single-loop 
feedback control 
system. 


For a large proportion of control systems, the primary objective is obtaining a high 
steady-state accuracy. Another goal is maintaining the transient performance of 
these systems within reasonable limits. As we found in Chapters 4 and 5, the steady- 
state accuracy of many feedback systems can be increased by increasing the amplifi- 
er gain in the forward channel. However, the resulting transient response may be 
totally unacceptable—even unstable. Therefore, it is often necessary to introduce a 
compensation network in the forward path of a feedback control system in order to 
provide a sufficient steady-state accuracy. 

Consider the single-loop control system shown in Figure 10.14. The compensa- 
tion network is chosen to provide a large error constant. With G,(s) = 1, the steady- 
state error of this system is 








lim e(t) = lim A) (10.48) 


s20 1 + G(s)G()H(s)" 





Ris) 





Section 10.6 System Design Using Integration Networks 689 


We found in Section 5.6 that the steady-state error of a system depends on the num- 
ber of poles at the origin for L(s) = G,(s)G(s)H(s). A pole at the origin can be con- 
sidered an integration, and therefore the steady-state accuracy of a system 
ultimately depends on the number of integrations in the loop transfer function 
L(s) = G,(s)G(s)H(s). If the steady-state accuracy is not sufficient, we will intro- 
duce an integration-type network G,(s) in order to compensate for the lack of inte- 
gration in the uncompensated loop transfer function G(s)H(s). 

One widely used form of controller is the proportional plus integral (PI) con- 
troller, which has a transfer function 


7 Kı 
Gs) = Kp + 75 (10.49) 





For an example, let us consider a temperature control system where the transfer 
function H (s) = 1, and the transfer function of the heat process is [32] 
Kı 


GUI = oe 
OREN 
The steady-state error of the uncompensated system is then 


j Als __ A 
sw LFO IFE 





Jim elt) = (10.50) 
where R(s) = A/s, a step input signal. To obtain a small steady-state error (less than 
0.05 A, for example), the magnitude of the gain K, must be quite large. However, 
when K; is quite large, the transient performance of the system will very likely be 
unacceptable. Therefore, we must consider the addition of a compensation transfer 
function G,(s), as shown in Figure 10.14. To eliminate the steady-state error of this 
system, we might choose the compensation as 


K;  Kps + Ky 
5 s ‘ 











GAs) = Kp + (10.51) 


This PI compensation can be readily constructed by using an integrator and an 
amplifier and adding their output signals. The steady-state error for a step input of 
the system is always zero, because 

lim e(t) = li as 
m ETIO 
r A 
= lim 
s>01 + (Kps + K;)/s K,/[(m1s + 1)(725 + 1)] 
=0. (10.52) 





The transient performance can be adjusted to satisfy the system specifications by 
adjusting the constants K;, Kp, and K;. The adjustment of the transient response 
is perhaps best accomplished by using the root locus methods of Chapter 7 and 
drawing a root locus for the gain KpK, after locating the zero s = —K;/Kp on the 
s-plane by the method outlined for the s-plane in the preceding section. 
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FIGURE 10.15 
The s-plane design 
of an integration 
compensator. 
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The addition of an integration as G,(s) = Kp + K;/s can also be used to reduce 
the steady-state error for a ramp input r(t) = t,t = 0. For example, if the uncom- 
pensated system G(s) possessed one integration, the additional integration due to 
G(s) would result in a zero steady-state error for a ramp input. To illustrate the de- 
sign of this type of integration compensator, we will consider a temperature control 
system in some detail. 


EXAMPLE 10.5 ‘Temperature control system 
The uncompensated loop transfer function of a unity feedback temperature control 
system is 

Ky _ Kı 
(2s + 1)(0.5s +1) (s + .5)(s + 2)’ 


where Ķ; can be adjusted. To maintain zero steady-state error for a step input, we 
will add the PI compensation network 


Kı 
=K 
E P 





L(s) = G(s) (10.53) 








s + Kj/Kp 


Gs) i 


Kp + (10.54) 
Furthermore, the transient response of the system is required to have an overshoot 
less than or equal to 10%. Therefore, the dominant complex roots must be on (or 
below) the ¢ = 0.6 line, as shown in Figure 10.15. We will adjust the compensator 
zero so that the negative real part of the complex roots is {w,, = 0.75, and thus the 
settling time (with a 2% criterion) is T, = 4/(€w,) = 1% s. Now, as in the preceding 
section, we will determine the location of the zero z = —K;/Kp by ensuring that 
the angle at the desired root is —180°. Therefore, the sum of the angles at the desired 


root is 
—180° = —127° — 104° — 38° + @,, 


where 0, is the angle from the undetermined zero. Consequently, we find that 
6, = +89°, and the location of the zero is z = —0.75. Finally, to determine the gain at 
the desired root, we evaluate the vector lengths from the poles and zeros and obtain 


1.25(1.03)1.6 
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The compensated root locus and the location of the zero are shown in Figure 10.15. 
Note that the zero z = —K,/Kp should be placed to the left of the pole at s = —0.5 
to ensure that the complex roots dominate the transient response. In fact, the third 
root of the compensated system of Figure 10.15 can be determined as s = —1.0, and 
therefore this real root is only 4 times the real part of the complex roots. Although 
complex roots dominate the response of the system, the equivalent damping of the 
system is somewhat less than = 0.60 due to the real root and zero. 
The closed-loop transfer function of the system of Figure 10.14 is 


G,(s)G(s)G(s)  2.08(s + 0.75)G,(s) 
1+ G(s)G(s) (s +. 1)(s + ri(s +7) 





T(s) = 





(10.55) 


where r; = —0.75 + j1. The effect of the zero is to increase the overshoot to a step 
input (see Figure 5.13). If we wish to attain an overshoot of 5%, we may use a pre- 
filter G,(s), so that the zero is eliminated in 7(s) by setting 


0.75 
G,(s) = 54 075° (10.56) 
Note that the overall DC gain (set s = 0) is T(0) = 1.0 whenG,(s) = 1, as obtained 
with the prefilter of Equation (10.56). The overshoot without the prefilter is 17.6%; 
with the prefilter, it is 2%. Further discussion of the use of a prefilter is provided in 
Section 10.10. m 


10.7 PHASE-LAG DESIGN USING THE ROOT LOCUS 


The phase-lag RC network of Figure 10.6 is an integration-type network and can 
be used to increase the error constant of a feedback control system. We found in 
Section 10.3 that the transfer function of the RC phase-lag network is of the form 


L.gsthig 














G,(s) = eae (10.57) 
as given in Equation (10.13), where 
1 1 Ri + R al 
cane RC a BR’ and p= a 
The steady-state error of an uncompensated unity feedback system is 
melt) = tins 2}. (10.58) 


Then, for example, the velocity constant of a type-one uncompensated system is 


K, = lims{G(s)}, (10.59) 
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as shown in Section 5.7. In general, if G(s) is written as 
M 
KJ[(s +z) 
G(s) = ——=—, (10.60) 
se + pj) 


we obtain the velocity constant 


M 
KJI Zi 
K,=—. (10.61) 
D; 
We will now add the integration-type phase-lag network as a compensator and 


determine the compensated velocity constant. If the velocity constant of the uncom- 
pensated system (Equation 10.61) is designated as Ky nc, we have 


Ky comp m lims{G.(s)G(s)} = lim {G-(s)} Ko une 





zi zK Tz 
= p a Keme = . (10.62) 


p e [Ip 

The gain on the compensated root locus at the desired root location will be K/a. 
Now, if the pole and zero of the compensator are chosen so that |z| = a|p| < 1, the 
resultant K, will be increased at the desired root location by the ratio z/p = a. 
Then, for example, if z = 0.1 and p = 0.01, the velocity constant of the desired root 
location will be increased by a factor of 10. If the compensator pole and zero appear 
relatively close together on the s-plane, their effect on the location of the desired 
root will be negligible. Therefore, the compensator pole-zero combination near the 
origin of the s-plane compared to w, can be used to increase the error constant of a 
feedback system by the factor @ while altering the root location very slightly. The 
factor œ does have an upper limit, typically about 100, because the required resistors 
and capacitors of the network become excessively large for a higher a. For example, 
when z = 0.1 and œ = 100, we find from Equation (10.57) that 


1 R, + R 
i d = = A 
z = 0.1 RC and a = 100 R 


If we let C = 10 wf, then R, = 1 MQ and R; = 99 MQ. As we increase a, we 
increase the required magnitude of R;. However, we should note that an attenuation 
æ of 1000 or more may be obtained by utilizing pneumatic process controllers, which 
approximate a phase-lag characteristic (Figure 10.8). 

The steps necessary for the design of a phase-lag network on the s-plane are as 
follows: 











1. Obtain the root locus of the uncompensated system. 


2. Determine the transient performance specifications for the system and locate suit- 
able dominant root locations on the uncompensated root locus that will satisfy the 
specifications. 


FIGURE 10.16 
Root locus of the 
uncompensated 
system of Example 
10.6. 
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3. Calculate the loop gain at the desired root location and thus the system error constant. 


4. Compare the uncompensated error constant with the desired error constant, and cal- 
culate the necessary increase that must result from the pole-zero ratio «œ of the com- 
pensator. 


5. With the known ratio of the pole-zero combination of the compensator, determine a 
suitable location of the pole and zero of the compensator so that the compensated 
root locus will still pass through the desired root location. Locate the pole and zero 
near the origin of the s-plane in comparison to wp. 


The fifth requirement can be satisfied if the magnitudes of the pole and zero are 
significantly less than w, of the dominant roots and they appear to merge as mea- 
sured from the desired root location. The pole and zero will appear to merge at the 
root location if the angles from the compensator pole and zero are essentially equal 
as measured to the root location. One method of locating the zero and pole of the 
compensator is based on the requirement that the difference between the angle of 
the pole and the angle of the zero as measured at the desired root is less than 2°. An 
example will illustrate this approach to the design of a phase-lag compensator. 


EXAMPLE 10.6 Design of a phase-lag compensator 
Consider the uncompensated unity feedback system of Example 10.2, where the 
uncompensated loop transfer function is 


L(s) = (10.63) 


s(s + 2) 


We require the damping ratio of the dominant complex roots to be 0.45, while a sys- 
tem velocity constant equal to 20 is attained. The uncompensated root locus is a ver- 
tical line at s = —1 and results in a root on the ¢ = 0.45 line at s = —1 + j2, as 
shown in Figure 10.16. Measuring the gain at this root, we have K = (2.24)? = 5. 
Therefore, the velocity constant of the uncompensated system is 
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FIGURE 10.17 
Root locus of the 
compensated 
system of Example 
10.6. Note that the 
actual root will differ 
from the desired 
root by a slight 
amount. The 
vertical portion of 
the locus leaves the 
o axis at 

o = —0.95. 
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Thus, the required ratio of the zero to the pole of the compensator is 








=a= 
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Ky comp _ 20 be 
Kyune 2.5 


8. 


(10.64) 


Examining Figure 10.17, we find that we might set z = 0.1 and then p = 0.1/8. The 
difference of the angles from p and z at the desired root is approximately 1°; there- 
fore, s = —1 + j2 is still the location of the dominant roots. A sketch of the com- 
pensated root locus is shown as a heavy line in Figure 10.17. Thus, the compensated 
system loop transfer function is 


L(s) = G-(s)G(s) = 


5(s + 0.1) 


s(s + 2)(s + 0.0125)’ 


(10.65) 


where K/a = 5, so K = 40, in order to account for the attenuation of the lag 


network. m 


EXAMPLE 10.7 Design of a phase-lag compensator 


Let us now consider a system that is difficult to design using a phase-lead network. 


The loop transfer function of the uncompensated unity feedback system is 


(10.66) 


It is specified that the velocity constant of this system be equal to 20, while the damp- 
ing ratio of the dominant roots is equal to 0.707. The gain necessary for a K, of 20 is 


K,=20= 


EN 
ao? 


FIGURE 10.18 
Design of a phase- 
lag compensator on 
the s-plane. 
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or K = 2000. However, using Routh’s criterion, we find that the roots of the charac- 
teristic equation lie on the jw-axis at +j10 when K = 2000. The roots of the system 
when the K, requirement is satisfied are a long way from satisfying the damping 
ratio specification, and it would be difficult to bring the dominant roots from the 
jw-axis to the £ = 0.707 line by using a phase-lead compensator. Therefore, we will 
attempt to satisfy the K, and ¢ requirements by using a phase-lag network. The 
uncompensated root locus of this system is shown in Figure 10.18, and the roots are 
shown when ¢ = 0.707 and s = —2.9 + j2.9. Measuring the gain at these roots, we 
find that K = 236. Therefore, the necessary ratio of the zero to the pole of the com- 
pensator (use Equation 10.64) is 


2000 _ 


= 336 7 8.5. 


a= 








Thus, we will choose z = 0.1 and p = 0.1/9 in order to allow a small margin of safe- 

ty. Examining Figure 10.18, we find that the difference between the angle from the 

pole and zero of G,(s) is negligible. Therefore, the compensated system is 
236(s + 0.1) 

s(s + 10)?(s + 0.0111)’ 








Gs)G(s) (10.67) 


where K/a = 236 anda = 9. m 


The design of an integration compensator to increase the error constant of an 
uncompensated control system is particularly illustrative using s-plane and root 
locus methods. We shall now turn to similarly useful methods of designing integra- 
tion compensation using Bode diagrams. 
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10.8 PHASE-LAG DESIGN USING THE BODE DIAGRAM 


The design of a phase-lag RC network suitable for compensating a feedback control 
system can be readily accomplished on the Bode diagram. The advantage of the 
Bode diagram is again apparent, for we will simply add the frequency response of 
the compensator to the Bode diagram of the uncompensated system in order to ob- 
tain a satisfactory system frequency response. The transfer function of the phase-lag 
network, written in Bode diagram form, is 


1+ jr 


G(jo) = (10.68) 


1+ jwar’ 
as we found in Equation (10.14). The Bode diagram of the phase-lag network is shown 
in Figure 10.8 for two values of a. On the Bode diagram, the pole and the zero of the 
compensator have a magnitude much smaller than the smallest pole of the uncom- 
pensated system. Thus, the phase lag is not the useful effect of the compensator; it is 
the attenuation —20 log « that is the useful effect for compensation. The phase-lag 
network is used to provide an attenuation and therefore to lower the 0-dB (crossover) 
frequency of the system. However, at lower crossover frequencies, we usually find that 
the phase margin of the system is increased, and our specifications can be satisfied. 
The design procedure for a phase-lag network on the Bode diagram is as follows: 


1. Obtain the Bode diagram of the uncompensated system with the gain adjusted for the 
desired error constant. 


2. Determine the phase margin of the uncompensated system and, if it is insufficient, 
proceed with the following steps. 

3. Determine the frequency where the phase margin requirement would be satisfied if 
the magnitude curve crossed the 0-dB line at this frequency, w. (Allow for 5° phase 
lag from the phase-lag network when determining the new crossover frequency.) 

4. Place the zero of the compensator one decade below the new crossover frequency wh, 
and thus ensure only 5° of additional phase lag at w (see Figure 10.8) due to the lag 
network. 


5. 


Measure the necessary attenuation at w, to ensure that the magnitude curve crosses at 
this frequency. 


6. Calculate a by noting that the attenuation introduced by the phase-lag network is 
—20 log a at wh. 


7. Calculate the pole as œ, = 1/(ar) = w/a, and the design is completed. 


An example of this design procedure will illustrate that the method is simple to 
carry out in practice. 


EXAMPLE 10.8 Design of a phase-lag network 


Let us consider again the unity feedback system of Example 10.6 and design a 
phase-lag network so that the desired phase margin is obtained. The uncompensat- 
ed loop transfer function is 

K K, 
jo(jo +2) jo(0.5jw + 1)’ 








L(jo) (10.69) 


FIGURE 10.19 

(a) Design of a 
phase-lag network 
on the Bode 
diagram for 
Example 10.8. 

(b) Time response to 
a step input for the 
uncompensated 
system (solid line) 
and the 
compensated 
system (dashed line) 
of Example 10.8. 
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where K, = K/2. We want K, = 20 while a phase margin of 45° is attained. The 
uncompensated Bode diagram is shown as a solid line in Figure 10.19. The uncompen- 
sated system has a phase margin of 20°, and the phase margin must be increased. 
Allowing 5° for the phase-lag compensator, we locate the frequency w where 
¢(@) = —130°, which is to be our new crossover frequency w. In this case, we find 
that œ. = 1.5, which allows for a small margin of safety. The attenuation necessary 
to cause w, to be the new crossover frequency is equal to 20 dB. Both the compen- 
sated and uncompensated magnitude curves are an asymptotic approximation. Both 
the actual curves are 2 dB lower than shown. Thus, w = 1.5, and the required atten- 
uation is 20 dB. 
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Then we find that 20 dB = 20 log a, or œ = 10. Therefore, the zero is one decade 
below the crossover, or w, = w4/10 = 0.15, and the pole is at wp = @,/10 = 0.015. 
The compensated system is then 

20(6.66j@ + 1) 
jo(0.5ja + 1)(66.6ja + 1) 





G(jo)G(jw) = (10.70) 
The frequency response of the compensated system is shown in Figure 10.19(a) with 
dashed lines. It is evident that the phase lag introduces an attenuation that lowers the 
crossover frequency and therefore increases the phase margin. Note that the phase 
angle of the lag network has almost totally disappeared at the crossover frequency 
@. As a final check, we numerically evaluate the phase margin and find that 
dpm = 46.8° at w, = 1.58 which is the desired result. Using the Nichols chart, we find 
that the closed-loop bandwidth of the system has been reduced from w = 10 rad/s 
for the uncompensated system to w = 2.5 rad/s for the compensated system. Due to 
the reduced bandwidth, we expect a slower time response to a step command. 

The time response of the system is shown in Figure 10.19(b), Note that the over- 
shoot is 25% and the peak time is 1.85 seconds. Thus, the response is within the 
specifications. m 


EXAMPLE 10.9 Design of a phase-lag compensator 
Let us consider again the unity feedback system of Example 10.7, which is 
K K, 


L(jo) = = ; 10.71 
Uo) = o + toy jo(OAjo + 1) Go) 





where K, = K/100. A velocity constant of K, equal to 20 is specified. Furthermore, 
a damping ratio of 0.707 for the dominant roots is required. From Figure 9.21, we 
estimate that a phase margin of 65° is required. The frequency response of the uncom- 
pensated system is shown in Figure 10.20. The phase margin of the uncompensated 
system is 0°. Allowing 5° for the lag network, we locate the frequency where the 
phase is —110°. This frequency is equal to 1.74, and therefore we will attempt to 
locate the new crossover frequency at œ} = 1.5. Measuring the necessary attenuation 
at œ = w, we find that 23 dB is required; then 23 = 20 log a gives a = 14.2. The 
zero of the compensator is located one decade below the crossover frequency, and 
thus 


, 


o= = = 0.15. 

The pole is then 
o, = 2 015 
e a jaa 


Therefore, the compensated system is 
20(6.66jw + 1) 
jo(0.1jw + 1)°(94.6jo + 1) 





G(jo)Gjo) = (10.72) 


FIGURE 10.20 
Design of a phase- 
lag network on the 
Bode diagram for 
Example 10.9. 
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The compensated frequency response is shown in Figure 10.20. As a final check, we 
evaluate the phase margin at w, = 1.5 and find that pm = 67°, which is within the 
specifications. m 


We have seen that a phase-lag compensation network can be used to alter the 
frequency response of a feedback control system in order to attain satisfactory sys- 
tem performance. Examining both Examples 10.8 and 10.9, we note again that the 
system design is satisfactory when the asymptotic curve for the magnitude of 
the compensated system crosses the 0-dB line with a slope of —20 dB/decade. The 
attenuation of the phase-lag network reduces the magnitude of the crossover (0-dB) 
frequency to a point where the phase margin of the system is satisfactory. Thus, in 
contrast to the phase-lead network, the phase-lag network reduces the closed-loop 
bandwidth of the system as it maintains a suitable error constant. 

We might ask, why not place the compensator zero more than one decade below 
the new crossover w, (see step 4 of the design procedure) and thus ensure less than 5° 
of lag at w, due to the compensator? This question can be answered by considering the 
requirements placed on the resistors and capacitors of the lag network by the values 
of the poles and zeros (see Equation 10.12). As the magnitudes of the pole and zero of 
the lag network are decreased, the magnitudes of the resistors and the capacitor 
required increase proportionately. The zero of the lag compensator in terms of the cir- 
cuit components is z = 1/(RjC), and the œ of the network is a = (R, + Rp)/Ro. 
Thus, considering Example 10.9, we require a zero at w, = 0.15, which can be 
obtained with C = 1 uF and R, = 6.66 MQ. However, for a = 14, we require a 
resistance R} of R, = R,(a@ — 1) = 88 MQ. A designer does not wish to place the zero 
w, further than one decade below w, and thus require larger values of Rj, Ro, and C. 
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FIGURE 10.21 
An RC lead-lag 
network. 


Chapter 10 The Design of Feedback Control Systems 


eL eee 


C. 
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The phase-lead compensation network alters the frequency response of a net- 
work by adding a positive (leading) phase angle and therefore increases the phase 
margin at the crossover (0-dB) frequency. It becomes evident that a designer might 
wish to consider using a compensation network that provides the attenuation of a 
phase-lag network and the lead-phase angle of a phase-lead network. Such a net- 
work does exist. It is called a lead-lag network and is shown in Figure 10.21. The 
transfer function of this network is 


Vs) _ (RiCis + 1)(RoGs + 1) 
Vi(s) — RyRoCyCos? + (RC; + RG, + RoCy)s + 1 











(10.73) 


When ar, = RC), Br = RO, Ti + 72 = RC + RC, + RC, and tim = 
R,Rz C\C;, we note that af = 1, and then Equation (10.73) is 
Vo(s) (1 + atys)(1 + Bras) 
V) (1 + rs) + ras) ’ 





(10.74) 


where a > 1 and B < 1. The first factors in the numerator and denominator, which 
are functions of 7, provide the phase-lead portion of the network. The second fac- 
tors, which are functions of 72, provide the phase-lag portion of the compensation 
network. The parameter £ is adjusted to provide suitable attenuation of the low-fre- 
quency portion of the frequency response, and the parameter a is adjusted to pro- 
vide an additional phase lead at the new crossover (0-dB) frequency. Alternatively, 
the compensation can be designed on the s-plane by placing the lead pole and zero 
compensation in order to locate the dominant roots in a desired location. Then the 
phase-lag compensation is used to raise the error constant at the dominant root lo- 
cation by a suitable ratio 1/8. The design of a phase lead-lag compensator follows 
the procedures already discussed. Other literature will further illustrate the utility of 
lead-lag compensation [2, 3, 29]. 


10.9 DESIGN ON THE BODE DIAGRAM USING ANALYTICAL METHODS 


We will often use computers, when appropriate, to assist the designer in the selec- 
tion of the parameters of a compensator. The development of algorithms for com- 
puter-aided design is an important alternative approach to the trial-and-error 
methods considered in earlier sections. Computer programs have been developed 
for the selection of suitable parameter values for compensators based on satisfac- 
tion of frequency response criteria such as the phase margin [3, 4]. 
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An analytical technique of selecting the parameters of a lead or lag network has 
been developed for the Bode diagram [4, 5]. For a single-stage compensator, 


1+ ats 
1+ 7s’ 





G(s) = (10.75) 


where a < 1 yields a lag compensator and a > 1 yields a lead compensator. The 
phase contribution of the compensator at the desired crossover frequency w, (see 
Equation 10.9) is given by 


AOT — WT 


= tan ¢ = ———. 10.76 
p 6 1 + (wT) a ( ) 
The magnitude M (in dB) of the compensator at w, is given by 
1+ 5 
e = 10070 = LE een (10.77) 
1 + (œr) 


Eliminating ,7 from Equations (10.76) and (10.77), we obtain the nontrivial solu- 
tion equation for a as 


(P -c + 1)o? + 2p*ca + pe +c? —c = 0. (10.78) 
For a single-stage compensator, it is necessary that c > p? + 1. If we solve for a 
from Equation (10.78), we can obtain 7 from 


1 Le 
= a 





(10.79) 


T= 
®VC- a 


The design steps for a lead compensator are: 


1. Select the desired w,. 


2. Determine the phase margin desired and therefore the required phase @ for 
Equation (10.76). 


3. Verify that the phase lead is applicable: ¢ > 0 and M > 0. 

4. Determine whether a single stage will be sufficient by testing c > p? + 1. 
5. Determine a from Equation (10.78). 

6. Determine 7 from Equation (10.79). 


If we need to design a single-lag compensator, then ¢ < 0 and M < 0 (step 3). 
Step 4 will require c < 1/(1 + p°). Otherwise the method is the same. 


EXAMPLE 10.10 Design using an analytical technique 


Let us consider again the system of Example 10.1 and design a lead network by the 
analytical technique. Examine the uncompensated curves in Figure 10.9. We select 
w, = 5. Then, as before, we desire a phase margin of 45°. The compensator must 
yield this phase, so 


p = tan 45° = 1. (10.80) 
The required magnitude contribution is 8 dB, or M = 8, so that 
c = 108° = 631. (10.81) 
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Using c and p, we obtain 
—4.31a? + 12.62a + 73.32 = 0. (10.82) 


Solving for a, we obtain a = 5.84. Solving Equation (10.79), we obtain 7 = 0.087. 
Therefore, the compensator is 


1 + 0515s 


Gels) = TF 0.0875 


(10.83) 


The pole is equal to 11.5, and the zero is 1.94. This design is similar to that obtained 
by the graphical technique of Section 10.4. m 


10.10 SYSTEMS WITH A PREFILTER 


FIGURE 10.22 
Control system with 
a prefilter G,(s). 


In the earlier sections of this chapter, we utilized compensators of the form 


Saez 
Gs) ió st p 
that alter the roots of the characteristic equation of the closed-loop system. However, 
the closed-loop transfer function T(s) will contain the zero of G,(s) as a zero of T(s). 
This zero will significantly affect the response of the system 7(s). 
Let us consider the system shown in Figure 10.22, where 





1 
G(s) = F 
We will introduce a PI compensator, so that 
Kı _ Kps + K 
G(s) = Kp + Tr i - L 


The closed-loop transfer function of the system with a prefilter (Figure 10.22) is 
(Kps + K71)G,(s) 


T(s) = 4 
(s) s$ + Kps + K; 


(10.84) 


For illustrative purposes, the specifications require a settling time (with a 2% crite- 
rion) of 0.5 second and an overshoot of approximately 4%. We use ¢ = 1/V2 and 
note that 
4 
T, = $ 
° kon 


Compensator Process 
E Gs) Š G(s) F 








G,(s) 








Ris) 


Ys) 
Input 
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Thus, we require that fw, = 8 or w, = 8V2. We now obtain 
Kp = 2f@, =16 and Ky, = w% = 128. 
The closed-loop transfer function when G,(s) = 1 is then 
16(s + 8) 
s? + 16s + 128° 


The effect of the zero on the step response is significant. Using Figure 5.13(a), we 
have a/({@,) = 1 and ¢ = 1/2, and the overshoot to a step as predicted from 
Figure 5.13(a) is 21%. 

We use a prefilter G,(s) to eliminate the zero from 7(s) while maintaining the 
DC gain of 1, thus requiring that 


T(s) = 


8 
KOTT 
Then we have 


128 
s? + 16s + 128° 


and the overshoot of this system is 4.5%, as expected. 

Reviewing Figure 5.13(a), we note that the zero at s = —a has a significant 
effect when a/f@,, < 5, where —a is the zero and —¢w, is the real part of the domi- 
nant roots of the characteristic equation of T(s). 

Let us now consider again Example 10.3, which includes the design of a lead 
compensator. The resulting closed-loop transfer function can be determined to be 
(using Figure 10.22) 


T(s) = 


8.1(s + 1)G,(s) 
(s + 1 + j2)(s + 1 — j2)(s + 1.62)" 





T(s) = 


If G,(s) = 1 (no prefilter), then we obtain a response with an overshoot of 46.6% 
and a settling time of 3.8 seconds. If we use a prefilter, 


ae 


Gl) = FT 


we obtain an overshoot of 6.7% and a settling time of 3.8 seconds. The real root at 
s = —1.62 helps to damp the step response. The prefilter is very useful in permitting 
the designer to introduce a compensator with a zero to adjust the root locations 
(poles) of the closed-loop transfer function while eliminating the effect of the zero 
incorporated in T(s). 

In general, we will add a prefilter for systems with lead networks or PI compen- 
sators. We will not use a prefilter for a system with a lag network, since we expect the 
effect of the zero to be insignificant. To check this assertion, let us consider again the 
design obtained in Example 10.6. The system with a phase-lag controller is 


5(s + 0.1) 


GANGA) = TF 2 + 0.01257 


704 


Chapter 10 The Design of Feedback Control Systems 


The closed-loop transfer function is then 
S(s + 0.1) = 5 
($? + 1.985 + 5.1)(s + 0.095) s? + 1.985 + 5.1’ 








T(s) 


since the zero at s = —0.1 and the pole at s = —0.095 approximately cancel. We 
expect an overshoot of 20% and a settling time (with a 2% criterion) of 4.0 seconds for 
the design parameters ¢ = 0.45 and £w, = 1. However, the actual response has an 
overshoot of 26% and a longer settling time of 5.8 seconds due to the effect of the 
real pole of T(s) at s = —0.095. Thus, we usually do not use a prefilter with systems 
that utilize lag compensators. 


EXAMPLE 10.11 Design of a third-order system 
Consider a system of the form shown in Figure 10.22 with 


1 


GW)" Ga De Fay 


Let us design a system that will yield a step response with an overshoot less than 2% 
and a settling time less than 3 seconds by using both G,(s) and G,(s) to achieve the 
desired response. 


We use a lead compensation network 
Gls) = K(s + 1.2) 
s) = s+10 


and select K to find the complex roots with ¢ = 1/ V2. Then, with K = 78.7, the 
closed-loop transfer function is 


78.1(s + 1.2)G,(s) 
(s + 1.71 + j1.71)(s + 1.71 — j1.71)(s + 1.45)(s + 11.1) 
7.1(s + 1.2)G,(s) 
* (s? + 3.42s + 5.85)(s + 1.45)’ 


T(s) = 








If we choose 





poet 
G(s) = TED (10.85) 
the closed-loop transfer function is 
7.1p(s + 1.2) 


T(s) = 





(s? + 3.42s + 5.85)(s + 1.45)(s + p) 


If p = 1.2, we cancel the effect of the zero. The response of the system with a pre- 
filter is summarized in Table 10.1. We choose the appropriate value for p to achieve 
the response desired. Note that p = 2.40 will provide a response that may be desir- 
able, since it effects a faster rise time than p = 1.20. The prefilter provides an addi- 
tional parameter to select for design purposes. m 
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Table 10.1 Effect of a Prefilter on the Step Response 





G(s) p=1 p = 1.20 p = 2.4 
Percent 

overshoot 9.9% 0% 4.8% 
90% rise 

time (seconds) 1.05 2.30 1.60 
Settling 

time (seconds) 2.9 3.0 32 





10.11 DESIGN FOR DEADBEAT RESPONSE 


FIGURE 10.23 
The deadbeat 
response. A is the 
magnitude of the 
step input. 





Often, the goal for a control system is to achieve a fast response to a step command 
with minimal overshoot. We define a deadbeat response as a response that proceeds 
rapidly to the desired level and holds at that level with minimal overshoot. We use 
the +2% band at the desired level as the acceptable range of variation from the 
desired response. Then, if the response enters the band at time T,, it has satisfied 
the settling time T, upon entry to the band, as illustrated in Figure 10.23. A deadbeat 
response has the following characteristics: 


1. Steady-state error = 0 

2. Fast response — minimum rise time and settling time 
3. 0.1% = percent overshoot <2% 

4. Percent undershoot <2% 


Characteristics (3) and (4) require that the response remain within the +2% band 
so that the entry to the band occurs at the settling time. 




















0 0.57, TA 1.57, 2, 2.57, 3T, 


Normalized time 
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We consider the transfer function T(s) of a closed-loop system. To determine 
the coefficients that yield the optimal deadbeat response, the standard transfer func- 
tion is first normalized. An example of this for a third-order system is 











a 
T(s) = z 7 10.86 
(s) S + aw,s* + Bars + o ( ) 
Dividing the numerator and denominator by w? yields 
I 
T(s) z 5 ; (10.87) 
Ss S S 
= +a t p—+1 
ga P 
Let 5 = s/w, to obtain 
1 
T(s) = (10.88) 


B+as°+ Bs+1 


Equation (10.88) is the normalized, third-order, closed-loop transfer function. For a 
higher-order system, the same method is used to derive the normalized equation. 
The coefficients of the equation—a, 8, y, and so on—are then assigned the values 
necessary to meet the requirement of deadbeat response. The coefficients recorded 
in Table 10.2 were selected to achieve deadbeat response and minimize settling time 
and rise time 7, to 100% of the desired command. The form of Equation (10.88) is 
normalized since 5 = s/w,. Thus, we choose w, based on the desired settling time or 
rise time. Therefore, if we have a third-order system with a required settling time of 
1.2 seconds, we note from Table 10.2 that the normalized settling time is 





,T, = 4.04. 
Therefore, we require that 
4.04 _ 4.04 
= = —— = 3.37. 
Oy T, 12 37, 


Once w, is chosen, the complete closed-loop transfer function is known, having the 
form of Equation (10.86). When designing a system to obtain a deadbeat response, 


Table 10.2 Coefficients and Response Measures of a Deadbeat System 


Percent Percent 90% 100% 








Coefficient Over- Under- Rise Rise Settling 

System OsTicishts shoot shoot Time Time Time 
Order a@ B Y ô € P.O. P.U. Tro Tr Ts 

2nd 1.82 0.10% 0.00% 3.47 6.58 4.82 
3rd 1.90 2.20 1.65% 1.36% 3.48 4.32 4.04 
4th 2.20 3.50 2.80 0.89% 0.95% 4.16 5.29 4.81 
Sth 2.70 4,90 5.40 3.40 1.29% 0.37% 4.84 5.73 5.43 
6th 3.15 6.50 8.70 7.55 4.05 1.63% 0.94% 5.49 6.31 6.04 





Note: All times are normalized. 
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the compensator is chosen, and the closed-loop transfer function is found. This com- 
pensated transfer function is then set equal to Equation (10.86), and the required 
compensator can be determined. 


EXAMPLE 10.12 Design of a system with a deadbeat response 


Let us consider a unity feedback system with a compensator G,(s) and a prefilter 
G,(s), as shown in Figure 10.22. The process is 








K 
SOE + 1)" 
and the compensator is 
EEA 
GAs) = rep 
Using the necessary prefilter yields 
Zz 
G = s 
p(s) st+z 
The closed-loop transfer function is 
Kz 





T(s) = 4 
(6) s + (1+ p)? + (K + p)s + Kz 

We use Table 10.2 to determine the required coefficients, a = 1.90 and 8 = 2.20. If 
we select a settling time (with a 2% criterion) of 2 seconds, then w,7, = 4.04, and 
thus w„ = 2.02. The required closed-loop system has the characteristic equation 


q(s) = 83 + aw,s? + Bors + w = 5° + 3.845? + 8.989 + 8.24. 


Then, we determine that p = 2.84, z = 1.34, and K = 6.14. The response of this 
system will have T, = 2s, T, = 2.14 s, and T, = 1.72 s. m 


10.12 DESIGN EXAMPLES 


In this section we present three illustrative examples. The first example is a rotor 
winder control system where both a lead and lag compensator are designed using 
root locus methods. The second example is an x-y plotter. In this example, three dif- 
ferent controllers are designed, including a proportional controller, a lead compen- 
sator, and a proportional-derivative (PD) controller. In the third example, precise 
control of a milling machine used in manufacturing is employed to illustrate the 
design process. A lag compensator is designed using root locus methods to meet 
steady-state tracking error and percent overshoot specifications. 


EXAMPLE 10.13 Rotor winder control system 


Our goal is to replace a manual operation using a machine to wind copper wire onto 
the rotors of small motors. Each motor has three separate windings of several hun- 
dred turns of wire. It is important that the windings be consistent and that the 
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FIGURE 10.24 
(a) Rotor winder 
control system. 
(b) Block diagram. 
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Air supply oy 
j Li Stepper 
| motor 
=s 





Controller 






Air chuck 


Input 
command 


Armature wire 


(a) 





throughout of the process be high. The operator simply inserts an unwound rotor, 
pushes a start button, and then removes the completely wound rotor. The DC motor is 
used to achieve accurate rapid windings. Thus, the goal is to achieve high steady-state 
accuracy for both position and velocity. The control system is shown in Figure 10.24(a) 
and the block diagram in Figure 10.24(b). This system has zero steady-state error for a 
step input, and the steady-state error for a ramp input is 





ess = A/K,, 
where 
_ 4. G(s) 
K,= lim 50° 


When G,(s) = K, we have K, = K/50. If we select K = 500, we will have K, = 10, 
but the overshoot to a step is 70%, and the settling time is 8 seconds. 
We first try a lead compensator so that 
K(s + zı) 
G(s) 7 “stp (10.89) 
Selecting zı = 4 and the pole p; so that the complex roots have a ¢ of 0.6, we have 
(see Figure 10.25) 


191.2(s + 4) 


Gls) = s+73 


(10.90) 


FIGURE 10.25 
Root locus for lead 
compensator. 
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>o 








We find the response to a step input has a 3% overshoot and a settling time of 1.5 
seconds. However, the velocity constant is 


191.2(4) 
y= oe 2, 
7.3(50) 
which is inadequate. 
If we use a phase-lag design, we select 
K(s + z) 
GAs) = s+ Dp 


in order to achieve K, = 38. Thus, the velocity constant of the lag-compensated 
system is 
_ K. 22 
° 50p2" 
Using a root locus, we select K = 105 in order to achieve a reasonable uncompen- 


sated step response with an overshoot of less than or equal to 10%. We select 
a = z/p to achieve the desired K,. We then have 


_ 50K, _ 50(38) _ 
RO 05 





Selecting z3 = 0.1 to avoid affecting the uncompensated root locus, we have 
p = 0.0055. We then obtain a step response with a 12% overshoot and a settling 
time of 2.5 seconds. 
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Step response 
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Table 10.3 Design Example Results 





Lead Lag Lead-Lag 
Controller Gain, K Network Network Network 
Step overshoot 70% 3% 12% 5% 
Settling time (seconds) 8 AS 2.5 2.0 
Steady-state error for ramp 10% 48% 2.6% 4.8% 
Ky 10 Dol 38 21 











OCH NvwbEUAIHM OS 


y(t) 














Time (s) 


(b) 


Time (s) 


(a) 


FIGURE 10.26 (a) Step response and (b) ramp response for rotor winder system. 


The results for the simple gain, the lead network, and the lag network are sum- 
marized in Table 10.3. 

Let us return to the lead-network system and add a cascade lag network, so that 
the compensator is 


K(s + z)(s + z2) 


CdS) = CF pe + PD 


(10.91) 


The lead compensator of Equation (10.90) requires K = 191.2, zı = 4, and 
Pı = 7.3. The root locus for the system is shown in Figure 10.25. We recall that this 
lead network resulted in K, = 2.1 (see Table 10.3). To obtain K, = 21, we use 
a = 10 and select z) = 0.1 and p, = 0.01. Then the compensated loop transfer 
function is 

191.2(s + 4)(s + 0.1) 


s(s + 5)(s + 10)(s + 7.28)(s + 0.01)’ 





G(s)G.(s) 





(10.92) 
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The step response and ramp response of this system are shown in Figure 10.26 in 
parts (a) and (b), respectively, and are summarized in Table 10.3. Clearly, the lead- 
lag design is suitable for satisfaction of the design goals. m 


EXAMPLE 10.14 X-Y plotter 


Many physical phenomena are characterized by parameters that are transient or 
slowly varying. If recorded, these changes can be examined at leisure and stored for 
future reference or comparison. To accomplish such a recording, a number of electro- 
mechanical instruments have been developed, among them the x-y recorder. In this 
instrument, the displacement along the x-axis represents a variable of interest or time 
and the displacement along the y-axis varies as a function of another variable [6]. 

Such recorders can be found in many laboratories recording experimental data, 
such as changes in temperature, variations in transducer output levels, and stress 
versus applied strain, to name just a few. The x-y plotter produces graphs with ink 
pens by drawing lines from a graphics file or directly from input data. These output 
devices offer a resolution superior to a printer since the lines are actually drawn 
rather than being composed of tiny dots. 

The purpose of a plotter is to accurately follow the input signal as it varies. We 
will consider the design of the movement of one axis, since the movement dynamics 
of both axes are identical. Thus, we will strive to control the position and the move- 
ment of the pen very accurately as it follows the input signal. 

To achieve accurate results, our goal is to achieve (1) a step response with an 
overshoot of less than 5% and a settling time (with a 2% criterion) less than 0.5 sec- 
ond, and (2) a percentage steady-state error for a step equal to zero. If we achieve 
these specifications, we will have a fast and accurate response. 

To move the pen, we select a DC motor as the actuator. The feedback sensor 
will be a 500-line optical encoder. By detecting all state changes of the two-channel 
quadrature output of the encoder, 2000 encoder counts per revolution of the motor 
shaft can be detected. This yields an encoder resolution of 0.001 inch at the pen tip. 
The encoder is mounted on the shaft of the motor. Since the encoder provides digi- 
tal data, it is compared with the input signal by using a microprocessor. Next, we 
propose using the difference signal calculated by the microprocessor as the error 
signal and then using the microprocessor to calculate the necessary algorithm to ob- 
tain the designed compensator. The output of the compensator is then converted to 
an analog signal that will drive the motor. 

The model of the feedback position control system is shown in Figure 10.27. 
Since the microprocessor calculation speed is very fast compared to the rate of 
change of the encoder and input signals, we assume that the continuous signal 
model is very accurate. 

The model for the motor and pen carriage is 


í 


SS) = 5+ 10)(s + 1000)’ 


(10.93) 
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FIGURE 10.27 
Model of the pen- 
plotter control 
system. 
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position 
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of pen 









Optical encoder 


and our initial attempt at a specification of a compensator is to use a simple gain so that 
G(s) = K. 


In this case, we have only one parameter to adjust: K.To achieve a fast response, 
we have to adjust K so that it will provide two dominant s-plane roots with a damp- 
ing ratio of 0.707, which will result in a step response overshoot of about 4.5%. A 
sketch of the root locus (note the break in the real axis) is shown in Figure 10.28. 

Adjusting the gain to K = 47,200, we obtain a system with an overshoot of 
3.6% to a step input and a settling time of 0.8 second. Since the transfer function has 
a pole at the origin, we have a steady-state error of zero for a step input. 

This system does not meet our specifications, so we select a compensator that 
will reduce the settling time. Let us select a lead compensator so that 





Ka(s + z) 


= s 10.94 

Gd) = GF (10.94) 

where p = az. Let us use the method of Section 10.5, which selects the phase-lead 
compensator on the s-plane. Hence, we place the zero at s = —20 and determine 


the location of the pole, p, that will place the dominant roots on the line that has the 
damping ratio of 1/V2. Thus, we find that p = 60 and a = 3, so that 


142,600(s + 20) 
s(s + 10)(s + 60)(s + 1000)’ 





G(s)G{s) = (10,95) 
Obtaining the actual step response, we determine that the percent overshoot is 2% 
and that the settling time is 0.35 second, which meet the specifications. The third 
design approach is to recognize that the encoder can be used to generate a velocity 
signal by counting the rate at which encoder lines pass by a fixed point, using the 
microprocessor. Since the position signal and the velocity signal are available, we 
can describe the compensator as 


G(s) = Kp + Kps, (10.96) 


where Kp is the gain for the error signal and Kp is the gain for the velocity signal. 


FIGURE 10.28 
Root locus for the 
pen plotter, 
showing the roots 
with a damping 
ratio of 1/ V2. The 
dominant roots are 
s = -4.9 + j4.9. 
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Then we can write 
Kp(s + Kp/Kp) 


GOGL) = s + 106 + 1000) 
If we set Kp/Kp = 10, we cancel the pole at s = —10 and obtain 
-— $Æ 
GSEs) = {5 + 1000) 
The characteristic equation for this system is 
s? + 1000s + Kp = 0, (10.97) 


and we want ¢ = 1/V2. Noting that 2¢w,, = 1000, we have w, = 707 and Kp = w2. 
Therefore, we obtain Kp = 5 X 105, and the compensated system is 


5 x 10° 


G{s)G(s) = S(s + 1000)" 


(10.98) 


The response of this system will provide an overshoot of 4.3% and a settling time of 
8 milliseconds. 


The results for the three approaches to system design are compared in Table 10.4. 
The best design uses the velocity feedback. m 


Table 10.4 Results for Three Designs 


Step Response 








Percent Settling Time 
System Overshoot (milliseconds) 
Gain adjustment 3.6 800 
Gain and lead compensator 2.0 350 


Gain adjustment plus velocity signal 
multiplied by gain Kp 43 8 
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FIGURE 10.29 
A depiction of the 
milling machine. 
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EXAMPLE 10.15 Milling machine control system 


Smaller, lighter, less costly sensors are being developed by engineers for machin- 
ing and other manufacturing processes. A milling machine table is depicted in 
Figure 10.29. This particular machine table has a new sensor that obtains information 
about the cutting process (that is, the depth-of-cut) from the acoustic emission 
(AE) signals. Acoustic emissions are low-amplitude, high-frequency stress waves 
that originate from the rapid release of strain energy in a continuous medium. The 
AE sensors are commonly piezoelectric amplitude sensitive in the 100 kHz to 
1 MHz range; they are cost effective and can be mounted on most machine tools. 

There is a relationship between the sensitivity of the AE power signal and small 
depth-of-cut changes ([16], [20], [21]). This relationship can be exploited to obtain a 
feedback signal or measurement of the depth-of-cut. A simplified block diagram of 
the feedback system is shown in Figure 10.30. The elements of the design process 
emphasized in this example are highlighted in Figure 10.31. 

Since the acoustic emissions are sensitive to material, tool geometry, tool wear, 
and cutting parameters such as cutter rotational speed, the measurement of the 
depth-of-cut is modeled as being corrupted by noise, denoted by N(s) in Figure 10.30. 
Also disturbances to the process, denoted by T,(s), are modeled. These could repre- 
sent external disturbances resulting in unwanted motion of the cutter, fluctuations in 
the cutter rotation speed, and so forth. 

The process model G(s) is given by 


2 


s(s + 1)(s + 5)’ (0:99) 


G(s) = 


and represents the model of the cutter apparatus and the AE sensor dynamics. The 
input to G(s) is a control signal to actuate an electromechanical device, which then 
applies downward pressure on the cutter. 


AE signal 


AE sensor Al 
Q j| 
~ 








Workpiece 
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Yis) 
Actual 
depth-of-cut 


R(s) 
Desired 
depth-of-cut 









FIGURE 10.30 
Asimplified block ‘ies 
diagram of the Ns) 
milling machine ; 
feedback system. noise 


ss] Topics emphasized in this example. 


Establish the control goals — 


Measurement 


Control the depth-of-cut 
to the desired value. 


Identify the variables to be controlled | 4— Depth-of-cut. 


Design specifications: 
4—— DSI: Track a ramp input with 
zero steady-state error. 
DS2: P.O. < 20% 


Write the specifications 


Establish the system configuration +—— See Figures 10.29 and 10.30. 










Obtain a model of the process, the 
actuator, and the sensor 


Į 


Describe a controller and select key 
parameters to be adjusted 


p 







<4— See Equation (10.99). 








<4— See Equation (10.100). 














Use control design 





Optimize the parameters and 
analyze the performance software, 
If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 


FIGURE 10.31 Elements of the control system design process emphasized in this milling machine 
control system design example. 
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FIGURE 10.32 
Hypothetical 
impulse response 
of the milling 
machine. 
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There are a variety of methods available to obtain the model represented by 
Equation (10.99). One approach would be to use basic principles to obtain a mathe- 
matical model in the form of a nonlinear differential equation, which can then be 
linearized about an operating point leading to a linear model (or equivalently, a 
transfer function). The basic principles include Newton’s laws, the various conserva- 
tion laws, and Kirchhoff’s laws. Another approach would be to assume a form of the 
model (such as a second-order system) with unknown parameters (such as w„ and £), 
and then experimentally obtain good values of the unknown parameters. 

A third approach is to conduct a laboratory experiment to obtain the step or 
impulse response of the system. In other words we can apply an input (in this case, a 
voltage) to the system and measure the output—the depth-of-cut into the desired 
workpiece. Suppose, for example, we have the impulse response data shown in 
Figure 10.32 (the small circles on the graph represent the data). If we had access to 
the function Cimp(t)—the impulse response function of the milling machine—we 
could take the Laplace transform to obtain the transfer function model. There are 
many methods available for curve fitting the data to obtain the function Cimp(t). We 
will not cover curve fitting here, but we can say a few words regarding the basic 
structure of the function. 

From Figure 10.32 we see that the response approaches a steady-state value: 


2 
Cimp(t) —> Cimpss © 5 ast —> 00, 


So we expect that 


2 
Cimp(t) kr aa ACimp(t), 
Ri 





0.45 T 











Cimp (0 



































Time (s) 
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where ACjnp(¢) is a function that goes to zero as t gets large. This leads us to consider 
ACimp(t) as a sum of stable exponentials. Since the response does not oscillate, we 
might expect that the exponentials are, in fact, real exponentials, 


ACimp(t) im > ke, 
i 


where 7; are positive real numbers. The data in Figure 10.32 can be fitted by the 
function 


rr ae hi 
Cimplt) = = + ge T 
for which the Laplace transform is 
21, 1 0 T 1 2 


Os) = HCD = 55+ oss Qet1 GETS) 





Thus we can obtain the transfer function model of the milling machine. 
The control goal is to develop a feedback system to track a desired step input. In 
this case the reference input is the desired depth-of-cut. The control goal is stated as 


Control Goal 
Control the depth-of-cut to the desired value. 
The variable to be controlled is the depth-of-cut, or 
Variable to Be Controlled 
Depth-of-cut y(t). 
Since we are focusing on lead and lag controllers in this chapter, the key tuning 


parameters are the parameters associated with the compensator given in Equation. 
(10.100). 


Select Key Tuning Parameters 
Compensator variables: p, z, and K. 

The control design specifications are 

Control Design Specifications 


DS1 Track a ramp input, R(s) = a/s’, with a steady-state tracking error less than 4/8, 
where a is the ramp velocity. 


DS2 Percent overshoot to a step input less than 20%. 
The lag compensator is given by 


Kstz 


Gh) = CG 





» dpl < lal, (10.100) 


where a = z/p. The tracking error is 
E(s) = R(s) — ¥(s) = (1 — T(s)) RS), 
where 
G,(s)G(s) 


Tl) = TF GOCE 
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Therefore, 


1 
1 + Gs)G(s) 


With R(s) = a/s? and using the final value theorem, we find that 


E(s) = R(s). 


1 a 
1 + G(s)G(s) s” 








Big Jim el) lim sE(s) lim s 


or equivalently, 


a 


EVEL) Fe CO 
According to DS1, we require that 


a 
ae eee E 
lim, 9 5G,(s)G(s) ` 8 


a 


or 
lim 1 sGe(s)G(s) > 8. 


Substituting for G(s) and G,(s) from Equations (10.99) and (10. 100), respectively, 
we obtain the compensated velocity constant 


2Kz 
Kucomp = 5a p = 
where K = K /a. The compensated velocity constant is the velocity constant of the 
system when the lag compensator is in the loop. 

The loop transfer function is 


SHE 2K 

L tae: 
O= GANGS) = Tawa e DG ey 
We separate the lag compensator from the process and obtain the uncompensated 
root locus by considering the feedback loop with the gain K, but not the lag com- 
pensator zero and pole factors. The uncompensated root locus for the characteristic 
equation 
ps 2 
i ER 
s(s + 1)(s + 5) 

is shown in Figure 10.33. 

From DS2 we determine that the target damping ratio of the dominant roots is 
¢ > 0.45. We find that k= 2.48 at £ = 0.45. Then with K = 2.0 the uncompensat- 
ed velocity constant is 

2k 2K 


Eome = Pe heey se 











FIGURE 10.33 
Root locus for the 
uncompensated 
system. 
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Imaginary Axis 














Real Axis 


The compensated velocity constant is 


i 3 SR 2K a: 
Kocomp es + ps(s+1)(s +5) poe 








Therefore with a = z/p, we obtain the relationship 


K v,comp 
K, vune 


a= 
We require Kycomp > 8. A possible choice is Kycomp = 10 as the desired velocity 
constant. Then 


Kycomp _ 10 
Kou 08 





= 125 


a= 


But æ = z/p, thus our lag compensator should have p = 0.08z. If we select z = 0.01 
then p ~ 0.0008. 
The compensated loop transfer function is given by 


astZz 2 
CLOG) Ba + ps(s + 1)(s + 5) 








The lag compensator with z and p as above is determined to be 


s + 0.01 


Gels) = 2.0. 0008" 


(10.101) 


The step response is shown in Figure 10.34. The percent overshoot is approximately 
20%. The velocity error constant is approximately 10, which satisfies DS1. m 
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FIGURE 10.34 
Step response for 
the compensated 
system. 
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10.13 SYSTEM DESIGN USING CONTROL DESIGN SOFTWARE 


We want to use computers, when appropriate, to assist the designer in the selection 
of the parameters of a compensator. The development of algorithms for computer- 
aided design is an important alternative approach to the trial-and-error methods 
considered in earlier sections. Computer programs have been developed for the 
selection of suitable parameter values for compensators based on satisfaction of fre- 
quency response criteria such as the phase margin [3, 4]. 

In this section, the compensation of control systems is illustrated using frequen- 
cy response and s-plane methods. We will consider again the rotor winder design 
example of Section 10.12 to illustrate the use of m-file scripts in designing and 
developing control systems with good performance characteristics. We examine 
both the lead and lag compensators for this design example and obtain the system 
response using computer-based analysis tools. 


EXAMPLE 10.16 Rotor winder control system 


Let us consider again the rotor winder control system shown in Figure 10.24. The 
design objective is to achieve high steady-state accuracy to a ramp input. The steady- 
state error to a unit ramp input R(s) = 1/s? is 


ess = s 


Ky 
where 


. G(s) 
Ka = li g 


The performance specification of overshoot and settling time must be considered, as 
must the steady-state tracking error. In all likelihood, a simple gain will not be 





FIGURE 10.35 

(a) Transient 
response for simple 
gain controller. 

(b) m-file script. 
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satisfactory, so we will also consider compensation utilizing lead and lag compen- 
sators, using both Bode diagram and root locus plot design methods. Our approach 
is to develop a series of m-file scripts to aid in the compensator designs. 

Consider a simple gain controller 


G(s) = K. 
Then the steady-state error is 
50 
ess = Ke 


The larger we make K, the smaller is the steady-state error ess, However, we must 

consider the effect that increasing K has on the transient response, as shown in 

Figure 10.35. When K = 500, our steady-state error for a ramp is 10%, but the over- 

shoot is 70%, and the settling time is approximately 8 seconds for a step input. We 

consider this to be unacceptable performance and thus turn to compensation. The 

two important compensator types that we consider are lead and lag compensators. 
First, we try a lead compensator 
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(a) 


K={50 100 200 500]; 
% 5 

fe j 
numg=[1}; denge[t 15 50 O} for four gains. 
sysg=tf(numg,deng); 


t=[0:0.1:5]; 
% Closed-loop 


for i=1:4 | transfer function. 
sys=feedback(K(i)*sysg,[1]); 


y=step(sys,t); 

Ys(:,ì)=y; <4— LL] Store response for 
end ith gain in Ys. 
% 


plot(t,Ys(:,1),t, ¥s(:,2),LYs(:,3),LYs(:,4)) 
xlabel(‘Time (s)'), ylabel(‘y(t)') 





























(b) 
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cp 
where |z| < |p|. The lead compensator will give us the capability to improve the 
transient response. We will use a frequency-domain approach to design the lead 
compensator. 

We want a steady-state error of less than 10% to a ramp input and K, = 10. In 
addition to the steady-state specifications, we want to meet certain performance 
specifications: (1) settling time (with a 2% criterion) T, = 3 s, and (2) percent over- 
shoot for a step input =10%. Solving for ¢ and w, using 


4 





PO. = 100 exp $7/V'- = 10 and T,= ie 3 
On 
yields ¢ = 0.59 and w, = 2.26. We thus obtain the phase margin requirement: 
EE SEPN 
$om = Tor ~ 


The steps leading to the final design are as follows: 


1. Obtain the uncompensated system Bode diagram with K = 500, and compute the 
phase margin. 

2. Determine the amount of necessary phase lead ¢,,,. 

3. Evaluate a from sind, = (a — 1)/(a + 1). 

4. Compute 10 log a and find the frequency wpm on the uncompensated Bode diagram 
where the magnitude curve is equal to —10 log a. 

5. In the neighborhood of wm on the uncompensated Bode diagram, draw a line through 
the 0-dB point at w,, with slope equal to the current slope plus 20 dB/decade. Locate 
the intersection of the line with the uncompensated Bode diagram to determine the 
lead compensation zero location. Then calculate the lead compensator pole location 
as p = az. 

6. Obtain the compensated Bode diagram and check the phase margin. Repeat any steps 
if necessary. 

7. Raise the gain to account for the attenuation 1/a. 

8. Verify the final design with simulation using step function inputs, and repeat any 
design steps if necessary. 


We use three scripts in the design. The design scripts are shown in Figure 
10.36-10.38. The script in Figure 10.36 is for the Bode diagram of the uncompensat- 
ed system. The script in Figure 10.37 is for the detailed Bode diagram of the com- 
pensated system. The script in Figure 10.38 is for the step response analysis. The final 
lead compensator design is 


1800(s + 3.5) 
+25 * 


where K = 1800 was selected after iteratively using the m-file script. 

The settling time and overshoot specifications are satisfied, but K, = 5, resulting in 
a 20% steady-state error to a ramp input. It is possible to continue the design iteration 
and refine the compensator somewhat, although it should be clear that the lead com- 
pensator has added phase margin and improved the transient response as anticipated. 


GAs) = 


FIGURE 10.36 
(a) Bode diagram. 
(b) m-file script. 
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Frequency (rad/s) 


(a) 


K=500; 
numg=(1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
sys=K*sysg; 

% 

[Gm,Pm,Wcg,Wcp]=margin(sys); 


% 

Phi=(60-Pm)*pi/180; «—— aaiiona phase eaa. | 
alpha=(1+sin(Phi))/(1-sin(Phi)) 

[mag,phase,w]=bode(sys); 

mag_save(1,:)=mag(:,1,:); Compute a. 
% 


M=-10*log10(alpha)*ones(length(w),1); Plot — 10 log(a) line to 
% aid in locating wp. 
semilogx(w,20*log10(mag_save),w,M), grid 


xlabel('Frequency (rad/s)'), ylabel('Magnitude (dB)') 


Compute 
phase margin. 











(b) 
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To reduce the steady-state error, we can consider the lag compensator, which 


has the form 


£=059 and w, = 2.26. 
The steps in the design are as follows: 


1. Obtain the root locus of the uncompensated system. 


where |p| < |z|. We will use a root locus approach to design the lag compensator, 
although it can be done using a Bode diagram as well. The desired root location re- 
gion of the dominant roots is specified by 


2. Locate suitable root locations on the uncompensated system that lie in the region 


defined by ¢ = 0.59 and w, = 2.26. 


3. Calculate the loop gain at the desired root location and the system error constant, Ky unc- 


4, Compute æ = Kycomp/Kvunc; Where Kycomp = 10. 
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FIGURE 10.37 
Lead compensator: 
(a) compensated 
Bode diagram, 

(b) m-file script. 


FIGURE 10.38 
Lead compensator: 
(a) step response, 
(b) m-file script. 


Chapter 10 The Design of Feedback Control Systems 


Gain margin = 15.51 Phase margin = 59.2 
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(a) 





K=1800; Increase K to account 
numg=[1]; deng=[1 15 50 0); for attenuation of 1/a. 


numgce=K"[1 3.5]; denge=[1 25]; 


sysg=tf(numg,deng); Lead compensator. 


sysgc=tf(numge,dengc); 
sys=series(sysgc,sysg); 
margin(sys) 






































K=1800; 

% 

numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numge=K*[1 3.5]; dengce=[1 25]; sysgc=tf(numge,dengc); 
% 

syso=series(sysgc,sysg); 
sys=feedback(syso,[1]); 

% 

t=(0:0.01:2]; 

step(sys,t) 

ylabel (‘y(t)') 











(b) 


FIGURE 10.39 
Lag compensator: 
(a) uncompensated 
root locus, (b) m-file 
script. 
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Imaginary Axis 











Real Axis 
(a) 





numg=[1]; deng=[1 15 50 0); 
sysg=tf(numg,deng); 

clf; rlocus(sysg); hold on 

% 

zeta=0.5912; wn=2.2555; 

% 

x=[-10:0.1:-zeta*wn]; y=-(sqrt(1-zeta’2)/zeta)*x; 
xc=[-10:0.1:-zeta*wn]; c=sqrt(wn42-xc.2); 

% 

plot(x,y,':',x,-y,":',XC,C,":',XC,-C,":') 
axis([-15,1,-10,10)); 


Plot performance 
regions on locus. 














(b) 


5. With æ known, determine suitable locations of the compensator pole and zero so that 
the compensated root locus still passes through the desired location. 


6. Verify with simulation and repeat any steps if necessary. 


The design methodology is illustrated in Figures 10.39-10.41. Using the rlocfind 
function, we can compute the gain K associated with the roots of our choice on the 
uncompensated root locus that lie in the performance region. We then compute œ 
to ensure that we achieve the desired K,. We place the lag compensator pole and 
zero to avoid affecting the uncompensated root locus. In Figure 10.40, the lag com- 
pensator pole and zero are very near the origin, at z = —0.1 and p = —0,01. 

The settling time and overshoot specifications are not satisfied, but K, = 10, as 
desired. It is possible to continue the design iteration and refine the compensator 
somewhat, although it should be clear that the lag compensator has improved the 
steady-state errors to a ramp input relative to the lead compensator design. The 
final lag compensator design is 


100(s + 0.1) 


GAs) =~ F 001 


The resulting performance is summarized in Table 10.5. m 
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FIGURE 10.40 
Lag compensator: 
(a) compensated 
root locus, (b) m-file 
script. 
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Real Axis 


(a) 


numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numgc=[1 0.1]; denge=[1 0.01]; sysgc=tf(numge,denge); 
sys=series(sysgc,sysg); 

clf; rlocus(sys); hold on 

% 

Zeta=0.5912; wn=2.2555; 

x=[-10:0.1:-zeta*wn]; y=-(sqrt(1-zeta*2)/zeta)*x; 
xc=[-10:0.1:-zeta*wn];c=sqrt(wn42-xc.42); 
plot(x,y,':x,-y,":',x¢,C,'"xC,-C,":') 

axis({-15,1,-10,10]); 


Le 











(b) 


Table 10.5 Compensator Design Results 





Controller Gain, K = 500 Lead Lag 
Step overshoot 70% 8% 13% 
Settling time (seconds) 8 1 9 
Steady-state error for ramp 10% 20% 10% 
K, 10 5 10 





10.14 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


In this chapter, we design a proportional-derivative controller (PD) to achieve the 
specified response to a unit step input. The specifications are given in Table 10.6. The 
closed-loop system is shown in Figure 10.42. A prefilter is used to eliminate any unde- 
sired effects of the term s + z introduced in the closed-loop transfer function. We will 


FIGURE 10.41 
Lag compensator: 
(a) step response, 
(b) m-file response. 


Section 10.14 Sequential Design Example: Disk Drive Read System 





12 — 














Amplitude 

















Time (s) 


(a) 





K=100; 


% 

numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numge=K"[1 0.1]; dengc=[1 0.01]; sysge=tf(numge,dengc); 
% 

syso=series(sysgc,sysg); 

sys=feedback(syso,[1]); 

% 


step(sys) 








(b) 


Table 10.6 Disk Drive Control System Specifications 
and Actual Performance 





Performance Measure Desired Value Actual Response 
Percent overshoot Less than 5% 0.1% 

Settling time Less than 250 ms 40 ms 

Maximum response Less than 5 x 107° 6.9 x 10° 


to a unit disturbance 


















Prefilter 








Rs) —> 








G(s) 





1 
CAS) = S+) 











FIGURE 10.42 Disk drive control system with PD controller (second-order model). 
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use the deadbeat system of Section 10.11, where the desired closed-loop transfer func- 
tion (Equation 10.86) is 


wo 


T(s) = =———"—_... à 10.102 
(s) s? + ApS + wo ( ) 


For the second-order model shown in Figure 10.42, we require œ = 1.82 (see 
Table 10.2). Then the settling time is 


OnT, = 4.82. 


Since we want a settling time less than 50 ms, we will use w, = 120. Then we expect 
T; = 40 ms. Therefore, the denominator of Equation (10.102) is 


s? + 218.45 + 14400. (10.103) 
The characteristic equation of the closed-loop system of Figure 10.42 is 
s? + (20 + 5Kp)s + 5Kp = 0. (10.104) 
Equating Equations (10.103) and (10.104), we have 
218.4 = 20 + 5Kp 
and 
14400 = 5Kp. 
Therefore, Kp = 2880 and Kp = 39.68. Then we note that 
G(s) = 39.68(s + 72.58). 
The prefilter will then be 


72.58 
Gls) = 99 58° 


The model neglected the motor field. Nevertheless, this design will be very accurate. 
The actual response is given in Table 10.6. All the specifications are satisfied. 


10.15 SUMMARY 


In this chapter, we have considered several alternative approaches to the design 
of feedback control systems. In the first two sections, we discussed the concepts 
of design and compensation and noted the several design cases that we complet- 
ed in the preceding chapters. Then we examined the possibility of introducing 
cascade compensation networks within the feedback loops of control systems. 
The cascade compensation networks are useful for altering the shape of the root 
locus or frequency response of a system. The phase-lead network and the phase-lag 
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network were considered in detail as candidates for system compensators. Then 
system compensation was studied by using a phase-lead s-plane network on the 
Bode diagram and the root locus s-plane. We noted that the phase-lead compen- 
sator increases the phase margin of the system and thus provides additional sta- 
bility. When the design specifications include an error constant, the design of a 
phase-lead network is more readily accomplished on the Bode diagram. Alterna- 
tively, when an error constant is not specified but the settling time and overshoot 
for a step input are specified, the design of a phase-lead network is more readily 
carried out on the s-plane. When large error constants are specified for a feed- 
back system, it is usually easier to compensate the system by using integration 
(phase-lag) networks. We also noted that the phase-lead compensation increases 
the system bandwidth, whereas the phase-lag compensation decreases the system 
bandwidth. The bandwidth may often be an important factor when noise is pre- 
sent at the input and generated within the system. Also, we noted that a satisfac- 
tory system is obtained when the asymptotic course for magnitude of the 
compensated system crosses the 0-dB line with a slope of —20 dB/decade. The 
characteristics of the phase-lead and phase-lag compensation networks are sum- 
marized in Table 10.7. Operational amplifier circuits for phase-lead and phase- 
lag and for PI and PD compensators are summarized in Table 10.8 [1]. The use of 
these controllers has been widely demonstrated in this and earlier chapters. 
These operational amplifier circuits are widely used in industrial practice to 
provide the compensator G,(s). 


Table 10.7 A Summary of the Characteristics of Phase-Lead 
and Phase-Lag Compensation Networks 


Compensation 





Phase-Lead 


Phase-Lag 





Approach 


Results 
Advantages 


Disadvantages 


Applications 


Situations not 
applicable 


Addition of phase-lead angle near 
crossover frequency on Bode diagram. 
Add lead network to yield desired 
dominant roots in s-plane. 

1. Increases system bandwidth 

2. Increases gain at higher frequencies 

1. Yields desired response 

2. Improves dynamic response 

1. Requires additional amplifier gain 

2. Increases bandwidth and thus 

susceptibility to noise 

3. May require large values of 

components for RC network 

1. When fast transient response is desired 


1. When phase decreases rapidly near 
crossover frequency 


Addition of phase-lag to yield an increased 
error constant while maintaining desired 
dominant roots in s-plane or phase margin 

on Bode diagram 


1. Decreases system bandwidth 


1. Suppresses high-frequency noise 

2. Reduces steady-state error 

1. Slows down transient response 

2. May require large values of components 
for RC network 


1. When error constants are specified 


1. When no low-frequency range exists where 
phase is equal to desired phase margin 
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Table 10.8 Operational Amplifier Circuits for Compensators 














Type of ae Vols) 
Controller Gels) V,(s) 
R4R: 
PD G. = R p, RCs +1) 
R4R(R2Cos + 1 
PI Gs 4 Ro( RoCos ) 


R3Ri(RoCs) 


_ RgR(RiCis + 1) 
~ R3R,(R2Cps + 1) 
Lead if RC, > RC; 

Lag if RC < RoC, 


Lead or lag Go 
































EXERCISES 
E10.1 A negative feedback control system has a transfer 
function 
G(s) = 5 
6) s+2 
We select a compensator 
sta 


G(s) = ——, 





in order to achieve zero steady-state error for a step 
input. Select a and K so that the overshoot to a step is 
approximately 5% and the settling time (with a 2% 
criterion) is approximately 1 second. 


Answer: K = 6,a = 5.6 


E10.2 A control system with negative unity feedback has 


a process 


400 


G(s) = s+ 40) 


and we wish to use proportional plus integral compen- 
sation, where 


Kı 
G(s) = Kp + ac 


Note that the steady-state error of this system for a 
ramp input is zero. (a) Set K; = 1 and find a suitable 
value of Kp so the step response will have an over- 
shoot of approximately 20%. (b) What is the expected 


Exercises 


settling time (with a 2% criterion) of the compensated 
system? 
Answer: Kp = 0.5 

E10.3 A unity negative feedback control system in a 
manufacturing system has a process transfer function 


=s 
G(s) = — 
6) s+1 

and it is proposed that we use a compensator to achieve 
a 5% overshoot to a step input. The compensator is [4] 


G(s) = x(1 + +) 
TS 


which provides proportional plus integral control. 
Show that one solution is K = 0.5 and 7 = 1. 


E10.4 The step response of a closed-loop system is given 
in Figure E10.4. Mark the locations of the dominant 
closed-loop poles. 











I 
| 
I 
[j 
I 
| 
| 
| 
1 
4— ¢, = 5 seconds ———+! 


FIGURE E10.4 Step Response. 


E10.5 (a) Derive the transfer function of the compensat- 
ing network given in Figure E10.5. 
(b) If R; = 10K, Rp =5K and C=0.1 pF, draw the 
Bode plot. 


Ri 


2 
Ri ee Rı ab 


FIGURE E10.5 Lead Network. 











E10.6 Consider again the wind tunnel control system of 
Problem P7.31. When K = 326, find T(s) and esti- 
mate the expected overshoot and settling time (with a 
2% criterion). Compare your estimates with the actu- 
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al overshoot of 60% and a settling time of 4 seconds. 
Explain the discrepancy in your estimates. 

E10.7 NASA astronauts retrieved a satellite and brought 
it into the cargo bay of the space shuttle, as shown in 
Figure E10.7(a). A model of the feedback control sys- 
tem is shown in Figure E10.7(b). Determine the value 
of K that will result in a phase margin of 45° when 
T =05s. 


Answer: K = 20.88 
E10.8 Consider a unity feedback system with open-loop 
transfer function 


G(s) = 





s(s + 2) 


(a) Draw the root locus of the system. 

(b) If K = 2 mark the closed-loop poles. 

(c) Corresponding to K = 2 find percentage over- 

. shoot and K,. 

(d) Find the value of K and corresponding closed- 
loop poles if the required K, = 10. 

(e) Find percentage overshoot corresponding to K 
obtained in (d). 

(f£) Comment on the choice of K. 

E10.9 A control system with a controller is shown in 
Figure E10.9. Select Kp and K; so that the overshoot 
to a step input is equal to 5% and the velocity constant 
K, is equal to 5. Verify the results of your design. 


E10.10 A control system with a controller is shown in 
Figure E10.10. We will select K; = 4 in order to pro- 
vide a reasonable steady-state error to a step [8]. Find 
Kp to obtain a phase margin of 60°. Find the peak time 
and percent overshoot of this system. 


E10.11 A unity feedback system has 


1350 


SUS) = <4 26 + 30)" 


A lead network is selected so that 


1 + 0.25s 

1 + 0.025s° 

Determine the peak magnitude and the bandwidth of 
the closed-loop frequency response using (a) the 
Nichols chart, and (b) a plot of the closed-loop fre- 
quency response. 


Answer: Mpw = 2.3 dB, wg = 22 


G(s) = 


E10.12 The control of an automobile ignition system has 
unity negative feedback and a loop transfer function 
G.(s)G(s), where 


G(s) = and G,(s) = Kp + K;/s. 


ae oe 
s(s + 5) 
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Ys) 







Ris) Robot arm 
position 

FIGURE E10.7 Visual feedback 
Retrieval of a 
satellite. 

Ris) Kp+ + Y9) 
FIGURE E10.9 
Design of a 
controller. 

¥(s) 


FIGURE E10.10 
Design of a PI 
controller. 


A designer selects K;/Kp = 0.5 and asks you to deter- 
mine K Kp so that the complex roots have a ¢ of 1/ V2. 


E10.13 The design of Example 10.3 determined a lead 
network in order to obtain desirable dominant root 
locations using a cascade compensator G,(s) in the 
system configuration shown in Figure 10.1(a). The 
same lead network would be obtained if we used the 
feedback compensation configuration of Figure 
10.1(b). Determine the closed-loop transfer function 
T(s) = Y(s)/R(s) of both the cascade and feedback 
configurations, and show how the transfer function of 
each configuration differs, Explain how the response 
to a step R(s) will be different for each system. 





E10.14 A robot will be operated by NASA to build a 


permanent lunar station. The position control system 
for the gripper tool is shown in Figure 10.1(a), where 
H(s) = 1, and 
5 
G(s) = ——_—_—™: 
O = Se 10.255 + 1) 


Determine a compensator lag network G,(s) that will 
provide a phase margin of 45°. 
1+ 75s 


Answer: G,(s) = FREES 


Exercises 


E10.15 A unity feedback control system has a plant trans- 
fer function 


40 


GS) = p 


We desire to attain a steady-state error to a ramp 
r(t) = At of less than 0.05A and a phase margin of 30°. 
We desire to have a crossover frequency we of 10 rad/s. 
Use the methods of Section 10.9 to determine whether 
a lead or a lag compensator is required. 


E10.16 Consider again the system and specifications of 
Exercise E10.15 when the required crossover fre- 
quency is 2 rad/s. 


E10.17 Consider again the system of Exercise 10.9. Select 
Kp and K; so that the step response is deadbeat and the 
settling time (with a 2% criterion) is less than 2 seconds. 


E10.18 The nonunity feedback control system shown in 
Figure E10.18 has the transfer functions 


G(s) = 





5-20 and H(s)= 10. 


Design a compensator G,(s) and prefilter G,(s) so 
that the closed-loop system is stable and meets the 









Ris) 


FIGURE E10.18 
Nonunity feedback 
system with a 
prefilter. 


Ris) 


Controller 
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following specifications: (i) a percent overshoot to a 
unit step input of less than 10%, (ii) a settling time of 
less than 2 seconds, and (iii) zero steady-state track- 
ing error to a unit step. 


E10.19 A unity feedback control system has the plant 
transfer function 


iL 
G(s) = m-a 


Design a PID controller of the form 
K 
GAs) = Kp + Kps + 7 


so that the closed-loop system has a settling time less 
than 1 second to a unit step input. 


E10.20 Consider the system shown in Figure E10.20. 
Design the proportional-derivative controller G,(s) = 
Kp + Kps such that the system has a phase margin of 
P.M. x 45°. 

E10.21 Consider the unity feedback system shown in 
Figure E10.21. Design the controller gain, K, such that 
the maximum value of the output y(t) in response to a 
unit step disturbance T,(s) = 1/s is less than 0.1. 





¥(s) 





FIGURE E10.20 
Unity feedback 
system with PD 
controller. 


Ris) 
FIGURE E10.21 
Closed-loop 
feedback system 
with a disturbance 
input. 





Process 


1 
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PROBLEMS 


P10.1 The design of a lunar excursion module (LEM) is 
an interesting control problem. The attitude control 
system for the lunar vehicle is shown in Figure P10.1. 
The vehicle damping is negligible, and the attitude is 
controlled by gas jets. The torque, as a first approxima- 
tion, will be considered to be proportional to the signal 
V(s) so that T(s) = KV (s). The loop gain may be 
selected by the designer in order to provide a suitable 
damping. A damping ratio of ¢ = 0.6 with a settling 
time (with a 2% criterion) of less than 2.5 seconds is 
required. Using a lead network compensation, select 
the necessary compensator G(s) by using (a) frequen- 
cy response techniques and (b) root locus methods. 

P10.2 A magnetic tape recorder transport for modern 
computers requires a high-accuracy, rapid-response 
control system. The requirements for a specific trans- 
port are as follows: (1) The tape must stop or start in 
10 ms, and (2) it must be possible to read 45,000 characters 
per second. This system was discussed in Problem 
P7.11. We desire to set J = 5 X 107, and K; is set on 
the basis of the maximum error allowable for a velocity 
input. In this case, we desire to maintain a steady-state 
speed error of less than 5%. We will use a tachometer in 
this case and set Ką = 50,000 and K, = 1. To provide 
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a suitable performance, a compensator G,(s) is insert- 
ed immediately following the photocell transducer. 
Select a compensator G,(s) so that the overshoot of the 
system for a step input is less than 25%. We will assume 
that 7i = Ta = 0. 


P10.3 A simplified version of the attitude rate control for 


the F-94 or X-15 type aircraft is shown in Figure P10.3. 
When the vehicle is flying at four times the speed of 
sound (Mach 4) at an altitude of 100,000 ft, the para- 
meters are [30] 


B 1.05 
Ta 
fw, = 1.0, and Oa = 4 
Design a compensator G,(s) so that the response to a 
step input has an overshoot of less than 5% and a set- 
tling time (with a 2% criterion) of less than 5 seconds. 


P10.4 Magnetic particle clutches are useful actuator devices 


for high power requirements because they can typically 
provide a 200-W mechanical power output. The particle 
clutches provide a high torque-to-inertia ratio and fast 
time-constant response. A particle clutch positioning sys- 
tem for nuclear reactor rods is shown in Figure P10.4. 
The motor drives two counter-rotating clutch housings. 






Attitude 


FIGURE P10.1 
Attitude control 
system for a lunar 
excursion module. 










2 


Compensation Hyceaillic | Aircraft | 
actuator 
2 
Gls) i Sreo lts + 3. 
= S? + gs + wg 















dé 
dt 




















FIGURE P10.3 
Aircraft attitude 
control. 
Amplifier Compensation 
Ys) 
Rod 
FIGURE P10.4 position 


Nuclear reactor rod 
control. 





Problems 


The clutch housings are geared through parallel gear 
trains, and the direction of the servo output is depen- 
dent on the clutch that is energized. The time constant of 
a 200-W clutch is 7 = 1/40 s. The constants are such 
that Kyn/J = 1. We want the maximum overshoot for 
a step input to be in the range of 10% to 20%. Design a 
compensating network so that the system is adequately 
stabilized. The settling time (with a 2% criterion) of the 
system should be less than or equal to 2 seconds. 


P10.5 A stabilized precision rate table uses a precision 


tachometer and a DC direct-drive torque motor, as 
shown in Figure P10.5. We want to maintain a high 
steady-state accuracy for the speed control. To obtain 
a zero steady-state error for a step command design, 
select a proportional plus integral compensator. Select 
the appropriate gain constants so that the system has 
an overshoot of approximately 10% and a settling 
time (with a 2% criterion) less than 1.5 seconds. 


P10.6 Repeat Problem 10.5 by using a lead network com- 


pensator, and compare the results. 





R(s) 


Amplifier 
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P10.7 The primary control loop of a nuclear power plant 
includes a time delay due to the need to transport the 
fluid from the reactor to the measurement point (see 
Figure P10.7). The transfer function of the controller is 


K, 
G(s) = Kp + E 


The transfer function of the reactor and time delay is 
-sT 
G(s) = 





m+’ 


where T = 0.4s and 7 = 0.2s. Using frequency 
response methods, design the controller so that the 
overshoot of the system is less than 10%. Estimate the 
settling time (with a 2% criterion) of the system 
designed, Determine the actual overshoot and settling 
time. 


P10.8 A chemical reactor process whose production rate is 
a function of catalyst addition is shown in block dia- 
gram form in Figure P10.8 [11]. The time delay is 


Motor and load 





Ys) 
Speed 


FIGURE P10.5 
Stabilized rate 
table. 


FIGURE P10.7 
Nuclear reactor 
control. 


FIGURE P10.8 
Chemical reactor 
control. 
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Temperature 
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T = 50s, and the time constant 7 is approximately 40 s. 
The gain of the process is K = 1. Design a compensa- 
tion by using Bode diagram methods in order to pro- 
vide a suitable system response. We want to have a 
steady-state error less than 0.10A for a step input 
R(s) = A/s. For the system with the compensation 
added, estimate the settling time of the system. 


P10.9 A numerical path-controlled machine turret lathe 


is an interesting problem in attaining sufficient accu- 
racy [2, 26]. A block diagram of a turret lathe control 
system is shown in Figure P10.9. The gear ratio is 
n=0.1,J = 10°, and b = 10°. It is necessary to 
attain an accuracy of 5 X 107‘ in., and therefore a 
steady-state position accuracy of 2.5% is specified for 
a ramp input. Design a cascade compensator to be 
inserted before the silicon-controlled rectifiers in 
order to provide a response to a step command with 
an overshoot of less than 5%. A suitable damping ratio 
for this system is 0.7. The gain of the silicon-controlled 
rectifiers is Kg = 5. Design a suitable lag compen- 
sator by using the (a) Bode diagram method and 
(b) s-plane method. 


FIGURE P10.9 
Path-controlled 
turret lathe. 


FIGURE P10.10 
(a) The Avemar ferry 
built for ferry 
service between 
Barcelona and the 
Balearic Islands. 

(b) A block diagram 
of the lift control 
system. 











Compensator 


P10.10 The Avemar ferry, shown in Figure P10.10(a), is a 


large 670-ton ferry hydrofoil built for Mediterranean 
ferry service. It is capable of 45 knots (52 mph) [33]. 
The boat’s appearance, like its performance, derives 
from the innovative design of the narrow “wavepierc- 
ing” hulls which move through the water like racing 
shells. Between the hulls is a third quasihull which 
gives additional buoyancy in rough seas. Loaded with 
900 passengers and crew, and a mix of cars, buses, and 
freight cars trucks, one of the boats can carry almost 
its own weight. The Avemar is capable of operating in 
seas with waves up to 8 ft in amplitude at a speed of 40 
knots as a result of an automatic stabilization control 
system. Stabilization is achieved by means of flaps on 
the main foils and the adjustment of the aft foil. The 
stabilization control system maintains a level flight 
through rough seas. Thus, a system that minimizes 
deviations from a constant lift force or, equivalently, 
that minimizes the pitch angle 6 has been designed. A 
block diagram of the lift control system is shown in 
Figure P10.10(b). The desired response of the system 
to wave disturbance is a constant-level travel of the 
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(b) 


Problems 


craft. Establish a set of reasonable specifications and 
design a compensator G,(s) so that the performance 
of the system is suitable. Assume that the disturbance 
is due to waves with a frequency w = 6 rad/s. 


P10.11 (a) Design a phase lag network giving a maximum 
phase lag of 30° at 200 Hz. 
(b) Draw the Bode plot of designed network. 


P10.12 A unity feedback control system of the form 
shown in Figure 10.1(a) has a plant 
160 
GG). = 
s 
Select a lead-lag compensator so that the percent 
overshoot for a step input is less than 5% and the set- 
tling time (with a 2% criterion) is less than 1 second. It 
also is desired that the acceleration constant K, be 
greater than 7500 (see Table 5.5). 
P10.13 Design a compensating network with a pole and a 
zero as given in Figure P10.13. 


s-plane 





FIGURE P10.13 Pole-Zero Plot of a Compensating 
Network. 


P10.14 Materials testing requires the design of control 
systems that can faithfully reproduce normal speci- 
men operating environments over a range of speci- 
men parameters [26]. From the control system design 
viewpoint, a materials-testing machine system can be 


Controller 











737 


considered a servomechanism in which we want to 
have the load waveform track the reference signal. 
The system is shown in Figure P10.14. 


(a) Determine the phase margin of the system with 
G,(s) = K, choosing K so that a phase margin of 
50° is achieved. Determine the system bandwidth 
for this design. 

(b) The additional requirement introduced is that the 
velocity constant K, be equal to 2.0. Design a lag 
network so that the phase margin is 50° and 
K,=2. 


P10.15 For the system described in Problem 10.14, the 
goal is to achieve a phase margin of 50° with the addi- 
tional requirement that the time to settle (to within 
2% of the final value) be less than 4 seconds. Design a 
lead network to meet the specifications. As before, we 
require K, = 2. 


P10.16 A robot with an extended arm has a heavy load, 
whose effect is a disturbance, as shown in Figure 
P10.16 [25]. Let R(s) = 0 and design G,(s) so that the 
effect of the disturbance is less than 20% of the open- 
loop system effect. 


P10.17 A driver and car may be represented by the sim- 
plified model shown in Figure P10.17 [18]. The goal is 
to have the speed adjust to a step input with less than 
10% overshoot and a settling time (with a 2% criteri- 
on) of 1 second. Select a proportional plus integral 
(PI) controller to yield these specifications. For the 
selected controller, determine the actual response 
(a) for G,(s) = 1 and (b) with a prefilter G,(s) that 
removes the zero from the closed-loop transfer func- 
tion 7(s). 

P10.18 A unity feedback control system for a robot subma- 
rine has a plant with a third-order transfer function [22]: 

K 


GUS) = Cs F toys + 50)" 


Process 


¥(s) 
Ris) 
Reference Loud 
waveform 
FIGURE P10.14 
Tats) = 1/s 
Disturbance 
Ys) 
i Position 
FIGURE P10.16 


Robot control. 
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FIGURE P10.17 
Speed control of an 
automobile. 


We want the overshoot to be approximately 7.5% for 
astep input and the settling time (with a 2% criterion) 
of the system be 400 ms. Find a suitable phase-lead 
compensator by using root locus methods. Let the 
zero of the compensator be located at s = —15, and 
determine the compensator pole. Determine the 
resulting system K,. 


P10.19 NASA is developing remote manipulators that 


can be used to extend the hand and the power of 
humankind through space by means of radio. A concept 
of a remote manipulator is shown in Figure P10.19(a) 
[12, 25]. The closed-loop control is shown schematically 
in Figure P10.19(b). Assuming an average distance of 
238,855 miles from Earth to the moon, the time delay Tin 
transmission of a communication signal is 1.28 seconds. 
The operator uses a control stick to control remotely 
the manipulator placed on the moon to assist in geological 
experiments, and the TV display to access the response of 
the manipulator. The time constant of the manipulator is 





Ys) 
Speed 


(a) Set the gain K; so that the system has a phase mar- 
gin of approximately 30°. Evaluate the percentage 
steady-state error for this system for a step input. 
(b) To reduce the steady-state error for a position 
command input to 5%, add a lag compensation net- 
work in cascade with K4. Plot the step response. 


P10.20 There have been significant developments in the 






application of robotics technology to nuclear power 
plant maintenance problems. Thus far, robotics 
technology in the nuclear industry has been used pri- 
marily on spent-fuel reprocessing and waste manage- 
ment. Today, the industry is beginning to apply the 
technology to such areas as primary containment 
inspection, reactor maintenance, facility decontamina- 
tion, and accident recovery activities. These develop- 
ments suggest that the application of remotely 
operated devices can significantly reduce radiation 
exposure to personnel and improve maintenance- 
program performance. 
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FIGURE P10.19 
(a) Conceptual 
diagram of a Remote 
remote manipulator ipul 
on the moon Transmitted manipu! ator 


controlled by a 
person on the 
Earth. (b) Feedback 
diagram of the 
remote manipulator 
control system with 
7 = transmission 
time delay of the 
video signal. 
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Problems 
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FIGURE P10.20 
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Surveillance Communication 


Fi camera 





Remotely controlled 
robot for nuclear 
plants. 


Currently, an operational robotic system is under 
development to address particular operational prob- 
lems within a nuclear power plant. This device, IRIS 
(Industrial Remote Inspection System), is a general- 
purpose surveillance system that conducts particular 
inspection and handling tasks with the goal of signifi- 
cantly reducing personnel exposure to high radiation 
fields [13]. The device is shown in Figure P10.20. The 
open-loop transfer function is 


Ke 


OO) = Ge Inet 3) 


(a) Determine a suitable gain K for the system when 
T = 0.5 s, so that the overshoot to a step input is less 
than 30%. Determine the steady-state error. (b) Design 
a compensator 


s+2 
st+b 


to improve the step response for the system in part (a) 
so that the steady-state error is less than 12%. Assume 
the closed-loop system of Figure 10.1(a). 





G.(s) = 


P10.21 An uncompensated control system with unity 
feedback has a plant transfer function 


iwn uaa 
s(s/2 + 1)(s/6 + 17 


We want to have a velocity error constant of K, = 20. 
We also want to have a phase margin of approximate- 
ly 45° and a closed-loop bandwidth greater than 
w = 4 rad/s. Use two identical cascaded phase-lead 
networks to compensate the system. 


P10.22 For the system of Problem 10.21, design a phase- 
lag network to yield the desired specifications, with 
the exception that a bandwidth equal to or greater 
than 2 rad/s will be acceptable. 


P10.23 For the system of Problem 10.21, we wish to 
achieve the same phase margin and K,, but in addi- 
tion, we wish to limit the bandwidth to less than 10 
tad/s but greater than 2 rad/s. Use a lead-lag compen- 


G(s) = 





sation network to compensate the system. The lead- 
lag network could be of the form 
(1 + s/10a)(1 + s/b) 
G(s) a AT en" 
(1 + s/a)(1 + s/10b) 
where a is to be selected for the lag portion of the 
compensator, and b is to be selected for the lead por- 
tion of the compensator. The ratio æ is chosen to be 10 
for both the lead and lag portions. 


P10.24 A system of the form of Figure 10.1(a) with unity 
feedback has 


K 
(s + 4)?" 


We desire the steady-state error to a step input to be 
approximately 5% and the phase margin of the system 
to be approximately 45°. Design a lag network to meet 
these specifications. 


P10.25 The stability and performance of the rotation of a 
robot (similar to waist rotation) presents a challenging 
control problem. The system requires high gains in 
order to achieve high resolution; yet a large overshoot 
of the transient response cannot be tolerated. The 
block diagram of an electrohydraulic system for rota- 
tion control is shown in Figure P10.25 [16]. The arm- 
rotating dynamics are represented by 


p 100 
s(s?/6400 + s/50 + 1) 


G(s) = 


G(s) 


We want to have K, = 20 for the compensated sys- 
tem. Design a compensator that results in an over- 
shoot to a step input of less than 10%. 


P10.26 The possibility of overcoming wheel friction, wear, 
and vibration by contactless suspension for passenger- 
carrying mass-transit vehicles is being investigated 
throughout the world. One design uses a magnetic sus- 
pension with an attraction force between the vehicle 
and the guideway with an accurately controlled airgap. 


740 


FIGURE P10.25 
Robot position 
control. 


FIGURE P10.26 
Airgap control of 
train. 
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A system is shown in Figure P10.26, which incorpo- 
rates feedback compensation. Using root locus meth- 
ods, select a suitable value for K; and b so the system 
has a damping ratio for the underdamped roots of 
é = 0.50. Assume, if appropriate, that the pole of the 
air gap feedback loop (s = —200) can be neglected. 


P10.27 A computer uses a printer as a fast output device. 


We desire to maintain accurate position control while 
moving the paper rapidly through the printer. Consid- 
er a system with unity feedback and a transfer func- 
tion for the motor and amplifier of 


0.15 


G(s) = —————.. 
() = GEnGs+) 

Design a lead network compensator so that the sys- 

tem bandwidth is 0.75 rad/s and the phase margin is 

30°. Use a lead network with a = 10. 


P10.28 An engineering design team is attempting to con- 


trol a process shown in Figure P10.28. The system has 
a controller G,(s), but the design team is unable to 
select G,(s) appropriately. It is agreed that a system 
with a phase margin of 50° is acceptable, but G(s) is 
unknown. Determine G,(s). 


Gds) 








First, let G.(s) = K and find (a) a value of K that 
yields a phase margin of 50° and the system’s step re- 
sponse for this value of K. (b) Determine the settling 
time, percent overshoot, and the peak time. (c) Obtain 
the system’s closed-loop frequency response, and 
determine M,,, and the bandwidth. 

The team has decided to let 


Pace K(s + 12) 
els) = (s + 20) 

and to repeat parts (a), (b), and (c). Determine the 
gain K that results in a phase margin of 50° and then 
proceed to evaluate the time response and the closed- 
loop frequency response. Prepare a table contrasting 
the results of the two selected controllers for G,(s) by 
comparing settling time (with a 2% criterion), percent 
overshoot, peak time, Mpa, and bandwidth. 


P10.29 An adaptive suspension vehicle uses a legged 


locomotion principle. The control of the leg can be 
represented by a unity feedback system with [13] 
K 


GOS) = a4 toys + 14)’ 






Y(s) 


FIGURE P10.28 
Controller design. 





Problems 


We desire to achieve a steady-state error for a ramp 
input of 10% and a damping ratio of the dominant 
roots of 0.707. Determine a suitable lag compensator, 
and determine the actual overshoot and the time to 
settle (to within 2% of the final value). 


P10.30 A liquid-level control system (see Figure 9.32) has 
a loop transfer function 


L(s) = G(s)G(s)H(s), 


where H(s) = 1,G,(s) is a compensator, and the 
plant is 


10e =T 


OS) = 36+ 10) 


where T = 50 ms. Design a compensator so that 
Mpo does not exceed 3.5 dB and w, is approximately 
1.4 rad/s. Predict the overshoot and settling time 
(with a 2% criterion) of the compensated system 
when the input is a step. Plot the actual response. 


P10.31 An automated guided vehicle (AGV) can be con- 
sidered as an automated mobile conveyor designed to 
transport materials. Most AGVs require some type of 
guide path. The steering stability of the guidance con- 
trol system has not been fully solved. The slight 
“snaking” of the AGV about the track generally has 
been acceptable, although it indicates instability of 
the steering guidance control system [9]. 

Most AGVs have a specification of maximum 
speed of about 1 m/s, although in practice they are 
usually operated at half that speed. In a fully automat- 
ed manufacturing environment, there should be few 
personnel in the production area; therefore, the AGV 
should be able to be run at full speed. As the speed of 
the AGV increases, so does the difficulty in designing 
stable and smooth tracking controls. 

A steering system for an AGV is shown in Figure 
P10.31, where 7; = 40 ms and 7, = 1 ms. We require 
that the velocity constant K, be 100 so that the steady- 
state error for a ramp input will be 1% of the slope of 
the ramp. Neglect 72 and design a lead compensator so 
that the phase margin is 


45° = PM. = 65°. 


Attempt to obtain the two limiting cases for phase 
margin, and compare your results for the two designs 
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by determining the actual percent overshoot and set- 
tling time for a step input. 


P10.32 For the system of Problem 10.31, use a phase-lag 
compensator and attempt to achieve a phase margin 
of approximately 50°. Determine the actual overshoot 
and peak time for the compensated system. 


P10.33 When a motor drives a flexible structure, the 
structure’s natural frequencies, as compared to the 
bandwidth of the servodrive, determine the contribu- 
tion of the structural flexibility to the errors of the 
resulting motion. In current industrial robots, the drives 
are often relatively slow, and the structures are rela- 
tively rigid, so that overshoots and other errors are 
caused mainly by the servodrive. However, depending 
on the accuracy required, the structural deflections of 
the driven members can become significant. Structur- 
al flexibility must be considered the major source of 
motion errors in space structures and manipulators. 
Because of weight restrictions in space, large arm 
lengths result in flexible structures, Furthermore, 
future industrial robots should require lighter and more 
flexible manipulators. 

To investigate the effects of structural flexibility 
and how different control schemes can reduce 
unwanted oscillations, an experimental apparatus was 
constructed consisting of a DC motor driving a slen- 
der aluminum beam. The purpose of the experiments 
was to identify simple and effective control strategies 
to deal with the motion errors that occur when a ser- 
vomotor is driving a very flexible structure [14]. 

The experimental apparatus is shown in Figure 
P10.33(a), and the control system is shown in Figure 
P10.33(b). The goal is that the system will have a K, of 
100. (a) When G,(s) = K, determine K and plot the 
Bode diagram. Find the phase margin and gain mar- 
gin. (b) Using the Nichols chart, find w,, M po, and wp. 
(c) Select a compensator so that the phase margin is 
greater than 35° and find ,, Mpu, and wg for the 
compensated system. 


P10.34 A human’s ability to perform physical tasks is lim- 
ited not by intellect but by physical strength. If, in an 
appropriate environment, a machine’s mechanical 
power is closely integrated with a human arm’s 
mechanical strength under the control of the human 
intellect, the resulting system will be superior to a 
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FIGURE P10.33 
Flexible arm 
control. 


loosely integrated combination of a human and a fully 
automated robot. 

Extenders are defined as a class of robot manipu- 
lators that extend the strength of the human arm 
while maintaining human control of the task [15]. The 
defining characteristic of an extender is the transmis- 
sion of both power and information signals. The exten- 
der is worn by the human; the physical contact 
between the extender and the human allows the direct 
transfer of mechanical power and information signals. 
Because of this unique interface, control of the exten- 
der trajectory can be accomplished without any type 
of joystick, keyboard, or master-slave system. The 
human provides a control system for the extender, 
while the extender actuators provide most of the 
strength necessary for the task. The human becomes a 
part of the extender and “feels” a scaled-down version 
of the load that the extender is carrying. The extender 
is distinguished from a conventional master-slave 
system; in that type of system, the human operator is 
either at a remote location or close to the slave manip- 
ulator, but is not in direct physical contact with the 
slave in the sense of transfer of power. An extender is 
shown in Figure P10.34(a) [15]. The block diagram of 
the system is shown in Figure P10.34(b). The goal is 
that the compensated system will have a velocity con- 
stant K,, equal to 80, so that the settling time (with a 
2% criterion) will be 1.6 seconds, and that the over- 
shoot will be 16%, so that the dominant roots have a ¢ 


s(s + 0.0325)(s2 + 2.57s + 6667) 
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Motor frame 


Motor 






s + 500 
Ys) 






(b) 


of 0.5. Determine a lead-lag compensator using root 
locus methods. 


P10.35 A magnetically levitated train is operating in 
Berlin, Germany. The M-Bahn 1600-m line repre- 
sents the current state of worldwide systems. Fully 
automated trains can run at short intervals and oper- 
ate with excellent energy efficiency. The control sys- 
tem for the levitation of the car is shown in Figure 
P10.35. Select a compensator so that the phase mar- 
gin of the system is 45° = P.M. < 55°. Predict the 
response of the system to a step command, and de- 
termine the actual step response for comparison. 


P10.36 A unity feedback system has the loop transfer 
function 


_ _ Ks + 0.54 rs 
Ls) = GING) = aq) 0 
where T is a time delay and K is the controller pro- 
portional gain. The block diagram is illustrated in 
Figure P10.36. The nominal value of K = 2. Plot 
the phase margin of the system for 0 = T = 2 s 
when K = 2. What happens to the phase margin as 
the time delay increases? What is the maximum 
time delay allowed before the system becomes 
unstable? 


P10.37 A system's open-loop transfer function is a 
pure time delay of 0.5 s,so that G(s) = e~/?, Select a 


Problems 
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compensator G,(s) so that the steady-state error for a 
step input is less than 2% of the magnitude of the step 
and the phase margin is greater than 30°. Determine 
the bandwidth of the compensated system and plot 
the step response. 


P10.38 Design a lead network to provide a phase lead of 
80° at 300 Hz. 


P10.39 A unity feedback system of the form shown in 
Figure 10.1(a) has 
1 


SS) = Baye + 10)" 







Time Delay 










s(2s + 1)(0,05s + 1) Output 
Ys) 

=~ Levitation 
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Design a compensator G,(s) so that the overshoot for 
a step input R(s) is less than 10% and the steady-state 
error is less than 5%, Determine the bandwidth of the 
system. 


P10.40 A unity feedback system has a plant 


40 


G(s) = sis + 2) 


We desire to have a phase margin of 30° and a rela- 
tively large bandwidth. Select the crossover frequency 
w, = 10 rad/s, and design a lead compensator using 
the analytical method of Section 10.9. Verify the 
results by plotting the compensated Bode diagram. 
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P10.41 A unity feedback system has a plant 


40 

G(s) = ———. 

() 5(s + 2) 
We desire that the phase margin be equal to 30°. For a 
ramp input r(t) = t, we want the steady-state error to 
be equal to 0.05. Design a lag compensator to satisfy 
the requirements using the methods of Section 10.9. 
Verify the results by plotting the Bode diagram. 

P10.42 For the system and requirements of Problem 10.41, 
determine the required compensator when the steady- 
state error for the ramp input must be equal to 0.02. 


P10.43 Repeat Example 10.12 when we want the 100% 
rise time T, be 1 second. 


P10.44 Consider again the design for Example 10.4. 
Using a system as shown in Figure 10.22 and the com- 
pensator determined in Equation (10.46), select an ap- 


FIGURE 10.45 
Unity feedback 
system with 
proportional 
controller and 
measurement 
noise. 


R(s) 


ADVANCED PROBLEMS 


AP10.1 A three-axis pick-and-place application requires 

the precise movement of a robotic arm in three-di- 
mensional space, as shown in Figure AP10.1 for joint 
2. The arm has specific linear paths it must follow to 
avoid other pieces of machinery. The overshoot for a 
step input should be less than 13%. 
(a) Let G,(s) = K, and determine the gain K that sat- 
isfies the requirement. Determine the resulting settling 
time (with a 2% criterion). (b) Use a lead network and 
reduce the settling time to less than 3 seconds. 


AP10.2 The system of Advanced Problem AP10.1 is to 
have a percent overshoot less than 13%. In addition, 
we desire that the steady-state error for a unit ramp 
input will be less than 0.125 (K, = 8) [28]. Design a 
lag network to meet the specifications. Check the re- 
sulting percent overshoot and settling time (with a 
2% criterion) for the design. 


AP10.3 The system of Advanced Problem AP 10.1 is required 
to have a percent overshoot less than 13% with a steady- 
state error for a unit ramp input less than 0.125 (K, = 8). 
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propriate prefilter. Compare the response of the sys- 
tem with and without the prefilter. 


P10.45 Consider the system shown in Figure P10.45 and 
let R(s) = 0 and 7,(s) = 0. Design the controller 
G,(s) = K such that, in the steady-state, the response 
of the system y(t) is less than —40 dB when the 
noise N(s) is a sinusoidal input at a frequency of 
w = 100 rad/s. 


P10.46 A unity feedback system has a loop transfer 
function 
K(s + 10) 


L(s) = G(s)G(s) = GaGa 


Plot the percent overshoot of the closed-loop system 
response to a unit step input for K in the range 
0 < K = 100. Explain the behavior of the system 
response for K in the range 0.7 < K = 57.3. 





Design a proportional plus integral (PI) controller to 
meet the specifications. 


AP10.4 A DC motor control system with unity feedback 
has the form shown in Figure AP10.4. Select K, and 
K, so that the system response has a settling time 
(with a 2% criterion) less than 1 second and an over- 
shoot less than 5% for a step input. 


AP10.5 A unity feedback system is shown in Figure 
AP10.5. We want the step response of the system to 
have an overshoot of about 16%, a fast response, and a 
settling time (with a 2% criterion) of about 1.8 seconds. 


(a) Design a lead compensator G.(S) to achieve the 
dominant roots desired. (b) Determine the step 
response of the system when p(s) = 1. (c) Select a 
prefilter G,(s), and determine the step response of the 
system with the prefilter. 


AP10.6 Consider again Example 10.12 when we wish to 
minimize the settling time of the system while requiring 
that K < 52. Determine the appropriate compensator 
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FIGURE AP10.1 
Pick-and-place 
robot. (b) 
that will minimize the settling time. Plot the system Determine K so that the complex roots have 
response. =1/ V2. The prefilter is 
AP10.7 A system has the form shown in Figure 10.22, P 
with G(s) = = 
P 
1 
G(s) = (a) Determine the overshoot and rise time for 


s(s + 2)(s + 8) G,(s) = 1 and for p = 3. (b) Select an appropriate 


A lead compensator is used, with value for p that will give an overshoot of 1% and com- 
pare the results. 
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Gs) = = nute ; 
s length resulting in a challenging control problem, as 
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FIGURE AP10.5 
Unity feedback with 
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shown in Figure AP10.8(a). The block diagram model 
of the system is shown in Figure AP10.8(b). The plant 
dynamics are represented by 


250 


G(s) = Sey ays + 40) + 45)" 


The percentage overshoot for a step input should be 
less than 20% with a rise time less than à second and a 
settling time (with a 2% criterion) less than 1.2 sec- 
onds. Also, we desire that for a ramp input K, = 10. 
Determine a suitable lead compensator. 

AP10.9 The plant dynamics of a chemical process are 
represented by 


100 


G) = F 4 Toy" 





We desire that the system have a small steady-state 
error for a ramp input so that K, = 100. For stability 
purposes, we desire a gain margin of 10 dB or greater 
and a phase margin of 40° or greater. Determine a 
lead-lag compensator that meets these specifications. 
Assume the system is of the form shown in Figure 
10.1(a) with H(s) = 1. 

AP10.10 An op-amp lead circuit is shown in Figure AP10.10. 
(a) Determine the transfer function of this circuit. 
(b) Sketch the frequency response of the circuit when 
R, = 10kQ, R, = 10.0, C, = 0.1 uF, and C, = 1 mF. 


Ry 











Arm dynamics 












Ris) 


G(s) 








FIGURE AP10.8 
(a) Manutec robot. 
(b) Block diagram. (b) 
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© 
UÈ?) DESIGN PROBLEMS 


CDP10.1 The capstan-slide system of Figure CDP4.1 (b) Determine whether the system using the gain of 


uses a PD controller. Determine the necessary values 
of the gain constants of the PD controller so that the 
deadbeat response is achieved. Also, we want the set- 
tling time (with a 2% criterion) to be less than 250 ms. 
Verify the results. 


DP10.1 In Figure DP10.1, two robots are shown cooperat- 


ing with each other to manipulate a long shaft to insert 
it into the hole in the block resting on the table. Long 
part insertion is a good example of a task that can ben- 
efit from cooperative control. The unity feedback con- 
trol system of one robot joint has the process transfer 
function 


ME 
s(s + 0.5) 


The specifications require a steady-state error for a 
unit ramp input of 0.0125, and the step response has an 
overshoot of less than 25% with a settling time (with a 
2% criterion) of less than 2 seconds. Determine a lead- 
lag compensator that will meet the specifications, and 
plot the compensated and uncompensated responses 
for the ramp and step inputs. 


G(s) = 


DP10.2 The heading control of the traditional bi-wing 


aircraft, shown in Figure DP10.2(a), is represented by 
the block diagram of Figure DP10.2(b). 


(a) Determine the minimum value of the gain K 
when G,(s) = K, so that the steady-state effect 
of a unit step disturbance T,(s) = 1/s is less than 
or equal to 5% of the unit step (y(%) = 0.05). 





FIGURE DP10.1 Two robots cooperate to insert a shaft. 


part (a) is stable. 

(c) Design a compensator using one stage of lead 
compensation, so that the phase margin is 30°. 

(d) Design a two-stage lead compensator so that the 
phase margin is 55°. 

(e) Compare the bandwidth of the systems of parts 
(c) and (d). 

(f) Plot the step response y(t) for the systems of parts 
(c) and (d) and compare percent overshoot set- 
tling time (with a 2% criterion), and peak time. 


DP10.3 NASA has identified the need for large deploy- 


able space structures, which will be constructed of 
lightweight materials and will contain large numbers 
of joints or structural connections. This need is evi- 
dent for programs such as the space station. These 
deployable space structures may have precision 
shape requirements and a need for vibration sup- 
pression during in-orbit operations [17]. 

One such structure is the mast flight system, 
which is shown in Figure DP10.3(a). The intent of the 
system is to provide an experimental test bed for con- 
trols and dynamics. The basic element in the mast flight 
system is a 60.7-m-long truss beam structure, which is 
attached to the shuttle orbiter. Included at the tip of 
the truss structure are the primary actuators and collo- 
cated sensors. A deployment/retraction subsystem, 
which also secures the stowed beam package during 
launch and landing, is provided. 

The system uses a large motor to move the struc- 
ture and has the block diagram shown in Figure 
DP10.3(b). The goal is an overshoot to a step response 
of less than or equal to 16%; thus, we estimate the sys- 
tem % as 0.5 and the required phase margin as 50°. 
Design for 0.1 < K < 1 and record overshoot, rise 
time, and phase margin for selected gains. 


DP10.4 A mobile robot using a vision system as the mea- 


surement device is shown in Figure DP10.4 [22]. The 
control system is of the form shown in Figure 10.14, 
where 


1 


GS) = Goss + 1)" 


and G,(s) is selected as a PI controller so that the 

steady-state error for a step input is equal to zero. We 
then have 

K; — Kps + Ky 

Gis) = Kp + — = — 

ce(s) peg S 

Determine a suitable G, so that (a) the percent over- 

shoot for a step input is 5% or less; (b) the settling 

time (with a 2% criterion) is less than 6 seconds; 


748 Chapter 10 The Design of Feedback Control Systems 





Wind 
disturbance 
Tats) 









= 
FIGURE DP10.2 + 100 IA 40 
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FIGURE DP10.3 


Mast flight system. (b) 


Design Problems 


(c) the system K,, is greater than 0.9; and (d) the peak 
time for a step input is minimized. 

DP10.5 A high-speed train is under development in 
Texas [23] with a design based on the French Train à 
Grande Vitesse (TGV). Train speeds of 186 miles per 
hour are foreseen. To achieve these speeds on tight 
curves, the train may use independent axles combined 
with the ability to tilt the train. Hydraulic cylinders 
connecting the passenger compartments to their 
wheeled bogies allow the train to lean into curves like 
a motorcycle. A pendulumlike device on the leading 
bogie of each car senses when it is entering a curve 
and feeds this information to the hydraulic system. 
Tilting does not make the train safer, but it does make 
passengers more comfortable. 

Consider the tilt control shown in Figure 
DP10.5. Design a compensator G,(s) for a step- 
input command so that the overshoot is less than 5% 
and the settling time (with a 2% criterion) less than 
0.6 second. We also desire that the steady-state error 
for a velocity (ramp) input be less than 0.15A, where 
r(t) = At,t > 0. Verify the results for the design. 


DP10.6 A large antenna, as shown in Figure DP10.6(a), is 
used to receive satellite signals and must accurately 
track the satellite as it moves across the sky. The con- 
trol system uses an armature-controlled motor and a 
controller to be selected, as shown in Figure 
DP10.6(b). The system specifications require a steady- 
state error for a ramp input r(t) = Bt be less than or 


Motion subsystem 










Object ff 
environment 


FIGURE DP10.4 
A robot and vision 
system. 
Ris) 
Desired 
FIGURE DP10.5 tilt 


High-speed train 
feedback control 
system. 
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equal to 0.01B. We also seek an overshoot to a step 
input less than 5% with a settling time (with a 2% cri- 
terion) less than 2 seconds. (a) Design a controller 
G(s) and plot the resulting time response. (b) Deter- 
mine the effect of the disturbance D(s) = Q/s on the 
output Y(s). (For simplicity, let R(s) = 0.) 


DP10.7 High-performance tape transport systems are de- 


signed with a small capstan to pull the tape past the 
read/write heads and with take-up reels turned by DC 
motors. The tape is to be controlled at speeds up to 200 
inches per second, with start-up as fast as possible, 
while preventing permanent distortion of the tape. 
Since we wish to control the speed and the tension of 
the tape, we will use a DC tachometer for the speed 
sensor and a potentiometer for the position sensor. We 
will use a DC motor for the actuator. Then the linear 
model for the system is a unity feedback system with 





Y) 
EG) 7 G(s) = 
K(s + 4000) 





s(s + 1000)(s + 3000)(s + pi)(s + Bi)’ 


where p; = +2000 + j2000, and Y(s) is position. 

The specifications for the system are (1) settling 
time of less than 12 ms, (2) an overshoot to a step 
position command of less than 10%, and (3) a steady- 
state velocity error of less than 5%. Determine a 
compensator scheme to achieve these stringent speci- 
fications. 


Recognition 
subsystem 


Computer 


12 Ys) 
s(s + 10)(s + 70) Tilt 
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FIGURE DP10.6 
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Antenna position 
control. 


DP10.8 The past several years have witnessed a signifi- 


cant engine model-building activity in the automotive 
industry in a category referred to as “control-orient- 
ed” or “control design” models. These models contain 
representations of the throttle body, engine pumping 
phenomena, induction process dynamics, fuel system, 
engine torque generation, and rotating inertia. 

The control of the fuel-to-air ratio in an automo- 
bile carburetor became of prime importance in the 
1980s as automakers worked to reduce exhaust- 
pollution emissions. Thus, auto engine designers turned 
to the feedback control of the fuel-to-air ratio. Opera- 
tion of an engine at or near a particular air-to-fuel ratio 
requires management of both air and fuel flow into the 
manifold system. The fuel command is considered the 
input and the engine speed is considered the output [9, 11]. 

The block diagram of the system is shown in 
Figure DP10.8, where T = 0.066 second. A compen- 
sator is required to yield zero steady-state error for a 
step input and an overshoot of less than 10%. We also 
desire that the settling time (with a 2% criterion) not 
exceed 10 seconds. 


DP10.9 A high-performance jet airplane is shown in 


Figure DP10.9(a), and the roll-angle control system is 
shown in Figure DP10.9(b). Design a controller G,(s) 





Yis) 
Position 


(b) 


so that the step response is well behaved and the 
steady-state error is zero. 


DP10.10 A simple closed-loop control system has been 


proposed to demonstrate proportional-integral (PI) 
control of a windmill radiometer [31]. The windmill 
radiometer is shown in Figure DP10.10(a) and the 
control system is shown in Figure DP10.10(b). The 
variable to be controlled is the angular velocity œ of 
the windmill radiometer whose vanes turn when ex- 
posed to infrared radiation. An experimental setup 
using a reflexive photoelectric sensor and basic elec- 
tronic circuitry makes possible the design and imple- 
mentation of a highperformance control system. 

The transfer function of the light source and 
radiometer is 


ts + 1° 





G(s) = 


where 7 = 20s. Design a PI controller so that the 
system achieves a deadbeat response with a settling 
time less than 25 s. 


DP10.11 The feedback control system shown in Figure 


DP10.11 has the transfer function 
60 


GW) = a par 6G + 10) 
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FIGURE DP10.8 speed 
Engine control 
system. 


Design a PID compensator G,,(s) and a lead-lag DP10.12 A unity feedback system has the process trans- 








compensator G,2(s) such that, in each case, the fer function 
closed-loop system is stable in the presence of a 
time-delay T = 0.1 s. Discuss the capability of each G(s) = s +1.59 : 
compensator to insure stability in the presence of an s(s + 3.7)(s? + 2.45 + 0.43) 
increase in the time-delay uncertainty of up to 0.2 
second. 
Roll 
angle 
$ 
(a) 
Ys) 
Roll 
angle & 
FIGURE DP10.9 
Roll-angle control 
of a jet airplane. (b) 


Infrared 
radiation 


Ris) Yis) 
FIGURE DP10.10 
(a) Radiometric 

windmill. (b) Control 
system. (a) (b) 
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Design the controller G(s) such that the Bode magni- 

tude plot of the loop transfer function L(s) = 
G.(s)G(s) is greater than 20 dB for œ = 0.01 rad/s Ris) 
and less than —20 dB for w = 10 rad/s. The desired 

shape of the loop transfer function Bode plot magni- 

tude is illustrated in Figure DP10.12. Explain why we 

would want the gain to be high at low-frequency and 

the gain to be low at high-frequency. 









Yis) 





Time delay 


FIGURE DP10.11 Feedback control system with a 
time-delay. 
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FIGURE DP10.12 
Bode plot loop 
shaping 
requirements. 


COMPUTER PROBLEMS 


CP10.1 Consider the system given in Figure CP10.1. 

(a) Using MATLAB obtain the Bode plot of the un- 
compensated system, hence find gain margin and 
phase margin. 

(b) Do (a) for the compensated system. 

(c) Compare (a) and (b). 

CP10.2 Consider a plant controlled with a proportional 
controller given in Figure CP10.2. 





1+0.42s 
1+0.145 








10 
3(s+1) 











FIGURE CP10.1 Compensated and uncompensated 
system. 
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Proportional 
Controller 











FIGURE CP10.2 Plant with proportional controller. 


(a) Using MATLAB find the gain of the proportional 
controller such that phase margin is 40°. 

(c) Find K such that K, = 20. 

(d) Find the phase margin corresponding to the value 
of K obtained in (c). 

(e) Can we obtain a satisfactory K, and phase mar- 
gin for this plant using proportional controller 
alone. 


CP10.3 Consider the system given in Figure CP10.3. 


(a) Find the value of K such that K, = 10. 

(b) Design a compensator such that phase margin is 
40°. 

(c) Obtain the Bode plot of compensated controller. 


CP10.4 Consider a unity feedback system with open-loop 
k 


transfer function aed: 

(a) Find K such that K, = 5. 

(b) Using MATLAB, draw the Bode plot of gain ad- 
justed uncompensated system. 

(c) Design a phase lag network so that phase margin 
of compensated system is greater than 40°. 


Compensator 
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CP10.5 The pitch attitude motion of a rigid spacecraft is 
described by 
Jô =u, 
where J is the principal moment of inertia, and u is the 


input torque on the vehicle [7]. Consider the PD con- 
troller 


G(s) = Kp + Kps. 


(a) Obtain a block diagram of the control system. Design 
a control system to meet the following specifications: 
(1) closed-loop system bandwidth about 10 rad/s, and 
(2) percent overshoot less than 20% to a 10° step 
input. Complete the design by developing and using 
an interactive m-file script. (b) Verify the design by 
simulating the response to a 10° step input. (c) Include 
a closed-loop transfer function Bode plot to verify 
that the bandwidth requirement is satisfied. 

CP10.6 Consider the control system shown in Figure 

CP10.6. Design a lag compensator using root locus 
methods to meet the following specifications: (1) steady- 
state error less than 10% for a step input, (2) phase mar- 
gin greater than 45°, and (3) settling time (with a 2% 
criterion) less than 5 seconds for a unit step input. 
(a) Design a lag compensator utilizing root locus 
methods to meet the design specifications. Develop a 
set of m-file scripts to assist in the design process. 
(b) Test the controller developed in part (a) by simu- 
lating the closed-loop system response to unit step 
input. Provide the time histories of the output y(¢). 
(c) Compute the phase margin using the margin 
function. 


2 
s(s +1) 





Process 
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FIGURE CP10.3 
Compensated 
Design. 
Lag 
compensator 
Rts) 
FIGURE CP10.6 
A unity feedback 


control system. 
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CP10.7 A lateral beam guidance system has an inner loop 
as shown in Figure CP10.7, where the transfer function 
for the coordinated aircraft is [30] 
23 
s+23 





G(s) = 

Consider the PI controller 
K; 

G(s) = Kp + A 


(a) Design a control system to meet the following 
specifications: (1) settling time (with a 2% criterion) 
to a unit step input of less than 1 second, and (2) 
steady-state tracking error for a unit ramp input of 
less than 0.1. (b) Verify the design by simulation. 


CP10.8 Consider again the system and the lead compen- 
sator designed in Example 10.3. The actual overshoot 











PI 
compensator 


Desired 


FIGURE CP10.7 
A lateral beam 
guidance system 
inner loop. 


rate 


FIGURE CP10.10 R% 
Feedback control 
system with a time 


delay. 


TERMS AND CONCEPTS 


Cascade compensation network A compensator network 
placed in cascade or series with the system process. 


Compensation The alteration or adjustment of a control 
system in order to provide a suitable performance. 


Compensator An additional component or circuit that is 
inserted into the system to compensate for a perfor- 
mance deficiency. 

Deadbeat response A system with a rapid response, 
minimal overshoot, and zero steady-state error for a 
step input. 

Design of a control system The arrangement or the plan 
of the system structure and the selection of suitable 
components and parameters. 


Chapter 10 The Design of Feedback Control Systems 


of the compensated system will be 46%. We want 
to reduce the overshoot to 32%. Using a m-file 
script, determine an appropriate value for the zero 
of G,(s). 

CP10.9 Plot the frequency response of the circuit of 
AP10.10. 


CP10.10 The feedback control system shown in Figure 
CP10.10 has the transfer function 
K(s + 0.2) 
so + 6s? * 


G(s) = 
The time delay is T = 0.2 s. Plot the phase margin for 
the system versus the gain in the range 0.1 = K = 10. 
Determine the gain K that maximizes the phase margin. 






Coordinated 
craft 


23 
s+ 23 















A network that acts, in part, like an 


Integration network 
integrator. 


Lag network See Phase-lag network. 


Lead-lag network A network with the characteristics of 
both a lead network and a lag network. 


Lead network See Phase-lead network. 


Phase lag compensation A widely-used compensator 
that possesses one zero and one pole with the pole 
closer to the origin of the s-plane. This compensator 
reduces the steady-state tracking errors. 


Phase lead compensation A widely-used compensator 
that possesses one zero and one pole with the zero 


Terms and Concepts 


closer to the origin of the s-plane. This compensator 
increases the system bandwidth and improves the 
dynamic response. 


Phase-lag network A network that provides a negative 
phase angle and a significant attenuation over the fre- 
quency range of interest. 


Phase-lead network A network that provides a positive 
phase angle over the frequency range of interest. Thus, 
phase lead can be used to cause a system to have an 
adequate phase margin. 
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PD controller Controller with a proportional term and a 
derivative term (Proportional-Derivation). 


PI controller Controller with a proportional term and 
an integral term (Proportional-Integral). 


Prefilter A transfer function G,(s) that filters the input 
signal R(s) prior to calculating the error signal. 


CHAPTER 


The Design of State 
Variable Feedback Systems 
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PREVIEW 


The design of controllers utilizing state feedback is the subject of this chapter. We 
first present a system test for controllability and observability. Using the powerful 
notion of state variable feedback, we introduce the pole placement design tech- 
nique. Ackermann’s formula can be used to determine the state variable feedback 
gain matrix to place the system poles at the desired locations. The closed-loop sys- 
tem pole locations can be arbitrarily placed if and only if the system is controllable. 
When the full state is not available for feedback, we introduce an observer. The 
observer design process is described and the applicability of Ackermann’s formula 
is established. The state variable compensator is obtained by connecting the full- 
state feedback law to the observer. We consider optimal control system design and 
then describe the use of internal model design to achieve prescribed steady-state 
response to selected input commands. The chapter concludes by revisiting the 
Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 


Upon completion of Chapter 11, students should: 

Be familiar with the concepts of controllability and observability. 

Q Be able to design full-state feedback controllers and observers. 

Appreciate pole-placement methods and the application of Ackermann’s formula. 

Q Understand the separation principle and how to construct state variable compensators. 
2 Have a working knowledge of reference inputs, optimal control, and internal model design. 
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11.1 INTRODUCTION 


The time-domain method, expressed in terms of state variables, can also be used to 
design a suitable compensation scheme for a control system. Typically, we are inter- 
ested in controlling the system with a control signal u(¢) that is a function of several 
measurable state variables. Then we develop a state variable controller that oper- 
ates on the information available in measured form. This type of system compensa- 
tion is quite useful for system optimization and will be considered in this chapter. 

State variable design typically comprises three steps. In the first step, we 
assume that all the state variables are measurable and utilize them in a full-state 
feedback control law. Full-state feedback is usually not practical because it is not 
possible (in general) to measure all the states. In practice, only certain states (or lin- 
ear combinations thereof) are measured and provided as system outputs. The sec- 
ond step in state variable design is to construct an observer to estimate the states 
that are not directly sensed and available as outputs. Observers can either be full- 
state observers or reduced-order observers. Reduced-order observers account for 
the fact that certain states are already available as system outputs; hence they do not 
need to be estimated [29]. In this chapter, we consider only full-state observers. The 
final step in the design process is to appropriately connect the observer to the full- 
state feedback control law. It is common to refer to the state-variable controller 
(full-state control law plus the observer) as a compensator. The state variable design 
yields a compensator of the form depicted in Figure 11.1. Additionally, it is possible 
to consider reference inputs to the state variable compensator to complete the 
design. All three steps in the design process are discussed in the subsequent sections, 
as well as how to incorporate the reference inputs. 


11.2 CONTROLLABILITY AND OBSERVABILITY 


FIGURE 11.1 
State variable 
compensator 
employing full-state 
feedback in series 
with a full-state 
observer. 


A key question that arises in the design of state variable compensators is whether or 
not all the poles of the closed-loop system can be arbitrarily placed in the complex 
plane. Recall that the poles of the closed-loop system are equivalent to the eigen- 
values of the system matrix in state variable format. As we shall see, if the system is 
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controllable and observable, then we can accomplish the design objective of placing 
the poles precisely at the desired locations to meet the performance specifications. 
Full-state feedback design commonly relies on pole-placement techniques [2, 30]. 
Pole placement is discussed more fully in Section 11.3. It is important to note that a 
system must be completely controllable and completely observable to allow the 
flexibility to place all the closed-loop system poles arbitrarily. The concepts of con- 
trollability and observability (discussed in this section) were introduced by 
Kalman in the 1960s [31-33]. Rudolph Kalman was a central figure in the devel- 
opment of mathematical systems theory upon which much of the subject of state 
variable methods rests. Kalman is well known for his role in the development of 
the so-called Kalman filter, which was instrumental in the successful Apollo moon 
landings [34, 35]. 


A system is completely controllable if there exists an unconstrained 
control u(‘) that can transfer any initial state x(t) to any other desired 
location x(¢) in a finite time, fọ S ¢ S T. 


For the system 
x = Ax + Bu, 


we can determine whether the system is controllable by examining the algebraic 
condition 


rank[B AB A°B... A"'B] =n. (11.1) 


The matrix A is an n X n matrix and B is ann X 1 matrix. For multi-input systems, 
B can ben X m, where m is the number of inputs. 

For a single-input, single-output system, the controllability matrix P, is described 
in terms of A and B as 





P.=[B AB A’B... A”'B], (11.2) 











which is an n X n matrix. Therefore, if the determinant of P, is nonzero, the system 
is controllable [12]. 

Advanced state variable design techniques can handle situations wherein the 
system is not completely controllable, but where the states (or linear combinations 
thereof) that cannot be controlled are inherently stable. These systems are classi- 
fied as stabilizable. If a system is completely controllable, it is also stabilizable. The 
Kalman state-space decomposition provides a mechanism for partitioning the 
state-space so that it becomes apparent which states (or state combinations) are 
controllable and which are not [14, 20]. The controllable subspace is thus exposed, 
and if the system is stabilizable, the control system design can, in theory, proceed. 
In this chapter, we consider only completely controllable systems. 


FIGURE 11.2 
Third-order system. 
(a) Signal-flow 
graph model. (b) 
Block diagram 
model. 
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EXAMPLE 11.1 Controllability of a system 


Let us consider the system 


0 1 0 0 
x=| 0 0 1 tO fu 
a -4 -m 1 


y=[1 0 Ojx+ [0]u 


The signal-flow graph and block diagram model are illustrated in Figure 11.2. Then 
we have 


0 1 0 0 0 1 
A=]| 0 0 1 |, B=|0|, AB=/ 1 |, and AB=| -a 
=a) -a -m 1 =a a- a 
Therefore, we obtain 
0 1 
P.=[B AB A°B]=|0 1 ay 
1 -m -a 
The determinant of P, = —1 # 0, hence this system is controllable. 





Ms) 











(b) 
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FIGURE 11.3 

(a) Flow graph 
model for Example 
11.2. (b) Block 
diagram model. 
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EXAMPLE 11.2 Controllability of a two-state system 

Let us consider a system represented by the two state equations 
š = -2x, +u, and xX = —3x. + dx, 


and determine the condition for controllability. Also, we have y = xz, as shown in 
Figure 11.3. The system state variable model is 


._[-2 0 1 
x= d 3 x + 0 u, 
y=[0 _1]x + [0]u. 


We can determine the requirement on the parameter d by generating the matrix P,. 


eft ae ef E-] 
r-i zi 


The determinant of P, is equal to d, which is nonzero whenever d is nonzero. m 


we have 


All the poles of the closed-loop system can be placed arbitrarily in the complex 
plane if and only if the system is observable and controllable. Observability refers to 
the ability to estimate a state variable. 


A system is completely observable if and only if there exists a finite time T such 
that the initial state x(0) can be determined from the observation history y(t) 
given the control u(‘),0 < t ST. 


“l= 
a 
“i= 


1 
Uts) Yis) 
Xı X2 


(a) 


Ys) 











(b) 
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Consider the single-input, single-output system 
x = Ax + Bu and y= Cx, 


where Cisa 1 Xx n row vector, and x is ann X 1 column vector. This system is com- 
pletely observable when the determinant of the observability matrix P, is nonzero, 
where 


c 


peA | (11.3) 


ca"! 


which is an n X n matrix. 

As discussed in this section, advanced state variable design techniques can han- 
dle situations wherein the system is not completely controllable, as long as the sys- 
tem is stabilizable. These same techniques can handle cases wherein the system is 
not completely observable, but where the states (or linear combinations thereof) 
that cannot be observed are inherently stable. These systems are classified as 
detectable. If a system is completely observable, it is also detectable. The Kalman 
state-space decomposition provides a mechanism for partitioning the state-space so 
that it becomes apparent which states (or state combinations) are observable and 
which are not [14, 20]. The unobservable subspace is thus exposed, and if the system 
is detectable, the control system design can, in theory, proceed. In this chapter, we 
consider only completely observable systems. The approach to state-variable design 
involves first verifying that the system under consideration is completely control- 
lable and completely observable. If so, the pole placement design technique consid- 
ered here can provide acceptable closed-loop system performance. 


EXAMPLE 11.3 Observability of a system 


Consider again the system of Example 11.1. The model is shown in Figure 11.2. To 
construct P,, we use 


A=| 0 0 1 and C=[1 0 Oj. 


Therefore, 
CA =[0 1 0] and CA?=[0 0 1}. 
Thus, we obtain 


1 0 
P,=|0 ol. 
0 1 


ore 


The det P, = 1, and the system is completely observable. m 
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FIGURE 11.4 
Two state system 
model for Example 
11.4. (a) Signal-flow 
graph model. (b) 
Block diagram 
model. 
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EXAMPLE 11.4 Observability of a two-state system 


Consider the system given by 


x= Ge th + [te and y=[1 1)x. 


The system is illustrated in Figure 11.4. We can check the system controllability and 
observability using the P, and P, matrices. 
From the system definition, we obtain 


nef i] ma w) 7} 


Therefore, the controllability matrix is determined to be 


esw anf 2] 


and det P, = 0. Thus, the system is not controllable. 








Uts) Yis) 
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From the system definition, we have 
C=[1 1] and CA=[1 1}. 


Therefore, computing the observability matrix yields 


[sf 4 


and det P, = 0. Hence, the system is not observable. 
Tf we look again at the state model, we note that 


VS By Hh Wax 
However, 


xy + i = 2x, + (xp — xy) +u -— u = x + XD. 


Thus, the system state variables do not depend on u, and the system is not controllable. 
Similarly, the output x; + xz depends on x,(0) plus x2(0) and does not allow us to de- 
termine x,(0) and x2(0) independently. Consequently, the system is not observable. m 


11.3 FULL-STATE FEEDBACK CONTROL DESIGN 


In this section, we consider full-state variable feedback to achieve the desired pole 
locations of the closed-loop system. 

The first step in the state variable design process requires us to assume that all 
the states are available for feedback—that is, we have access to the complete state 
x(t) for all t. The system input u(t) is given by 


u = —Kx. (11.4) 


Determining the gain matrix K is the objective of the full-state feedback design pro- 
cedure. The beauty of the state variable design process is that the problem naturally 
separates into a full-state feedback component and an observer design component. 
These two design procedures can occur independently, and in fact, the separation 
principle provides the proof that this approach is optimal. We will show later that 
the stability of the closed-loop system is guaranteed if the full-state feedback con- 
trol law stabilizes the system (under the assumption of access to the complete state) 
and the observer is stable (the tracking error is asymptotically stable). Observers 
are discussed in Section 11.4. The full-state feedback block diagram is illustrated in 
Figure 11.5. With the system defined by the state variable model 


x = Ax + Bu 


and the control feedback given by 
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FIGURE 11.5 

Full-state feedback 
block diagram (with 
no reference input). 
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System Model 





we find the closed-loop system to be 
x = Ax + Bu = Ax — BKx = (A — BK)x. (11.5) 


As discussed in Section 6.4, the characteristic equation associated with Equation 
(11.5) is 


det(AI — (A — BK)) = 0. 


If all the roots of the characteristic equation lie in the left half-plane, then the 
closed-loop system is stable. In other words, for any initial condition x(tg), it follows 
that 


x(t) = eA-BK'x()) 0 aston. 


Given the pair (A, B), we can always determine K to place all the system closed- 
loop poles in the left half-plane if and only if the system is completely controllable— 
that is, if and only if the controllability matrix P, is full rank (for a single-input, 
single-output system, full rank implies that P, is invertible). 

The addition of a reference input can be written as 


u(t) = —Kx(t) + Nr(t), 


where r(t) is the reference input. The question of reference inputs is addressed in 
Section 11.6. When r(t) = 0 for all £ > to, the control design problem is known as 
the regulator problem. That is, we want to compute K so that all initial conditions are 
driven to zero in a specified fashion (as determined by the design specifications). 

When using this state variable feedback, the roots of the characteristic equation 
are placed where the transient performance meets the desired response. 


EXAMPLE 11.5 Design of a third-order system 
Let us consider the third-order system with the differential equation 


3 2 
dy im dy F dy 
dt dt? dt 
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We can select the state variables as the phase variables (see Section 3.4) so that 
xı = y, X2 = dy/dt, x3 = d’y/dt’, and then 


0 1 0 0 
x= 0 0 1 |x +] 0 |u = Ax + Bu 
= <3 5 1 
and 
y=[1 0 O}x 


If the state variable feedback matrix is 
K= [ki k} k3] 
and 
u = —Kx, 
then the closed-loop system is 
x = Ax — BKx = (A — BK)x. 
The state feedback matrix is 


0 1 0 
[A - BK]=| 0 0 RA li 
-2-k, -3-k, -5-k; 


and the characteristic equation is 
A(A) = det(AI — (A — BK)) = A? + (5 + k3)A? + (3 + ky)A + (2 + kı) = 0. 
(11.6) 


If we seek a rapid response with a low overshoot, we choose a desired characteristic 
equation such as (see Equation 5.18 and Table 5.2) 


A(A) = (A? + 2f0,A + w2)(A + Con). 


We choose ¢ = 0.8 for minimal overshoot and w, to meet the settling time require- 
ment. If we want a settling time (with a 2% criterion) equal to 1 second, then 


4 4 


D= Ton O8)on 








If we choose w, = 6, the desired characteristic equation is 


(A? + 9.64 + 36)(A + 4.8) = AP + 14.4A? + 82.1 + 172.8. (11.7) 
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Comparing Equations (11.6) and (11.7) yields the three equations 


5 +k, = 144 
3 + ky = 82.1 
2+ kı = 1728. 


Therefore, we require that k; = 9.4, kọ = 79.1, and kı = 170.8. The step response 
has no overshoot and a settling time of 1 second, as desired. m 


EXAMPLE 11.6 Inverted pendulum control 


Consider the control of the cart and the unstable inverted pendulum shown in 
Figure 3.22. We measure and utilize the state variables of the system in order to con- 
trol the cart (see Example 3.4). Thus, if we want to measure the state variable 
X3 = 0, we could use a potentiometer connected to the shaft of the pendulum hinge. 
Similarly, we could measure the rate of change of the angle x4 = 0 by using a 
tachometer generator. The state variables x, and x», which are the position and 
velocity of the cart, can also be measured by suitable sensors. If the state variables 
are all measured, then they can be used in a feedback controller so that u = —Kx, 
where K is the feedback matrix. The state vector x represents the state of the system; 
therefore, knowledge of x(t) and the equations describing the system dynamics pro- 
vide sufficient information for control and stabilization of a system [4, 5, 7]. 

To illustrate the use of state variable feedback, let us consider again the unsta- 
ble portion of the inverted pendulum system and design a suitable state variable 
feedback control system. We begin by considering a reduced system. If we assume 
that the control signal is an acceleration signal and that the mass of the cart is negli- 
gible, we can focus on the unstable dynamics of the pendulum. When u() is an 
acceleration signal, Equation (3.69) becomes 


8X3 — xy = X%) = Ï = u(t). 


For the reduced system, where the control signal is an acceleration signal, the posi- 
tion and velocity of the cart are integral functions of u(t). The portion of the state 
vector under consideration is [x3, x4] = [0,6]. Thus, the state vector differential 
equation reduces to 


dhis ll 0 1]/ x3 0 
H 7 E IH is [2 fe. (11.8) 


The A matrix of Equation (11.8) is simply the lower right-hand portion of the A matrix 
of Equation (3.73), and the system has the characteristic equation A? — g/1 = 0 with 
one root in the right-hand s-plane. To stabilize the system, we generate a control signal 
that is a function of the two state variables, x; and x4. Then we have 


x 
u(t) = -Kx = —[k, al>] = kits — koxa. 
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Substituting this control signal relationship into Equation (11.8), we have 


HRED HETT 
Xa g/l 0 || x4 (1/D(kyx3 + kaxa) | 


Combining the two additive terms on the right side of the equation, we find that 


EJee elk 
X4 (g + ki)/l ko/t || xa] 


Obtaining the characteristic equation, we have 


à =" E _k\_gtk 
ast Peer eG a) l 


+k 
Sue (2) pT wip 


Thus, for the system to be stable, we require that k2/ < 0 and k; > —g. Hence, we 
have stabilized an unstable system by measuring the state variables x; and x, and using 
the control function « = —Kx to obtain a stable system. If we wish to achieve a rapid 
response with modest overshoot, we select w, = 10 and ¢ = 0.8. Then we require 


k ky + 
2 = -16 and = 


T 





= 100. 


The step response would have an overshoot of 1.5% and a settling time of 0.5 second. m 


Thus far, we have established an approach for the design of a feedback control 
system by using the state variables as the feedback variables in order to increase the 
stability of the system and obtain the desired system response. Now we face the task 
of computing the gain matrix K to place the poles at desired locations. For a single- 
input, single-output system, Ackermann’s formula is useful for determining the state 
variable feedback matrix 

K = [ky ky... knl, 
where 
u = —Kx. 
Given the desired characteristic equation 


QA) = A" + aya" + + + ay, 


the state feedback gain matrix is 





K=[0 0 ... 0 1)Pz'q(A), (11.10) 
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where 
q(A) = A" + ap-1A™! + -0A + aol, 


and P, is the controllability matrix of Equation (11.2). 


EXAMPLE 11.7 Second-order system 


Consider the system 


and determine the feedback gain to place the closed-loop poles at s = —1 + j. 
Therefore, we require that 


g(a) =A? + 2A + 2, 


and a; = œ = 2. With x, = yand x2 = y, the matrix equation for the system G(s) is 


The controllability matrix is 


Thus, we obtain 


where 


and 


2, 
misafi of alto al lo a] 


Then we have 


Note that computing the gain matrix K using Ackermann’s formula requires the use 
of P7!. We see that complete controllability is essential because only then can we 
guarantee that the controllability matrix P, has full rank and hence that P7’ exists. 
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11.4 OBSERVER DESIGN 


FIGURE 11.6 
The full-state 
observer. 





In the full-state feedback design procedure discussed in Section 11.3, it was assumed 
that all the states were available for feedback at all times. This is a good assumption 
for the control law design process. However, generally speaking, only a subset of the 
states are readily measurable and available for feedback. Having all the states avail- 
able for feedback implies that these states are measured with a sensor or sensor 
combinations. The cost and complexity of the control system increase as the number 
of required sensors increases. So, even in situations where extra sensors are avail- 
able, it may not be cost effective to employ these extra sensors, if indeed, the control 
system design goals can be accomplished without them. Fortunately, if the system is 
completely observable with a given set of outputs, then it is possible to determine 
(or to estimate) the states that are not directly measured (or observed). 

According to Luenberger [29], the full-state observer for the system 


x = Ax + Bu 
y=Cx 
is given by 
Å = AX + Bu + L(y — C$) (11.11) 


where X denotes the estimate of the state x. The matrix L is the observer gain matrix 
and is to be determined as part of the observer design procedure. The observer is 
depicted in Figure 11.6. The observer has two inputs, u and y, and one output, Xx. 

The goal of the observer is to provide an estimate X so that — x as £ > ov. 
Remember that we do not know x(to) precisely; therefore we must provide an initial 
estimate X(t) to the observer. Define the observer estimation error as 


elt) = x(t) — X(t). (11.12) 


The observer design should produce an observer with the property that e(t) — 0 as 
t — 00, One of the main results of systems theory is that if the system is completely 
observable, we can always find L so that the tracking error is asymptotically stable, 
as desired. 

Taking the time-derivative of the estimation error in Equation (11.12) yields 
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and using the system model and the observer in Equation (11.11), we obtain 
è = Ax + Bu — AX — Bu — L(y — Cx) 


or 
é(t) = (A — LC)e(2). (11.13) 


We can guarantee that e(t) — 0 as £ — œ for any initial tracking error e(tọ) if the 
characteristic equation 


det(AI — (A — LC)) = 0 (11.14) 


has all its roots in the left half-plane. Therefore, the observer design process reduces 
to finding the matrix L such that the roots of the characteristic equation in Equation 
(11.14) lie in the left half-plane. This can always be accomplished if the system is 
completely observable; that is, if the observability matrix P, has full rank (for a sin- 
gle-input, single-output system, full rank implies that P, is invertible). 


EXAMPLE 17.8 Second-order system observer design 


Consider the second-order system 


ed | Be 8 0 
k= <f ges a | 
y=[1 0}x. 


In this example, we can only directly observe the state y = xı. The observer will 
provide estimates of the second state x). 

In this book, we only consider full-state observers, which implies that the observ- 
er will provide estimates of all the states. We might be inclined to suppose that since 
some states are directly measured, it may be possible to design an observer that pro- 
vides just the estimates of the states not directly measured. This is, in fact, possible, 
and the resulting observers are known as reduced-order observers [14, 20]. However, 
since sensors are not noise free, even states that are directly measured are generally 
estimated in an effort to reduce the effect of sensor noise on the state estimate. The 
Kalman filter (which is a time-varying optimal observer) solves the observer prob- 
lem in the presence of measurement noise (and process noise as well) [36, 37]. 

The observer design begins by checking the system observability to verify that 
an observer can be constructed to guarantee the stability of the estimation error. 
From the system model, we find that 


2 3 
TE ‘| and C=[1 0). 


The corresponding observability matrix is 


eee 


FIGURE 11.7 
Second-order 
observer response 
to initial estimation 
errors. 
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Since det P, = 3 ¥ 0, the system is completely observable. Suppose that the desired 
characteristic equation is given by 


Aal) = X? + ioà + oP. (11.15) 


We can select £ = 0.8 and w, = 10, resulting in an expected settling time of less 
than 0.5 second. Computing the actual characteristic equation yields 





det(AI — (A — LC)) = X? + (Lı — 6)A — 4(L; — 2) + 3(L2 + 1), (11,16) 
where L =[L, L,]’. Equating the coefficients in Equation (11.15) to those in 
Equation (11.16) yields the two equations 

L, — 6 = 16 
—4(L; — 2) + 3(L2 + 1) = 100 


which, when solved, produces 


The observer is thus given by 


sf 2 Bee OL eae 
Eg ag P| gy E] gq O7 Mah 


The response of the estimation error to an initial error of 


[3] 


is shown in Figure 11.7. m 





Estimation error 
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Ackermann’s formula can also be employed to place the roots of the observer char- 
acteristic equation at the desired locations. Consider the observer gain matrix 


L=; Ll, + aF 
and the desired observer characteristic equation 
PA) = A” + By + + BIA + Bo. 


The f’s are selected to meet given performance specifications for the observer. The 
observer gain matrix is then computed via 





L = p(A)Pz"[0 --- 0 1f, (11.17) 








where P, is the observability matrix given in Equation (11.3) and 
P(A) = A" + B,j;A™! + +) + BIA + Bol. 
EXAMPLE 11.9 Second-order system observer design using Ackermann’s formula 


Consider the second-order system in Example 11.8. The desired characteristic equa- 
tion was given as 


D(A) = A? + opd + o, 


where ¢ = 0.8 and @,, = 10; hence, 8, = 16 and £, = 100. Computing p(A) yields 


2 3/ 2.3 1 0 133 66 
a I i] x i 2 Al ¥ 109 4 = k a 


and from Example 11.8, we have the observability matrix 
which implies that 
Using Ackermann’s formula in Equation (11.17) yields the observer gain matrix 


2 133 66 || 1 offo 22 
L= p(Ayp,'[0 = 0 ap =| 18 ae alale iah 


This is the identical result obtained in Example 11.8 using other methods. m 
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11.5 INTEGRATED FULL-STATE FEEDBACK AND OBSERVER 


FIGURE 11.8 
State variable 
compensator with 
integrated full-state 
feedback and 
observer. 


The state variable compensator is constructed by appropriately connecting the full- 
state feedback control law (see Section 11.3) to the observer (see Section 11.4). The 
compensator is shown in Figure 11.1 (as discussed in Section 11.1). Our strategy was 
to design the state feedback control law as u(t) = —Kx(t), where we assumed that 
we had access to the complete state x(t). Then we designed an observer to provide 
an estimate of the state x(t). It seems reasonable that we can employ the state esti- 
mate in the feedback control law in place of x(t). In other words, we can consider the 
feedback law 


u(t) = —KX(2). (11.18) 


But is this a good strategy? The feedback gain matrix K was designed to guarantee 
stability of the closed-loop system; that is, the roots of the characteristic equation 


det(Al — (A — BK)) = 0 


are in the left half-plane. Under the assumption that the complete state x(¢) is avail- 
able for feedback, the feedback control law (with properly designed gain matrix K) 
leads to the desired result that x(t) — 0 as £ > œ for any initial condition x(tọ). We 
need to verify that, when using the feedback control law in Equation (11.18), we 
retain the stability of the closed-loop system. 

Consider the observer (from Section 11.4) 


È = AX + Bu + L(y - C2). 


Substituting the feedback law in Equation (11.18) and rearranging terms in the 
observer yields the compensator system 


$ = (A — BK — LC) + Ly 
u=-K. (11.19) 


Notice that the system in Equation (11.19) has the form of a state variable model 
with input y and output u, as illustrated in Figure 11.8. 


Observer gain 
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Computing the estimation error using the compensator in Equation (11.19) yields 
è= x —% = Ax + Bu — Ak — Bu — Ly + LCX, 


or 
@=(A-LOe. (11.20) 


This is the same result as we obtained for the estimation error in Section 11.4. The 
estimation error does not depend on the input as seen in Equation (11.20), where 
the input terms cancel. Recall that the underlying system model is given by 


x = Ax + Bu 
y= Cx. 


Substituting the feedback law u(t) = —Kx(r) into the system model yields 
x = Ax + Bu = Ax — BKx, 
and with ł = x — e, we obtain 
x = (A — BK)x + BKe. (11.21) 


Writing Equations (11.20) and (11.21) in matrix form, we have 


x) [A-BK BK |(x 
G) F [ 0 A- Ale qaa) 


Recall that our goal is to verify that, with u(t) = —KXx(t), we retain stability of the 
closed-loop system and the observer. The characteristic equation associated with 
Equation (11.22) is 


A(A) = det(Al — (A — BK)) det(A ~ (A — LO)). 


So if the roots of det(AI — (A — BK)) = Olie in the left half-plane (which they do by 
design of the full-state feedback law), and if the roots of det(AI — (A — LC)) = Olie 
in the left half-plane (which they do by design of the observer), then the overall sys- 
tem is stable. Therefore, employing the strategy of using the state estimates for the 
feedback is in fact a good strategy. 

In other words, when we use u(t) = —Kx(t) where K is designed using the methods 
proposed in Section 113 and $ is derived from the observer discussed in Section 11.4, 
then x(t) > 0 as t > œ% for any initial condition x(t) and e(t) > 0 as > °° for any 
initial estimation error e(to). The fact that the full-state feedback law and the 
observer can be designed independently is an illustration of the separation principle. 

The design procedure is summarized as follows: 


1. Determine K such that det(AI — (A — BK)) = 0 has roots in the left half-plane and 
place the poles appropriately to meet the control system design specifications. The 
ability to place the poles arbitrarily in the complex plane is guaranteed if the system is 
completely controllable. 
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2. Determine L such that det(AI — (A — LC)) = 0 has roots in the left half-plane and 
place the poles to achieve acceptable observer performance. The ability to place the 
observer poles arbitrarily in the complex plane is guaranteed if the system is com- 
pletely observable. 


3. Connect the observer to the full-state feedback law using 
u(t) = —Kx(t). 
Compensator Transfer Function. The compensator given in Equation (11.19) can be 


given equivalently in transfer function form with input Y(s) and output U(s). Taking 
the Laplace transform (with zero initial conditions) of the compensator yields 


sX(s) = (A — BK — LC)X(s) + LY (s) 
U(s) = -KX(s), 


and rearranging and solving for U(s), we obtain the transfer function 





U(s) = [-K(sI — (A — BK — LC))”L]Y (s). (11.23) 








Note that the compensator transfer function itself (when viewed as a system) may 
or may not be stable. Even though A — BK is stable and A — LC is stable, it does 
not necessarily follow that A — BK — LC is stable. However, the overall closed- 
loop system is stable (as we proved in the previous discussions). The controller in 
Equation (11.23) is commonly referred to as a stabilizing controller. 


EXAMPLE 11.10 Compensator design for the inverted pendulum 


Consider the inverted pendulum of Example 3.4. The state variable model repre- 
senting the inverted pendulum atop a moving cart is 


01 0 0 0 
—mg 1 
qo = 
bas m °| |m 
66 o whorls 
g ait 

ay ee MI 


where x = (x1, Xz, X3, x4)’, x; is the cart position, x is the cart velocity, x3 is the pen- 
dulum angular position (measured from the vertical), x4 is the pendulum angular 
rate, and u is the input applied to the cart. As discussed in Example 11.6, we can 
measure the state variable x; = 0 using a potentiometer attached to the shaft, or 
measure x4 = 0 using a tachometer generator. However, suppose that we have a 
sensor available to measure the position of the cart. Is it possible to hold the angular 
position of the pendulum at the desired value (0 = 0°) when only the output y = x, 
(the cart position) is available? In this case, we have the output equation 


y=[1 0 0 Ojx. 


776 


Chapter 11 The Design of State Variable Feedback Systems 


Let the system parameters be 


l = 0.098 m 
g = 9.8 m/s? 
m = 0,825 kg 
M = 8.085 kg. 


Therefore, using the parameter values, the system state and input matrices are 


Ot Q@ “0 0 
0 0 -1 v 0.1237 
A= 00 01 and B= 0 
0 0 100 0 1.2621 
Checking controllability yields the controllability matrix 
0 0.1237 0 1.2621 
P= 0.1237 0 1.2621 0 
F 0 —1.2621 0 —126.21 | 
—1.2621 0 —126.21 0 


Computing det P, = 196.49 # 0; hence, the system is completely controllable. Like- 
wise, computing the observability matrix 


100 0 
0100 
Polo 0-1 0 
0 0 0-1 


and det P, = 1 + 0; hence, the system is completely observable. We can now pro- 
ceed with the three-step design procedure knowing that we can determine a control 
gain matrix K and observer gain matrix L to place all the closed-loop system poles 
at desired locations. 


STEP 1: Design the Full-State Feedback Control Law. 

The open-loop system poles are located at A = 0,0, —10, and 10. It is evident that 
the open-loop system is unstable (there is a pole in the right half-plane). Suppose 
that the desired closed-loop system characteristic equation is given by 


(A) = (A? + end + wh)? + ad + b), 


where we choose (1) the pair (¢, w,,) so that these poles are the dominant poles and 
(2) the pair (a, b) farther in the left half-plane so as not to dominate the response. To 
obtain a settling time less than 10 seconds with low overshoot, we can select 
(¢, wn) = (0.8, 0.5). Then, we choose a separation factor of 20 between the domi- 
nant poles and the remaining poles, from which it follows that (a,b) = (16, 100). 
Figure 11.9 shows the pole zero map for the system design. The separation factor 


FIGURE 11.9 
System pole map: 
open-loop poles, 
desired closed-loop 
poles, and observer 
poles. 
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between the dominant and nondominant poles is a parameter that can be varied as 
part of the design process. The larger the separation selected, the further left in the 
left half-plane the nondominant poles will be placed, and hence the larger the 
required control law gains. The desired roots are then specified to be 


det(AI — (A — BK)) = (A + 8 + j6)(A + 0.4 + j0.3) 


The poles at A = —0.4 + 0.3j are the dominant poles. Using Ackermann’s formula 
yields the feedback gain matrix 


K = [-2.2509 -7.5631 —169.0265 —14.0523]. 


STEP 2: Observer Design 

The observer needs to provide an estimate of the states that cannot be directly 
observed. The goal is to achieve an accurate estimate as fast as possible without 
resulting in too large a gain matrix L. How large is too large depends on the 
problem under consideration. In particular, if there are significant levels of 
measurement noise (this is sensor dependent), then the magnitude of the ob- 
server matrix should be kept correspondingly low to avoid amplifying the mea- 
surement noise. The trade-off between the time required to obtain accurate 
observer performance and the amount of noise amplification is a primary design 
issue. For design purposes, we will attempt to insure a separation of the desired 
closed-loop system poles and the observer poles on the order of 2 to 10 (as illus- 
trated in Figure 11.9). The desired observer characteristic equation is selected to 
be of the form 


P(A) = (X + cià + ©)’, 
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FIGURE 11.10 Pendulum performance under full-state feedback control with the observer in the loop. 


where the constants c; and cz are appropriately chosen. As a first attempt, we se- 
lect c} = 32 and cp = 711.11. These values should produce a response to an initial 
state estimation error that settles in less than 0.5 second with minimal overshoot. 
Using Ackermann’s formula from Section 11.3, we determine that the observer 
gain that achieves the desired observer pole locations det(AI — (A — LC)) = 
((A + 16 + j21.3)(A + 16 — j21.3)} is 


64.0 
2546.22 
—5.1911E04 |’ 
—7.6030E0S 


STEP 3: Compensator Design 

The final step in the design is to connect the observer to the full-state feedback con- 
trol law via u = — KÌ. As proved earlier, the closed-loop system will remain stable; 
however, we should not expect the closed-loop performance to be as good when 
using the state estimate from the observer. This makes sense, since it takes a finite 
amount of time for the observer to provide accurate state estimates. The response of 
the inverted pendulum design is shown in Figure 11.10. The pendulum is initially sta- 
tionary at 6) = 5.72°, and the cart is initially not moving. The initial state estimate in 
the observer is set to zero. 

In Figure 11.10(a), we see that, indeed, the pendulum is balanced to the vertical 
in under 4 seconds. The response of the compensator (with the observer) is more os- 
cillatory than without the observer in the loop—but this difference in performance 
is expected, since it takes about 0.4 second for the observer to converge to a minimal 
state tracking error, as seen in Figure 11.10(b). m 
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11.6 REFERENCE INPUTS 


FIGURE 11.11 
State variable 
compensator with a 
reference input. 


The feedback strategies discussed in the previous sections (and illustrated in 
Figure 11.1) were constructed without consideration of reference inputs. We referred 
to the design of state variable feedback compensators without reference inputs (i.e., 
r(t) = 0) as regulators. Since command following is also an important aspect of feed- 
back design, it is important to consider how we can introduce a reference signal into 
the state variable feedback compensator. There are, in fact, many different tech- 
niques that can be employed to permit the tracking of a reference input. Two of the 
more common methods are discussed in this section. 
The general form of the state variable feedback compensator is 


È = AX + Bu + LY + Mr 
u= + Nr = -K$ + Nr, (11.24) 


where Y = y — Cx and % = —Kx. The state variable compensator with the refer- 
ence input is illustrated in Figure 11.11. Notice that when M = 0 and N = 0, the 
compensator in Equation (11.24) reduces to the regulator described in Section 11.5 
and illustrated in Figure 11.1. 

The compensator key design parameters required to implement the command 
tracking of the reference input are M and N. When the reference input is a scalar 
signal (i.e., a single input), the parameter M is a column vector of length n, where n 
is the length of the state vector x, and N is a scalar. Here, we consider two possibili- 
ties for selecting M and N. In the first case, we select M and N so that the estimation 
error e(t) is independent of the reference input r(¢). In the second case, we select M 
and N so that the tracking error y(t) — r(t) is used as an input to the compensator. 
These two cases will result in implementations wherein the compensator is in the 
feedback loop in the first case and in the forward loop in the second case. 

Employing the generalized compensator in Equation (11.24), the estimation 
error is found to be described by the differential equation 


è =x — å = Ax + Bu — AX — Ba — LY — Mr, 


System model 


X = Ax + Bu 














Observer 





Control law 





-K & = AR + Bū + Lý + Mr 
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FIGURE 11.12 
State variable 
compensator with 
reference input and 
M=BN. 
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System Model 


x = Ax + Bu 
y=Cx 









or 
é = (A — LC)e + (BN - Myr. 
Suppose that we select 
M = BN. (11.25) 
Then the corresponding estimation error is given by 
e=(A—LC)e. 


In this case, the estimation error is independent of the reference input r(t). This is 
the identical result found in Section 11.4, where we considered the observer design 
assuming no reference inputs. The remaining task is to determine a suitable value of 
N, since the value of M follows from Equation (11.25). For example, we might 
choose N to obtain a zero steady-state tracking error to a step input z(t). 

With M = BN, we find that the compensator is given by 


& = AR + Bu + LY 
u = -KÅ + Nr. 
This implementation of the state variable compensator is illustrated in Figure 11.12. 


As an alternative approach, suppose that we select N = 0 and M = —L. Then, 
the compensator in Equation (11.24) is given by 


& = AX + Bu + LY - Lr 
u = —Kx, 
which can be rewritten as 
$ = (A — BK — LOX + L(y - r) 
u = —Kx. 
In this formulation, the observer is driven by the tracking error y — r. The reference 
input tracking implementation is illustrated in Figure 11.13. 
Notice that in the first implementation (with M = BN) the compensator is in 
the feedback loop, whereas in the second implementation (N = 0 and M = —L) the 


FIGURE 11.13 
State variable 
compensator with 
reference input and 
N= Oand 
M=-L. 
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compensator is in the forward path. These two implementations are representative of 
the possibilities open to control system designers when considering reference inputs. 

Depending on the choice of N and M, other implementations are possible. For 
example, Section 11.8 presents a method of tracking reference inputs with guaran- 
teed steady-state tracking errors using internal model design techniques. 


11.7 OPTIMAL CONTROL SYSTEMS 


The design of optimal control systems is an important function of control engineer- 
ing. The purpose of design is to realize a system with practical components that will 
provide the desired operating performance. The desired performance can be readily 
stated in terms of time-domain performance indices. For example, the maximum 
overshoot and rise time for a step input are valuable time-domain indices. In the case 
of steady-state and transient performance, the performance indices are normally 
specified in the time domain; therefore, it is natural that we wish to develop design 
procedures in the time domain. 

The performance of a control system can be represented by integral performance 
measures, as we found in Section 5.7. Therefore, the design of a system must be based 
on minimizing a performance index, such as the integral of the squared error (ISE), as 
in Section 5.7. Systems that are adjusted to provide a minimum performance index are 
often called optimal control systems. In this section, we will consider the design of an 
optimal control system that is described by a state variable formulation. We will con- 
sider the measurement of the state variables and their use in developing a control sig- 
nal u(t) so that the performance of the system is optimized. 

The performance of a control system, written in terms of the state variables of a 
system, can be expressed in general as 


t 
J= Í g(x, u, t) dt, (11.26) 
0 


where x equals the state vector, u equals the control vector, and t+ equals the final time.' 

We are interested in minimizing the error of the system; therefore, when the de- 
sired state vector is represented as xz = 0, we are able to consider the error as iden- 
tically equal to the value of the state vector. That is, we intend the system to be at 


‘Note that to denote the performance index, J is used instead of J, as in Chapter 5. This will enable the 
reader to distinguish readily the performance index from the identity matrix, which is represented by the 
boldfaced capital I. 
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FIGURE 11.14 
Acontrol system in 
terms of x and u. 
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Control 
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equilibrium, x = xz = 0, and any deviation from equilibrium is considered an error. 
Therefore, in this section, we will consider the design of optimal control systems 
using state variable feedback and error-squared performance indices [1-3]. 

The control system we will consider is shown in Figure 11.14 and can be repre- 
sented by the vector differential equation 


x = Ax + Bu. (11.27) 


We will select a feedback controller so that u is some function of the measured state 
variables x and therefore 


u = —k(x). 
For example, we might use 
uy = —k,x, Uz = —k>X, ea, Um = —kmXm (11.28) 
Alternatively, we might choose the control vector as 
uy = -k(x + x2), u = —k2(x2 + x3), aite (11.29) 


The choice of the control signals is somewhat arbitrary and depends partially on the 
actual desired performance and the complexity of the feedback structure allowable. 
Often, we are limited in the number of state variables available for feedback, since 
we are only able to use measurable state variables. 

In our case, we limit the feedback function to a linear function so that 
u = — Kx, where K isan m X n matrix, as in Section 11.3. Therefore, in expanded 
form, we have 


uy ku =e Kin || 
3 es alt g J ‘3 $ (11.30) 
Um km © Kmn|L%n 


Substituting Equation (11.30) into Equation (11.27), we obtain 
x = Ax — BKx = Hx, (11.31) 


where His the n X n matrix resulting from the addition of the elements of A and —BK. 
Now, returning to the error-squared performance index, we recall from Section 
5.7 that the index for a single state variable, x,, is written as 


T= i TOP dt. (11.32) 
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A performance index written in terms of two state variables would then be 
ty 
J= T (a? + x°) dt. (11.33) 
0 


Since we wish to define the performance index in terms of an integral of the sum of 
the state variables squared, we will use the matrix operation 


xy 
X: 

Xx = [Xi Xn X3 Xp] 2 | = a2 H xa? H x? H o aa (11.34) 
Xn 


where x’ indicates the transpose of the x matrix.’ Then the specific form of the per- 
formance index, in terms of the state vector, is 


th 
J= [ x!x dt. (11.35) 
0 
The general form of the performance index (Equation 11.26) incorporates a term 
with u that we have not included at this point, but we will do so later in this section, 
Again considering Equation (11.35), we will let the final time of interest be 
tp = œ. To obtain the minimum value of J, we postulate the existence of an exact 
differential so that 
dr z 
— (x Px) = -x° x, (11.36) 
dt 
where P is to be determined. A symmetric P matrix will be used to simplify the alge- 


bra without any loss of generality. Then, for a symmetric P matrix, p;; = pj. Complet- 
ing the differentiation indicated on the left-hand side of Equation (11.36), we have 


d apy = x’ Px + x’ Px. 
dt 
Substituting Equation (11.31), we obtain 


(Hx) Px + x’P(Hx) 


Il 


d 
at (x' Px) 


x’ H’ Px + x’PHx 
x’(H’P + PH)x, (11.37) 


where (Hx)! = x’H! by the definition of the transpose of a product. If we let 
H’P + PH = —I, then Equation (11.37) becomes 


d 
ae» = —x’x, (11.38) 


‘The matrix operation x’x is discussed on the MCS website. 
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which is the exact differential we are seeking. Substituting Equation (11.38) into 
Equation (11.35), we obtain 


o0 


J [ a (x’Px) dt = —x’Px 
o dt o 








= x” (0)Px(0). (11.39) 





In the evaluation of the limit at t = 00, we have assumed that the system is stable, 
and hence x(co) = 0, as desired. Therefore, to minimize the performance index J, 
we consider the two equations 





J= i x7x dt = x"(0)Px(0) (11.40) 
0 








and 





= -I (11.41) 


The design steps are then as follows: 


1. Determine the matrix P that satisfies Equation (11.41), where H is known. 
2. Minimize J by determining the minimum of Equation (11.40) by adjusting one or 


more unspecified system parameters. 
EXAMPLE 11.11 State variable feedback 


Consider the open-loop control system shown in Figure 11.15. The state variables 
are identified as x, and x7. The performance of this system is quite unsatisfactory 
because an undamped response results for a step input. The vector differential equa- 


tion of this system is 
d| x; 0 E 0 
— = + A 
salb abio am 


where 


We will choose a feedback control system so that 


u(t) = —kyx, — kpXx2, (11.43) 


FIGURE 11.15 
Open-loop control 
system of Example 
TIR 


Us) 
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and therefore the control signal is a linear function of the two state variables. Then 
Equation (11.42) becomes 


ki = x2, 
Xp = —kyx, — kX} (11.44) 
in matrix form, we have 
X = Hx 
0 1 
= 11.45 
le k = my (11.45) 


We note that x, would represent the position of a position control system, and the 
transfer function of the system would be G(s) = 1/(Ms”), where M = 1 and the fric- 
tion is negligible. We will let kı = 1 and determine a suitable value for k, so that the 
performance index is minimized. Writing Equation (11.41), we have 


H’P + PH = -I, 


and in expanded form 


0 =1 || pu ar k al 0 1 ] E i 
+ = i 11.46 
i pal f Px P2 P2j -1 —ke 0 = ( ) 


Completing the matrix multiplication and addition, we have 


zn = pe = Sh 
Pu — koPi2 — Pr = 0, 
P2 — kop2 + pn — kopn = —1. (11.47) 


Solving these simultaneous equations, we obtain 


ll. ils _ kp +2 
P12 ? P22 = kr Pit = 2k; 





The integral performance index is then 
J = x"(0)Px(0), (11.48) 


and we will consider the case where each state is initially displaced one unit from 
equilibrium so that x’(0) = [1, 1]. Therefore Equation (11.48) becomes 


Pu Pr |} 1 
dS [ke 1 
[ E AA 
= ĵi af? + < 
Pu + pr 


= (pn + pn) + (Pu + Po) = Pu + 2P12 + pu (11.49) 
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Substituting the values of the elements of P, we have 











ae 24 
kP+2 ppl aktet 


J 
2k, ky 2k, 


(11.50) 


To minimize as a function of k2, we take the derivative with respect to k, and set it 
equal to zero: 





dJ _ 2ky(2ky + 2) = (k? + 2k +4) _ 


ae ee 0. (11.51) 


Therefore, k? = 4, and k, = 2 when J is a minimum. The minimum value of J is 
obtained by substituting k2 = 2 into Equation (11.50). Thus, we obtain 


Jmin = 3. 


The system matrix H, obtained for the compensated system, is then 


0 1 
a=| E (11.52) 


The characteristic equation of the compensated system is therefore 


À =T 


=)? . 5 
i = > 2A + 1 (11.53) 


det[AI — H] = ae 


Because this is a second-order system, we note that the characteristic equation is 
of the form s* + 2£w,s + w, = 0, and therefore the damping ratio of the com- 
pensated system is ¢ = 1.0. This compensated system is considered to be an opti- 
mal system in that the compensated system results in a minimum value for the 
performance index when k, = 1 is fixed. Of course, we recognize that this system 
is optimal only for the specific set of initial conditions that were assumed. The 
compensated system is shown in Figure 11.16. A curve of the performance index 
as a function of k is shown in Figure 11.17. It is clear that this system is not very 
sensitive to changes in k, and will maintain a near-minimum performance index 
if the k, is altered by some percentage. We define the sensitivity of an optimal 
system as 
oot = AJJI: 
Se = BRR (11.54) 
where k is the design parameter. Then, for this example, we have k = kz, and con- 
sidering k, = 2.5, for which J = 3.05, we obtain 


0.05/3 


ee 05/2 = 0.07. (11.55) m 


ser 
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FIGURE 11.17 
FIGURE 11.16 Compensated control system of Performance index versus the 
Example 11.11. parameter kp. 


EXAMPLE 11.12 Determination of an optimal system 


Now let us consider again the system of Example 11.11, where both the feedback 
gains, kı and kz, are unspecified. To simplify the algebra without any loss in insight 
into the problem, let us set k; = k3 = k. We can prove that if k; and k, are unspec- 
ified, then kı = k, when the minimum of the performance index (Equation 11.40) is 
obtained. Then, for the system of Example 11.11, Equation (11.45) becomes 





: 0 
x = Hx = È Ho (11.56) 
To determine the P matrix, we use Equation (11.41), which is 
H’P + PH = -1. (11.57) 
Solving the set of simultaneous equations resulting from Equation (11.57), we find that 
aes ERT ara 1+ 2k 
P= Ik? P22 D2 > Pu 3k ` 


Let us consider the case where the system is initially displaced one unit from equi- 
librium so that x’(0) = [1 0]. Then the performance index (Equation 11.40) 
becomes 


00 
IE K x!x dt = x" (0)Px(0) = py. (11.58) 
0 


Thus, the performance index to be minimized is 


1+2k 1 
= = pe 11.59 
J= pu 2k 1 2k (11.59) 
The minimum value of J is obtained when k approaches infinity; the result is 
Jmin = 1. A plot of J versus k, shown in Figure 11.18, illustrates that the perfor- 
mance index approaches a minimum asymptotically as k approaches an infinite 
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FIGURE 11.18 
Performance index 
versus the 
feedback gain k for 
Example 11.12. 
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value. Now, we recognize that, in providing a very large gain k, we can cause the 
feedback signal 


u(t) = —k[x() + x0] 
to be very large. However, we are restricted to realizable magnitudes of the control 
signal u(t). Therefore, we must introduce a constraint on u(t) so that the gain k is not 
made too large. Then, for example, if we establish a constraint on u(t) so that 
lu(t)| = 50, (11.60) 


we require that the maximum acceptable value of k in this case be 


lalin 


= 72 = 50, : 
max = (0 7 20 (11.61) 


Then the minimum value of J is 





Jamin = 1+ = 1.01, (11.62) 


‘max 


which is sufficiently close to the absolute minimum of J to satisfy our requirements. 

Upon examining the performance index (Equation 11.35), we recognize that 
the reason the magnitude of the control signal is not accounted for in the original 
calculations is that u(¢) is not included within the expression for the performance 
index. However, in many cases, we are concerned with the expenditure of the con- 
trol signal energy. For example, in an electric vehicle control system, [u(t)]? repre- 
sents the expenditure of battery energy and must be restricted to conserve the energy 
for long periods of travel. To account for the expenditure of the energy of the control 
signal, we will use the performance index 





f= | (x’Ix + Auu) dt, (11.63) 
0 
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where J is a scalar weighting factor and I = identity matrix. The weighting factor A 
will be chosen so that the relative importance of the state variable performance is 
contrasted with the importance of the expenditure of the system energy resource 
that is represented by u’u. As in the previous paragraphs, we will represent the state 
variable feedback by the matrix equation 


u = —Kx, (11.64) 
and the system with this state variable feedback as 
x = Ax + Bu = Hx. (11.65) 


Now, substituting Equation (11.64) into Equation (11.63), we have 
ie r (x"Ix + A(Kx)"(Kx)) dt 
a leo] o0 
= y x’ (I + AK?K)x dt = i x’ Qx dt, (11.66) 
0 0 


where Q = I + AKK is ann X n matrix. Following the development of Equations 
(11.35) through (11.39), we postulate the existence of an exact differential so that 


Po = —x"Qx. (11.67) 


Then, in this case, we require that 
H’P + PH = -Q, (11.68) 
and thus we have, as before, (Equation 11.39): 
J = x" (0)Px(0). (11.69) 


Now, the design steps are exactly as for Equations (11.40) and (11.41), with the 
exception that the left side of Equation (11.68) equals —Q instead of —I. Of course, 
if A = 0, Equation (11.68) reduces to Equation (11.41). Now, let us consider again 
Example 11.11 when A is other than zero and account for the expenditure of control 
signal energy. m 


EXAMPLE 11.13 Optimal system with control energy considerations 


Let us consider again the system of Example 11.11, which is shown in Figure 11.15. 
For this system, we use a state variable feedback so that 


u=- pe |a] (11.70) 


X2 


Therefore, the matrix 


(11.71) 


1+ Ak? Ak? 
Ak? 1+ ak? | 


o=1+aK'K =| 
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FIGURE 11.19 
Performance index 
versus the 
feedback gain k for 
Example 11.13. 


Chapter 11 The Design of State Variable Feedback Systems 

















As in Example 11.12, we will let x7(0) = [1, 0] so that J = py. We evaluate pı 
from Equation (11.68), namely, 


H’P + PH = -Q. (11.72) 
Thus, we find that 


J=pu=(1+ (1 + x) — ak’, (11.73) 


and we note that the right-hand side of Equation (11.73) reduces to Equation 
(11.59) when A = 0. Now, the minimum of J is found by taking the derivative of J, 
which is 


1 
ie ifa = 4) =0. (11.74) 


me! y 1 
Therefore, the minimum of the performance index occurs when k = Kinin = We 
À 


where Kmin is the solution of Equation (11.74). 


Let us complete this example for the case where the control energy and the 
state variables squared are equally important, so that A = 1. Then Equation (11.74) 
is satisfied when k? — 1 = 0, and we find that kmin = 1.0. The value of the perfor- 
mance index J obtained with kmin is greater than that of the previous example 
because the expenditure of energy is equally weighted as a cost. The plot of J versus 
k for this case is shown in Figure 11.19. The plot of J versus k for Example 11.12 is 
also shown for comparison in Figure 11.19. m 


It has become clear from the examples in this chapter that the actual minimum 
obtained depends on the initial conditions, the definition of the performance index, 
and the value of the scalar factor A. 

The design of several parameters can be accomplished in a manner similar to 
that illustrated in the examples. Also, the design procedure can be carried out for 
higher-order systems. However, we must then consider the use of a digital computer 
to determine the solution of Equation (11.41) in order to obtain the P matrix. The 
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computer may also provide a suitable approach for evaluating the minimum value of 

J for one or more parameters. However, the solution of Equation (11.68) may be dif- 

ficult, especially when the system order is quite high (n > 3). An alternative method 

suitable for computer calculation is stated without proof in the following paragraph. 
Consider the uncompensated single-input, single-output system with 


x = Ax + Bu 
and feedback 
u = —Kx = -[k; kg... k,Jx. 


The performance index is 





oo 
J= f (x?Qx + Ru?) dt, 
0 








where R is the scalar weighting factor. This index is minimized when 
K = R'B’P. 
The n X n matrix P is determined from the solution of the equation 
ATP + PA — PBR'B’P + Q = 0. (11.75) 


Equation (11.75) can be easily programmed and solved using numerical methods. 
Equation (11.75) is often called the Riccati equation. This optimal control is called 
the linear quadratic regulator (LOR) [14, 22]. 


11.8 INTERNAL MODEL DESIGN 


In this section, we consider the problem of designing a compensator that provides 
asymptotic tracking of a reference input with zero steady-state error. The refer- 
ence inputs considered can include steps, ramps, and other persistent signals, such 
as sinusoids. For a step input, we know that zero steady-state tracking errors can 
be achieved with a type-one system. This idea is formalized here by introducing an 
internal model of the reference input in the compensator [5, 20]. 

Let us consider a state variable model of the plant given by 


x = Ax + Bu, y = Cx, (11.76) 


where x is the state vector, u is the input, and y is the output. We will consider a ref- 
erence input to be generated by a linear system of the form 


x = AX r= dx, (11.77) 
with unknown initial conditions. An equivalent model of the reference input z(t) is 
1) = apar" D + apar H +++ + gh + aor, (11.78) 


where r is the nth derivative of r(¢). 
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FIGURE 11.20 
Internal model 
design for a step 
input. 
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We begin by considering a familiar design problem, namely, the design of a con- 
troller to enable the tracking of a step reference input with zero steady-state error. 
In this case, the reference input is generated by 


x, = 0, r= Xp (11.79) 
or equivalently 
r=0, (11.80) 
and the tracking error e is defined as 
e=yrr. 
Taking the time derivative yields 
e=y=Cx, 


where we have used the reference input model of Equation (11.80) and the process 
model of Equation (11.76). If we define the two intermediate variables 


z=x and w= ù, 


H T f; a) H? (1181) 


If the system in Equation (11.81) is controllable, we can find a feedback of the form 


we have 


= -Ke — Kz (11.82) 


such that Equation (11.81) is stable. This implies that the tracking error e is stable; 
thus, we will have achieved the objective of asymptotic tracking with zero steady- 
state error. The control input, found by integrating Equation (11.82), is 


u(t) = -K f e dr — K x(t). 


The corresponding block diagram is shown in Figure 11.20. We see that the compen- 
sator includes an internal model (that is, an integrator) of the reference step input. 


Sees es a a Process G(s) 


O—4| 1 — 







Ys) 








FIGURE 11.21 
Internal model 
design response to 
an initial tracking 
error for a unit step 
input. 
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EXAMPLE 11.14 Internal model design for a unit step input 


Let us consider a process given by 


; Oo a 0 
e HGH? y=([l Ox. 


We want to design a controller for this system to track a reference step input with 
zero steady-state error. From Equation (11.81), we have 


f 0 T 0 0 
(i) -f0 0 ie) + 0 fw. 
w- o -2 aje La 
A check of controllability shows that the system described by Equation (11.85) is 
completely controllable. We use 


(11.83) 


(11.85) 


Kı =20, K,=[20 10], 


in order to locate the roots of the characteristic equation of Equation (11.85) at 
s = —1 + j, —10. With w given in Equation (11.82), we have the system of Equa- 
tion (11.85) as asymptotically stable. So for any initial tracking error e(0) we are 
guaranteed that e(t) > 0 as t —> 00. The asymptotic stability of the tracking error is 
illustrated in Figure 11.21 for a step input. m 


Consider the block diagram model of Figure 11.20 where the process is repre- 
sented by G(s) and the cascade controller is G,(s) = K,/s. The internal model prin- 
ciple states that if G(s)G,(s) contains R(s), then y(t) will track r(t) asymptotically. In 
this case R(s) = 1/s, which is contained in G(s)G,(s), as we expect. 

Consider the problem of designing a controller to provide asymptotic tracking 
of a ramp input with zero steady-state error r(t) = Mt, t = 0, where M is the ramp 
magnitude. In this case, the reference input model is 




















r=4x,=[1 O}x,. (11.86) 
1 - l 
0.8 +- t + 
5 06 7 tS 
an fod D 
5 o4 i iP —{-—--— 
S | | 
fa 10:2. lane sa a ene: 
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—0.2 Pa de HP | 
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FIGURE 11.22 
Internal model 
design for a ramp 
input. Note that 
G(s)G,{s) contains 
1/s?, the reference 
input Ais). 
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In input-output form, the reference model in Equation (11.86) is given by 
r=0. 
Proceeding as before, we define the tracking error as 
e=y-r, 
and taking the time-derivative twice yields 
e= y= Cc. 


With the definitions 


we have 


a 


0 0 
cle] +] o fo. (11.87) 
A B 


N Q 


So if the system of Equation (11.87) is controllable, then we can compute 
K; i = 1,2,3, such that with 


e 
w=-[Ki K} Kglj é |, (11.88) 
Z 


the system represented by Equation (11.87) is asymptotically stable; hence, the 
tracking error e(t) > 0 as t > ©, as desired. The control, u, is found by integrating 
Equation (11.88) twice. In Figure 11.22, we see that the resulting controller has a 
double integrator, which is the internal model of the reference ramp input. 

The internal model approach can be extended to other reference inputs by fol- 
lowing the same general procedure outlined for the step and ramp inputs. In addi- 
tion, the internal model design can be used to reject persistent disturbances by 
including models of the disturbances in the compensator. 





Yis) 
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11.9 DESIGN EXAMPLES 


FIGURE 11.23 
Automatic test 
system. 


FIGURE 11.24 
ADC motor with 
mounted encoder 
wheel. 


In this section we present two illustrative examples. In the first example, a fourth- 
order state variable model of an automatic test system controller is used to illustrate 
the full-state feedback controller design to meet time-domain performance specifi- 
cations. In the second example, a control system is designed to manage the speed of 
the electric motor shaft of a diesel electric locomotive. The design process focuses 
on the design of a full-state feedback control system using pole-placement methods. 


EXAMPLE 11.15 Automatic test system 


An automatic test and inspection system uses a DC motor to move a set of test 
probes, as shown in Figure 11.23. Low throughput and a high degree of error can 
occur from manually testing various panels of switches, relay, and indicator lights. 
Automating the test from a controller requires placing a plug across the leads of a 
part and testing for continuity, resistance, or functionality [19]. The system uses a 
DC motor with an encoded disk to measure position and velocity, as shown in 
Figure 11.24. The parameters of the system are shown in Figure 11.25 with K repre- 
senting the required power amplifier. 

We select the state variables as x; = 0, x. = d0/dt, and x3 = ir, as shown in 
Figure 11.25. State variable feedback is available, and we let 


u=[-K, -Kı —K;)x +r, 


or 
u = —K x, — Kax — K3x3 + r, (11.89) 


Guide rail 








Lead screw 


Probe SAE 3 


S 






Switch bank 


DC motor 





Incremental 
encoder 


Field voltage 
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FIGURE 11.25 
Open-loop block 
diagram of the DC 
motor with 
mounted encoder 
wheel. 








As) 


FIGURE 11.26 
Closed-loop block 
diagram of the DC 
motor. 





as shown in Figure 11.26. The goal is to select the gains so that the response to a step 
command has a settling time (with a 2% criterion) of less than 2 seconds and an 
overshoot of less than 4.0%. 
To achieve an accurate output position, we let Kı = 1 and determine K, K3, 
and K3. The characteristic equation of the system may be obtained in several ways. 
The state variable model associated with Figure 11.25 is given by 


0 1 0 0 
x = Ax + Bu=|0 -1 Tix +] 0 Ju. 
i  «§ K 
y=[ 0 O]x (11.90) 


Substituting for u, as defined by Equation (11.89), we have 


0 1 0 0 
x=| 0 -1 1 x+]o |r (11.91) 
=K -KK, -(5 + K3K) K 


when Ķ; = 1. The characteristic equation can be obtained from Equation (11.91) as 


S =i, 0 
det} 0 s+1 -1 =0 
K KK, s+(5+ KK) 
yielding 
$ + 6s? + 5s + K3Ks’ + K3Ks + KK3s + K = 0. 


As will be shown in Section 11.10, we can plot a root locus for K3K as 


KK;(s? + as + b) B 


s(s+1X(s +5) 9, (192) 


FIGURE 11.27 
Root locus for the 
automatic test 
system. 


FIGURE 11.28 
Step response of 
the automatic test 
system. 
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where a and b are 


a = (K3 + K3)/K3 


and 
b = 1/K3. 


Setting a = 8 and b = 20, we place the zeros at s = —4 + j2 in order to pull the 
locus to the left in the s-plane. Then 
Ky, + K3 _ 1 


K; =8 and Ra A; 


Therefore, K; = 1, K = 0.35, and K3 = 0.05. A plot of the root locus is shown in 
Figure 11.27. When KK; = 12, the roots lie on the ¢ = 0.76 line, as shown in Figure 
11.27. Since K, = 0.05, we have K = 240. The roots at K = 240 are 

s = —10.62, and s = —3.69 + j3.00. 


The step response of this system is shown in Figure 11.28. The overshoot is 3%, 
and the settling time is 1.8 seconds. Thus the design is quite acceptable. m 
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FIGURE 11.29 
Diesel electric 
locomotive system. 
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EXAMPLE 11.16 Diesel electric locomotive control 


The diesel electric locomotive is depicted in Figure 11.29. The efficiency of the diesel 
engine is very sensitive to the speed of rotation of the motors. We want to design a 
control system that drives the electric motors of a diesel electric locomotive for use 
on railroad trains. The locomotive is driven by DC motors located on each of the 
axles. The throttle position (see Figure 11.29) is set by moving the input poten- 
tiometers. The elements of the design process emphasized in this example are high- 
lighted in Figure 11.30. 

The control objective is to regulate the shaft rotation speed w, to the desired 
value w,. 


Control Goal 
Regulate the shaft rotation speed to the desired value in the presence of exter- 
nal load torque disturbances. 


The corresponding variable to be controlled is the shaft rotation speed wg. 


Variable to Be Controlled 
Shaft rotation speed wọ. 


The controlled speed w, is sensed by a tachometer, which supplies a feedback volt- 
age vo. The electronic amplifier amplifies the error signal, v, — Vo, between the ref- 
erence and feedback voltage signals and provides a voltage vp that is supplied to the 
field winding of a DC generator. 

The generator is run at a constant speed wga by the diesel engine and generates a 
voltage v, that is supplied to the armature of a DC motor. The motor is armature 











Diesel 
engine 












Tachometer 1 oad 





@ 4 = constant 











vo = Tachometer voltage 
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Topics emphasized in this example 








7 


Identify the variables to be controlled 


ł 














Establish the control goals | —— 
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Regulate the shaft rotation speed 
to the desired value in the 
presence of external load torque 
disturbances. 


Shaft rotation speed, «,. 


Design specifications: 


Tf the performance does not meet the 
specifications, then iterate the configuration. 






DS1: Steady-state tracking 
error less than 2%. 

DS2: P.O. < 10% 

DS3: T,< Is 


+—— See Figure 11.29 and 11.31. 


Write the specifications 














Establish the system configuration 


Obtain a model of the process, the 
actuator, and the sensor 





+—— See Equation (11.93). 








Describe a controller and select key 
parameters to be adjusted 


Optimize the parameters and 
analyze the performance 


If the performance meets the specifications, 
then finalize the design. 


<+——_ See Equation (11.94). 











<—— See analysis with m-files. 


FIGURE 11.30 Elements of the control system design process emphasized in this diesel electric 
locomotive example. 


controlled, with a fixed current supplied to its field. As a result, the motor produces 
a torque T and drives the load connected to its shaft so that the controlled speed w, 
tends to equal the command speed w,. 

A block diagram and signal flow graph of the system are shown in Figure 11.31. 
In Figure 11.31 we use L, and R,, which are defined as 


L, = Ly + Ly, 
R, = Ry + Re. 


Values for the parameters of the diesel electric locomotive are given in Table 11.1. 

Notice that the system has a feedback loop; we use the tachometer voltage v, as 
a feedback signal to form an error signal v, — v,. Without additional state feedback, 
the only tuning parameter is the amplifier gain K. As a first step, we can investigate 
the system performance with tachometer voltage feedback only. 
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Oy 


(b) 


FIGURE 11.31 Signal flow graph of the diesel electric locomotive. (a) Signal flow graph. (b) Block 
diagram controller feedback loops are shown in light. 


Table 11.1 Parameter Values for the Diesel Electric Locomotive 
Kn Ke K, co b da R Rp Lp č K Koa L R 
10 100 062 1 1 02 1 1 õi i 1 01 1 








The key tuning parameters are given by 


Select Key Tuning Parameters 
K and K 


The matrix K is the state feedback gain matrix. The design specifications are 
Design Specifications 
DS1 Steady-state tracking error less than 2% to a unit step input. 
DS2 Percent overshoot of w,(t) less than 10% to a unit step input w,(s) = 1/s. 
DS3 Settling time less than 1 second to a unit step input. 


The first step in the development of the vector differential equation that accurately 
describes the system is to choose a set of state variables. In practice the selection of 
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state variables can be a difficult process, especially for complex systems. The state 
variables must be sufficient in number to determine the future behavior of the sys- 
tem when the present state and all future inputs are known. The selection of state 


variables is intimately related to the issue of complexity. 


The diesel electric locomotive system has three major components: two electri- 
cal circuits and one mechanical system. It seems logical that the state vector will in- 
clude state variables from both electrical circuits and from the mechanical system. 
One reasonable choice of state variables is x; = wọ, X2 = ia, and x3 = iş. This state 
variable selection is not unique. With the state variables defined above, the state 


variable model is 





F b K, i N 
x= 7% at Fe ple 
; K R Kg 
ky = -7% - L” tT 
x3 = i + 1 u 
aam E U, 
Lp? Ly 
where 
u = KK paw. 
In matrix form (with T,(s) = 0), we have 
x = Ax + Bu, 
y = Cx + Du, 
where 
b Kum 
e ata 0 
Ky R K 0 
A= 2 = 
Ey «ten alte oils 
R L 
n ft 
Ly 


C=[1 0 0}, D = [0]. 
The corresponding transfer function is 


Kika 








G(s) = C(sI — A)'B 


(Ry + Lys)[(R, + Liss + b) + Ky Kp) 


(11.93) 


Begin by assuming the tachometer feedback in available, that is, that K, is in the 


loop. If we take advantage of the fact that 
Kpo = K; = 1, 
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FIGURE 11.32 
Block diagram 
representation of 
the diesel electric 
locomotive. 
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Amplifier Diesel electric 
gain locomotive 












w(s) K G(s) 


ws) 








then (from an input-output perspective) the system has the simple feedback config- 
uration shown in Figure 11.32. 

Using the parameter values given in Table 11.1 and computing the steady-state 
tracking error for a unit step input yields 


1 1 
es =I KG(0) 1+ 121.95K" 





Using the Routh-Hurwith method, we also find that the closed-loop system is stable for 
—0.008 < K < 0.0468. 


The smallest steady-state tracking error is achieved for the largest value of K. At 
best we can obtain a 15% tracking error, which does not meet the design specifica- 
tion DS1. Also, as K gets larger, the response becomes unacceptably oscillatory. 

We now consider a full state feedback controller design. The feedback loops are 
shown in Figure 11.31, which shows that wọ, ia, and iy are available for feedback. With- 
out any loss of generality, we set K = 1. Any value of K > 0 would work as well. 

The control input is 


u = Kyo, — Kixı — Kaxa — K3x3. 


The feedback gains to be determined are K,, K2, and K3. The tachometer gain, K,, is 
now a key parameter of the design process. Also K yo, is a key variable for tuning. By 
adjusting the parameter Kpot, we have the freedom to scale the input ,. When we 
define 


K=[K, K Ks], 
then 
u = -Kx + Kyo. (11.94) 


The closed-loop system with state feedback is 


x = (A — BK)x + Bv, 
y = Cx, 
where 


FIGURE 11.33 
Desired location of 
the closed-loop 
poles (that is, the 
eigenvalues of 

A — BK). 


Section 11.9 Design Examples 803 


We will use pole-placement methods to determine K such that the eigenvalues of 
A — BK are in the desired locations. First we make sure the system is controllable. 
When n = 3 the controllability matrix is 

P.=[B AB A°B]. 


Computing the determinant of P, yields 





Since K, # 0 and K,, # 0 and JLL? is nonzero, we determine that 


det P, # 0. 


Thus the system is controllable. We can place all the poles of the system appropri- 
ately to satisfy DS2 and DS3. 

The desired region to place the eigenvalues of A — BK is illustrated in 
Figure 11.33. The specific pole locations are selected to be 


pi = —50, 
pr = —4 + 3j, 
pa A 3). 
Selecting p; = —50 allows for a good second-order response that is governed by pz 


and p3. 
The gain matrix K that achieves the desired closed-loop poles is 


K = [-0.0041 0.0035 4.0333]. 


Imag axis 





8 = sin“! (0.59) 






Desired region for pole 
placement to meet the 
design specifications. 


Real axis 


DS2: P.O. < 10% implies ¢ > 0.59 
DS3: T, < 1 s implies fo, > 4 
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1.4 





State variables 














FIGURE 11.34 
Closed-loop step 
response of the 
diesel electric 
locomotive. 




















Time (s) 


To select the gain Kpop we first compute the DC gain of the closed-loop transfer 
function. With the state feedback in place, the closed-loop transfer function is 


T(s) = C(sl — A + BK) 'B. 


i: 
Kpot = TO’ 


Using the gain K,,; in this manner effectively scales the closed-loop transfer func- 
tion so that the DC gain is equal to 1. We then expect that a unit step input repre- 
senting a 1°/s step command results in a 1°/s steady-state output at wo. 

The step response of the system is shown in Figure 11.34. We can see that all the 
design specifications are satisfied. m 


11.10 STATE VARIABLE DESIGN USING CONTROL DESIGN SOFTWARE 


Controllability and observability of a system in state variable feedback form can be 
checked using the functions ctrb and obsv, respectively. The inputs to the ctrb func- 
tion, shown in Figure 11.35, are the system matrix A and the input matrix B; the out- 
put of ctrb is the controllability matrix P,. Similarly, the input to the obsv function, 
shown in Figure 11.35, is the system matrix A and the output matrix C; the output of 
obsv is the observability matrix P,. 








Pc=ctrb(A,B) 
Po=obsv(A,C) 








Controllability x = Ax + Bu 
matrix y = Cx + Du 


Observability x = Ax + Bu 
matrix y=Cx+ Du, 
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Notice that the controllability matrix P, is a function only of A and B, while the 
observability matrix P, is a function only of A and C, 


EXAMPLE 11.17 Satellite trajectory control 


Let us consider a satellite in a circular, equatorial orbit at an altitude of 250 nautical 
miles above the Earth, as illustrated in Figure 11.36 [16, 27]. The satellite motion (in 
the orbit plane) is described by the normalized state variable model 


0 1 0 0 0 0 
' 3% 0 0 2% 1 0 
= + + i 
x 0 0 0 1 x 0 u, 0 Un (11.95) 
0 -2e 0 0 0 al 


where the state vector x represents normalized perturbations from the circular, 
equatorial orbit; u, is the input from a radial thruster; u, is the input from a tan- 
gential thruster; and w = 0.0011 rad/s (approximately one orbit of 90 minutes) is 
the orbital rate for the satellite at the specific altitude. In the absence of pertur- 
bations, the satellite will remain in the nominal circular equatorial orbit. However, 
disturbances such as aerodynamic drag can cause the satellite to deviate from 
its nominal path. The problem is to design a controller that commands the satel- 
lite thrusters in such a manner that the actual orbit remains near the desired 
circular orbit. Before commencing with the design, we check controllability. In 
this case, we investigate controllability using the radial and tangential thrusters 
independently. 









Circular, equatorial orbit 


FIGURE 11.35 The ctrb 


and obsv functions. 


FIGURE 11.36 The satellite in an equatorial circular orbit. 
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FIGURE 11.37 
Controllability with 
radial thrusters 
only: (a) m-file 
script, (b) output. 
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radial.m 





% This script computes the satellite controllability 
% with a radial thruster only (i.e. failed tangential thruster) 
% 


w=0.0011; Input matrix associated with radial thruster 
A=[0 1 0 0;3*w/2 0 0 2*w;0 0 0 1;0 -2*w 0 0}; | 
b1=[0;1;0;0]; a 


Po=ctrb(A,b1); Compute controllability matrix 


n=det(Pc); 

if abs(n) < eps n = determinant of controllability matrix 
disp(‘Satellite is uncontrollable with radial thruster only!)_§_ 2222 __—_ 
else 

disp('Satellite is controllable with radial thruster only!) 

end 
































(a) 


>>radial int radi 
Satellite is uncontrollable with radial thruster only! Execute !m-file script radial.m 





radial.m output 





(b) 


Suppose the tangential thruster fails (i.e., u, = 0), and only the radial thruster is 
operational. Is the satellite controllable from u, only? We answer this question by 
using an m-file script to determine the controllability. Using the script shown in 
Figure 11.37, we find that the determinant P, is zero; thus, the satellite is not com- 
pletely controllable when the tangential thruster fails. 

Suppose now that the radial thruster fails (i.e., u, = 0) and that the tangential 
thruster is functioning properly. Is the satellite controllable from u, only? Using the 
script in Figure 11.38, we find that the satellite is completely controllable using the 
tangential thruster only. m 


We conclude this section with a controller design for an automatic test system 
using state variable models. The design approach utilizes root locus methods and in- 
corporates m-file scripts to assist in the procedure. 


EXAMPLE 11.18 Automatic test system 


The state-space representation for the automatic test system of Example 11.15 is 


x = Ax + Bu, (11.96) 
where 
0 1 0 0 
A=|/0 -1 1] and B=] 0 
0 0 -S5S K 


Our design specifications are a step response with (1) a settling time (with a 2% cri- 
terion) less than 2 seconds and (2) an overshoot less than 4%. We assume that the 


FIGURE 11.38 
Controllability with 
tangential thrusters 
only: (a) m-file 
script, (b) output. 
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tangent.m 





% This script computes the satellite controllability 

% with a tangential thruster only (i.e. failed radial thruster) 
% 

w=0.0011; 

A=[0 1 0 0;3*w/2 0 0 2*w;0 0 0 1;0 -2*w 0 0); 


b2=[0;0;0;1]; Compute controllability matrix 
Pc=ctrb(A,b2); a E) 

n=det(Po); n = determinant of controllability matrix 
if abs(n) < eps 


disp(‘Satellite is uncontrollable with tangential thruster only!') 
else 
disp(‘Satellite is controllable with tangential thruster only!) 


| 
end 











Input matrix associated with tangential thruster 























(a) 





>>tangent 


Satellite is controllable with tangential thruster only! Execute MATLAB script tangent.m 
Tangent.m output 


(b) 











state variables are available for feedback, so that the control is given by 
u=-[K, K, K3)x+r=—Kx+r. (11.97) 


We must select the gains K, K4, K2, and K; to meet the performance specifications. 
Using the design approximations 


Tes 2h and PO. = 100e87/VI-F < 4, 


i fw, 
we find that 
£>0.72 and w, > 2.8. 


This defines a region in the complex plane in which our dominant roots must lie, so 
that we expect to meet the design specifications, as shown in Figure 11.39. Substitut- 
ing Equation (11.97) into Equation (11.96) yields 


0 1 0 0 
x=| 0 -1 1 x+| 0 v =Hx+Br, (11.98) 
-KK, -KK; -(5+ KK) K 


where H = A — BK. The characteristic equation associated with Equation (11.98) 
can be obtained by evaluating det(sI — H) = 0, resulting in 


K3+K, K 
a8 et ) =0. (11.99) 


s(s + 1)(s +5) + Ke + K K, 
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FIGURE 11.39 
(a) Root locus for 
the automatic test 
system. (b) m-file 
script. 
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Imag. Axis 


-2 i Valid region to meet 











-6 
Sg 
-10 
-10 ag 6 —4 =2 0 
Real Axis 


(a) 


% Root locus script for the Automatic Test System 
% including performance specs regions 

num=[1 8 20]; den=[1 6 5 0]; sys=tf(num,den); 

clf; rlocus(sys); hold on 
% 





zeta=0.72; wn=2.8; 
x=[-10:0.1:-zeta*wn]; y=-(sqrt(1-zeta2)/zeta)*x; 
xc=[-10:0.1:-zeta*wn];c=sqrt(wn’2-xc.2); 
plot(x,y,':x,-y,':XC,C,':',XC,-C,":') 





(b) 


If we view K K; as a parameter and let K, = 1, then we can write Equation (11.99) 
as 
2, K3+ Ka 1 


gs? 4 og te 
K3 K; 


MEE A 


1+ KK; 





We place the zeros at s = —4 + 2j in order to pull the locus to the left in the s-plane. 
Thus, our desired numerator polynomial is s* + 8s + 20. Comparing corresponding 
coefficients leads to 


K; + Ky íl 
K; 8 and K; 20. 








Therefore, K, = 0.35 and K3 = 0.05. We can now plot a root locus with K K; as the 
parameter, as shown in Figure 11.39. 


FIGURE 11.40 
Step response for 
the automatic test 
system. 


FIGURE 11.41 
The acker function. 
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Time (s) 


The characteristic equation, Equation (11.99), is 


s? + 8s + 20 


+ a 
1 RST + 1)(s + 5) 


The roots for the selected gain, KK, = 12, lie in the performance region, as shown 
in Figure 11.39. The rlocfind function is used to determine the value of K K; at the 
selected point. The final gains are as follows: 


K = 240.00, 
Kı = 1.00, 
K, = 0.35, 
K; = 0.05. 


The controller design results in a settling time of about 1.8 seconds and an over- 
shoot of 3%, as shown in Figure 11.40. m 


In Section 11.4, we discussed Ackermann’s formula to place the poles of the 
system at desired locations. The function acker calculates the gain matrix K to 
place the closed-loop poles at the desired locations. The acker function is illustrated 
in Figure 11.41. 








Feedback gain matrix K. X= Axt Bu | | Vector containing desired 
closed-loop poles. 


K=acker(A,B,P) 
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FIGURE 11.42 
Using acker to 
compute K to place 
the poles at 


P = [-1 + j -1 - jf. 
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A=[0 1;0 0]; 
B={0;1]; 
P=[-14); -1-j]; 
K=acker(A,B,P) 














The feedback 
gain matrix. 








EXAMPLE 11.19 Second-order system design using the acker function 


Consider again the second-order system in Example 11.7. The system model is 


[Eb 


The desired closed-loop pole locations are s;3 = —1 + j. To apply Ackermann’s 
formula using the acker function, form the vector 


-Ea 
a=[0 3] wa sf] 


the acker formula, illustrated in Figure 11.42, determines that the gain matrix that 


achieves the desired pole locations is 
K=[2 2. 


Then, with 


This confirms the result in Example 11.7. m 


11.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


In this chapter, we will design a state variable feedback system that will achieve the 
desired system response. The specifications for the system are given in Table 11.2. 
The second-order open-loop model is shown in Figure 11.43. We will design the sys- 
tem for this second-order model and then test the system response for both the 
second-order and third-order models. 

First, we select the two state variables as x(t) = y(t) and x(t) = dy/dt = 
dx,/dt, as shown in Figure 11.44. It is practical to measure these variables as the po- 
sition and velocity of the reader head. We then add the state variable feedback, as 
shown in Figure 11.44. We choose K; = 1, since our goal is for y(f) to closely and ac- 
curately follow the command r(t). The state variable differential equation for the 


open-loop system is 
> 0 1 0 
= + k 
a F Fi. Pac 


FIGURE 11.43 
Open-loop model 
of head control 
system. 


FIGURE 11.44 
Closed-loop system 
with feedback of 
the two state 
variables. 
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Table 11.2 Disk Drive Control System Specifications and Actual 
Performance 





Response for Response for 
Performance Desired Second-Order Third-Order 
Measure Value Model Model 
Percent overshoot <5% <1% 0% 
Settling time <50 ms 34.3 ms 34.2 ms 
Maximum response for a z5x 10" 5.2 x 10> 52x 0 


unit step disturbance 





G(s) 


Amplifier 






Ys) 


Position 





of head 


Amplifier Motor gain 




















The closed-loop state variable differential equation obtained from Figure 11.44 is 


N a 10 1 a2 |e 
x | sR —(20 + 5KyK,) |" | 5K, |” 


The characteristic equation of the closed-loop system is 
s? + (20 + 5K2K,)s + 5K, = 0, 


since K, = 1. In order to achieve the specifications, we select ¢ = 0.90 and 
Cwn, = 125. Then the desired closed-loop characteristic equation is 


s? + 2fw,5 + w2 = s? + 250s + 19290 = 0. 
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Therefore, we require that 5K, = 19290 or K, = 3858. Furthermore, we require that 
20 + 5KK, = 250, 


or K, = 0.012. 

The system with the second-order model has the desired response and meets all 
the specifications, as shown in Table 11.2. If we add the field inductance L = 1 mH, 
we have a third-order model with 


5000 
s + 1000° 


Using this model, which incorporates the field inductance, we test the response of 
the system with the feedback gains selected for the second-order model. The results are 
provided in Table 11.2, illustrating that the second-order model is a very good model of 
the system. The actual results of the third-order system meet the specifications. 


G(s) = 


11.12 SUMMARY 


EXERCISES 


E11.1 The ability to balance actively is a key ingredient in 
the mobility of a device that hops and runs on one 
springy leg, as shown in Figure E11.1 [9]. The control 
of the attitude of the device uses a gyroscope and a 
feedback such that u = Kx, where 


In this chapter, the design of control systems in the time domain was examined. The 
three-step design procedure for constructing state variable compensators was pre- 
sented. The optimal design of a system using state variable feedback and an integral 
performance index was considered. Also, the s-plane design of systems utilizing 
state variable feedback was examined. Finally, internal model design was discussed. 


x=[- e] 





and 
x(t) = Ax(r) + Bu(t) 
where Compass I “— Servovalve 
0 1 Pe Hydraulic actuator 
= [: i and B=I. Taaki f ai position/velocity 
STOPS sensors 
Determine a value for k so that the response of each Leg f 
hop is critically damped. 


E11.2 Consider the system with the follwoing state equations 





=n 


Xp = -2x, — 3x, + u Foot switch 


where, x), x are state variables and u is the input. Is 
the system controllable? FIGURE E11.1  Single-leg control. 


Exercises 


E11.3 A state-space model of a system is given below. Is 
the model controllable? 


-2 1 0 0 0 0 
0 -2 0 0 0 2 
x= 0 pami 0 Gwt 1 lu 
0 0 Oo =5 0 1 
0 0 0 0 -4 2 


E11.4 Consider a system with state-space model given 


below 
3 1 0 1 
x= 0 eg 1 |x +] 0 ju 
0 w3 1 


(a) Is the system observable? Does it depend on “a;"? 

(b) Find the range of values of a; for which the sys- 
tem is observable? 

(c) Is the system controllable? Doses it depend on a;? 


E115 The state-space model of a system is given by 


x = Ax + Bu 
y=Cx+ Du 
0 1 0 
IfA =|] 0 0 1 |andC = [4 5 1],is the 
-6 =i -6 


system observable? 


E11.6 Consider a system represented by the state-space 


model 
0 1 0 0 
x= 0 0 1 jx +]|0 ju 
-F ey a 1 
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y=[2 -3 4kx+[1]u. 
Sketch a block diagram model of the system. 


E11.7 Consider the system represented in state variable 


form 
x = Ax + Bu 
y = Cx + Du, 
where 
0 1 0 
a-[5 i} e[l] 
C=[1 -2], and D = [0]. 


Sketch a block diagram model of the system. 
E11.8 Consider the third-order system 


0 rp 0 
x=] 0 0 1 |jx+]-1 ju 

—9 -3 =l 4 
y=([2 8 10)x + [1]u. 


Sketch a block diagram model of the system. 


E11.9 Consider the second-order system 


| 1 =f ky 
TE 1 fgh 


y=[1 O0}x + [0]u. 
For what values of k; and k3 is the system completely 
controllable? 


E1110 Consider the block diagram model in Figure E11.10. 
Write the corresponding state variable model in the 
form 


x = Ax + Bu 
y= Cx + Du. 














U(s) 


Ys) 














FIGURE E11.10 
State variable block 
diagram. 
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E1111 Consider the system shown in block diagram form 
in Figure E11.11. Obtain a state variable representa- 
tion of the system. Determine if the system is control- 
lable and observable. 


E11.12 Consider the single-input, single-output system is 
described by 


X(t) = Ax(t) + Bu(t) 
y(t) = Cx(t) 


Us) 


FIGURE E11.11 
State variable block 
diagram with a 
feedforward term. 


PROBLEMS 


P11.1 A first-order system is represented by the time- 
domain differential equation 


x=xtu. 


A feedback controller is to be designed such that 
u(t) = —kx, 


and the desired equilibrium condition is x(t) = 0 as 
t — œ. The performance integral is defined as 


co 
J -f x? dt, 
0 


and the initial value of the state variable is x(0) = V2. 
Obtain the value of k in order to make J a minimum. 
Is this k physically realizable? Select a practical value 
for the gain k and evaluate the performance index 
with that gain. Is the system stable without the feed- 
back due to u(t)? 


P11.2 To account for the expenditure of energy and 
resources, the control signal is often included in the 
performance integral. Then the operation will not 
involve an unlimited control signal u(t). One suitable 
performance index, which includes the effect of the 
magnitude of the control signal, is 


where 


0 1 0 
isli 1 }s-[She=n 0]. 


Compute the corresponding transfer function repre- 
sentation of the system. If the initial conditions are 
zero (i.e., x,(0) = 0 and x,(0) = 0), determine the 
response when u(t) is a unit step input for £ = 0. 





J= J ES + Au? (t)) dt. 
0 


(a) Repeat Problem P11.1 for the performance index. 

(b) IfA = 2, obtain the value of k that minimizes the 
performance index. Calculate the resulting mini- 
mum value of J. 


P11.3 An unstable robot system is described by the vec- 


tor differential equation [10] 


sal- Eh Epe 


Both state variables are measurable, and so the con- 
trol signal is set as u(t) = —k(x, + x). Following the 
method of Section 11.7, design gain k so that the per- 
formance index is minimized. Evaluate the minimum 
value of the performance index. Determine the sensi- 
tivity of the performance to a change in k. Assume 
that the initial conditions are 


x(0) = H 


Is the system stable without the feedback signals due 
to u(t)? 


Problems 


P11.4 Determine the feedback gain k of Example 11.12 
that minimizes the performance index 


oc 
J= Í x!x dt 
0 


when x’(0) = [1 1]. Plot the performance index J 


versus the gain k. 


P11.5 Determine the feedback gain k of Example 11.13 
that minimizes the performance index 


e 
J= f (xx + u'u) dt 
0 


when x’(0) = [1 
versus the gain k. 


P11.6 For the solutions of Problems P11.3, P11.4, and 
P11.5, determine the roots of the closed-loop optimal 
control system. Note that the resulting closed-loop 
roots depend on the performance index selected. 


1]. Plot the performance index J 


P11.7 A system has the vector differential equation as given 
in Equation (11.42). We want both state variables to be 


Ball 


Control 


Í K 
input 


FIGURE P11.9 

(a) Ball and beam. 
(b) Model of the ball 
and beam. 


Inputs to 
be selected 


P11.10 The dynamics of a rocket are represented by 


DPO oe: 1 
KF 1 oft o | 
y=[0 1)x 


and state variable feedback is used, where u = —8x;— 
16x. Determine the roots of the characteristic equa- 
tion of this system and the response of the system 
when the initial conditions are x,(0)=1 and 
x2(0) = 0. 
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used in the feedback so that u(t) = —kjx,; — koxp. 
Also, we desire to have a natural frequency w, for this 
system equal to 2. Find a set of gains k; and k; in order 
to achieve an optimal system when J is given by Equa- 
tion (11.63). Assume x7(0) = [1 0}. 


P11.8 For the system of Example 11.11 determine the opti- 
mum value for kz when kı = 1 andx7(0) = [1 0]. 


P11.9 An interesting mechanical system with a challeng- 
ing control problem is the ball and beam, shown in 
Figure P11.9(a) [11]. It consists of a rigid beam that is 
free to rotate in the plane of the paper around a cen- 
ter pivot, with a solid ball rolling along a groove in 
the top of the beam. The control problem is to posi- 
tion the ball at a desired point on the beam using a 
torque applied to the beam as a control input at the 
pivot. 

A linear model of the system with a measured 
value of the angle ¢ and its angular velocity d¢/dt = w 
is available. Select a feedback scheme so that the 
response of the closed-loop system has an overshoot of 
4% and a settling time (with a 2% criterion) of 1 second 
for a step input. 








(b) 


P11.11 The state variable model of a plant to be con- 


trolled is 

at, | PO. ed ” 0.5 i 

== g of Lo 

y=[0_1]x + (Ou. 
Use state variable feedback and incorporate a com- 
mand input u = —Kx + ar. Select the gains K and a 


so that the system has a rapid response with an over- 
shoot of approximately 1%, a settling time (with a 2% 
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criterion) less than 1 second, and a zero steady-state (a) Determine the transfer function, G(s) = 
error to a unit step input. Y(s)/U(s). (b) Draw the block diagram indicating 
P11.12 A DC motor has the state variable model the state variables. (c) Determine whether the sys- 


tem is controllable. (d) Determine whether the sys- 


=—3 a =-075 0 0 1 tem is observable. 
-3 0 0 0 0 0 P11.16 Hydraulic power actuators were used to drive the 
x=! 0 2 0 0 Olx+]0 lu dinosaurs of the movie Jurassic Park [23]. The motions 
0 o0 1 00 0 of the large monsters required high-power actuators 
0 requiring 1200 watts. 
0 0 0 2 0 One specific limb motion has dynamics repre- 
y=[0 0 0 0 2.75)x. sented by 
Determine whether this system is controllable and . =2 O 1 
observable. x= 1 oF + ol 
P11.13 Consider a system with state-space model 
y p y= [0 _1]x + [0]u. 
0 1 0 0 
x=} 0 0 ik¢lole We want to place the closed-loop poles at s = 
a ee 1 —2 + j2. Determine the required state variable 


feedback using Ackermann’s formula. Assume that 
yy the complete state vector is available for feedback. 


Design a state feedback controller such that closed-loop P11.17 A system has a transfer function 


poles are sı = —4.8, s, = -4.8 + j6, sz = —4.8 — j6. 





P11.14 A process has the transfer function ¥(s) _ sta : 
R(s) sf + 953 + 285? + 38s + 24 
` -10 0 1 
mS | 1 ok K [h Determine a real value of a so that the system is either 
uncontrollable or unobservable. 
y= [0 1x + [O]u. P11.18 A system has a plant 
Determine the state variable feedback gains to achieve Y(s) 1 
a settling time (with a 2% criterion) of 1 second and an Ws) T SO) = Te 
overshoot of about 10%. Also sketch the block dia- (s) GHD 
gram of the resulting system. Assume the complete (a) Find the matrix differential equation to represent 
state vector is available for feedback. this system. Identify the state variables on a block dia- 
P11.15 A telerobot system has the matrix equations [18] gram model. (b) Select a state variable feedback struc- 
ture using u(t), and select the feedback gains so that the 
=q 0 0 1 response y(¢) of the unforced system is critically damped 
x= QO: 2. Ojx+]1 ju when the initial condition is x;(0) = 1 and x,(0) = 0, 
0 0 -3 0 where x, = y(t). The repeated roots are at s = — V2. 


P11.19 The block diagram of a system is shown in Figure 
P11.19. Determine whether the system is controllable 
y=[l 0 2)x. and observable. 


and 


R(s) Yis) 


FIGURE P11.19 
Multiloop feedback 
control system. 





Problems 


P11.20 Consider the automatic ship-steering system dis- 
cussed in Problems P8.11 and P9.15. The state variable 
form of the system differential equation is 


-0.05 -6 0 0 —0.2 

. -107 -015 0 0 . 

x(t) = 1 0 0 B x(t) + 0 8(t), 
0 1 0 0 0 


where x’(t)=[v œs y 6]. The state variables are 
xı = v = the transverse velocity; x. = w, = angular 
rate of ship’s coordinate frame relative to response 
frame; x3 = y = deviation distance on an axis per- 
pendicular to the track; x, = @ = deviation angle. 
(a) Determine whether the system is stable. (b) Feed- 
back can be added so that 


S(t) = —kyx1 — k3x3. 


Determine whether this system is stable for suitable 
values of k; and k3. 

P11.21 An RL circuit is shown in Figure P11.21. (a) Select 
the two stable variables and obtain the vector differ- 
ential equation where the output is vo(r). (b) Deter- 
mine whether the state variables are observable when 
R/L = Ro/ Lz. (c) Find the conditions when the sys- 
tem has two equal roots. 


i(t) 





IATA. —o 
$ 


wt) 


wit) @) R; 








FIGURE P11.21 RL circuit. 


P11.22 A manipulator control system has a loop transfer 
function of 


ce s(s + 0.4) 


and negative unity feedback [17]. Represent this sys- 
tem by a state variable signal-flow graph or block dia- 
gram and a vector differential equation. (a) Plot the 
response of the closed-loop system to a step input. 
(b) Use state variable feedback so that the overshoot 
is 5% and the settling time (with a 2% criterion) is 
1.35 seconds. (c) Plot the response of the state variable 
feedback system to a step input. 
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P11.23 Consider again the system of Example 11.7 when 
we desire that the steady-state error for a step input 
be zero and the desired roots of the characteristic 
equation be s = —2 + jl ands = —10. 

P11.24 Consider again the system of Example 11.7 when 
we desire that the steady-state error for a ramp input 
be zero and the roots of the characteristic equation be 
s = —2 + j2ands = —20. 

P11.25 Consider the system represented in state variable 
form 

x= Ax + Bu 


y = Cx + Du, 


SEREN 


C=[1 —4]), and D = [0]. 


where 


Verify that the system is observable. Then design 
a full-state observer by placing the observer poles 
at sı2 = —1. Plot the response of the estimation 
error e = x — X with an initial estimation error of 
e(0) = [1 1]. 


P11.26 Consider the third-order system 


© ft 0 0 
x=| 0 0 1 jx +] 0 ju 
-1 -2 -3 4 
y=[2 -4 Ojx + [0]u. 


Verify that the system is observable. If so, determine 
the observer gain matrix required to place the observ- 
er poles at s12 = —1 + j2 ands; = —10. 


P11.27 Consider the second-order system 


x= 1 a x + w u 
a is) 0 
y=[1 0]x + [0]u. 
Determine the observer gain matrix required to place 


the observer poles at s12 = —1 + j. 


P11.28 Consider the single-input, single-output system is 
described by 


x(t) = Ax(t) + Bu(t) 
y(t) = Cx() 
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(a) Determine the value of K resulting in a zero 
steady-state tracking error when u(t) is a unit step 
input fort = 0. The tracking error is defined here 
as e(t) = u(t) — y(t). 

(b) Plot the response to a unit step input and verify 
that the tracking error is zero for the gain K 
determined in part (a). 

P11.29 The block diagram shown in Figure P11.29 is an 


example of an interacting system. Determine a state 
variable representation of the system in the form 


X(t) = Ax(t) + Bu(r) 
y(t) = Cx(t) + Du(t) 


ADVANCED PROBLEMS 


AP11.1 A DC motor control system has the form shown 
in Figure AP11.1 [6]. The three state variables are 
available for measurement; the output position is 
X(t). Select the feedback gains so that the system has 
a steady-state error equal to zero for a step input and 
a response with a percent overshoot less than 3%. 


AP11.2 A system has the model 


m Aa ee . 125: 2 
x= 4 0 O|\x+] 0 ju. 
0 1 0 0 


Add state variable feedback so that the closed-loop 
poles are s = —4, —4, and —5. 


AP11.3 A system has a matrix differential equation 


galt the |t; 
2 of is | 


What values for b; and b, are required so that the sys- 
tem is controllable? 

AP11.4 The vector differential equation describing the 
inverted pendulum of Example 3.3 is 






0 q 0 0 0 
dx 0 O-=1 0 1 
a io o0 o1({**] 0 {* 
0 0 98 0 =i 
FIGURE AP11.1 
Field-controlled DC ts) 


Field 
current 


motor. 
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FIGURE P11.29 


Interacting feedback system. 


Assume that all state variables are available for mea- 
surement and use state variable feedback. Place the 
system characteristic roots at s = —2 + j,—5, and 
=5 


AP11.5 An automobile suspension system has three 
physical state variables, as shown in Figure AP11.5 
[15]. The state variable feedback structure is shown 
in the figure, with K; = 1. Select K, and K3 so that 
the roots of the characteristic equation are three 
real roots lying between s = —3 and s = —6. Also, 
select K, so that the steady-state error for a step 
input is equal to zero. 


AP11,6 A system is represented by the differential equa- 
tion 


where y = output and u = input. 

(a) Develop a state variable representation and 
show that it is a controllable system. (b) Define the 
state variables as x; = y and x, = dy/dt — u, and 
determine whether the system is controllable. Note 
that the controllability of a system depends on the 
definition of the state variables. 


AP11.7 The new Radisson Diamond uses pontoons and sta- 
bilizers to damp out the effect of waves hitting the ship, 


X\(5) 
Position 


c 


ale 





Velocity 





Advanced Problems 





Ris) 


FIGURE AP11.5 
Automobile 
suspension system. 
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Xo = Ys) 





R(s) =0 


FIGURE AP11.7 
(a) Radisson 
Diamond (courtesy 
of Conde-Nast 
Traveler, July 1993, 
23). (b) Control 
system to reduce 
the effect of the 
disturbance. 


as shown in Figure AP11.7(a). The block diagram of the 
ship’s roll control system is shown in Figure AP11.7(b). 
Determine the feedback gains K, and K; so that the 
characteristic roots are s = —15 and s = —2 + j2. 
Plot the roll output 4(¢) for a unit step disturbance. 


AP11.8 Consider again the liquid-level control system 
described in Problem P3.36. 

(a) Design a state variable controller using only 

h(t) as the feedback variable, so that the step response 

has an overshoot less than 10% and a settling time 

(with a 2% criterion) less than or equal to 5 seconds. 

(b) Design a state variable controller feedback using 

two state variables, level A(t) and shaft position @(t), 





bls) 
Roll angle 





(b) 


to satisfy the specifications of part (a). (c) Compare 
the results of parts (a) and (b). 


AP11.9 The motion control of a lightweight hospital 


transport vehicle can be represented by a system of 
two masses, as shown in Figure AP11.9, where 
my = mz = 1 and k; = k, = 1 [24]. (a) Determine 
the state vector differential equation. (b) Find the 
roots of the characteristic equation. (c) We wish to sta- 
bilize the system by letting u = —kx,, where u is the 
force on the lower mass, and x; is one of the state vari- 
ables. Select an appropriate state variable x; (d) 
Choose a value for the gain k and sketch the root 
locus as k varies. 
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Input force 


u 


FIGURE AP11.9 Model of hospital vehicle. 


AP11.10 Consider the inverted pendulum mounted to 
a motor, as shown in Figure AP11.10. The motor and 
load are assumed to have no friction damping. The 
pendulum to be balanced is attached to the horizon- 
tal shaft of a servomotor. The servomotor carries a 
tachogenerator, so that a velocity signal is available, 
but there is no position signal. When the motor is 
unpowered, the pendulum will hang vertically 





Motor Tachometer 








Tachometer 
output 


FIGURE AP11.10 Motor and inverted pendulum. 





R(s) 


FIGURE AP11.11 
Internal model 
control. 
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downward and, if slightly disturbed, will perform 
oscillations. If lifted to the top of its arc, the pendu- 
lum is unstable in that position. Devise a feedback 
compensator G,(s) using only the velocity signal 
from the tachometer. 


AP11.11 Determine an internal model controller G,(s) 
for the system shown in Figure AP11.11, We want the 
steady-state error to a step input to be zero. We also 
want the settling time (with a 2% criterion) to be less 
than 5 seconds. 


AP11.12 Repeat Advanced Problem AP11.11 when we 
want the steady-state error to a ramp input to be zero 
and the settling time (with a 2% criterion) of the ramp 
response to be less than 6 seconds. 


AP11.13 Consider the system represented in state vari- 


able form 
x = Ax + Bu 
y = Cx + Du, 
where 
1 2 -4 
a a eefa] 
C=[6 —4], and D= [0]. 


Verify that the system is observable and controllable. 
Tf so, design a full-state feedback law and an observer 
by placing the closed-loop system poles at sı > = 
—1 + jand the observer poles at s}, = —10. 


AP11.14 Consider the third-order system 


0 1 0 0 
x=|] 0 0 1 Ix +] 0 ju 

-4 -5 ~6 4 
y=[2 -9 2)x + [O]u. 


Verify that the system is observable and control- 
lable. Then, design a full-state feedback law and an 


Process G(s) 


I 
(s + 1)(s + 2) 






Yes) 





Design Problems 


observer by placing the closed-loop system poles at 


5\,2 = —1 + j,s3 = —2 and the observer poles at 
S12 = —10 + j2, s3 = —20. 
AP11.15 Consider the system depicted in Figure AP11.15. 


Design a full-state observer for the system. Determine 
the observer gain matrix L to place the observer poles 
at sı,2 = —10 + j10. 


DESIGN PROBLEMS 


CDP11.1 We wish to obtain a state variable feedback sys- 
fs tem for the capstan-slide the state variable model de- 
$ veloped in CDP3.1 and determine the feedback 

system. The step response should have an overshoot 
less than 2% and a settling time less than 250 ms. 


DP11.1 Consider the device for the magnetic levitation 
of a steel ball, as shown in Figures DP11.1(a) and (b). 
Obtain a design that will provide a stable response 
where the ball will remain within 10% of its desired 
position. Assume that y and dy/dt are measurable. 


DP11.2 The control of the fuel-to-air ratio in an automo- 
bile carburetor became of prime importance in the 
1980s as automakers worked to reduce exhaust-pollu- 
tion emissions. Thus, auto engine designers turned to 
the feedback control of the fuel-to-air ratio. A sensor 
was placed in the exhaust stream and used as an input 
to a controller. The controller actually adjusts the ori- 
fice that controls the flow of fuel into the engine [3]. 

Select the devices and develop a linear model for 
the entire system. Assume that the sensor measures 
the actual fuel-to-air ratio with a negligible delay. With 
this model, determine the optimum controller when 
we desire a system with a zero steady-state error to a 
step input and an overshoot for a step command of less 
than 10%. 

DP11.3 Consider the feedback system depicted in Figure 
DP11.3. The system model is given by 


x(t) = Ax(t) + Bu(t) 
y(t) = Cx(t) 
where 


0 1 0 
ore E spade T par SE a 
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FIGURE AP11.15 A second-order system block 
diagram. 


Electromagnet 





Light =|] Q eq Light 
sensor A source 
y 





Yis) 
Current Vertical 
to coil 55 position 
of ball 


(b) 


FIGURE DP11.1 (a) The levitation of a ball using an 
electromagnet. (b) The model of the electromagnet and 
the ball. 


Design the compensator to meet the following specifi- 
cations: 


1. The steady-state error to a unit step input is zero. 

2. The settling time 7, < 1 s and the percent over- 
shoot is P.O, < 5%. 

3. Select initial conditions for x and different initial 
conditions for X and simulate the response of the 
closed-loop system to a unit step input. 
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FIGURE DP11.3 
Feedback system 
constructed to 
track a desired 
input r(t). 











DP114 A high-performance helicopter has a model 
shown in Figure DP11.4. The goal is to control the 
pitch angle 6 of the helicopter by adjusting the rotor 
thrust angle 6. 

The equations of motion of the helicopter are 





#0 _, Gee a , 
de ‘de ld 

ax do dx 

Wee = gO — Orr = oF is + gi 


where x is the translation in the horizontal direction. 
For a military high-performance helicopter, we find 
that 


oi = 0415 œ = 1.43 
o = 0.0198 n = 6.27 
a = 0.0111 g=98 


all in appropriate SI units. 
Find (a) a state variable representation of this sys- 
tem and (b) the transfer function representation for 


Body fixed axis 





FIGURE DP11.4 Helicopter pitch angle, @, control. 


6(s)/8(s). (c) Use state variable feedback to achieve 
adequate performances for the controlled system. 

Desired specifications include (1) a steady-state 
for an input step command for 04(s), the desired pitch 
angle, less than 20% of the input step magnitude; (2) 
an overshoot for a step input command less than 20%; 
and (3) a settling (with a 2% criterion) time for a step 
command of less than 1.5 seconds. 


DP11.5 The headbox process is used in the manufacture 


of paper to transform the pulp slurry flow into a jet of 
2 cm and then spread it onto a mesh belt [25]. To 
achieve desirable paper quality, the pulp slurry must be 
distributed as evenly as possible on the belt, and the 
relationship between the velocity of the jet and that of 
the belt, called the jet/belt ratio, must be maintained. 
One of the main control variables is the pressure in the 
headbox, which in turn controls the velocity of the 
slurry at the jet. The total pressure in the headbox is 
the sum of the liquid-level pressure and the air pres- 
sure that is pumped into the headbox. Because the 
pressurized headbox is a highly dynamic and coupled 
system, manual control would be difficult to maintain 
and could result in degradation in the sheet properties. 

The state-space model of a typical headbox, lin- 
earized about a particular stationary point, is given by 


._ | 0.8 + 0.02 H 0.05 

== zoo 0 |** {0.001 |" 
andy = [1 O)x. 

The state variables are xı = liquid level and 

X2 = pressure. The control variable isu; = pump cur- 
rent. (a) Design a state variable feedback system that 
has a characteristic equation with real roots with a mag- 
nitude greater than five, (b) Design an observer with 
observer poles located at least ten times farther in the 
left half-plane than the state variable feedback system. 
(c) Connect the observer and full-state feedback system 
and sketch the block diagram of the integrated system. 


Design Problems 


DP11.6 A coupled-drive apparatus is shown in Figure 
DP11.6. The coupled drives consist of two pulleys 
connected via an elastic belt, which is tensioned by a 
third pulley mounted on springs providing an under- 
damped dynamic mode. One of the main pulleys, pul- 
ley A, is driven by an electric DC motor. Both pulleys 
A and B are fitted with tachometers that generate 
measurable voltages proportional to the rate of rota- 
tion of the pulley. When a voltage is applied to the 
DC motor, pulley A will accelerate at a rate governed 
by the total inertia experienced by the system. Pulley 
B, at the other end of the elastic belt, will also accel- 
erate owing to the applied voltage or torque, but with 
a lagging effect caused by the elasticity of the belt. In- 
tegration of the velocity signals measured at each pul- 
ley will provide an angular position estimate for the 
pulley [26]. 

The second-order model of a coupled-drive is 





| EAA 


=> 
~~ 
Spring S 








Tensioning 
pulley 


Elastic 
belt 


Pulley A Pulley B 
FIGURE DP11.6 


System Model 
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and y = x4. 

(a) Design a state variable feedback controller that 
will yield a step response with deadbeat response and 
a settling time (with a 2% criterion) less than 0.5 sec- 
ond. (b) Design an observer for the system by placing 
the observer poles appropriately in the left half-plane. 
(c) Draw the block diagram of the system including 
the compensator with the observer and state feed- 
back. (d) Simulate the response to an initial state at 
x(0) = [1 OJ’ andx(0) = [0 OJ". 


DP11.7 A closed-loop feedback system is to be designed 


to track a reference input. The desired feedback block 
diagram is shown in Figure DP11.3. The system model 
is given by 

x(t) = Ax(t) + Bu(t) 


y(t) = Cx(r) 
where 
0 1 0 0 
A=] 0 0 1 |,B=/0)|,cC=f[1 0 0] 
2 =5 S10 1 


Design the observer and the control law to meet the 
following specifications: 

1. The steady-state error of the closed-loop system 
to a unit step input is zero. 

2. The gain margin G.M. = 6 dB. 

3. The bandwidth of the closed-loop system 
wg = 10 rad/s. 

4, Select initial conditions for x and different initial 
conditions for ¥ and simulate the response of the 
closed-loop system to a unit step input. Verify that 
the tracking error is zero in the steady-state. 











FIGURE DP11.7 Control Law 
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COMPUTER PROBLEMS 


CP11.1 State-space model of a system is given by the 
equations given below 


x, = -2x, +u 
=ï 
PE 


where wis the input and y is the output. Using MATLAB 
design a state variable feedback controller so that the 
closed-loop poles are —2 + j2. 


CP11.2 Consider a system with state-space model 


As |i 1 Bee 0 
-2 -3 Wg 
DT Ni 
and state feedback controller 
EH ye Kee 


Using MATLAB find the eigen values of the system 


(a) with controller. 
(b) without controller. 


CP11.3 The system represented by the equation 


Eth 


is provided with a state feedback controller 
u = 2x, + 2x2. 


If x,(0) = x,(0) = 1, using SIMULINK, obtain solu- 
tion of state equation. 


(a) without state feedback. 
(b) with state feedback. 


CP11.4 Using MATLAB, check whether the following 
system is completely state controllable and completely 


observable. 
0 1, 0 0 
x= 0 0 1 |jx+]0 ju 
=6 =I ~6 1 


y=[20 9 1x. 


CP11.5 A linearized model of a vertical takeoff and land- 
ing (VTOL) aircraft is [27] 


x = Ax + By, + Bou, 
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where 
—0.0389 0.0271 0.0188 —0.4555 
_ 0.0482 —1.0100 0.0019 —4.0208 
7 0.1024 0.3681 —0.7070 1.4200 
0 0 1 0 
and 
0.4422 0.1291 
3.5446 7.5922, 
B=) eona) 5| 4.4900 | 
0 0 


The state vector components are (i) x, is the horizon- 
tal velocity (knots), (ii) x, is the vertical velocity 
(knots), (iii) x3 is the pitch rate (degrees/second), and 
(iv) x4 is the pitch angle (degrees). The input u; is used 
mainly to control the vertical motion, and uz is used 
for the horizontal motion. 

(a) Compute the eigenvalues of the system 
matrix A, Is the system stable? (b) Determine the 
characteristic polynomial associated with A using the 
poly function, Compute the roots of the characteristic 
equation, and compare them with the eigenvalues in 
part (a). (c) Is the system controllable from u; alone? 
What about from u, alone? Comment on the results, 


CP11.6 In an effort to open up the far side of the moon 
to exploration, studies have been conducted to deter- 
mine the feasibility of operating a communication 
satellite around the translunar equilibrium point in 
the Earth-Sun—Moon system. The desired satellite 
orbit, known as a halo orbit, is shown in Figure 
CP11.6. The objective of the controller is to keep the 
satellite on a halo orbit trajectory that can be seen 
from the earth so that the lines of communication are 
accessible at all times. The communication link is 
from the earth to the satellite and then to the far side 
of the moon. 

The linearized (and normalized) equations of mo- 
tion of the satellite around the translunar equilibrium 
point are [28] 


0 0 0 100 
0 0 0 010 
0 0 0 001 
7.3809 0 0 0 2 oF 
0 -2.1904 0200 
0 0 -31904 0 0 0 


Computer Problems 


u + u + 


corocoeo 
orooosnd 
rooooo 
= 
i 


The state vector x is the satellite position and veloc- 
ity, and the inputs u;i = 1,2,3, are the engine 
thrust accelerations in the é, n, and ¢ directions, 
respectively. 

(a) Is the translunar equilibrium point a stable 
location? (b) Is the system controllable from u 
alone? (c) Repeat part (b) for uz. (d) Repeat part (b) 
for uz. (e) Suppose that we can observe the position in 
the y direction. Determine the transfer function from 
u, to n. (Hint: Let y=[0 1 0 0 0 OJx.) 
(f) Compute a state-space representation of the 
transfer function in part (e) using the ss function. 
Verify that the system is controllable. (g) Using state 
feedback 


u = —Kx, 


design a controller (i.e., find K) for the system in part 
(f) such that the closed-loop system poles are at 
S12 = —1 4 jands34 = —10. 





Earth 


a 





Halo orbit of 
spacecraft 


FIGURE CP11.6 The translunar satellite halo orbit. 
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CP11.7 Consider the system 


0 1 0 
x) =| 0 0 1 |x(t), 
-2 -4 -6 
y(t) =[1 0 O}x(e). (CP11.1) 


Suppose that we are given three observations y(t,), 
i = 1,2, 3, as follows: 


y(t) = 1 at 4 =0 
y(tz) = —0.0256 at tf =2 


y(t3) = —0.2522 at ft; = 4. 

(a) Using the three observations, develop a method 
to determine the initial value of the state vector x(ty) for 
the system in Equation (1) that will reproduce the three 
observations when simulated using the Isim function. 
(b) With the observations given, compute x(t) and dis- 
cuss the condition under which this problem can be 
solved in general. (c) Verify the result by simulating the 
system response to the computed initial condition. 
(Hint: Recall that x(t) = e4~x(t) for the system in 
Equation CP11.1.) 


CP11.8 A system is described by a single-input state 
equation with 


0 0 0 
asf $ d and EH! 


Using the method of Section 11.7 (Equation 11.40) 
and a negative unity feedback, determine the optimal 
system when x7(0) = [1 0). 


CP11.9 A first-order system is given by 


e=-xt+u 


with the initial condition x(0) = xọ We want to 
design a feedback controller 


u=—kx 
such that the performance index 


i= [ (x°(t) + Aw?(t)) dt 


is minimized. 

(a) Let A = 1. Develop a formula for J in terms 
of k, valid for any xo, and use an m-file to plot J/xĝ 
versus k. From the plot, determine the approximate 
value of k = kmin that minimizes J/x3. (b) Verify the 
result in part (a) analytically. (c) Using the procedure 
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developed in part (a), obtain a plot of ky, Versus A, 
where Kmin is the gain that minimizes the perfor- 
mance index. 


CP11.10 Consider the system represented in state vari- 
able form 
x = Ax + Bu 
y = Cx + Du, 


where 


0 1 12.8 
AS Ee wah abd Ext 


C=[1 0] and D= [0]. 


Using the acker function, determine a full-state feed- 
back gain matrix and an observer gain matrix to place 
the closed-loop system poles at s;2 = —1 and the 
observer poles at sız = —12 + j4. 


CP11.11 Consider the third-order system 


0 1 0 0 
x= 0 0 1 E+ 0 fu 
rhe al =O 0.35 
y=[0 1 Ojx + [0]u. 


(a) Using the acker function, determine a full-state feed- 
back gain matrix and an observer gain matrix to place 
the closed-loop system poles at s,;. = —1.4 + j1.4, 
53 = —2 and the observer poles at s2 = —18 + j5, 
53 = —20. (b) Construct the state variable compen- 
sator using Figure 11.1 as a guide. (c) Simulate the 
closed-loop system with the state initial conditions 


x(0)=(1 0 0) and initial state estimate of 
(0) = (0.5 0.1 0.1). 
TERMS AND CONCEPTS 


Command following An important aspect of control 
system design wherein a nonzero reference input is 
tracked. 


Controllability matrix A linear system is (completely) 
controllable if and only if the controllability matrix 
P.=[B_AB_A?°B...A”-'B] has full rank, where 
A isan n X n matrix. For single-input, single-output 
linear systems, the system is controllable if and only if 
the determinant of the n X n controllability matrix P, 
is nonzero. 


Controllable system A system is controllable on the 
interval [fo, tp] if there exists a continuous input «(£) 


The Design of State Variable Feedback Systems 


CP11.12 Implement the system shown in Figure 
CP11.12 in an m-file. Obtain the step response of the 
system. 


CP11.13 Consider the system in state variable form 


J 


0 1 0 0 0 
4 0 0 1 0 0 
x E ee 1 Etol 
=2 = —1 -R 1] 
y=[1 0 0 Ojx+ [Ou 


Design a full-state feedback gain matrix and an 
observer gain matrix to place the closed-loop system 
poles at sy. = —1.4 + j1.4, s34 = —2 + j and the 
observer poles s12 = —18 + j5,534 = —20. Con- 
struct the state variable compensator using Figure 
11.1 as a guide and simulate the closed-loop system 
using Simulink. Select several values of initial states 
and initial state estimates in the observer and display 
the tracking results on an x-y-graph. 








FIGURE CP11.12 Control system for Simulink 
implementation. 


such that any initial state x(ty) can be driven to any 
arbitrary trial state x(fr) in a finite time interval 
tp — ty > 0. 

Detectable A system in which the states that are unob- 
servable are naturally stable. 

Estimation error The difference between the actual 
state and the estimated state e(t) = x(t) — X(t). 


Full-state feedback control law A control law of the 
form u = —Kx where x is the state of the system 
assumed known at all times. 


Internal model design A method of tracking reference 
inputs with guaranteed steady-state tracking errors. 


Terms and Concepts 


Kalman state-space decomposition A partition of the state 
space that illuminates the states that are controllable and 
unobservable, uncontrollable and unobservable, control- 
lable and observable, and uncontrollable and observable. 


Linear quadratic regulator An optimal controller 
designed to minimize the quadratic performance index 


20 
J= Í (xTQx + u7Ru) dt, where Q and R are 
0 


design parameters. 


Observability matrix A linear system is (completely) 
observable if and only if the observability matrix 
P, = [C" (CA)? (CA?) ...(CA”-1)T]" has full 
rank, where A is an n X n matrix. For single-input, 
single-output linear systems, the system is observable 
if and only if the determinant of the n X n observabil- 
ity matrix P, is nonzero. 

Observable system A system is observable on the interval 
[to, ty] if any initial state x(ty) is uniquely determined 
by observing the output y(r) on the interval [to, ty]. 

Observer A dynamic system used to estimate the state 
of another dynamic system given knowledge of the 
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system inputs and measurements of the system 
outputs, 


Optimal control system A system whose parameters are 
adjusted so that the performance index reaches an 
extremum value. 


Pole placement A design methodology wherein the 
objective is to place the eigenvalues of the closed- 
loop system in desired regions of the complex plane. 


Separation principle The principle that states that the 
full-state feedback law and the observer can be 
designed independently and when connected will 
function as an integrated control system in the desired 
manner (i.e., stable). 


Stabilizable A system in which the states that are not 
controllable are naturally stable. 





Stabilizing controller A controller that stabilizes the 


closed-loop system. 


State variable feedback Occurs when the control signal 
u for the process is a direct function of all the state 
variables. 
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PREVIEW 


Physical systems and the external environment in which they operate cannot be 
modeled precisely, may change in an unpredictable manner, and may be subject to 
significant disturbances. The design of control systems in the presence of significant 
uncertainty requires the designer to seek a robust system. Recent advances in 
robust control design methodologies can address stability robustness and perfor- 
mance robustness in the presence of uncertainty. In this chapter, we describe five 
methods for robust design, including root locus, frequency response, ITAE methods 
for a robust PID systems, internal model control, and pseudo-quantitative feedback 
methods. However, we should also realize that classical design techniques may also 
produce robust control systems. Control engineers who are aware of these issues 
can design robust PID controllers, robust lead-lag controllers, and so forth. The 
chapter concludes with a PID controller design for the Sequential Design Example: 
Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 12, students should: 


Q Appreciate the role of robustness in control system design. 

Q Be familiar with uncertainty models, including additive uncertainty, multiplicative 
uncertainty, and parameter uncertainty. 

<3 Understand the various methods of tackling the robust control design problem using 
root locus, frequency response, ITAE methods for PID control, internal model, and 
pseudo-quantitative feedback methods. 
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FIGURE 12.1 
Closed-loop control 
system. (a) Signal 
flow graph; (b) 
Block diagram. 
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12.1 INTRODUCTION 


A control system designed using the methods and concepts of the preceding chap- 
ters assumes knowledge of the model of the process and controller and constant pa- 
rameters. The process model will always be an inaccurate representation of the 
actual physical system because of 


a 


bee) D 


parameter changes 

unmodeled dynamics 

unmodeled time delays 

changes in equilibrium point (operating point) 
sensor noise 

unpredicted disturbance inputs. 


The goal of robust systems design is to retain assurance of system performance in 
spite of model inaccuracies and changes. A system is robust when the system has 
acceptable changes in performance due to model changes or inaccuracies. 


A robust control system exhibits the desired performance despite the presence 


of significant process uncertainty, 


A system structure that incorporates potential system uncertainties is shown in 
Figure 12.1. This model includes the sensor noise N(s), the unpredicted disturbance 


Ris) 





T,(s) 


d 


Ris) 


Ns) 





¥(s) 





Ns) 


(b) 
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input 7;(s), and a process G(s) with potentially unmodeled dynamics or parameter 
changes. The unmodeled dynamics and parameter changes may be significant or 
very large, and for these systems the challenge is to create a design that retains the 
desired performance. 


12.2 ROBUST CONTROL SYSTEMS AND SYSTEM SENSITIVITY 


Designing highly accurate systems in the presence of significant plant uncertainty is 
a classical feedback design problem. The theoretical bases for the solution of this 
problem date back to the works of H. S. Black and H. W. Bode in the early 1930s, 
when this problem was referred to as the sensitivities design problem. A significant 
amount of literature has been published since then regarding the design of systems 
subject to large process uncertainty. The designer seeks to obtain a system that per- 
forms adequately over a large range of uncertain parameters. A system is said to be 
robust when it is durable, hardy, and resilient. 

A control system is robust when (1) it has low sensitivities, (2) it is stable over 
the range of parameter variations, and (3) the performance continues to meet the 
specifications in the presence of a set of changes in the system parameters [3, 4]. 
Robustness is the low sensitivity to effects that are not considered in the analysis 
and design phase—for example, disturbances, measurement noise, and unmodeled 
dynamics. The system should be able to withstand these neglected effects when per- 
forming the tasks for which it was designed. 

For small-parameter perturbations, we may use, as a measure of robustness, the 
differential sensitivities discussed in Sections 4.3 (system sensitivity) and Section 7.5 
(root sensitivity) [6]. The system sensitivity is defined as 


(12.1) 





where a is the parameter and T the transfer function of the system. The root sensi- 
tivity is defined as 














n ot 
eo (12.2) 
When the zeros of T(s) are independent of the parameter a, we showed that 
n 1 
SE = — > Si-——, 12.3 
eae (12.3) 


for an nth-order system. For example, if we have a closed-loop system, as shown in 
Figure 12.2, where the variable parameter is a, then T(s) = 1/[s + (œ + 1)], and 


azi 


S= r 
“stati 


(12.4) 


This follows because r; = +(œ + 1), and 
=S = -a. (12.5) 
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¥(s) 
















































FIGURE 12.2 

A first-order 

system. 

Ys) 

FIGURE 12.3 

A second-order 

system. 

Therefore, 
a a en (12.6) 
s SS herd ss aT : 
Let us examine the sensitivity of the second-order system shown in Figure 12.3. 
The transfer function of the closed-loop system is 
K 
T(s) = =———. 12.7 
(s) S+tstK (12.7) 
The system sensitivity for K is 
s(s +1) . 
S(s) = Sk = 3 12.8 
(s) KS +54+K ( ) 
A Bode plot of the asymptotes of 20 log|T(jw)| and 20 log|S(jw)| is shown in Figure 
12.4 for K = 1/4 (critical damping). Note that the sensitivity is small for lower fre- 
quencies, while the transfer function primarily passes low frequencies. 

Of course, the sensitivity S(s) only represents robustness for small changes in 
gain. If K changes from 1/4 within the range K = 1/16 to K = 1, the resulting range 
of step response is shown in Figure 12.5. This system, with an expected wide range of 

40 
K=} 
20 ---—}- 
20 log|S| 
dB 0 0 
20 log|T| 
-20 x) 
-40 
0.01 05 1 10 100 
w 
FIGURE 12.4 Sensitivity and 20 log |T(jw)| for the Time (s) 


second-order system in Figure 12.3. The asymptotic 


approximations are shown for K = T 


FIGURE 12.5 The step response for selected gain K. 
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FIGURE 12.6 
Asystem with a PD 
controller. 


Chapter 12 Robust Control Systems 


K, + Kps 








Y(s) 





K, may not be considered adequately robust. A robust system would be expected to 
yield essentially the same (within an agreed-upon variation) response to a selected 
input. 


EXAMPLE 12.1 Sensitivity of a controlled system 


Consider the system shown in Figure 12.6, where G(s) = 1/s? and a PD controller 
GAs) = K, + Kps. Then the sensitivity with respect to changes in G(s) is 


T 1 S 
SG = arg 3 
1 + G(s)G(s) s? + Kps + Kp 





(12.9) 


and 


Kps + K, 


T(s) = 
6) s? + Kps + K, 


(12.10) 


Consider the normal condition ¢ = 1 and w, = VK, Then, Kp = 2w, to achieve 
¢ = 1. Therefore, we may plot 20 log|S| and 20 log|7| on a Bode diagram, as 
shown in Figure 12.7, Note that the frequency w, is an indicator on the boundary 
between the frequency region in which the sensitivity is the important design cri- 
terion and the region in which the stability margin is important. Thus, if we specify 
, properly to take into consideration the extent of modeling error and the fre- 
quency of external disturbance, we can expect the system to have an acceptable 
amount of robustness. m 


EXAMPLE 12.2 System with a right-hand-plane zero 


Consider the system shown in Figure 12.8, where the plant has a zero in the right- 
hand plane. The closed-loop transfer function is 


K(s — 1) 
se + (2+ K)s+(1-K) 





T(s) 





(12.11) 


The system is stable for a gain —2 < K < 1. The steady-state error due to a nega- 
tive unit step input R(s) = —1/s is 
_1-—2K 


= 12.12 
es (12.12) 
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FIGURE 12.7 Sensitivity and 7(s) for the second-order FIGURE 12.8 A second-order system. 
system in Figure 12.6. 





y(t) 





FIGURE 12.9 
Step response of 
the system in 
Figure 12.8 with 
k=}. 











and e, = 0 when K = 1/2. The response is shown in Figure 12.9. Note the initial 
undershoot at t = 1 s. This system is sensitive to changes in K, as recorded in Table 
12.1. The performance of this system might be considered barely acceptable for a 
change of gain of only +10%. Thus, this system would not be considered robust. The 
steady-state error of this system changes greatly as K changes. m 


Table 12.1 Results for Example 12.2 


K 0.25 0.45 0.50 0.55 0.75 
lessl 0.67 0.18 0 0.22 1.0 
Undershoot 5% 9% 10% 11% 15% 


Settling time (seconds) 15 24 27 30 45 
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12.3 ANALYSIS OF ROBUSTNESS 


Consider the closed-loop system shown in Figure 12.1. System goals include main- 
taining a small tracking error [E(s) = R(s) — Y(s)] for an input R(s) and keeping 
the output Y(s) small for a disturbance T,,(s). 

Following the discussion in Section 4.1, the sensitivity function is 





S(s) = [1 + Gs)G(s)]7, 











and the complementary sensitivity function is 





G,(s)G(s) 


CW) = TF GOE 











We also have the relationship 


S(s) + C(s) = 1. (12.13) 


For physically realizable systems, the loop gain L(s) = G,(s)G(s) must be small for 
high frequencies. This means that S(jw) approaches 1 at high frequencies. 

An additive perturbation characterizes the set of possible processes as follows 
(here we assume that G,(s) = 1): 


Gals) = G(s) + A(s), 


where G(s) is the nominal process, and A(s) is the perturbation that is bounded in 
magnitude. We assume that G,(s) and G(s) have the same number of poles in the 
right-hand s-plane (if any) [36]. Then the system stability will not change if 


|A(jo)| < |1 + GGo)| forall w. (12.14) 
This assures stability but not dynamic performance. 
A multiplicative perturbation is modeled as 


G,,(s) = G(s)[1 + M(s)]. 


The perturbation is bounded in magnitude, and it is again assumed that G,,,(s) and 
G(s) have the same number of poles in the right-hand s-plane. Then the system sta- 
bility will not change if 





1+ for all œ. (12.15) 


i 1 
|[M(jw)| < asl 








Equation (12.15) is called the robust stability criterion. This is a test for robustness 
with respect to a multiplicative perturbation. This form of perturbation is often used 
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because it satisfies the intuitive properties of (1) being small at low frequencies, 
where the nominal process model is usually well known, and (2) being large at high 
frequencies, where the nominal model is always inexact. 


EXAMPLE 12.3 System with multiplicative perturbation 
Consider the system of Figure 12.1 with G, = K, and 


170,000 (s + 0.1) 
s(s + 3)(s? + 10s + 10,000) 





G(s) = 


The system is unstable with K = 1, but a reduction in gain to K = 0.5 will stabilize 
it. Now, consider the effect of an unmodeled pole at 50 rad/s. In this case, the multi- 
plicative perturbation is determined from 


50 
+ = — 

a ED oe a 
or M(s) = —s/(s + 50). The magnitude bound is then 
—jo 


IMGo)| = jo + 50 











|M(j)| and |1 + 1/(KG(jo))| are plotted in Figure 12.10(a), where it is seen that 
the criterion of Equation (12.15) is not satisfied. Thus, the system may not be stable. 
If we use a lag compensator 


G _ 0.15(s + 25) 
rr a 

the loop transfer function is 1 + G,(s)G(s), and we reshape the function 
G(jw)G(jw) in the frequency range 2 < w < 25. Then we have the altered magni- 
tude 


> 


h ee SEEN 
G(jo)G(jo) 





as plotted in Figure 12.10(b). Here the robustness inequality is satisfied, and the sys- 
tem remains stable. m 


The control objective is to design a compensator G,(s) so that the transient, 
steady-state, and frequency-domain specifications are achieved and the cost of feed- 
back measured by the bandwidth of the compensator G,(jw) is sufficiently small. 
This bandwidth constraint is needed mainly because of noise that is inevitable in 
measuring the system output. A large noise amplification can saturate either the lat- 
ter stages of G,(s) or the early process stages. In subsequent sections, we can add a 
pre-filter in a two-degree-of-freedom configuration to help achieve the design goals. 
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FIGURE 12.10 
The robust stability & (rad/s) 
criterion for 
Example 12.3. (b) 


12.4 SYSTEMS WITH UNCERTAIN PARAMETERS 
Many systems have several parameters that are constants but uncertain within a 
range. For example, consider a system with a characteristic equation 
s" + ap") + ays"? + ++ + a9 =0 (12.16) 


with known coefficients within bounds 
a; = a; = B;andi = 0,...,n, 


where a, = 1. 

To ascertain the stability of the system, we might have to investigate all possible 
combinations of parameters. Fortunately, it is possible to investigate a limited num- 
ber of worst-case polynomials [22]. The analysis of only four polynomials is sufficient, 
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and they are readily defined for a third-order system with a characteristic equation 

S + as* + ays + a) = 0. (12.17) 
Then the four polynomials are 


qls) = $ + as? + Bis + Bo, 
g(s) = $ + Ba? + ays + ap, 
g(s) = 8° + Ba? + Bys + ao, 
gals) = $ + ays? + ays + Bo. 





One of the four polynomials represents the worst case and may indicate either unstable 
performance or at least the worst performance for the system in that case. 


EXAMPLE 12.4 Third-order system with uncertain coefficients 
Consider a third-order system with uncertain coefficients such that 

8 < ay = 60 = a = 8, Bo = 60; 

12 = a = 100 œ = 12, B; = 100; 

7 = m = 25> a) = 7, ß = 25. 
The four polynomials are 

qi(s) = $° + 7s? + 100s + 60, 

q(s) = s + 25s? + 12s + 8, 

qx(s) = s? + 25s? + 100s + 8, 

qals) = sè + 7s? + 12s + 60. 
We then proceed to check these four polynomials by means of the Routh-Hurwitz 
criterion, and hence we determine that the system is stable for all the range of 
uncertain parameters. m 
EXAMPLE 12.5 Stability of uncertain system 


` 
Consider a unity feedback system with a process transfer function (under nominal 
conditions) 


= 4.5 
s(s + 1)(s + 2) 
The nominal characteristic equation is then 


q(s) = $ + 3s? + 2s + 4.5 = 0. 


G(s) 


Using the Routh-Hurwitz criterion, we find that this system is nominally stable. 
However, if the system has uncertain coefficients such that 

4 < a) = 5a = 4, Bo = 5; 

1s a, =3>a, = 1, gı = 3; and 

2 Sa, = 4 >a) = 2, Bo = 4, 
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then we must examine the four polynomials: 
qls) = ° + 2s? + 35 +5, 
go(s) = 88 + 4s? + 1s + 4, 
g(s) = $? + 4s? + 3s + 4, 
qals) = 8° + 257 + 15 + 5. 





Using the Routh-Hurwitz criterion, g;(s) and q3(s) are stable and q2(s) is marginally 
stable. For q4(s), we have 


Ss i “4 
s 2 S 
s! —3/2 

gs? 5 


Therefore, the system is unstable for the worst case, where a) = minimum, 
@ = minimum, and 8) = maximum. This occurs when the process has changed to 


5 


ats) = s(s + 1)(s + 1) 


Note that the third pole has moved toward the jw-axis to its limit at s = —1 and that 
the gain has increased to its limit at K = 5. Often, we are able to examine the trans- 
fer function G(s) and predict the worst-case conditions. m 


12.5 THE DESIGN OF ROBUST CONTROL SYSTEMS 


The design of robust control systems is based on two tasks: determining the struc- 
ture of the controller and adjusting the controller’s parameters to give an “optimal” 
system performance. This design process is normally done with “assumed complete 
knowledge” of the process. Furthermore, the process is normally described by a lin- 
ear time-invariant continuous model. The structure of the controller is chosen such 
that the system’s response can meet certain performance criteria. 

One possible objective in the design of a control system is that the controlled 
system’s output should exactly and instantaneously reproduce its input. That is, the 
system transfer function should be unity: 

Y(s) 

T(s) RG) i (12.18) 
In other words, the system should be presentable on a Bode gain versus frequency 
diagram with a 0-dB gain of infinite bandwidth and zero phase shift. In practice, this 
is not possible, since every system will contain inductive- and capacitive-type com- 
ponents that store energy in some form. These elements and their interconnections 
with energy-dissipative components produce the system’s dynamic response charac- 
teristics. Such systems reproduce some inputs almost exactly, while other inputs are 
not reproduced at all, signifying that the system bandwidth is less than infinite. 
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Once we recognize that the system dynamics cannot be ignored, we need a new 
design objective. One possible design objective is to maintain the magnitude response 
curve as flat and as close to unity for as large a bandwidth as possible for a given plant 
and controller combination [22]. 

Another important goal of a control system design is that the effect on the out- 
put of the system due to disturbances is minimized. Thus, we wish to minimize 
Y(s)/Tg(s) over a range of frequency. 

Consider the control system shown in Figure 12.11, where G(s) = G;(s)G(s) is 
the plant and 7;,(s) is the disturbance. We then have 


_ YG) G.(s)Gi(s)G2(s) 
R(s) 1 + G(s)Gi(s)G2(s)’ 








T(s) (12.19) 


and 


Y(s) G(s) 
Tals) 1 + Ge(s)G1(s)G:(8) 








(12.20) 


Note that both the reference and disturbance transfer functions have the same 
denominator; in other words, they have the same characteristic equation—namely, 


1 + G(s)G1(s)G(s) = 1 + L(s) = 0. (12.21) 
Recall that the sensitivity of T(s) with respect to G(s) is 


1 


1+ GG (Gs) (12.22) 


SG = 
and the characteristic equation is the influencing factor on the sensitivity. Equation 
(12.22) shows that for low sensitivity S, we require a high value of loop gain L(jw), 
but it is known that a high gain could cause instability or poor responsiveness of 
T(s). Thus, we seek the following: 


1. T(s) with wide bandwidth and faithful reproduction of R(s). 

2. Large loop gain L(s) in order to minimize sensitivity S. 

3. Large loop gain L(s) attained primarily by G,(s)G;(s), since 
Y(s)/Ta(s) = 1/G,(s)Gi(s). 

Setting the design of robust systems in frequency-domain terms, we must find a 
proper compensator G(s) such that the closed-loop sensitivity is less than some toler- 
ance value. But sensitivity minimization involves finding a proper compensator such 
that the closed-loop sensitivity equals or is arbitrarily close to the minimal attainable 


Ris) 


FIGURE 12.11 
A system with a 
disturbance. 
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FIGURE 12.12 
Bode diagram for 
20 log |G.(ju)G(jw)|. 
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sensitivity. Similarly, the gain margin problem is to find a proper compensator to 
achieve some prescribed gain margin. But gain margin maximization involves finding 
a proper compensator to achieve the maximal attainable gain margin. For the fre- 
quency-domain specifications, we require the following conditions for the Bode dia- 
gram of G,(jw)G(jw), shown in Figure 12.12: 


1. For relative stability, G.(jw)G(jw) must have, for an adequate range of w, not more 
than a —20-dB/decade slope at or near the crossover frequency «,. 

2. Steady-state accuracy achieved by the low frequency gain. 

3. Accuracy over a bandwidth wa, by maintaining |G,(jw)G(jw)| above a prescribed 
level. 

4, Disturbance rejection by a high gain for G,(jw) over the system bandwidth. 


Using the root sensitivity concept, we can state that $7 must be minimized while 
attaining 7(s) with dominant roots that will provide the appropriate response and 
minimize the effect of T,(s). Again, we see that the goal is to have the gain of the 
loop primarily attained by G,(s). As an example, let G,(s) = K,G;(s) = 1, and 
G(s) = 1/(s(s + 1)) for the system in Figure 12.11. This system has two roots, and 
we select a gain K so that Y(s)/T,(s) is minimized, S’% is minimized, and T(s) has 
desirable dominant roots. The sensitivity is 











Sk = ZK = & te (12.23) 
and the characteristic equation is 
s(s +1) +K =0. (12.24) 
Therefore, dK/ds = —(2s + 1), since K = —s(s + 1). We then obtain 
Su = = =e Ve (12.25) 
When ¢ < 1, the roots are complex and r = —0.5 + jw. Then, 


0.25 + w\!? 
ISķl = (832) l (12.26) 


FIGURE 12.13 
Sensitivity and 
percent overshoot 
for a second-order 
system. 
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The magnitude of the sensitivity is plotted in Figure 12.13 for K = 0.2 to K = 5. 
The percent overshoot to a step is also shown. It is best to reduce the sensitivity 
while limiting K to 1.5 or less. We then attain the majority of the attainable reduc- 
tion in sensitivity while maintaining good performance for the step response. In 
general, we can use the design procedure as follows: 


1. Sketch the root locus of the compensated system with G,(s) chosen to attain the desired 
location for the dominant roots. 


2. Maximize the gain of G,(s) to reduce the effect of the disturbance. 


3. Determine S’, and attain the minimum value of the sensitivity consistent with the tran- 
sient response required, as described in Step 1. 


EXAMPLE 12.6 Sensitivity and compensation 


Let us consider again the system in Example 10.1 when G(s) = 1/ s*, H(s) = 1, and 
G(s) is to be selected by frequency response methods. Therefore, the compensator 
is to be selected to achieve an appropriate gain and phase margin while minimizing 
sensitivity and the effect of the disturbance. Thus, we choose 


K(s/z + 1) 


Gels) = s/p+1 


(12.27) 
As in Example 10.1, we choose K = 10 to reduce the effect of the disturbance. To 
attain a phase margin of 45°, we select z = 2.0 and p = 12.0. We then attain the 
compensated diagram shown in Figure 10.9 and repeated in Figure 12.14. Recall 
that the closed-loop bandwidth is wg = 1.6@, Thus, we will increase the band- 
width by using the compensator and improve the fidelity of reproduction of the 


input signals. 
The sensitivity at w may be ascertained as 


1 


TF GGG) — 


ISG(jo,)| = 








We 
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FIGURE 12.14 
Bode diagram for 
Example 12.6. 
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To estimate |SẸ|, we recall that the Nichols chart enables us to obtain 
G.(jo)GGo) 
ITGo)| = | |. (12.29) 
1+ G,(jw)G(jo) 








Thus, we can plot a few points of G,(jw)G(jw) on the Nichols chart and then read 
T(w) from the chart. Then 


[T(jor)| 


Ti; PENRE. iata. arci LA 
Selon = TTo Go 


(12.30) 
where «, is chosen arbitrarily as w,/2.5. In general, we choose a frequency below we 
to determine the value of |.S(w,)|. Of course, we desire a low value of sensitivity. The 
Nichols chart for the compensated system is shown in Figure 12.15. For 
w = w,/2.5 = 2, we have 20 log|T(jw;)| = 2.5 dB and 20 log |G,(j@,)G(jw;)| = 
9 dB. Therefore, 


ITGe)l__ _ 1.33 
IG.(jo;)G(jo;)| 2.8 








[SGo] = 0.47. m 
EXAMPLE 12.7 Sensitivity with a lead compensator 


Let us again consider the system in Example 12.6, using the root locus design obtained 
in Example 10.3. The compensator was chosen as 


age Sety 12.31 
ls) = 436° ey 
for the system of Figure 12.16. The dominant roots are thus s = —1 + j2. Because 


the gain is 8.1, the effect of the disturbance is reduced, and the time response meets 
the specifications. The sensitivity at a root r may be obtained by assuming that the 


FIGURE 12.15 
Nichols chart for 
Example 12.7. 


FIGURE 12.16 
Feedback control 
system with a 
desired input R(s) 
and an undesired 
input T,(s). 
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system, with dominant roots, may be approximated by the second-order system 


K K 
È+ os +K s?+25+ K’ 








T(s) 


since {w, = 1. The characteristic equation is thus 
Ż+2s+K=0. 
Then dK/ds = —(2s + 2), since K = —(s? + 2s). Therefore, 











-1 —(s? + 2s) ais $2) 
N ‘ = i 12.32 
Sk= 49 1 ser (2s + 2)],-, (12:92) 
where r = —1 + j2. Then, substituting s = r, we obtain 


ISk| = 1.25. 
If we raise the gain to in Equation (12.31) from 8.1 to 10, we expect r ~ —1.1 + j2.4. 
Then the sensitivity is 

[Skl = 1.4. m 


12.6 THE DESIGN OF ROBUST PID-CONTROLLED SYSTEMS 
The PID controller has the transfer function 
GAs) = Kp + %4 + Kps. 


The popularity of PID controllers can be attributed partly to their robust perfor- 
mance in a wide range of operating conditions and partly to their functional sim- 
plicity, which allows engineers to operate them in a simple straightforward manner. 
To implement such a controller, three parameters must be determined for the given 
process: proportional gain, integral gain, and derivative gain [35]. 

Consider the PID controller 


Kps? + Kps + K; 
S 





K, 
G,(s) = Kp + a + Kps = 


_ Kp(s? +as +b) Kp(s + us + z) 
Ss Ss 





’ (12.33) 


where a = Kp/Kp and b = K;/Kp. Therefore, a PID controller introduces a trans- 
fer function with one pole at the origin and two zeros that can be located anywhere 
in the left-hand s-plane. 

Recall that a root locus begins at the poles and ends at the zeros. If we have a 
system as shown in Figure 12.16 with 


1 


O = GEE +5) 


FIGURE 12.17 
Root locus with 
=z = —6 + j2. 
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and we use a PID controller with complex zeros, we can plot the root locus as shown 
in Figure 12.17. As the gain Kp of the controller is increased, the complex roots 
approach the zeros. The closed-loop transfer function is 

G(s)G{s)G,(s) 

rig - LIEN 
1 + G(s)G.(s) 
Kp(s + z)(s + 21) 
(s + m)(s + 4)(s +ñ) 
KpG,(s) 


acs hi (12.34) 





G,(s) 


because the zeros and the complex roots are approximately equal (rı ~ z1). Setting 
G,(s) = 1, we have 


Kp _ Kp 


x (12.35) 


T(s) = 
(9) Str sS+Kp 








when Kp >> 1. The only limiting factor is the allowable magnitude of U(s) (Figure 
12.16) when K pis large. If K p is 100, the system has a fast response and zero steady- 
state error. Furthermore, the effect of the disturbance is reduced significantly. 

In general, we note that PID controllers are particularly useful for reducing 
steady-state error and improving the transient response when G(s) has one or two 
poles (or may be approximated by a second-order process). 

The selection of the three coefficients of PID controllers is basically a search prob- 
lem in a three-dimensional space. Points in the search space correspond to different 
selections of a PID controller parameters. By choosing different points of the parame- 
ter space, we can produce, for example, different step responses for a step input. A PID 
controller can be determined by moving in this search space on a trial-and-error basis. 

The main problem in the selection of the three coefficients is that these coeffi- 
cients do not readily translate into the desired performance and robustness charac- 
teristics that the control system designer has in mind. Several rules and methods 


Kp 
increasing 








| —j2 
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have been proposed to solve this problem. In this section, we consider several design 
methods using root locus and performance indices. 

The first design method uses the ITAE performance index of Section 5.7 and 
the optimum coefficients of Table 5.6 for a step input or Table 5.7 for a ramp input. 
Hence, we select the three PID coefficients to minimize the ITAE performance 
index, which produces an excellent transient response to a step (Figure 5.30c) or a 
ramp. The design procedure consists of three steps: 


1. Select the w, of the closed-loop system by specifying the settling time. 


2. Determine the three coefficients using the appropriate optimum equation (Table 5.6) 
and the w, of step 1 to obtain G(s). 


3. Determine a prefilter G,(s) so that the closed-loop system transfer function, T(s), 
does not have any zeros, as required by Equation (5.47). 


EXAMPLE 12.8 Robust control of temperature 


Consider a temperature controller with a control system as shown in Figure 12.16 
and a process 


G(s) = (+ 1" (12.36) 


IfG,(s) = 1, the steady-state error is 50%, and the settling time (with a 2% criterion) 
is 3.2 seconds for a step input. We want to obtain an optimum ITAE performance for 
a step input and a settling time of less than 0.5 second. Using a PID controller, we have 
Kps? + Kps + K; 


Gs) = : 


(12.37) 


Therefore, the closed-loop transfer function without prefiltering [G p(s) = lis 
¥(s) __ Gls) G(s) 
R(s) 1 + G,(s)G(s) 

Kps? + Kps + K; 


= ý 12.38 
so + (2 + Kp)s? + (1 + Kp)s + K; ( ) 





Tı(s) = 





The optimum coefficients of the characteristic equation for ITAE are obtained from 
Table 5.6 as 


È + 1.750,58? + 2150S + 0. (12.39) 


We need to select w, in order to meet the settling time requirement. Since 
Ts = 4/(fw,) and ¢ is unknown but near 0.8, we set w, = 10. Then, equating the 
denominator of Equation (12.38) to Equation (12.39), we obtain the three coefficients 
as Kp = 214, Kp = 15.5, and K; = 1000. 

Then Equation (12.38) becomes 

15.58? + 214s + 1000 

s? + 17.5? + 215s + 1000 
15.5(s + 6.9 + j4.1)(s + 6.9 — j4.1) 

s? + 17.5s? + 215s + 1000 





Ti(s) = 








(12.40) 
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The response of this system to a step input has an overshoot of 32%, as recorded in 
Table 12.2. 
We select a prefilter G,(s) so that we achieve the desired ITAE response with 











G(s)G(s)G,(s 
T(S) (s)G(s)G,(s) f 71000 (12.41) 
1+ GAs)G(s) s? + 17.5s? + 215s + 1000 
Therefore, we require that 
64.5 
G) = >=. 12.42 
ol) = 2738s + 645 (12.42) 


in order to eliminate the zeros in Equation (12.40) and bring the overall numerator 
to 1000. The response of the system T(s) to a step input is indicated in Table 12.2. 
The system has a small overshoot, a settling time of less than } second, and zero 
steady-state error. Furthermore, for a disturbance T4(s) = 1/s, the maximum value 
of y(t) due to the disturbance is 0.4% of the magnitude of the disturbance. This is a 
very favorable design. m 


EXAMPLE 12.9 Robust system design 


Let us consider again the system in Example 12.8 when the plant varies significantly, 
so that 


K 


G(s) = G+? 


(12.43) 


where 0.5 = 7 < 1 and1 < K < 2. We want to achieve robust behavior using an 
ITAE optimum system with a prefilter while attaining an overshoot of less than 4% 
and a settling time (with a 2% criterion) of less than 2 seconds, while G(s) can attain 
any value in the range indicated. We select w,, = 8 in order to attain the settling time 
and determine the ITAE coefficients for K = 1 and r = 1. Completing the calcula- 
tion, we obtain the system without a prefilter [G,(s) = 1] as 


12(s? + 11.388 + 42.67) 








Tı(s) = 7 12.44 
9) = Sy tas? + 137.65 + 512 aa 
Table 12.2 Results for Example 12.8 

PID and PID with 
Controller G(s) = 1 G,(s) = 1 G,(s) Prefilter 
Percent overshoot 0 31.7% 1.9% 
Settling time (seconds) 3:2 0.20 0.45 
Steady-state error 50.1% 0.0% 0.0% 


Disturbance error 52% 0.4% 0.4% 
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and 
12(s* + 11.385 + 42.67 
G(s) = is z ), (12.45) 
We select a prefilter 
42.67 
G,(s) = = 12.46 
oS) = EF 11.385 + 42.67 Giese) 


to obtain the optimum ITAE transfer function 

512 
s? + 14s? + 137.65 + 512° 
We then obtain the step response for the four conditions: 7 = 1, K = 1;7 = 0.5, 


K =1;7 =1,K = 2; and 7 = 0.5, K = 2. The results are summarized in Table 
12.3. This is a very robust system. m 








T(s) (12.47) 


The value of w, that can be chosen will be limited by considering the maximum 
allowable u(t), where u(r) is the output of the controller, as shown in Figure 12.16. If 
the maximum value of e,(t) is 1, then u(t) would normally be limited to 100 or less. 
As an example, consider the system in Figure 12.16 with a PID controller, 
G(s) = 1/(s(s + 1)), and the necessary prefilter G,(s) to achieve ITAE perfor- 
mance. If we select w, = 10, 20, and 40, the maximum value of u(f) is as recorded in 
Table 12.4. If we wish to limit u(¢) to a maximum equal to 100, we need to limit w, to 
16. Thus, we are limited in the settling time we can achieve. 

Let us consider the design of a PID compensator using frequency response 
techniques for a system with a time delay so that 


Kes 
Ts +1 





G(s) = (12.48) 


This type of system represents many industrial processes that incorporate a time 
delay. We use a PID compensator to introduce two equal zeros so that 


Kils + 1)° 





G(s) = í (12.49) 
Table 12.3 Results for Example 12.9 with w, = 8 
r=1 Tt = 0.5, 7T=1, 7 =0.5, 
Plant Conditions K=1 K=1 K=2 K=2 
Percent overshoot 2% 0% 0% 1% 
Settling time (seconds) 1.25 0.8 0.8 0.9 





Table 12.4 Maximum Value of Plant Input 


On 10 20 40 
u(t) maximum for R(s) = 1/s 35 135 550 
Settling time (seconds) 0.9 0.5 0.3 
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The design method is as follows: 
1. Plot the uncompensated Bode diagram for K,G(s)/s with a gain K; that satisfies the 
steady-state error requirement. 
2. Place the two equal zeros at or near the crossover frequency we- 
3. Test the results and adjust K; or the zero locations, if necessary. 


EXAMPLE 12.10 PID control of a system with a delay 
Consider the system of Figure 12.16 when 


(12.50) 


where K = 20 is selected to achieve a small steady-state error for a step input, and 
where G,(s) = 1. We want an overshoot to a step input of less than 5%. 

Plotting the Bode diagram for G(jw), we find that the uncompensated system 
has a negative phase margin and that the system is unstable. 

We will use a PID controller of the form of Equation (12.49) to attain a desir- 
able phase margin of 70°. Then the loop transfer function is 


20e (745 + 1)? 

s(0.1s+1) ° 
where K;K = 20. We plot the Bode diagram without the two zeros, as shown in 
Figure 12.18. The phase margin is —32°, and the system is unstable prior to the 
introduction of the zeros. 


Because we have introduced a pole at the origin due to the integration term in 
the PID compensator, we may reduce the gain K;K because ess is now zero. We 


G{s)G(s) = (12.51) 
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FIGURE 12.19 
Bode diagram for 
G,(s)G(s) for 
Example 12.10. 
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place the two zeros at or near the crossover w, = 11. We choose to set 7; = 0.06 so 
that the two zeros are set at w = 16.7. Also, we reduce the gain to K;K = 4.5. Then 
we obtain the frequency response shown in Fig. 12.19, where 


4.5(0.06s + 1)e®! 


GANGS) = as + 1) 


(12.52) 
The new crossover frequency is w = 4.5, and the phase margin is 70°. The step 
response of this system has no overshoot and has a settling time (with a 2% criterion) 
of 0.80 second. This response satisfies the requirements. However, if we wanted to 
adjust the system further, we could raise K;K to 10 and achieve a somewhat faster 
response with an overshoot of less than 5%. m 


As a final consideration of the design of robust control systems using a PID 
controller, we turn to an s-plane root locus method. This design approach may be 
simply stated as follows: 


1. Place the poles and zeros of G(s)/s on the s-plane. 


2, Select a location for the zeros of G,(s) that will result in an acceptable root locus and 
suitable dominant roots. 


3. Test the transient response of the compensated system and iterate Step 2, if necessary. 


12.7 THE ROBUST INTERNAL MODEL CONTROL SYSTEM 


The internal model control system is shown in Figure 12.20 and was previously con- 
sidered in Section 11.8. We now consider again the use of the internal model design 
with special attention to robust system performance. The internal model principle 


FIGURE 12.20 
The internal model 
control system. 
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states that if G.(s)G(s) contains R(s) then y(¢) will track r(t) asymptotically (in the 
steady state), and the tracking is robust. 

Examining the system of Figure 12.20, we note that for lower-order processes, state 
variable feedback will not be required, and a suitable G(s) can be obtained. However, 
with higher-order systems, the feedback of all state variables may be required. 

Consider a simple system with G(s) = 1/s, for which we seek a ramp response 
with a steady-state error of zero. A PI controller is sufficient, and we let K = 0 (no 
state variable feedback). Then we have 


(12.53) 


K,;\1 — Kps + Ki 
G.(s)G(s) = (x, + x) = = 


Note that for a ramp, R(s) = 1/s*, which is contained as a factor of Equation 
(12.53), and the closed-loop transfer function is 


(12.54) 


Using the ITAE specifications for a ramp response (Table 5.7), we require that 


3.20S + @,2 


Se ae 12.55 
5? + 3.205 + w,2 ( ) 


T(s) = 
We select w, to satisfy a specification for the settling time. For a settling time (with 
a 2% criterion) of 1 second, we select w, = 5. Then we require K, = 16 and 
K, = 25. The response of this system settles in 1 second and then tracks the ramp 
with zero steady-state error. If this system (designed for a ramp input) receives a 
step input, the response has an overshoot of 5% and a settling time of 1.5 seconds. 
This system is very robust to changes in the plant. For example, if G(s) = K/s 
changes gain so that K shifts from K = 1 by +50%, the change in the ramp 
response is insignificant. 





EXAMPLE 12.17 Design of an internal model control system 


Consider the system of Figure 12.21 with state variable feedback and a compensator 
G(s). We wish to track a step input with zero steady-state error. Here, we select a 
PID controller for G.(s). We then have 

Kps? + Kps + Ky 


GAs) = n 
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FIGURE 12.21 
An internal model 
control with state 
variable feedback 
and G,(s). 
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and G(s)G,(s) will contain R(s) = 1/s, the input command. Note that we feed back 
both state variables and add these additional signals after G,(s) in order to retain 
the integrator in G,(s). 

The goal is to achieve a settling time (to within 2% of the final value) in less 
than 1 second and a deadbeat response (see Section 10.11) while retaining a robust 
response. Here, we assume that the two poles of G(s) can change by +50%. Then 
the worst-case condition is 


1 


Mo)“ 7 sisi so 


One design approach is to design the control for this worst-case condition. Another 
approach, which we use here, is to design for the nominal G(s) and one-half the 
desired settling time. Then we expect to meet the settling time requirement and attain 
a very fast, highly robust system. Note that the prefilter Gp(s) is used to attain the 
desired form for T(s). 

The response desired is deadbeat (see Table 10.2), so we use a third-order trans- 
fer function as 


Op 
8 + 1.90s? + 2.200,25 + 0p 








T(s) (12.56) 
and the settling time (with a 2% criterion) is T, = 4.04/w,. For a settling time of J 
second, we use w, = 8.08. 

The closed-loop transfer function of the system of Figure 12.21 with the appro- 
priate Gp(s) is 


Kı 
s? + (3 + Kp + Ky)s* + (2 + Kp + K, + 2Ky)s + Kr 





T(s) (12.57) 





We let K, = 10, K, = 2, Kp = 127.6, Kı = 527.5, and Kp = 10.35. Note that T(s) 
could be achieved with other gains, including K; = 0. 

The step response of this system has a deadbeat response with an overshoot of 
1.65% and a settling time of 0.5 second. When the poles of G(s) change by +50%, 
the overshoot changes to 1.86%, and the settling time becomes 0.95 second. This is 
an outstanding design of a very robust, deadbeat response system. m 
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12.8 DESIGN EXAMPLES 


In this section we present five illustrative examples. In the first example, an aircraft 
autopilot is analyzed using root locus methods. In the second example, a PI con- 
troller and a PID controller are designed for a space telescope control system in the 
presence of time delays. The third example is the design of a robust bobbin drive 
using robust PID controller design approach with ITAE optimal performance 
objectives. The fourth example illustrates the design of two degree-of-freedom con- 
trollers (that is, two separate controllers) for an ultra-precision diamond turning 
machine. In the fifth and final design example, we consider the practical problem of 
designing a controller in the presence of an uncertain time delay. The specific prob- 
lem under investigation is a PID controller for a digital audio tape drive. The design 
process is highlighted with an emphasis on robustness. 


EXAMPLE 12.12 Aircraft autopilot 


A typical aircraft autopilot control system consists of electrical, mechanical, and 
hydraulic devices that move the flaps, elevators, fuel-flow controllers, and other 
components that cause the aircraft to vary its flight. Sensors provide information on 
velocity, heading, rate of rotation, and other flight data. This information is com- 
bined with the desired flight characteristics (commands) available electronically to 
the autopilot. The autopilot should be able to fly the aircraft on a heading and under 
conditions set by the pilot. The command often consists of a predetermined heading. 
Design often focuses on a forward-moving aircraft that moves somewhat up or 
down without moving right or left and without rolling (tipping the wings). Such a 
study is called pitch axis design. The aircraft is represented by a process [26] 


K 
© S(s + 1/r)(s? + 2¢,018 + wf)’ 





G(s) (12.58) 


where 7 is the time constant of the actuator. Let 7 = i, @, = 2,and¢ = E Then the 
s-plane plot has two complex poles, a pole at the origin, and a pole at s = —4, as 
shown in Figure 12.22. The complex poles, representing the aircraft dynamics, can 
vary within the dashed-line box shown in the figure. We then choose the zeros of 
the controller as s = —1.3 + j2, as shown. We select the gain K so that the roots rz 


and 7, are complex with a ¢ of 1/ V2. The other roots, r; and f;, lie very near the 
zeros. Therefore, the closed-loop transfer function is approximately 


Op 5 
S? + 2fo,s +072 s*+316s+5° 





T(s) ~ (12.59) 


with w, = V5 and ¢=1/ V2. The resulting response to a step input has an over- 
shoot of 4.5% and a settling time (with a 2% criterion) of 2.5 seconds, as expected. m 


EXAMPLE 12.13 Space telescope control system 


Scientists have proposed the operation of a space vehicle as a space-based research 
laboratory and test bed for equipment to be used on a manned space station. The 
industrial space facility (ISF) would remain in space, and the astronauts would be able 
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FIGURE 12.22 
Root locus for 
aircraft autopilot. 
The complex poles 
can vary within the 
dashed-line box. 


FIGURE 12.23 
Model of a low- 
power actuator and 
telescope. 
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to use it only when the shuttle is attached [16, 21]. The ISF will be the first permanent, 
human-operated commercial space facility designed for R&D, testing, and, eventually, 
processing in the space environment. 

We will consider an experiment operated in space but controlled from Earth. The 
goal is to manipulate and position a small telescope to accurately point at a planet. We 
want to have a steady-state error equal to zero, while maintaining a fast response to a 
step with an overshoot of less than 5%. The actuator chosen is a low-power actuator, 
and the model of the combined actuator and telescope is shown in Figure 12.23. The 
command signal is received from an Earth station with a delay of 7/16 seconds. A sen- 
sor will measure the pointing direction of the telescope accurately. However, this mea- 
surement is relayed back to Earth with a delay of 7/16 seconds. Thus, the total transfer 
function of the telescope, actuator, sensor, and round-trip delay (Figure 12.24) is 





e s78 
G(s) = G+ (12.60) 
We propose a PID controller where 
K Kps + Kı + Kps? 
G(s) = Kp += + Kps = pe 4 De (12.61) 





Us) Ys, 
Command signal Ex Telescope ) 


from Earth station angle 


FIGURE 12.24 
Feedback control 
system for the 
telescope 
experiment. 
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The use of only the proportional term will not be acceptable since we require a 
steady-state error of zero for a step input. Thus, we must use a nonzero value of K;, 
and hence we may elect to use either a proportional plus integral control (PI) or a 
proportional plus integral plus derivative control (PID). 

We will first try PI control, so that 


Kı _ Kps +K 
Glia T e 


(12.62) 
Since we have a pure delay e~*’, we use the frequency response methods for the 
design process. Thus, we will translate the overshoot specification to the frequency 
domain. If we have two dominant characteristic roots, the overshoot to a step is 5% 
when ¢ = 0.7, or the phase margin requirement is about 70°. 

If we choose Kp = 0.022 and K; = 0.22, we have 


0.22(0.1s + 1)e%7/8 


s(s + 1)? ý (2) 


G(s)G(s) = 


and the Bode diagram is shown in Figure 12.25. The location of the zero at s = —10 

was chosen to add a phase lead angle in order to attain the desired phase margin. An 

iterative procedure yields a series of trials for Kı and K until the desired phase 

margin is achieved. Note that we have achieved a phase margin of about 63°. The 

actual step response was plotted, and we determine that the overshoot was 4.7% 

with a settling time (with a 2% criterion) of 16 seconds, as recorded in Table 12.5. 
The proportional plus integral plus derivative controller is 


Kps + K; + Kps? 


Gs) = ; 


(12.64) 
We now have three parameters to vary to achieve the desired phase margin. If we 
select, after some iteration, Kp = 0.8, K; = 0.5, and Kp = 107°, we obtain a phase 
margin of 64°. The percentage overshoot is 3.7%, and the settling time (with a 2% 
criterion) is 5.8 seconds. Perhaps the easiest way to select the gain constants is to let 
Kp be a small, but nonzero, number initially and Kp = K; = 0, then plot the fre- 
quency response. In this case, we choose Kp = 10-3 and obtain a Bode plot. We then 
use Kp ~ K; and iterate to obtain the appropriate values of these unspecified gains. 

The performance of the PI- and the PID-compensated systems is recorded in Table 
12.5.The PID controller is the most desirable, since it provides a shorter settling time. m 
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FIGURE 12.25 
Bode diagram for 
the system with the 
PI controller. 
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Table 12.5 Step Response of the Space Telescope for Two Controllers 





Steady-State Percent Settling Time 
Error Overshoot (seconds) 

PI controller 0 4.7 16.0 

PID controller 0 3.7 5.8 





EXAMPLE 12.14 Robust bobbin drive 


Monofilament nylon is produced by an extrusion process that outputs filament at a 
constant rate. The product is wound onto a bobbin that rotates at a maximum speed 
of 2000 rpm. The tension in the filament must be held between 0.2 and 0.6 pound to 
ensure that it is not stretched. The winding diameter varies between 2 to 4 inches. 

The filament is laid onto the bobbin by a ballscrew-driven arm that oscillates 
back and forth at constant speed, as shown in Figure 12.26(a). The arm must reverse 
rapidly at the end of the move. The required ballscrew speed is 60 rpm. The prime 
requirement of the bobbin drive is to provide a controlled tension. Since the wind- 
ing diameter varies by 2 to 1, the tension will fall by 50% from start to finish. 

The control system will have a system structure as shown in Figure 12.26(b), for 
which we select a PID controller. The parameter variations are 1.5 = K,, = 2.5 and 
3 < p =5 with the nominal conditions K,, = 2 and p = 4. Furthermore, a third 
pole at s = —50 has been omitted from the model. The requirements are an over- 
shoot less than 2.5% and a settling time (with a 2% criterion) less than 0.4 second. 
The magnitude of u(t) must be less than 100. 

Using a PID controller, the ITAE design, and the nominal parameters, we de- 
termine w, from the settling time requirement. Since we expect that £ ~ 0.8, we use 


4 
T= 
5 0.80, 
We select w, = 23 as the maximum allowable for |u| < 100. Then, for 





< 0.4. 


K 
G(s) = Kp + = + Kps, 


FIGURE 12.26 
A monofilament 
bobbin winder. 
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we obtain Kp = 568.68, K; = 6083.5, and Kp = 18.13. Using the appropriate pre- 
filter, we obtain the response recorded in Table 12.6. The system does not offer ro- 
bust performance since the overshoot requirement is not satisfied when the 
worst-case parameters are considered. 

We also examine the performance of the system with the nominal parameters 
but with the unmodeled pole added, so that the actual process is 


2(50) 


Gl) = F Als + 50) 


(12.65) 


Table 12.6 Response of the Bobbin Drive System for a Unit Step Input 
(original design) 











u(t) 
Percent Settling u, 
Parameters Overshoot Time (6) | maximum 
Nominal Km = 2, 1.96% 0.318 98 
parameters p=4 
Worst-case Ky, = 1.5, 748% 0.375 95 
parameters p=3 
Nominal parameters 9.82% 0.732 90 
and added third pole 


ats = —50 
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FIGURE 12.27 
Root locus for the 
normal case and 
the worst case for 
K=1andK =3. 
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(Note that the DC gain, lim sG(s), remains 0.5.) The response of the PID controller 


with the added pole is recorded in Table 12.6. Again, the system fails the require- 
ment of robust performance. 

We need to adjust the system so that the performance with the worst-case para- 
meters is acceptable. Examine the root locus for the nominal parameters shown in 
Figure 12.27. Insert a cascade gain K prior to G,(s) so that we have KG,(s)G(s). 
Then the roots for K = 1 and K = 3 are shown on the locus. Since the worst-case 
response occurs when the motor constant K, drops to 1.5, we use the cascade gain 
K = 3 to move the roots to the left on the s-plane. Then, when the gain K, drops to 
1.5, the roots still are in the desired region. The response of the system with K = 3 is 
recorded in Table 12.7 for the nominal and worst-case conditions, as well as with the 
added pole. This system meets all the specifications. This approach uses a cascade 
gain that, when adjusted correctly, will drive the dominant roots near the complex 
zeros of the PID controller. Then, when the worst parameter change occurs, the sys- 
tem will still maintain the required performance. m 


EXAMPLE 12.15 Ultra-precision diamond turning machine 


The design of an ultra-precision diamond turning machine has been studied at 
Lawrence Livermore National Laboratory. This machine shapes optical devices 
such as mirrors with ultra-high precision using a diamond tool as the cutting device. 
In this discussion, we will consider only the z-axis control. Using frequency response 
identification with sinusoidal input to the actuator we determined that 


4500 


i a s+ 60 





(12.66) 
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Table 12.7 Response of the Bobbin Drive System for a Unit 
Step with Additional Cascade Gain K = 3 





Percent Settling Time 

Overshoot (seconds) 
Nominal parameters 0.12% 0.218 
Worst-case parameters 0.47% 0.214 
Nominal parameters 0.50% 0.242 


and third pole 





The system can accommodate high gains, such as 4500, since the input command, 
r(t), is a series of step commands of very small magnitude (a fraction of a micron). 
The system has an outer loop for position feedback using a laser interferometer 
with an accuracy of 0.1 micron (107 m). An inner feedback loop is also used for 
velocity feedback, as shown in Figure 12.28. 

We want to select the controllers, G;(s) and G(s), to obtain an overdamped, 
highly robust, high-bandwidth system, The robust system must accommodate 
changes in G(s) due to varying loads, materials, and cutting requirements. Thus, we 
seek a large phase margin and gain margin for the inner and outer loops, and low 
root sensitivity. The specifications are summarized in Table 12.8. 

Since we want zero steady-state error for the velocity loop, we use a velocity 
loop controller G(s) = G3(s)G4(s), where G3(s) is a PI controller and G,(s) is a 
lead controller. We use 





and choose Kp/K, = 0.00532, Ky = 0.00272, and a = 2.95, We now have 
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FIGURE 12.28 1 
Turning machine 
control system. 
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FIGURE 12.29 
Root locus for 
velocity loop as K, 
varies. 
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Table 12.8 Specifications for Turning Machine Control System 








Transfer Function 
Velocity, Position 
Specification V(s)/U(s) Y(s)/R(s) 
Minimum bandwidth 950 rad/s 95 rad/s 
Steady-state error 0 0 
to a step 
Minimum damping 0.8 0.9 
ratio ¢ 
Maximum root 1.0 15 
sensitivity |S%| 
Minimum phase 90° 75° 
margin 
Minimum gain 40 dB 60 dB 
margin 








The root locus for G,(s)G(s) is shown in Figure 12.29. When Kp = 2, we have, for 


the velocity closed-loop transfer function, 
9000(s + 188)(s + 368) 10t 


V(s) 





Ts) = 


which is a large-bandwidth system. The actual bandwidth and root sensitivity are 
summarized in Table 12.9. Note that we have exceeded the specifications for the ve- 


locity transfer function. 


U(s) (s + 205)(s + 305)(s + 10) (s + 10%)’ 


We will use a lead network for the position loop of the form 


G(s) = Ky 


1+ Kss 
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Table 12.9 Design Results for Turning Machine Con- 





trol System 
Velocity Position Transfer 
Transfer Function 
Achieved Result Function Y(s)/R(s) 
Closed-loop 4000 rad/s 1000 rad/s 
bandwidth 
Steady-state 0 0 
error 
Damping ratio, £ 1.0 1.0 
Root sensitivity, 0.92 12 
Sil 
Phase margin 93° 85° 
Gain margin Infinite 76 dB 





and we choose a = 2.0 and Ks = 0.0185 so that 


Ki(s + 54) 


Gls) = 708 


We then plot the root locus for 
1 
Gils) TAs). 


If we use the approximate T>(s) of Equation (12.67), we have the root locus of 
Figure 12.30(a). Using the actual T>(s), we get the close-up of the root locus shown 
in Figure 12.30(b). We select Kp = 1000 and achieve the actual results for the total 
system transfer function as recorded in Table 12.9. The total system has a high phase 
margin, has a low sensitivity, and is overdamped with a large bandwidth. This system 
is very robust. m 


EXAMPLE 12.16 Digital audio tape controller 
Consider the feedback control system shown in Figure 12.31, where 
Gals) = e7. 


The exact value of the time delay is uncertain, but it is known to lie in the interval 
Tı S T < T}. For example, if a robot on Mars is being remotely controlled from 
earth, the time it takes the signals to reach the planetary robot is not precisely 
known since transient time depends on the distance between the transmitter and the 
planetary robot, the atmospheric medium through which the signals travel, inter- 
planetary space effects, and so forth—all of which are time varying and cannot be 
precisely modeled. 
Define 


G(s) = e ™G(s). 
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FIGURE 12.30 
The root locus for 
K, > 0 for (a) 
overview and (b) 
close-up near origin 
of the s-plane. 


FIGURE 12.31 

A feedback system 
with a time delay in 
the loop. 
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FIGURE 12.32 
Multiplicative 
uncertainty 
representation. 


FIGURE 12.33 
Equivalent block 
diagram depiction 
of the multiplicative 
uncertainty. 
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If we define 
M(s) =e — 1, 
then we have 
Gy(s) = (1 + M(s))G(s). (12.68) 


In the development of a robust stability controller, we would like to represent 
the time-delay uncertainty in the form shown in Figure 12.32 where we need to 
determine a function M(s) that approximately models the time delay. This will lead 
to the establishment of a straightforward method of testing the system for stability 
robustness in the presence of the uncertain time-delay. The uncertainty model is 
known as a multiplicative uncertainty representation, as discussed in Section 12.3. 

Since we are concerned with stability, we can consider R(s) = 0. Then we can 
manipulate the block diagram in Figure 12.32 to obtain the form shown in Figure 
12.33. Using the so-called small gain theorem, we have the condition that the closed- 
loop system is stable if 








; G(jo)G(jo) 
MGMT Gaga] $ | 
or equivalently (see Equation (12.15)) 
1 
|M(jo)| < |1 + -| forall w. 
Qo) G.GjoyGGo) 








The problem is that the time delay T is not known exactly. One approach to 
solving the problem is to find a weighting function, denoted by W(s), such that 


lev? — 1| < |W(jw)| forall oand T; = T = T2. 
If W(s) satisfies the above inequality, it follows that 
|M(jo)| < |W(je)|. 








Process 
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FIGURE 12.34 
Magnitude plot of 
jew — 1| for 

T = 0.1, 0.5, and 1. 
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Therefore, the robust stability condition can be satisfied by 


|W(jo)| < for all w. (12.69) 





ronal 
G(ja)G(jo) 


This is a conservative bound. If the condition in Eq. (12.69) is satisfied, then stabili- 
ty is guaranteed in the presence of any time delay in the range 7, = T < T; [5], 
[36]. If the condition is not satisfied, the system may or may not be stable. 

Suppose we have an uncertain time delay that is known to lie in the range 
0.1 = T = 1. We can determine a suitable weighting function W(s) by plotting the 
magnitude of eT — 1, as shown in Figure 12.34 for various values of T in the range 


Tı S T = T>.A reasonable weighting function obtained by trial and error is 
2:38, 

W(s) =. 

O= iz+ 


This function satisfies the condition 
[T — 1] < |W(jo)). 
Keep in mind that the selection of the weighting function is not unique. 
A digital audio tape (DAT) stores 1.3 gigabytes of data in a package the size of 
a credit card—roughly nine times more than a half-inch-wide reel-to-reel tape or 
quarter-inch-wide cartridge tape. A DAT sells for about the same amount as a flop- 
py disk, even though it can store 1000 times more data. A DAT can record for two 
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FIGURE 12.35 
Digital audio tape 
driver mechanism. 
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Guide roller (in) Fixed post 


Fixed post Capstan 


Tension post Guide roller 
Fixed post Fixed post 
Supply 
reel Take-up 


reel 


hours (longer than either reel-to-reel or cartridge tape), which means that it can 
run longer unattended and requires fewer changes and hence fewer interruptions 
of data transfer. DAT gives access to a given data file within 20 seconds, on the av- 
erage, compared with several minutes for either cartridge or reel-to-reel tape [2]. 

The tape drive electronically controls the relative speeds of the drum and tape so 
that the heads follow the tracks on the tape, as shown in Figure 12.35. The control system 
is much more complex than that for a CD-ROM because more motors have to be accu- 
rately controlled: capstan, take-up and supply reels, drum, and tension control. The ele- 
ments of the design process emphasized in this example are highlighted in Figure 12.36. 

Consider the speed control system shown in Figure 12.37. The motor and load 
transfer function varies because the tape moves from one reel to the other. The 
transfer function is 


=a Km 
(s + pi)(s + pr)’ 
where nominal values are K,, = 4, pı = 1, and p; = 4. 
However, the range of variation is 3 = K, =5,0.5 < p; = 1.5, and 


3.5 = p, = 4.5. Thus, the process belongs to a family of processes, where each mem- 
ber corresponds to different values of Km, pı, and pz. The design goal is 


G(s) (12.70) 


Design Goal 
Control the DAT speed to the desired value in the presence of significant process 
uncertainties. 


Associated with the design goal we have the variable to be controlled defined as the 
tape speed: 


Variable to Be Controlled 
DAT speed ¥(s). 


The design specifications are 
Design Specifications 


DS1 Percent overshoot less than 13% and settling time less than 2 seconds for a unit 
step input. 
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[| Topics emphasized in this example 
Control the DAT speed 








to the desired value 
[ Bs sablish the coniroligoals | in the presence of significant 
ii plant uncertainties. 





+—— DAT speed, Ys). 





[ni the variables to be controlled 


i 


Write the specifications 











Design specifications: 
+ DSI: P.O. < 13% and T, < 2s 
DS2: Robust stability 







Establish the system configuration <4— See Figures 12.35 and 12.37. 







Obtain a model of the process, the 
actuator, and the sensor 


Describe a controller and select key 
parameters to be adjusted 
Optimize the parameters and 
analyze the performance 


If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration, then finalize the design. 






+—— See Equation (12.70). 






+——_ See Equation (12.71). 





+—— See Figures 12.39-12.41. 





FIGURE 12.36 Elements of the control system design process emphasized in this digital audio 
tape speed control design. 


DS2 Robust stability in the presence of a time delay at the plant input. The time delay 
value is uncertain but known to be in the range 0 = T < 0.1. 


Design specification DS1 must be satisfied for all process in the family. Design specifi- 
cation DS2 must be satisfied by the nominal process (K,, = 4, py = 1, p2 = 4). 
The following constraints on the design are given: 


2 Fast peak time requires that an overdamped condition is not acceptable. 
Use a PID controller: 


K, 
G(s) = Kp + = + Kps. (12.71) 
I KmKp < 20 when Km = 4. 
The key tuning parameters are the PID gains: 


Select Key Tuning Parameters 
Kp, Kı, and Kp. 


FIGURE 12.37 
Block diagram of 
the digital audio 
tape speed control 
system. 
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Controller Motor and load 


Ys) 








Since we are constrained to have K,,Kp = 20 when K,, = 4, we must select Kp = 5. 
We will design the PID controller using nominal values for Km, pı, and pz. We will 
analyze the performance of the controlled system for the various values of the process 
parameters, using a simulation to check that DS1 is satisfied. The nominal process is 
given by 


4 

G(s) = ——~ 

OEFENET 
The closed-loop transfer function is 


4Kps? + 4Kps + 4K, 
s3 + (5 + 4Kp)s? + (4 + 4Kp)s + 4K, 





T(s) = 


If we choose Kp = 5, then we write the characteristic equation as 


s? + 25s? + 4s + 4(Kps + K;) = 0, 
or 


AKp(s + Ki/Kp) _ 
s(s? + 255+ 4) 


Per specifications, we try to place the dominant poles in the region defined by 
fw, > 2 and ¢ > 0.55. We need to select a value of 7 = K,/Kp, and then we can 
plot the root locus with the gain 4Kp as the varying parameter. After several itera- 
tions, we choose a reasonable value of 7 = 3. The root locus is shown in Figure 
12.38. We determine that 4K p ~ 120 represents a valid selection since the roots lie 
inside the desired performance region. This value of 4Kp has been rounded off from 
the exact value on the root locus plot of 4Kp = 121.7683. We obtain Kp = 30, and 
Kı = tKp = 90. The PID controller is then given by 


GAs) = 30 + z + 5s. (12.72) 


The step response (for the process with nominal parameter values) is shown in 
Figure 12.39. A family of responses is shown in Figure 12.40 for various values of 
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FIGURE 12.38 
Root locus for the 
DAT system with 
Kp = 5 and 

T = K/Kp = 3. 


FIGURE 12.39 
Unit step response 
for the DAT system 
with Kp = 30, 

Kp = 5, and 

K, = 90. 
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FIGURE 12.40 
A family of step 
responses for the 
DAT system for 
various values of 
the process 
parameters Km, P1, 
and pz. 
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K m Pı, and pz. None of the responses suggests a percent overshoot over the speci- 
fied value of 13%, and the settling times are all under the 2 second specification as 
well. As we can see in Figure 12.40, all of the tested processes in the family are ade- 
quately controlled by the single PID controller in Equation (12.72). Therefore DS1 
is satisfied for all processes in the family. 

Suppose the system has a time delay at the input to the process. The actual time 
delay is uncertain but known to be in the range 0 = T = 0.1s. Following the 
method discussed previously, we determine that a reasonable function W(s) which 
bounds the plots of |e T — 1| for various values of T is 


0.29s 


WO) = dogs +1 


To check the stability robustness property, we need to verify that 


IWGo)l < for all w. (12.73) 





ai 
1+ LT a N 
T 
1 
The plot of both |W(jw)| and + =| is shown in Figure 12.41. It can be 
P ) G.Go)GGa) p 


seen that the condition in Equation (12.73) is indeed satisfied. Therefore, we expect that 
the nominal system will remain stable in the presence of time-delays up to 0.1 seconds. m 


870 


FIGURE 12.41 
Stability robustness 
to a time delay of 
uncertain 
magnitude. 
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12.9 THE PSEUDO-QUANTITATIVE FEEDBACK SYSTEM 


Quantitative feedback theory (QFT) uses a controller, as shown in Figure 12.42, to 
achieve robust performance. The goal is to achieve a wide bandwidth for the closed- 
loop transfer function with a high loop gain K. Typical QFT design methods use 
graphical and numerical methods in conjunction with the Nichols chart. Generally, 
QFT design seeks a high loop gain and large phase margin so that robust perfor- 
mance is achieved [27-29, 32]. 

In this section, we pursue a simple method of achieving the goals of QFT with 
an s-plane, root locus approach to the selection of the gain K and the compensator 
G(s). This approach, dubbed pseudo-QFT, follows these steps: 


1. Place the n poles and m zeros of G(s) on the s-plane for the nth order G(s). Also, add 
any poles of G,(s). 

2. Starting near the origin, place the zeros of G,(s) immediately to the left of each of the 
(n — 1) poles on the left-hand s-plane. This leaves one pole far to the left of the left- 
hand side of the s-plane. 

3. Increase the gain K so that the roots of the characteristic equation (poles of the 
closed-loop transfer function) are close to the zeros of G,(s)G(s). 


This method introduces zeros so that all but one of the root loci end on finite 
zeros. If the gain K is sufficiently large, then the poles of T(s) are almost equal to 
the zeros of G,(s)G(s). This leaves one pole of T(s) with a significant partial frac- 
tion residue and the system with a phase margin of approximately 90° (actually 
about 85°). 


FIGURE 12.42 
Feedback system. 
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EXAMPLE 12.17 Design using the pseudo-QFT method 
Consider the system of Figure 12.42 with 
1 
(s + pi(s + pr)’ 
where the nominal case is p; = 1 and p = 2, with +50% variation. The worst case 


is with p, = 0.5 and p, = 1. We wish to design the system for zero steady-state error 
for a step input, so we use the PID controller 


(s + z)(s + z2) 
— m 


G(s) = 


G(s) = 


We then invoke the internal model principle, with R(s) = 1/s incorporated within 
G(s)G(s). Using Step 1, we place the poles of G,(s)G(s) on the s-plane, as shown in 
Figure 12.43. There are three poles (at s = 0, —1, and —2), as shown. Step 2 calls for 
placing a zero to the left of the pole at the origin and at the pole at s = —1, as shown 
in Figure 12.43. 

The compensator is thus 


(s + 0.8)(s + 1.8) 


GAs) = S 


(12.74) 
We select K = 100, so that the roots of the characteristic equation are close to the 
zeros, The closed-loop transfer function is 


100(s + 0.80)(s + 1.80) 100 
x ; 75 
PO) (s + 0.798)(s + 1.797)(s + 100.4) s + 100 crara 








This closed-loop system provides a fast response and possesses a phase margin 
of approximately 85°. The performance is summarized in Table 12.10. 

When the worst-case conditions are realized (p, = 0.5 and p) = 1), the perfor- 
mance remains essentially unchanged, as shown in Table 12.10. Pseudo-QFT design 
results in very robust systems. m 


12.10 ROBUST CONTROL SYSTEMS USING CONTROL DESIGN SOFTWARE 


In this section, we will investigate robust control systems using control design soft- 
ware. In particular, we will consider the commonly used PID controller in the feed- 
back control system shown in Figure 12.16. Note that the system has a prefilter 
G,(s). The contribution of the prefilter to optimum performance is discussed in 
Section 10.10. 
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FIGURE 12.43 
Root locus for T 
KG,(s)G(s). 


Table 12.10 Performance of Pseudo-QFT Design 





Percent Settling Time 
Overshoot 
Nominal G(s) 0.01% 40 ms 
Worst-case G(s) 0.97% 40 ms 





The PID controller has the form 


Kps? + Kps + K; 


GAs) = s 


Note that the PID controller is not a proper rational function (i.e., the degree of the 
numerator polynomial is greater than the degree of the denominator polynomial). 
The objective is to choose the parameters Kp, K;, and Kp to meet the performance 
specifications and have desirable robustness properties. Unfortunately, it is not 
immediately clear how to choose the parameters in the PID controller to obtain cer- 
tain robustness characteristics. An illustrative example will show that it is possible to 
choose the parameters iteratively and verify the robustness by simulation. Using the 
computer helps in this process, because the entire design and simulation can be 
automated using scripts and can easily be executed repeatedly. 


EXAMPLE 12.78 Robust control of temperature 


Consider the feedback control system in Figure 12.16, where 


FIGURE 12.44 
Root locus for the 
PID-compensated 
temperature | 
controller as K 
varies. 
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and the nominal value is cg = 1, and G,(s) = 1. We will design a compensator based 
on cọ = 1 and check robustness by simulation. Our design specifications include 

1, A settling time (with a 2% criterion) T, = 0.5 s, and 

2. An optimum ITAE performance for a step input. 


For this design, we will not use a prefilter to meet specification (2), but will 
instead show that acceptable performance (i.e., low overshoot) can be obtained by 
increasing a cascade gain. 

The closed-loop transfer function is 


Kps? + Kps + Kı 
sè? + (2 + Kp)s* + (1 + Kp)s + Ky 





T(s) (12.76) 


The associated root locus equation is 


afs? + as + 
raaf Hett) a 
S 


where 


z 1+ Kp Kı 

K = Kp + 2, OS es Ke and a Em 

The settling time requirement T, < 0.5s leads us to choose the roots of 
s? + as + b to the left of the s = —{w, = —8 line in the s-plane, as shown in 
Figure 12.44, to ensure that the locus travels into the required s-plane region. We 
have chosen a = 16 and b = 70 to ensure the locus travels past the s = —8 line. 
We select a point on the root locus in the performance region, and using the 
rlocfind function, we find the associated gain K and the associated value of w,. For 


























Imaginary Axis 























Real Axis 





>>a=16; b=70; num=[1 a b]; den=[1 0 0 0]; sys=tf(num,den); 
>>rlocus(sys) 
>>rlocfind(sys) 
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FIGURE 12.45 
Step response of 
the PID 
temperature 
controller. 
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our chosen point, we find that 
K= 118. 
Then, with RK, a, and b, we can solve for the PID coefficients as follows: 
Kp = K - 2 = 116, 

Kp = a(2 + Kp) — 1 = 1887, 

Kı = b(2 + Kp) = 8260. 
To meet the overshoot performance requirements for a step input, we will use a cas- 
cade gain K that will be chosen by iterative methods using the step function, as illus- 


trated in Figure 12.45. The step response corresponding to K = 5 has an acceptable 
overshoot of 2%. With the addition of the gain K = 5, the final PID controller is 


Kps? + Kps + Kı _ 5116s + 1887s + 8260 
s s i 





(12.77) 





G(s) =K 





Amplitude 
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Gain from uncompensated Increase system gain 
root locus. to reduce overshoot. 





Ks=118; <— 
a=16; b=70; 
K=5; 
Kp=Ks-2, Kp=a"(2+Kp)-1, K=b"(2+Kp) 
numge=K"[Kp Kp K]; dengce=[1 0]; sysge=tf(numge,dengc); 
numg=(1]; deng=[1 2 1]; sysg=tf(numg,deng); 
% 

syso=series(sysgc,sysg); PID gains. 
% 
sys=feedback(syso,[1]); 
step(sys) 

































FIGURE 12.46 
Robust PID 
controller analysis 
with variations in Co. 
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[1]; deng=[1 2*c0 c0^2]; 


numg=| 

numgc=5*[116 1887 8260]; dengc=[1 0]; 
sysg=tf(numg,deng); 
sysgc=tf(numge,denge); 

% 

syso=series(sysgc,Sysg); 

% 

sys=feedback(syso,[1]); 

% 

step(sys) 

















We do not use the prefilter, as in Example 12.8. Instead, we increase the cascade 
gain K to obtain satisfactory transient response. Now we can consider the question 
of robustness to changes in the plant parameter co. 

The investigation into the robustness of the design consists of a step response 
analysis using the PID controller given in Equation (12.77) for a range of plant 
parameter variations of 0.1 < cg = 10. The results are displayed in Figure 12.46. 
The script is written to compute the step response for a given co. It can be conve- 
nient to place the input of co at the command prompt level to make the script more 
interactive. 

The simulation results indicate that the PID design is robust with respect to 
changes in co. The differences in the step responses for 0.1 = cy = 10 are barely dis- 
cernible on the plot. If the results showed otherwise, it would be possible to iterate 
on the design until an acceptable performance was achieved. The interactive capa- 
bility of the m-file allows us to check the robustness by simulation. m 
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12.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


==) 
as 


In this section, we will design a PID controller to achieve the desired system re- 
sponse. Many actual disk drive head control systems use a PID controller and use a 
command signal r(f) that utilizes an ideal velocity profile at the maximum allowable 
velocity until the head arrives near the desired track, when r(f) is switched to a step- 
type input. Thus, we want zero steady-state error for a ramp (velocity) signal and a 
step signal. Examining the system shown in Figure 12.47, we note that the forward 
path possesses two pure integrations, and we expect zero steady-state error for a ve- 
locity input z(t) = At, t > 0. 
The PID controller is 





K Ky(s + z)(s + 2 
Gels) = Kp +! + Kps = af Ns D, 
The motor field transfer function is 
5000 
GC) = By 100) ~ > 


The second-order model uses G;(s) = 5, and the design is determined for this 
model. 

We use the second-order model and the PID controller for the s-plane design 
technique illustrated in Section 12.6. The poles and zeros of the system are shown in 
the s-plane in Figure 12.48 for the second-order model and G,(s) = 5. Then we have 


5Kp(s + z)(s + %) 


Gs)G,(s)Gx(s) = 
(8)Gi(s)Gy(s) As + 20) 
We select —z; = —120 + j40 and determine 5Kp so that the roots are to the left of 
the line s = —100. If we achieve that requirement, then 
4 
ie 
Ts 100° 


and the overshoot to a step input is (ideally) less than 2% since ¢ of the complex 
roots is approximately 0.8. Of course, this sketch is only a first step. As a second 














G(s) = 


PID controller Motor coil 
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Bip De G(s) oT Ms) 











FIGURE 12.47 Disk drive feedback system with a PID controller. 


FIGURE 12.48 
A sketch of a root 
locus at K3 
increases for 
estimated root 
locations with a 
desirable system 
response. 


FIGURE 12.49 
Actual root locus 
for the second- 
order model. 
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step, we recompute determine Kp. We then obtain the actual root locus as shown in 
Figure 12.49 with Kp = 800. The system response is recorded in Table 12.11. The 
system meets all the specifications. 
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Table 12.11 Disk Drive Control System 
Specifications and Actual Performance 





Response for 

Performance Desired Second-Order 
Measure Value Model 
Percent overshoot <5% 4.5% 
Settling time for <50 ms 6 ms 

step input 
Maximum response <5 x 10% 7.7 x 107 

for a unit step 

disturbance 





12.12 SUMMARY 


FIGURE 12.50 
Operational 
amplifier circuit 
used for PID 
controller. 


The design of highly accurate control systems in the presence of significant plant un- 
certainty requires the designer to seek a robust control system. A robust control sys- 
tem exhibits low sensitivities to parameter change and is stable over a wide range of 
parameter variations. 

The three-mode, or PID, controller was considered as a compensator to aid in 
the design of robust control systems. The design issue for a PID controller is the 
selection of the gain and two zeros of the controller transfer function. We used 
three design methods for the selection of the controller: the root locus method, 
the frequency response method, and the ITAE performance index method. An 
operational amplifier circuit used for a PID controller is shown in Figure 12.50. 
In general, the use of a PID controller will enable the designer to attain a robust 
control system. 

The internal model control system with state variable feedback and a controller 
G(s) was used to obtain a robust control system. Finally, the robust nature of a 
pseudo-QFT control system was demonstrated. 
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Exercises 


A robust control system provides stable, consistent performance as speci- 

fied by the designer in spite of the wide variation of plant parameters and 

disturbances. It also provides a highly robust response to command inputs 
and a steady-state tracking error equal to zero. 


For systems with uncertain parameters, the need for robust systems will require the 
incorporation of advanced machine intelligence, as shown in Figure 12.51. 








High Adaptive 
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FIGURE 12.51 
Intelligence Open-loop system 
required versus Low (without feedback) 
uncertainty for e : 
modern control Low Moderate High 
systems. Uncertainty of parameters and disturbances 

EXERCISES 


E12.1 The open-loop transfer function of a unity feedback sys- 
tem is, 


G(s) = 





ste 


(a) Find the system sensitivity w.r.t. œ, sT, 
(b) Find the system sensitivity w.r.t. K, Sk. 


E12.2 Consider the system with unknown poles. However, it is 
known that pı and p3 lies between 1 and 3, and K is between 
1 and 5. Is the system stable for all values of K, p; and py if 
(a) K; = 0.1? 
(b) K; = 1.0? 














K 
$ (stp,) (s+p,) 
Gs) 














FIGURE E12.2 System with unknown poles. 


E12.3 A closed-loop unity feedback system has the loop 
transfer function 


1 
GLGC) = Hy 
where b is normally equal to 5. Determine Sf and plot 
|T(jw)| and |S(jw)| on a Bode plot. 


e =h 
Answer: S} = — 
s + bs + 18 
E12.4 A PID controller is used in the system in Figure 12.1, 


where 
ee eee 
(s + 2)(s + 8) 


The gain Kp of the controller (Equation (12.33)) is 
limited to 180. Select a set of compensator zeros so 
that the pair of closed-loop roots is approximately 
equal to the zeros. Find the step response for the 
approximation in Equation (12.35) and the actual 
response, and compare them. 


G(s) = 
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E12.5 A system has a process function where K = 1. Design a PD controller to place the dom- 


inant closed-loop poles at s = —1.5 + j2. Determine 
G(s) = hisser MAMOM uisus 5 the step response of the system. Predict the effect of a 
s s change in K of +50%. Estimate the step response of 

{5 ia ils + :) the worst-case system. 


E12.10 A system has the form shown in Figure E12.6 with 


K 
G(s) = Kp + Kps. G(s) = e+ D644) 


and negative unity feedback with a PD compensator 


The objective is to design G,(s) so that the overshoot 
to a step is less than 5% and the settling time (with a 
2% criterion) is less than 50 ms. Find a suitable G(s). 


where K = 1. Design a PI controller so that the dom- 
inant roots are at s = —0.365 + 0.514. Determine 
the step response of the system. Predict the effect of a 
change in K of +50%. Estimate the step response of 
the worst-case system. 


E126 Consider the control system shown in Figure E12.6 
when G(s) = 1/(s + 5)’, and select a PID controller 
so that the settling time (with a 2% criterion) is less 
than 1.5 second for an ITAE step response. Plot y(t) 
for a step input r(t) with and without a prefilter. 


E12.11 Consider the closed-loop system represented in 
state variable form 


Determine and plot y(t) for a step disturbance. Discuss x = Ax+Br 
the effectiveness of the system. 

y = Cx + Dr, 
Answer: One possible controller is 

where 
5s? + 52.4s + 21 
Gij CE ods + B16 a=] 03 
s a -% | 


E12.7 For the control system of Figure E12.6 with 
G(s) = 1/(s + 4), select a PID controller to achieve 
a settling time (with a 2% criterion) of less than 1.0 


B= [the = [3 0], and D = [0]. 
second for an ITAE step response. Plot y(t) for a step 


1 


input r(¢) with and without a prefilter. Determine and 
plot y(t) for a step disturbance. Discuss the effective- 
ness of the system. 


The nominal value of k = 2. However, the value of k 
can vary in the range 0.1 = k = 6. Plot the percent 
overshoot to a unit step input as k varies from 0.1 to 6. 


E12.8 Repeat Exercise 12.6, striving to achieve a mini- £12.12 Consider the second-order system 


mum settling time while adding the constraint that i 
lu(t)| = 80 for t>0 for a unit step input, $s 0 1 ee | Oy 
r(t)=1,f20. =a e C2 
3600 + = [1 O]x + [0]u. 
Answer: G(s) = suki yal l 0] 


The parameters a, b, c4, and cz are unknown a priori. 
Under what conditions is the system completely con- 
trollable? Select valid values of a, b, c}, and cz to 


E12.9 A system has the form shown in Figure E12.6 with 
K 





G(s) = ————__., ensure controllability and plot the step response. 
() "G5 DEF 4 
Tals) 
Disturbance 
Ris) P 
Desired Yo 
Output 
FIGURE E12.6 iia 





System with 
controller. 
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PROBLEMS 


P12.1 Interest in unmanned underwater vehicles (UUVs) 


has been increasing recently, with a large number of 
possible applications being considered. These include 
intelligence-gathering, mine detection, and surveil- 
lance applications. Regardless of the intended mis- 
sion, a strong need exists for reliable and robust 
control of the vehicle. The proposed vehicle is shown 
in Figure P12.1(a) [13]. 

We want to control the vehicle through a range of 
operating conditions. The vehicle is 30 feet long with a 
vertical sail near the front. The control inputs are stern- 
plane, rudder, and shaft speed commands, In this case, we 
wish to control the vehicle roll by using the stern planes. 
The control system is shown in Figure P12.1(b), where 
R(s) = 0, the desired roll angle, and T,(s) = 1/s. We 
select G(s) = K(s + 2), where K = 4. (a) Plot 
20 log|7| and 20 log|S%| on a Bode diagram. (b) Eval- 
uate [Sk] at wg, œg, and wg/4(T(s) = Y(s)/R(s)). 


P12.2 A new suspended, mobile, remote-controlled video- 


camera system to bring three-dimensional mobility to 
professional NFL football is shown in Figure P12.2(a) 
[24]. The camera can be moved over the field, as well as 
up and down. The motor control on each pulley is rep- 
resented by the system in Figure P12.2(b), where 
Tı = 20 ms and 73 = 2 ms. 


(a) Select K so that M pẹ = 1.84. (b) Plot 20 log|T| 
and 20 log|S%| on one Bode diagram. (c) Evaluate 
ISẸ] at wg, wgn, and wgya. (d) Let R(s) = 0 and de- 
termine the effect of T,(s) = 1/s for the gain K of 
part (a) by plotting y(¢). 


P12.3 Magnetic levitation (maglev) trains may replace air- 


planes on routes shorter than 200 miles. The maglev 
train developed by a German firm uses electromagnet- 
ic attraction to propel and levitate heavy vehicles, car- 
rying up to 400 passengers at 300-mph speeds. But the 
1inch gap between car and track is difficult to maintain 
(7, 12, 17]. 

The air-gap control system is shown in Figure 
P12.3(a). The block diagram of the air-gap control sys- 
tem is shown in Figure P12.3(b). The compensator is 


K(s + 5) 

(s + 10)” 

(a) Find the range of K for a stable system. (b) Select a 
gain so that the steady-state error of the system is zero 
for a step input command. (c) Find y(¢) for the gain of 


part (b). (d) Find y(t) when K varies +15% from the 
gain of part (b). 


Gs) = 


P12.4 Computer control of a robot to spray-paint an 


automobile is accomplished by the system shown in 





Ys) 
Roll 
angle 
FIGURE P12.1 
Control of an 


underwater vehicle. (b) 
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camera 





(a) 


Ys) 


FIGURE P12.2 
Remote-controlled 
TV camera, (b) 





Figure P12.4(a) [1]. We wish to investigate the system 12.5 An automatically guided vehicle is shown in Figure 
when K = 1, 10, and 20. (a) For the three values of K, P12.5(a) and its control system is shown in Figure P12.5(b). 
determine č, œn, percent overshoot, settling time The goal is to track the guide wire accurately, to be insen- 


(with a 2% criterion), and steady-state error for a step 
input. Record your results in a table. (b) Determine 
the sensitivity |S%| for the three values of K. (c) Select 
the best of the three values of K. (d) For the value se- 
lected in part (c), determine y(r) for a disturbance 
Ta(s) = 1/s when R(s) = 0. 


Guidance 
magnets 


attraction 


Ris) 
Desired 
gap 







sitive to changes in the gain K1, and to reduce the effect 

of the disturbance [15, 25]. The gain Kı is normally 

equal to 1 and 7, = 1/25 second. 

(a) Select a compensator G,(s) so that the percent 
overshoot to a step input is less than or equal to 
10%, the settling time (with a 2% criterion) is less 


Air gap 


T-shaped guideway 


Yis) 
Air gap 


FIGURE P12.3 
Maglev train 
control. (b) 





Problems 





Table encoder 





FIGURE P12.4 
Spray-paint robot. 


than 100 ms, and the velocity constant K, for a 
ramp input is 100, 

(b) For the compensator selected in part (a), deter- 
mine the sensitivity of the system to small 
changes in K by determining S¥x, or Sk, 

(c) If Kı changes to 2 while G,(s) of part (a) remains 
unchanged, find the step response of the system 
and compare selected performance figures with 
those obtained in part (a). 

(d) Determine the effect of T,(s) = 1/s by plotting 
y(t) when R(s) = 0. 


P12.6 A roll-wrapping machine (RWM) receives, wraps, 


and labels large paper rolls produced in a paper mill 
[9, 16]. The RWM consists of several major stations: 
positioning station, waiting station, wrapping station, 
and so forth. We will focus on the positioning station 
shown in Figure P12.6(a). The positioning station is 
the first station that sees a paper roll. This station is 
responsible for receiving and weighing the roll, mea- 
suring its diameter and width, determining the desired 
wrap for the roll, positioning it for downstream pro- 
cessing, and finally ejecting it from the station. 

Functionally, the RWM can be categorized as a 
complex operation because each functional step (e.g., 
measuring the width) involves a large number of field 
device actions and relies upon a number of accompa- 
nying sensors. 
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Line conveyor 
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TAs) 


Y) 





(b) 


The control system for accurately positioning the 
width-measuring arm is shown in Figure P12.6(b). The 
negative pole p of the positioning arm is normally equal 
to 2, but it is subject to change because of loading and 
misalignment of the machine. (a) For p = 2, design a 


compensator so that the complex roots are s = —2 + 

j2 V3. (b) Plot y(t) for a step input R(s) = 1/s. (c) 
Plot y(¢) for a disturbance Ta(s) = 1/s, with R(s) = 0. 
(d) Repeat parts (b) and (c) when p changes to 1 and 
G(s) remains as designed in part (a). Compare the re- 
sults for the two values of the negative pole p. 


P12.7 The function of a steel plate mill is to roll reheated 


slabs into plates of scheduled thickness and dimension 
[5, 10]. The final products are of rectangular plane 
view shapes having a width of up to 3300 mm and a 
thickness of 180 mm. 

A schematic layout of the mill is shown in 
Figure P12.7(a). The mill has two major rolling 
stands, denoted No. 1 and No. 2. These are equipped 
with large rolls (up to 508 mm in diameter), which 
are driven by high-power electric motors (up to 4470 
kW). Roll gaps and forces are maintained by large 
hydraulic cylinders. 

Typical operation of the mill can be described as 
follows. Slabs coming from the reheating furnace initially 
go through the No. 1 stand, whose function is to reduce 
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FIGURE P12.5 
Automatically 
guided vehicle. (b) 
Diameter measuring arm a ++ 
Paper roll 
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Laser 
Positioning arm 
Front View 
(a) 
Ys) 
FIGURE P12.6 
Roll-wrapping 
machine control. (b) 
the slabs to the required width. The slabs proceed the plates by adjusting the rolls. The block diagram of 
through the No. 2 stand, where finishing passes are car- this control system is shown in Figure P12.7(b). The 
ried out to produce the required slab thickness. Finally, plant is represented by 
they go through the hot plate leveller, which gives each 
plate a smooth finish, 1 
One of the key systems controls the thickness of G(s) = S(s? + 4s +5) 


OGD Fornace 








Problems 
ZE aP 
Hot -a Slab 
leveller No. 2 stand No. 1 stand 


(a) 


R(s) 
Desired 
thickness 
FIGURE P12.7 
Steel-rolling mill 
control. (b) 


The controller is a PID with two equal real zeros. (a) 
Select the PID zeros and the gains so that the closed- 
loop system has two pairs of equal roots. (b) For the 
design of part (a), obtain the step response without a 
prefilter (G,(s) = 1). (c) Repeat part (b) for an 
appropriate prefilter. (d) For the system, determine 
the effect of a unit step disturbance by evaluating 
y(t) with r(t) = 0. 

P12.8 A motor and load with negligible friction and a volt- 
age-to-current amplifier K , is used in the feedback con- 
trol system, shown in Figure P12.8. A designer selects a 
PID controller 


K, 
G(s) = Kp + ae + Kps, 


where Kp = 5, K, = 500, and Kp = 0.0475. 
(a) Determine the appropriate value of K, so that the 
phase margin of the system is 30°. (b) For the gain K,, 
plot the root locus of the system and determine the 
roots of the system for the K, of part (a). (c) Deter- 
mine the maximum value of y(t) when T,(s) = 1/s 
and R(s) = 0 for the K, of part (a). (d) Determine the 
response to a step input r(¢), with and without a prefilter. 
P12.9 A unity feedback system has a nominal characteris- 
tic equation 


gs) = 8 + 3s? + 3s + 6 = 0. 










PID 
controller 


FIGUREP128 O 








PID controller for 
the motor and load 
system. 





Disturbance T,(s) 


Ys) 
Thickness, 


The coefficients vary as follows: 
2<a<54, 1< 
45a =5. 


Determine whether the system is stable for these 
uncertain coefficients. 


a =4, 


P12.10 Future astronauts may drive on the moon ina pres- 


surized vehicle, shown in Figure P12.10(a), that would 
have a range of 620 miles and could be used for mis- 
sions of up to six months. Boeing Company engineers 
first analyzed the Apollo-era Lunar Roving Vehicle, 
then designed the new vehicle, incorporating improve- 
ments in radiation and thermal protection, shock and 
vibration control, and lubrication and sealants. 

The steering control of the moon buggy is shown 
in Figure P12.10(b). The objective of the control 
design is to achieve a step response to a steering com- 
mand with zero steady-state error, an overshoot less 
than 20%, and a peak time less than 0.3 second with a 
\u(t)| = 50. It is also necessary to determine the 
effect of a step disturbance T,(s) = 1/s when 
R(s) = 0, in order to ensure the reduction of moon 
surface effects. Using (a) a PI controller and (b) a 
PID controller, design an acceptable controller. 
Record the results for each design in a table. Com- 
pare the performance of each design. Use a prefilter 
G,(s) if necessary. 


Ys) 


886 


; 
è 


A 





R(s) 
Steering 
commands 


FIGURE P12.10 
(a) A moon vehicle. 
(b) Steering control 
for the moon 
vehicle. 


P12.11 A plant has a transfer function 


25 
G(s) = =. 
Ss 


We want to use a negative unity feedback with a PID 
controller and a prefilter. The goal is to achieve a peak 
time of 1 second with ITAE-type performance. Pre- 
dict the system overshoot and settling time (with a 2% 
criterion) for a step input. 


P12.12 A three-dimensional cam for generating a function 
of two variables is shown in Figure P12.12(a). Both x 
and @ may be controlled using a position control system 
[19]. The control of x may be achieved with a DC motor 
and position feedback of the form shown in Figure 
P12.12(b), with the DC motor and load represented by 


K 


ie s(s + p)(s + 4)" 
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(a) 


Tats) 
Disturbance 





Dynamics 
¥(s) 
Angle 
of steering 





(b) 


where 1 = K < 3and1 < p = 3. Normally K = 2.5 
and p = 2. Design an ITAE system with a PID 
controller so that the peak time response to a step 
input is less than 3 seconds for the worst-case 
performance. 

P12.13 Consider the closed-loop second-order system 


$= É ih + $} 


y=[2 O}x + [0]u. 


Compute the sensitivity of the closed-loop system to 
variations in the parameter K. 


Advanced Problems 


R(s) 





(a) 


ADVANCED PROBLEMS 


AP12.1 To minimize vibrational effects, a telescope is 
magnetically levitated. This method also eliminates 
friction in the azimuth magnetic drive system. The 
photodetectors for the sensing system require electri- 
cal connections. The system block diagram is shown in 
Figure AP12.1. Design a PID controller so that the 
velocity error constant is K, = 100 and the maximum 
overshoot for a step input is less than 10%. 


AP12.2 One promising solution to traffic gridlock is a 
magnetic levitation (maglev) system. Vehicles are sus- 
pended on a guideway above the highway and guided 
by magnetic forces instead of relying on wheels or 
aerodynamic forces. Magnets provide the propulsion 
for the vehicles [7, 12, 17]. Ideally, maglev can offer the 
environmental and safety advantages of a high-speed 
train, the speed and low friction of an airplane, and the 
convenience of an automobile. All these shared att- 
tributes notwithstanding, the maglev system is truly a 
new mode of travel and will enhance the other modes 
of travel by relieving congestion and providing con- 
nections among them. Maglev travel would be fast, 
operating at 150 to 300 miles per hour. 

The tilt control of a maglev vehicle is illustrated 
in Figures AP12.2(a) and (b). The dynamics of the 
plant G(s) are subject to variation so that the poles 
will lie within the boxes shown in Figure AP12.2(c), 
and1 <= K £2. 


FIGURE AP12.1 
Magnetically 
levitated telescope 
position control 
system. 


Ris) 


887 
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(b) 
FIGURE P12.12 (a) Three-dimensional cam. (b) x-axis control system. 


The objective is to achieve a robust system with a 
step response possessing an overshoot less than 10%, 
as well as a settling time (with a 2% criterion) less 
than 2 seconds when |u(t)| = 100. Obtain a design 
with a PI, PD, and PID controller and compare the 
results. Use a prefilter G,(s) if necessary. 


AP12.3 Antiskid braking systems present a challenging 


control problem, since brake/automotive system 
parameter variations can vary significantly (e.g., due 
to the brake-pad coefficient of friction changes or 
road slope variations) and environmental influences 
(e.g., due to adverse road conditions). The objective 
of the antiskid system is to regulate wheel slip to 
maximize the coefficient of friction between the tire 
and road for any given road surface [8]. As we expect, 
the braking coefficient of friction is greatest for dry 
asphalt, slightly reduced for wet asphalt, and greatly 
reduced for ice. 

One simplified model of the braking system is 
represented by a plant transfer function G(s) with a 
system as shown in Figure 12.16 with 


te 1 
U(s) (s + a)(s + by’ 





where normally a = 1 and b = 4. 
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FIGURE AP12.2 (a) and (b) Tilt control for a maglev vehicle. (c) Plant dynamics. 


Advanced Problems 


(a) Using a PID controller, design a very robust sys- 
tem where, for a step input, the overshoot is less 
than 4% and the settling time (with a 2% criteri- 
on) is 1 second or less. The steady-state error must 
be less than 1% for a step. We expect a and b to 
vary by 50%. 

(b) Design a system to yield the specifications of part 
(a) using an ITAE performance index. Predict the 
overshoot and settling time for this design. 


AP12.4 A robot has been designed to aid in hip-replace- 


ment surgery. The device, called RoBoDoc, is used to 
precisely orient and mill the femoral cavity for accep- 
tance of the prosthetic hip implant. Clearly, we want a 
very robust surgical tool control, because there is no 
opportunity to redrill a bone [23, 30]. The control sys- 
tem will be as shown in Figure 12.1 with 


where 1 = a = 2,and4 = b = 12. 

Select a PID controller so that the system is very 
robust. Use the s-plane root locus method. Select the 
appropriate G,(s) and plot the response to a step input. 


AP12.5 A spacecraft with a camera is shown in Figure 


AP12.5. The camera slews about 16° in a canted plane 
relative to the base. Reaction jets stabilize the base 
against the reaction torques from the slewing motors. 
The rotational speed control for the camera slewing 
has a plant transfer function 


1 


G9) = GaDG+ Dor 





Camera 
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A PID controller is used in a system as shown in 
Figure 12.1, where 


K(s +o + jl)(s + o — jl) 


5 





G(s) = 


Determine K and the resulting roots so that all the 
roots have ¢ less than or equal to 1/V2 when 
1 < ø < 2 (vary in increments of 0.25). Determine 
the root sensitivity to changes in K. 


AP12.6 Consider the system of Figure 12.1 with 


Kı 
s(s + 10)’ 
where K, = 1 under normal conditions. Design a PID 


controller to achieve a phase margin of 50°. The con- 
troller is 


G(s) = 


K(s* + 20s + b) 


G(s) = ; 


with complex zeros. Select an appropriate prefilter. 
Determine the effect of a change of +25% in K, by 
developing a tabular record of the system performance. 


AP12.7 Consider the system of Figure 12.1 with 


Gs) = —! 
°° 's(rs + 1)" 

where K, = 1.5 andr ~ 0.001 second, which may be 
neglected. (Check this later in the design process.) 
Select a PID controller so that the settling time (with a 
2% criterion) for a step input is less than 1 second and 
the overshoot is less than 10%. Also, the effect of a 





FIGURE AP12.5 
Spacecraft with a 
camera. 
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disturbance at the output must be reduced to less than 
5% of the magnitude of the disturbance. Select wp, 
and use the ITAE design method. 


AP12.8 Consider the system of Figure 12.1 with 


1 
G(s) F 
The goal is to select a PI controller using the ITAE 
design criterion while constraining the control signal 
as |u(t)| = 1 for a unit step input. Determine the ap- 
propriate PI controller and the settling time (with a 
2% criterion) for a step input. Use a prefilter. 
AP12.9 Consider the system of Figure 12.1 with 


3 


Asara] 


Design a PID controller to achieve (a) an acceleration 
constant K, = 2, (b) a phase margin equal to 45°, and 
(c) a bandwidth greater than 2.8 rad/s. Select an 
appropriate prefilter and plot the response to a step 
input. 

AP12.10 A machine tool control system is shown in 
Figure AP12.10. The transfer function of the power 
amplifier, prime mover, moving carriage, and tool 
bit is 

50 


GS) = eee + ae + 5) 


The goal is to have an overshoot less than 25% for a 
step input while achieving a peak time less than 3 sec- 
onds. Determine a suitable controller using (a) PD 
control, (b) PI control, and (c) PID control. (d) Then 
select the best controller. 
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FIGURE AP12.10 
A machine tool 
control system. 
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AP12.11 Consider a system with the structure shown in 
Figure 12.1 with 


where 1 Sa <3and2=K =4, 

Use a PID controller and design the controller 
for the worst-case condition. We desire that the set- 
tling time (with a 2% criterion) be less than 0.8 second 
with an ITAE performance. 


AP12.12 A system of the form shown in Figure 12.1 has 
Serr 
(s + pis + ay 


where 3 s p s 5,0 <q 51, and 1 =r 2. We 
will use a compensator 


K(s + z)(s + 2) 
(s + pills + p3)’ 


G(s) = 


G(s) = 


with all real poles and zeros. Select an appropriate 
compensator to achieve robust performance. 


AP12.13 A system of the form shown in Figure 12.44 has 
a plant 


il 
GS) = Gy a6 + As + 6) 
We want to attain a steady-state error for a step input. 
Select a compensator G,(s) and gain K, using the 
pseudo-QFT method, and determine the performance 
of the system when all the poles of G(s) change by 
—50%. Describe the robust nature of the system. 
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Design Problems 


DESIGN PROBLEMS 


CDP12.1 Design a PID controller for the capstan-slide 
7 system of Figure CDP4.1. The percent overshoot 
Co should be less than 3% and the settling time should be 
(with a 2% criterion) less than 250 ms for a step input 
r(t). Determine the response to a disturbance for the 
designed system. 


DP12.1 A position control system for a large turntable 
is shown in Figure DP12.1(a), and the block diagram 
of the system is shown in Figure DP12.1(b) [11, 14]. 
This system uses a large torque motor with K,, = 15. 
The objective is to reduce the steady-state effect of a 
step change in the load disturbance to 5% of the 
magnitude of the step disturbance while maintaining 
a fast response to a step input command R(s), with 
less than 5% overshoot. Select K, and the compen- 
sator when (a) G(s) = K and (b) G(s) = Kp + 
Kps (a PD compensator). Plot the step response for 
the disturbance and the input for both compensators. 
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Determine whether a prefilter is required to meet 
the overshoot requirement. 


DP12.2 Consider the closed-loop system depicted in 
Figure DP12.2. The process has a parameter K that is 
nominally K = 1. Design a controller that results in a 
percent overshoot P.O. < 15% for a unit step input 
for all K in the range 0.1 = K = 2. 

DP12.3 Many university and government laboratories 
have constructed robot hands capable of grasping and 
manipulating objects. But teaching the artificial 
devices to perform even simple tasks required formi- 
dable computer programming. Now, however, the 
Dexterous Hand Master (DHM) can be worn over a 
human hand to record the side-to-side and bending 
motions of finger joints. Each joint is fitted with a sen- 
sor that changes its signal depending on position. The 
signals from all the sensors are translated into com- 
puter data and used to operate robot hands [1]. 


Torque motor 
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FIGURE DP12.1 
Turntable control. 
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FIGURE DP12.2 
A unity feedback 
system with a 
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parameter K. 
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The DHM is shown in parts (a) and (b) of Figure 
DP12.3. The joint angle control system is shown in 
part (c). The normal value of K,,, is 1.0. The goal is to 
design a PID controller so that the steady-state error 
for a ramp input is zero. Also, the settling time (with a 
2% criterion) must be less than 3 seconds for the ramp 
input. We want the controller to be 


Ky(s? + 6s + 18) 


Gs) = a 


(a) Select Kp and obtain the ramp response. Plot the 
root locus as Kp varies. (b) If K,, changes to one-half 
of its normal value and G,(s) remains as designed in 
part (a), obtain the ramp response of the system. 
Compare the results of parts (a) and (b) and discuss 
the robustness of the system. 


DP12.4 Objects smaller than the wavelengths of visible 


FIGURE DP12.3 


light are a staple of contemporary science and tech- 
nology. Biologists study single molecules of protein 
or DNA; materials scientists examine atomic-scale 
flaws in crystals; microelectronics engineers lay out 
circuit patterns only a few tenths of atoms thick. 
Until recently, this minute world could be seen only 
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by cumbersome, often destructive methods, such as 
electron microscopy and X-ray diffraction. It lay 
beyond the reach of any instrument as simple and direct 
as the familiar light microscope. New microscopes, 
typified by the scanning tunneling microscope (STM), 
are now available [3]. 

The precision of position control required is in 
the order of nanometers. The STM relies on piezo- 
electric sensors that change size when an electric 
voltage across the material is changed. The “aper- 
ture” in the STM is a tiny tungsten probe, its tip 
ground so fine that it may consist of only a single 
atom and measure just 0.2 nanometer in width. 
Piezoelectric controls maneuver the tip to within a 
nanometer or two of the surface of a conducting 
specimen—so close that the electron clouds of the 
atom at the probe tip and of the nearest atom of the 
specimen overlap. A feedback mechanism senses the 
variations in tunneling current and varies the voltage 
applied to a third, z-axis, control. The z-axis piezo- 
electric moves the probe vertically to stabilize the 
current and to maintain a constant gap between the 
microscope’s tip and the surface. The control system 
is shown in Figure DP12.4(a), and the block diagram 
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Design Problems 
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FIGURE DP12.4 
Microscope control. 


is shown in Figure DP12.4(b). The process is 
17,640 


G(s) = — _—"—_,, 
(8) = 24 50.45 + 1764) 


and the controller is chosen to have two real, unequal 
zeros so that we have 


Kilrıs + 1)(725 + 1) 
= 3 


(a) Use the ITAE design method to determine G,(s). 
(b) Determine the step response of the system with 
and without a prefilter G,(s). (c) Determine the 
response of the system to a disturbance when T4(s) = 
1/s. (d) Using the prefilter and G,(s) of parts (a) and 
(b), determine the actual response when the process 
changes to 


GAs) = 


16,000 


Gs) =-= mm, 
6) s(s? + 40s + 1600) 


DP12.5 The system described in DP12.4 is to be designed 


using the frequency response techniques described in 
Section 12.6 with 


Kilts + 1)(725 + 1) 


Gels) = r 
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Select the coefficients of G,(s) so that the phase mar- 
gin is approximately 45°. Obtain the step response of 
the system with and without a prefilter G,(s). 


DP12.6 The use of control theory to provide insight into 


neurophysiology has a long history. As early as the 
beginning of the last century, many investigators 
described a muscle control phenomenon caused by the 
feedback action of muscle spindles and by sensors based 
on a combination of muscle length and rate of change of 
muscle length. 

This analysis of muscle regulation has been based 
on the theory of single-input, single-output control 
systems. An example is a proposal that the stretch 
reflex is an experimental observation of a motor con- 
trol strategy, namely, control of individual muscle 
length by the spindles. Others later proposed the regu- 
lation of individual muscle stiffness (by sensors of both 
length and force) as the motor control strategy [34]. 

One model of the human standing-balance 
mechanism is shown in Figure DP12.6. Consider the 
case of a paraplegic who has lost control of his stand- 
ing mechanism. We propose to add an artificial con- 
troller to enable the person to stand and move his 
legs. (a) Design a controller when the normal values 
of the parameters are K = 10, a = 12, and b = 100, 
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FIGURE DP12.6 
Artificial control of 
standing and leg 


articulation, = si ee 


in order to achieve a step response with percent over- 
shoot less than 10%, steady-state error less than 5%, 
and a settling time (with a 2% criterion) less than 2 
seconds. Try a controller with proportional gain, PI, 
PD, and PID. (b) When the person is fatigued, the 
parameters may change to K = 15,a= 8, and 
b = 144. Examine the performance of this system with 
the controllers of part (a). Prepare a table contrasting 
the results of parts (a) and (b). 


DP12.7 The goal is to design an elevator control system 
so that the elevator will move from floor to floor 
rapidly and stop accurately at the selected floor 
(Figure DP12.7). The elevator will contain from one 
to three occupants. However, the weight of the eleva- 
tor should be greater than the weight of the occu- 
pants; you may assume that the elevator weighs 1000 
pounds and each occupant weighs 150 pounds. 
Design a system to accurately control the elevator to 
within one centimeter. Assume that the large DC 
motor is field-controlled. Also, assume that the time 
constant of the motor and load is one second, the 


vlt) 
Command 
from computer 





Ys) 
Leg 


angle 


j Biosensors 


time constant of the power amplifier driving the 
motor is one-half second, and the time constant of 
the field is negligible. We seek an overshoot less than 
6% and a settling time (with a 2% criterion) less than 
4 seconds. 


DP12.8 Patients with a cardiological illness and less than 


normal heart muscle strength can benefit from an 
assistance device. An electric ventricular assist device 
(EVAD) converts electric power into blood flow by 
moving a pusher plate against a flexible blood sac. The 
pusher plate reciprocates to eject blood in systole and 
to allow the sac to fill in diastole. The EVAD will be 
implanted in tandem or in parallel with the intact nat- 
ural heart as shown in Figure DP12.8(a). The EVAD is 
driven by rechargeable batteries, and the electric 
power is transmitted inductively across the skin 
through a transmission system. The batteries and the 
transmission system limit the electric energy storage 
and the transmitted peak power. Consequently, we 
desire to drive the EVAD in a fashion that minimizes 
its electric power consumption [29]. 


Ar). tn) 



































Un 
Third floor | 
Elevator 
Second floor 
10 ft. 
FIGURE DP12.7 | . Elevator 
Elevator position First floor shaft 














control. 





Design Problems 
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Ris) 
FIGURE DP12.8 Desired 


(a) An electric flow 
ventricular assist rate 
device for 

cardiology patients. 

(b) Feedback 


control system. 


The EVAD has a single input, the applied motor 
voltage, and a single output, the blood flow rate. The 
control system of the EVAD performs two main tasks: 
It adjusts the motor voltage to drive the pusher plate 
through its desired stroke, and it varies the EVAD’s 
blood flow to meet the body’s cardiac output demand. 
The blood flow controller adjusts the blood flow rate 
by varying the EVAD’s beat rate. 

A model of the feedback control system is shown 
in Figure DP12.8(b). The motor, pump, and blood sac 
can be modeled by a time delay with T = 1 s. The goal 
is to achieve a step response with less than 5% steady- 
state error and less than 10% overshoot. Furthermore, 
to prolong the batteries, the voltage is limited to 30 V. 
Design a controller using (a) G(s) = K/s, (b) a PI 
controller, and (c) a PID controller. Compare the 
results for the three controllers by recording in a table 
the percent overshoot, peak time, settling time (with 
2% criterion) and the maximum value of v(t). 
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DP12.9 One arm of a space robot is shown in Figure 


DP12.9(a). The block diagram for the control of the 
arm is shown in Figure DP12.9(b). The transfer func- 
tion of the motor and arm is 


spe 
s(s + 10) 


(a) If G(s) = K, determine the gain necessary for an 
overshoot of 4.5%, and plot the step response. (b) De- 
sign a proportional plus derivative (PD) controller 
using the ITAE method and ,, = 10. Determine the 
required prefilter G,(s). (c) Design a PI controller 
and a prefilter using the ITAE method. (d) Design a 
PID controller and a prefilter using the ITAE method 
with w, = 10. (e) Determine the effect of a unit step 
disturbance for each design. Record the maximum 
value of y(t) and the final value of y(t) for the distur- 
bance input. (f) Determine the overshoot, peak time, 
and settling time (with a 2% criterion) step R(s) for 


G(s) 
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FIGURE DP12.9 
Space robot 
control. (b) 


each design above. (g) The process is subject to varia- 
tion due to load changes. Find the magnitude of the 
sensitivity at w = 5, |S&(j5)|, where 
_ _ GAs)G(s) 
1+ G,(s)G(s)" 


(h) Based on the results of parts (e), (£), and (g), select 
the best controller. 


DP12.10 A photovoltaic system is mounted on a space 


station in order to develop the power for the station. 
The photovoltaic panels should follow the sun with 
good accuracy in order to maximize the energy from 
the panels. The system uses a DC motor, so that the 
transfer function of the panel mount and the motor is 


1 
G(s) s(s + 19)" 
We will select a controller G,(s) assuming that an 
optical sensor is available to accurately track the sun’s 
position, and thus H(s) = 1. 

The goal is to design G,(s) so that (1) the percent 
overshoot to a step is less than 7% and (2) the steady- 
state error to a ramp input is less than or equal to 1%. 
Determine the best phase-lead controller. Examine 
the robustness of the system to a 10% variation in the 
motor time constant. 


DP12.11 Electromagnetic suspension systems for air- 


cushioned trains are known as magnetic levitation 
(maglev) trains. One maglev train uses a supercon- 
ducting magnet system [17]. It uses superconducting 
coils, and the levitation distance x(¢) is inherently 


unstable. The model of the levitation is 


Go) = 29 E 

V(s) (s71 + 1)(s? - of) 
where V(s) is the coil voltage; 7, is the magnet time 
constant; and w; is the natural frequency. The system 
uses a position sensor with a negligible time constant. 
A train traveling at 250 km/hr would have 7; = 0.75 s 
and w, = 75 rad/s. Determine a controller that can 
maintain steady, accurate levitation when distur- 
bances occur along the railway. Use the system model 
of Figure 12.1. 


DP12.12 Consider again the Mars rover problem de- 


scribed in DP6.2. The system uses a PID controller, and 
a robust system is desired. The specifications are (1) 
maximum overshoot equal to 18%, (2) settling time 
(with a 2% criterion) less than 2 seconds, (3) rise time 
equal to or greater than 0.20 to limit the power require- 
ments, (4) phase margin greater than 65°, (5) gain 
margin greater than 8 dB, (6) maximum root sensitivity 
(magnitude of real and imaginary parts) less than 1. 
Select the best value of the gain K. 


DP12.13 A benchmark problem consists of the mass- 


spring system shown in Figure DP 12.13, which repre- 
sents a flexible structure. Let m; = m, = 1 and 
0.5 < k = 2.0 [33]. It is possible to measure x3 and 
x, and use a controller prior to u(r). Obtain the system 
description, choose a control structure, and design a 
robust system. Determine the response of the system 
to a unit step disturbance. Assume that the output 
x(t) is the variable to be controlled. 


Computer Problems 


FIGURE DP12.13 
Two-mass cart 
system. 
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COMPUTER PROBLEMS 


CP12.1 Consider the system given in Figure CP12.1. The dy- 
namics of the sensor is unknown. However, it is known that 
it can be modeled by a first-order transfer function with 
time constant, T; and T lies between 0.05 and 0.2. Using 
MATLAB obtain step response of the closed-loop system 
for T = 0.05, 0.1, 0.15 and 0.2. Hence, comment on the 
robustness of the system. 





FIGURE CP12.1 A system with an unknown sensor. 


CP12.2 Consider a unity feedback system with open-loop 
transfer function 


K 
s(s + 2) 





where K is around 1. 
(a) Obtain system sensitivity with respect to K, Sk. 
(b) Draw the Bode plot of the closed-loop system. 
(c) On the same plot, plot 20 log |Sk(je)| vs w. 
(d) Comment on the sensitivity of the system to small 
variations in gain. 

CP12.3 Consider the control system in Figure CP12.3, 

where 


a 
IŽ 


G(s) = 


The value of J is known to change slowly with time, 
although, for design purposes, the nominal value is 
chosen to be J = 10. 


(a) Design a PID compensator (denoted by G,(s)) 
to achieve a phase margin greater than 45° and a 
bandwidth less than 5 rad/s. (b) Using the PID con- 
troller designed in part (a), develop an m-file script 
to generate a plot of the phase margin as J varies 
from 1 to 30. 





FIGURE CP12.3 A feedback control system with 
compensation. 


CP12.4 Consider the system shown in Figure CP12.4. 

(a) Using MATLAB, obtain the step response of the 
system without controller. That is G,(s) = 1; 
Kı = 1; K, = K3 = 0. Hence find steady-state 
error and settling time. 

(b) Determine the values of K4, K2, and K3; and the 
transfer function G,(s) so that settling time is less 
than 0.5 and ITAE performance index for a step 
input is minimised. 

(c) Using MATLAB, obtain step response of the 
system with PID controller and G,(s) designed in 
(b). Hence find steady-state error and settling 
time. 

(d) If pole of the plant at —1 is shifted to —0.7, obtain 
steady-state error and settling time. 

(e) Compare the values of steady-state error and set- 
tling time obtained in (a), (c) and (d). 








Controller 


FIGURE CP12.4 
Design of PID 
controller. 





Plant 


(s+1) (s+2) 
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CP12.5 Consider a plant with transfer function 


1 
(s + Is + p) 


The nominal value of p is 3. Depending on the operat- 
ing point, p may vary from 2 to 4. Design a PID con- 
troller using Pseudo-QFT method assuming p = 3 so 
that steady-state error for a step input is zero. 

Using MATLAB, obtain step response, percentage 
overshoot and settling time for, 
(a) Nominal case. 
(b) Worst case. 


CP12.6 The industrial process shown in Figure CP12.6 is 


known to have a time delay in the loop. In practice, it is 
often the case that the magnitude of system time 
delays cannot be precisely determined. The magnitude 
of the time delay may change in an unpredictable man- 
ner depending on the process environment. A robust 
control system should be able to operate satisfactorily 
in the presence of the system time delays. 


(a) Develop an m-file script to compute and plot 
the phase margin for the industrial process in 
Figure CP12.6 when the time delay, T, varies be- 
tween 0 and 5 seconds. Use the pade function 
with a second-order approximation to approxi- 
mate the time delay. Plot the phase margin as a 
function of the time delay. 

(b) Determine the maximum time delay allowable for 
system stability. Use the plot generated in part (a) to 
compute the maximum time delay approximately. 


CP12.7 A unity negative feedback loop has the loop 


transfer function 

a(s — 0.5) 

+241 

We know from the underlying physics of the problem 
that the parameter a can vary only between 


0 < a < 1. Develop an m-file script to generate the 
following plots: 


(a) The steady-state tracking error due to a negative 
unit step input (i.e., R(s) = —1/s) versus the 


G.(s)G(s) = 





(b) The maximum percent initial undershoot (or over- 
shoot) versus parameter a. 

(c) The gain margin versus the parameter a. 

(d) Based on the results in parts (a)-(c), comment on 
the robustness of the system to changes in para- 
meter a in terms of steady-state errors, stability, 
and transient time response. 


CP12.8 The Gamma-Ray Imaging Device (GRID) is a 


NASA experiment to be flown on a long-duration, 
high-altitude balloon during the coming solar maxi- 
mum. The GRID on a balloon is an instrument that 
will qualitatively improve hard X-ray imaging and 
carry out the first gamma-ray imaging for the study of 
solar high-energy phenomena in the next phase of 
peak solar activity. From its long-duration balloon 
platform, GRID will observe numerous hard X-ray 
bursts, coronal hard X-ray sources, “superhot” thermal 
events, and microflares [2]. Figure CP12.8(a) depicts 
the GRID payload attached to the balloon. The major 
components of the GRID experiment consist of a 5.2- 
meter canister and mounting gondola, a high-altitude 
balloon, and a cable connecting the gondola and bal- 
loon. The instrument-sun pointing requirements of 
the experiment are 0.1 degree pointing accuracy and 
0.2 aresecond per 4 ms pointing stability. 

An optical sun sensor provides a measure of the 
sun-instrument angle and is modeled as a first-order 
system with a DC gain and a pole at s = —500. A 
torque motor actuates the canister/gondola assembly. 
The azimuth angle control system is shown in Figure 
CP12.8(b). The PID controller is selected by the 
design team so that 


2 
G.(s) = Kp(s° + as + 24 
s 

where a and b are to be selected. A prefilter is used 
as shown in Figure CP12.8(b). Determine the value 
of K3, a, and b so that the dominant roots have a ¢ of 
0.8 and the overshoot to a step input is less than 3%. 
Develop a simulation to study the control system 
performance. Use a step response to confirm the per- 
cent overshoot meets the specification. 
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FIGURE CP12.8 
The GRID device. 


TERMS AND CONCEPTS 


Additive perturbation A system perturbation model 
expressed in the additive form G,(s) = G(s) + A(s), 
where G(s) is the nominal process function, A(s) is the 
perturbation that is bounded in magnitude, and G,(s) 
is the family of perturbed process functions. 


Complementary sensitivity function The function 
G.(s)G(s) 
Tae oe 
1 + Gs)G(s) 
S(s) + T(s) = 1, where S(s) is the sensitivity func- 
tion. The function T(s) is the closed-loop transfer 
function. 


that satisfies the relationship 


Internal model principle The principle that states that if 
G,(s)G(s) contains the input R(s), then the output 
y(¢) will track R(s) asymptotically (in the steady-state) 
and the tracking is robust. 


Multiplicative perturbation A system perturbation model 
expressed in the multiplicative form G(s) = 
G(s)(1 + M(s)), where G(s) is the nominal process 
function, M(s) is the perturbation that is bounded in 







(a) 





Balloon and 
canister-gondola 
dynamics 


1 
(s + 4)(s + 10) 





YO) 
Azimuth 
angle 



















(b) 


magnitude, and G,,(s) is the family of perturbed 
process functions. 


PID controller A controller with three terms in which the 
output is the sum of a proportional term, an integrat- 
ing term, and a differentiating term, with an adjustable 
gain for each term. 


Prefilter A transfer function G,(s) that filters the 
input signal R(s) prior to the calculation of the 
error signal. 


Process controller See PID controller. 


Robust control system A system that exhibits the desired 
performance in the presence of significant plant 
uncertainty. 


Robust stability criterion A test for robustness with re- 
spect to multiplicative perturbations in which stability 





1 
is guaranteed if |M(jw)| < |1 + ——~|, for all w, 
g Go) Glo) 
where M(s) is the multiplicative perturbation. 
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Root sensitivity A measure of the sensitivity of the roots 
(i.e., the poles and zeros) of the system to changes in a 


or, 
parameter defined by S% = dala? where a is the 


parameter and r; is the root. 


Sensitivity function The function S(s) = [1 + G,(s)G(s)]! 
that satisfies the relationship S(s) + T(s) = 1, where 
T(s) is the complementary sensitivity function. 
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System sensitivity A measure of the system sensitivity to 
changes in a parameter defined by S7 = ———, where 
ðaja 
a is the parameter and T is the system transfer function. 
Three-mode controller See PID controller. 


Three-term controller See PID controller. 
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PREVIEW 


A digital computer often hosts the controller algorithm in a feedback control system. 
Since the computer receives data only at specific intervals, it is necessary to develop 
a method for describing and analyzing the performance of computer control systems. 
In this chapter, we provide an introduction to the topic of digital control systems. The 
notion of a sampled-data system is presented followed by a discussion of the z-trans- 
form. We may use the z-transform of a transfer function to analyze the stability and 
transient response of a system. The basics of closed-loop stability with a digital con- 
troller in the loop are covered with a short presentation on the role of root locus in 
the design process. This chapter concludes with the design of a digital controller for 
the Sequential Design Example: Disk Drive Read System. 


DESIRED OUTCOMES 
Upon completion of Chapter 13, students should: 


2 Understand the role of digital computers in control system design and application. 
2 Be familiar with the z-transform and sampled-data systems. 

2 Be able to design digital controllers using root locus methods. 

Appreciate the issues associated with the implementation of digital controllers. 
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13.1 INTRODUCTION 


The use of a digital computer as a compensator (controller) device has grown dur- 
ing the past three decades as the price and reliability of digital computers have 
improved dramatically [1,2]. A block diagram of a single-loop digital control system 
is shown in Figure 13.1. The digital computer in this system configuration receives 
the error in digital form and performs calculations in order to provide an output in 
digital form. The computer may be programmed to provide an output so that the 
performance of the process is near or equal to the desired performance. Many com- 
puters are able to receive and manipulate several inputs, so a digital computer con- 
trol system can often be a multivariable system. 

A digital computer receives and operates on signals in digital (numerical) form, 
as contrasted to continuous signals [3]. A digital control system uses digital signals 
and a digital computer to control a process. The measurement data are converted 
from analog form to digital form by means of the analog-to-digital converter shown 
in Figure 13.1. After processing the inputs, the digital computer provides an output 
in digital form. This output is then converted to analog form by the digital-to-analog 
converter shown in Figure 13.1. 


13.2 DIGITAL COMPUTER CONTROL SYSTEM APPLICATIONS 


FIGURE 13.1 

A block diagram of 
a computer control 
system, including 
the signal 
converters. The 
signal is indicated 


as digital or analog. 


The total number of computer control systems installed in industry has grown over 
the past three decades [2]. Currently, there are approximately 100 million control 
systems using computers, although the computer size and power may vary signifi- 
cantly. If we consider only computer control systems of a relatively complex nature, 
such as chemical process control or aircraft control, the number of computer control 
systems is approximately 20 million. 

A digital computer consists of a central processing unit (CPU), input-output 
units, and a memory unit. The size and power of a computer will vary according to 
the size, speed, and power of the CPU, as well as the size, speed, and organization of 
the memory unit. Small computers, called minicomputers, have become increasingly 
common since 1980. Powerful but inexpensive computers, called microcomputers, 
which use a 16-bit word or 32-bit word, have become readily available. These sys- 
tems use a microprocessor as a CPU. Therefore, the nature of the control task, the 
extent of the data required in memory, and the speed of calculation required will 
dictate the selection of the computer within the range of available computers. 
























Relerence 
input 
(digital) 


Digital- 
to-analog 
converter 










(digital) (analog) 


Output 


Process 
(analog) 


Actuator 








Analog- 
to-digital 
converter 







(digital) (analog) 







Measurement 
sensor 











FIGURE 13.2 

The development of 
INTEL 
microprocessors 
measured in 
millions of 
transistors. (Source: 
INTEL.) 
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The size of computers and the cost for the active logic devices used to construct 
them have both declined exponentially. The active components per cubic centimeter 
have increased so that the actual computer can be reduced in size to the point where 
relatively inexpensive, powerful laptop computers are providing mobile high- 
performance computational capability to students and professionals alike, and are, in 
many instances, replacing traditional desktop microcomputers. The speed of computers 
has also increased exponentially. The transistor density (a measure of computational per- 
formance) on INTEL microprocessor integrated circuits has increased exponentially 
over the last 30 years, as illustrated in Figure 13.2. In fact, according to “Moore’s law,” the 
transistor density doubles every year, and will probably continue to do so for the next 
twenty years. A simple calculation shows that by 2012, microprocessors will contain over 
a billion transistors with operating speeds approaching 10 GHz! In 1976, the popular 
8086 central processing units containing only 29,000 transistors and operating at 10 
MHz were introduced, Since then, significant progress in computation capability has 
been and will continue to be made. Clearly, improvements in computational capabil- 
ity have revolutionized the application of control theory and design in the modern 
era. With the availability of fast, low-priced, and small-sized microprocessors, much 
of the control of industrial and commercial processes is moving toward the use of 
computers within the control system. 

Digital control systems are used in many applications: for machine tools, metal- 
working processes, chemical processes, aircraft control, and automobile traffic con- 
trol, and others [4-8]. An example of a computer control system used in the aircraft 
industry is shown in Figure 13.3. Automatic computer-controlled systems are used 
for purposes as diverse as measuring the objective refraction of the human eye and 
controlling the engine spark timing or air-fuel ratio of automobile engines. The lat- 
ter innovations are necessary to reduce automobile emissions and increase fuel 
economy. 

The advantages of using digital control include: improved measurement sensitivity; 
the use of digitally coded signals, digital sensors and transducers, and microprocessors; 
reduced sensitivity to signal noise; and the capability to easily reconfigure the control 
algorithm in software. Improved sensitivity results from the low-energy signals 
required by digital sensors and devices. The use of digitally coded signals permits 
the wide application of digital devices and communications. Digital sensors and trans- 
ducers can effectively measure, transmit, and couple signals and devices. In addition, 
many systems are inherently digital because they send out pulse signals. Examples of 
such a digital system are a radar tracking system and a space satellite. 
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FIGURE 13.3 The flight deck of the Boeing 757 and 767 features digital control electronics, 
including an engine indicating system and a crew alerting system. All systems controls are within 
reach of either pilot. The system includes an inertial reference system making use of laser 
gyroscopes and an electronic attitude director indicator. A flight-management computer system 
integrates navigation, guidance, and performance data functions. When coupled with the automatic 
flight control system (automatic pilot), the flight-management system provides accurate engine 
thrust settings and flight-path guidance during all phases of flight from immediately after takeoff to 
final approach and landing. The system can predict the speeds and altitudes that will result in the 
best fuel economy and command the airplane to follow the most fuel-efficient or the “least time” 
flight paths. (Courtesy of Boeing Airplane Co.) 


13.3 SAMPLED-DATA SYSTEMS 


Computers used in control systems are interconnected to the actuator and the 
process by means of signal converters, The output of the computer is processed by a 
digital-to-analog converter. We will assume that all the numbers that enter or leave 
the computer do so at the same fixed period T, called the sampling period. Thus, for 
example, the reference input shown in Figure 13.4 is a sequence of sample values 
r(kT). The variables r(kT), m(KT), and u(kT) are discrete signals in contrast to m(t) 
and y(t), which are continuous functions of time. 


Sampled data (or a discrete signal) are data obtained for the system variables 
only at discrete intervals and are denoted as x(kT). 


A sampler is basically a switch that closes every T seconds for one instant of 
time. Consider an ideal sampler, as shown in Figure 13.5. The input is r(¢), and the 


FIGURE 13.4 
A digital control 
system. 


FIGURE 13.5 
An ideal sampler 
with an input r(t). 


FIGURE 13.6 

{a) An input signal 
r(f). (b) The sampled 
signal r*(f) = 

Shug MAT)S(t - kT). 
The vertical arrow 
represents an 
impulse. 
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output is r*(t), where nT is the current sample time, and the current value of r*(t) is 
r(nT). We then have r**(t) = r(nT)6(t — nT), where ô is the impulse function. 

Let us assume that we sample a signal r(t), as shown in Figure 13.5, and obtain 
r*(t). Then, we portray the series for r*(t) as a string of impulses starting at £ = 0, 
spaced at T seconds, and of amplitude r(k7). For example, consider the input signal 
r(t) shown in Figure 13.6(a). The sampled signal is shown in Figure 13.6(b) with an 
impulse represented by a vertical arrow of magnitude r(kT). 

A digital-to-analog converter serves as a device that converts the sampled sig- 
nal r*(t) to a continuous signal p(t). The digital-to-analog converter can usually be 
represented by a zero-order hold circuit, as shown in Figure 13.7. The zero-order 
hold takes the value (KT) and holds it constant for kT = t < (k + 1)T, as shown 
in Figure 13.8 for k = 0. Thus, we use r(kT) during the sampling period. 

A sampler and zero-order hold can accurately follow the input signal if T is 
small compared to the transient changes in the signal. The response of a sampler 
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Time (kT) 
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FIGURE 13.7 
Asampler and 

zero-order hold 
circuit. 


FIGURE 13.8 
The response of a 
zero-order hold to 
an impulse input 
(kT), which equals 
unity when k = 0 
and equals zero 
when k # 0, so that 
r*(t) = r(Q)d(t). 


FIGURE 13.9 
The response of a 
sampler and zero- 
order hold for a 
ramp input r(t) = t. 
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pin 


pli) 
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Time 


and zero-order hold for a ramp input is shown in Figure 13.9. Finally, the response 
of a sampler and zero-order hold for an exponentially decaying signal is shown in 
Figure 13.10 for two values of the sampling period. Clearly, the output p(t) will 
approach the input r(t) as T approaches zero, meaning that we sample frequently. 

The impulse response of a zero-order hold is shown in Figure 13.8. The transfer 
function of the zero-order hold is 








(13.1) 





The precision of the digital computer and the associated signal converters is 
limited (see Figure 13.4). Precision is the degree of exactness or discrimination with 
which a quantity is stated. The precision of the computer is limited by a finite word 
length. The precision of the analog-to-digital converter is limited by an ability to 
store its output only in digital logic composed of a finite number of binary digits. The 
converted signal (kT) is then said to include an amplitude quantization error. 
When the quantization error and the error due to a computer’s finite word size are 


r(t) and p(t) 








1 1 1 1 1 1 
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Time 
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r(f) and p(t) 








Time (s) 
(a) T=0.5s 


r(t) and p(t) 


FIGURE 13.10 
The response of a 
sampler and zero- 








> 
order hold to an 

input r(t) = e' for Time (s) 

two values of 

sampling period T. (b) T= 0.2 


small relative to the amplitude of the signal [13, 19], the system is sufficiently pre- 
cise, and the precision limitations can be neglected. 


13.4 THE z-TRANSFORM 


Because the output of the ideal sampler, r*(¢), is a series of impulses with values 
r(kT), we have 


r*(t) = Sir(kT)8(t — kT), (13.2) 
k=0 
for a signal for t > 0. Using the Laplace transform, we have 
Llr*()} = Dr(kT)e*. (13.3) 
k=0 


We now have an infinite series that involves multiples of e'f and its powers. We 
define 








(13.4) 
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where this relationship involves a conformal mapping from the s-plane to the z-plane. 
We then define a new transform, called the z-transform, so that 
oo 
Z{r(t)} = Z{r*(O} = arene. (13.5) 
As an example, let us determine the z-transform of the unit step function u(t) (not 
to be confused with the control signal u(t)). We obtain 








foe} oO 
Z{u(t)} = Du(kT)z* = Vz, (13.6) 
k=0 k= 
since u(kT) = 1 for k = 0. This series can be written in closed form as! 
1 z 
U(z) = = 4 13.7 
O= AS-i (13.7) 


In general, we will define the z-transform of a function f(t) as 


Z{fO} = F(z) = ÈST. (13.8) 





EXAMPLE 13.1 Transform of an exponential 


Let us determine the z-transform of f(t) = e™™ for t = 0. Then 


oo oo 
zie dir F(z) — yea = Deere (13.9) 
k=O k= 
Again, this series can be written in closed form as 
1 Zz 
F(z) = —— = E 13.10 
(z) 1- (eyi z-e ( ) 


In general, we may show that 


Z{e“f(t)} = F(eTz). m 


EXAMPLE 13.2 Transform of a sinusoid 
Let us determine the z-transform of f(t) = sin(wt) fort = 0. We can write sin(wt) as 


eiT — g-joT 





sin(wt) = - 
(on) = 
Therefore, 
eiT giet 
sin(wt) = —- —- ——. 13.11 
Ee eT (13.11) 
‘Recall that the infinite geometric series may be written (1 — bx)! = 1 + bx + (bx)? + (bx) + ..., if 


lbx| < 1. 


Section 13.4 The z-Transform 


909 



































Table 13.1 z-Transforms 
x) X(s) X2) 
1 
Sire Sen f 
0 otherwise E 
n a<t<ate,e—0 
(tt -—a) =e as 
0 otherwise 
1 t=0 
6.(t) = is ae 
aft) {i t=kT,k #0 1 
ub! t= kT, =p 
Bolt — kT) = f t#kT -7 A 
s Zz 
, unit st 1 
u(t), unit step /s | 
Tz 
t 1/s? 
ý (2-1? 
ew 1 z 
s+a z-e 
ane 1 -e)z 
s(s + a) (z = 1)(z - e”) 
r w zsin(wT) 
sin(wt) =) 7 7 
SHW zt — 2z cos(oT) + 1 
s 2(z — cos(wT)) 
cos(wt) z 7 7 
S +w z* — 2z cos(wT) + 1 
Po w (ze sin(wT)) 
e™ sin(wt) 2 2 2 -aT 2a 
(s + a) + Z — 2ze' cos(w) + e*" 
= s+a 2 = ze cos(wT) 
e™ cos(wt) 7 2 -aT -2aT 
(s + a) +w z? — 2zeT cos(wT) + e” 
Then 





F(z) = 


1 z Zz 
2ji\z-eT z-e 


=) 


z(t — ele) 





=s ee 
7 — 2zcos(@T) + 1 


1 
Hz - z(elot + ever) +1 


zsin(wT) 


) (13.12) 


A table of z-transforms is given in Table 13.1 and at the MCS website. Note that 
we use the same letter to denote both the Laplace and z-transforms, distinguishing 
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FIGURE 13.11 
An open-loop, 
sampled-data 
system (without 
feedback). 


Chapter 13 Digital Control Systems 


Table 13.2 Properties of the z-Transform 





x(t) X(2) 
1. kx(t) kX(z) 
2. x(t) + x(t) Xı(z) + X2(2z) 
3. x(t +T) zX (z) — zx(0) 
dX 
4. tx(t) gZ, 
dz 
5. ex(t) X (ze) 
6. x(0), initial value lim X(z) if the limit exists 
Ps 
ue x(00), final value lim(z — 1)X(z) if the limit exists and the system 
pass 


is stable; that is, if all poles of (z — 1)X(z) are 
inside the unit circle Pi = 1 on z-plane. 








them by the argument s or z. A table of properties of the z-transform is given in 
Table 13.2. As in the case of Laplace transforms, we are ultimately interested in the 
output y(t) of the system. Therefore, we must use an inverse transform to obtain y(t) 
from Y(z). We may obtain the output by (1) expanding Y(z) in a power series, (2) 
expanding Y(z) into partial fractions and using Table 13.1 to obtain the inverse of 
each term, or (3) obtaining the inverse z-transform by an inversion integral. We will 
limit our methods to (1) and (2) in this limited discussion. 


EXAMPLE 13.3 Transfer function of an open-loop system 


Let us consider the system shown in Figure 13.11 for T = 1. The transfer function of 
the zero-order hold (Equation 13.1) is 

j= eT 

Gos) =§ —— 


Therefore, the transfer function Y(s)/R*(s) is 
Y(s) 1-e7 














R) = Go(s)G,(s) = G(s) = ES (13.13) 
Expanding into partial fractions, we have 
1-4 1 
= -sT = 
G(s) = (1 — e (4 a + aa :} (13.14) 
Ge) =z = 0- e)2{5-2+4 (13.15) 
£ s % s? sS Eaa P g 





vn) 
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Using the entries of Table 13.1 to convert from the Laplace transform to the corre- 
sponding z-transform of each term, we have 


S a ea Tz A z 
Ge)= (=z ear Sts 
(ze? —z+Tz) + (1 -e7 - Te”) 
(2 - 1) - e") 











When T = 1, we obtain 


get Ts gert 
pe (2-1 - e’) 


_ _0.3678z + 0.2644 0.3678z + 0.2644 
(z — 1)(z — 0.3678) z? — 1.3678z + 0.3678` 





(13.16) 


The response of this system to a unit impulse is obtained for R(z) = 1 so 
that Y(z) = G(z)-1. We may obtain Y(z) by dividing the denominator into the 
numerator: 


0.367877! + 0.76757? + 0.91457? + ... = ¥(z) 
z? — 1.3678z + 0.3678)0.3678z + 0.2644 
0.3678z — 0.5031 + 0.1353z7! 
+ 0.7675  — 0.135321 
+ 0.7675 — 1.04977! + 0.28237 
0.914527! — 0.28237? 








(13.17) 





This calculation yields the response at the sampling instants and can be carried as 
far as is needed for Y(z). From Equation (13.5), we have 


¥(2) = EET. 
k=0 


In this case, we have obtained y(kT) as follows: y(0) = 0, y(T) = 0.3678, 
y(2T) = 0.7675, and y(3T) = 0.9145. Note that y(kT) provides the values of y(t) at 
t=kT. m 


We have determined Y(z), the z-transform of the output sampled signal. The 
z-transform of the input sampled signal is R(z). The transfer function in the z-domain is 


Y¥(z) a 
RG) — G(z). (13.18) 


Since we determined the sampled output, we can use an output sampler to depict 
this condition, as shown in Figure 13.12; this represents the system of Figure 13.11 
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FIGURE 13.12 
System with 
sampled output. 


FIGURE 13.13 
The z-transform 
transfer function in 


block diagram form. 
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R(z) 
r(t) e o oF Yiz) 


Ri) Y(z) 
G&) 


with the sampled input passing to the process. We assume that both samplers have 
the same sampling period and operate synchronously. Then 


¥(z) = G(z)R(z), (13.19) 


as required. We may represent Equation (13.19), which is a z-transform equation, by 
the block diagram of Figure 13.13. 


13.5 CLOSED-LOOP FEEDBACK SAMPLED-DATA SYSTEMS 


FIGURE 13.14 
Feedback control 
system with unity 
feedback. G(z) is 
the z-transform 
corresponding to 
G(s), which 
represents the 
process and the 
zero-order hold. 


In this section, we consider closed-loop, sampled-data control systems. Consider the 
system shown in Figure 13.14(a). The sampled-data z-transform model of this figure 
with a sampled-output signal Y(z) is shown in Figure 13.14(b). The closed-loop 
transfer function (using block diagram reduction) is 


Y(z) G(z) 


— = T(z) = 1+ G@ (13.20) 


Here, we assume that the G(z) is the z-transform of G(s) = Go(s)G,(s), where 
Go(s) is the zero-order hold, and G,(s) is the process transfer function. 


oa 


> Wa 








FIGURE 13.15 
(a) Aibo is a 
sophisticated 
entertainment 
robot. Aibo looks 
like a Chihuahua 
and wags its tail, 
does tricks, and 
goes for walks. 
Aibo depends ona 
wide range of 
sensors, including 
touch, color CCD 
camera, range 
finder, and velocity 
sensors. A 64-bit 
RISC micro- 
processor and 
16MB of memory 
are built in. It has 
18 joints powered 
by 18 motors. 
Photo courtesy of 
Sony Electronics 
Inc. (b) Feedback 
control system with 
a digital controller. 
(c) Block diagram 
model. Note that 
Giz) = 
Z{Go(s)Gpls)}- 
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(a) 


Digital 
controller 


o= 7z) 


aw 






¥(z) 








(c) 


An example of a digital control system is the robotic dog Aibo, shown in 
Figure 13.15(a). The feedback control system of one joint with a digital controller 
is shown in Figure 13.15(b). The z-transform block diagram model is shown in 
Figure 13.15(c). The closed-loop transfer function is 





Y(z) 
R(z) 


G(z)D(z) 
1 + G(z)D(z)" 





T(z) (13.21) 











EXAMPLE 13.4 Response of a closed-loop system 
Now, let us consider the closed-loop system, as shown in Figure 13.16. We have 


obtained the z-transform model of this system, as shown in Figure 13.14. There- 
fore, we have 


Yo __G@) 


RO  1+G@ er 
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FIGURE 13.16 
A closed-loop, 
sampled-data 
system. 


FIGURE 13.17 
The response of a 
second-order 
system: (a) 
continuous (T = 0), 
not sampled; (b) 
sampled system, 
T=1s. 


Chapter 13 Digital Control Systems 


Zero-order 
hold 


o Í : s+) ns 





In Example 13.3, we obtained G(z) as Equation (13.16) when T = 1 s. Substituting 
G(z) into Equation (13.22), we obtain 


Y(z) _ 0.3678z + 0.2644 








R(z) 2 — z + 0.6322" ca 
Since the input is a unit step, 
R(z) = —, (13.24) 
z-1 
it follows that 
z(0.3678z + 0.2644) 0.36782" + 0.2644z 








Y(z) = : 
(2) (z — 1)(z? — z + 0.6322) z? — 2z? + 1.6322z — 0.6322 


Completing the division, we have 
Y(z) = 0.36787! + z? + 1423 + 1424+ 1.14725... (13.25) 


The values of y(kT) are shown in Figure 13.17, using the symbol O. The complete 
response of the sampled-data, closed-loop system is shown and contrasted to the 
response of a continuous system (when T = 0). The overshoot of the sampled sys- 
tem is 45%, in contrast to 17% for the continuous system. Furthermore, the settling 
time of the sampled system is twice as long as that of the continuous system. m 

















y(t) 























Time (s) 


FIGURE 13.18 
A closed-loop 
sampled system. 
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A linear continuous feedback control system is stable if all poles of the closed-loop 
transfer function 7(s) lie in the left half of the s-plane. The z-plane is related to the 
s-plane by the transformation 


z= et = eC, (13.26) 
We may also write this relationship as 
lz] a eT 
and 
z= oT. (13.27) 


In the left-hand s-plane, o < 0; therefore, the related magnitude of z varies between 
0 and 1. Thus, the imaginary axis of the s-plane corresponds to the unit circle in the 
z-plane, and the inside of the unit circle corresponds to the left half of the s-plane [15]. 
Therefore, we can state that a sampled system is stable if all the poles of the 
closed-loop transfer function T(z) lie within the unit circle of the z-plane. 


EXAMPLE 13.5 Stability of a closed-loop system 


Let us consider the system shown in Figure 13.18 when T = 1 and 


K 
G,(s) = sis + 1) (13.28) 
Recalling Equation (13.16), we note that 
K(0.3678z + 0.2644 K(az + b 
oe ei la Gank (13.29) 





2 — 1.3678z + 0.3678 z- (1+az +a 


where a = 0.3678 and b = 0.2644. 

The poles of the closed-loop transfer function T(z) are the roots of the equation 
1 + G(z) = 0. We call q(z) = 1 + G(z) = 0 the characteristic equation. Therefore, 
we obtain 


gz) = 1 + G(z) = 2? — (1 + a)z + a + Kaz + Kb = 0. (13.30) 
When K = 1, we have 


q(z) = z? — z + 0.6322 
= (z — 0.50 + j0.6182)(z — 0.50 — j0.6182) = 0. (1331) 














Zero-order 
hold 





Process 


rt) vr) 
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Therefore, the system is stable because the roots lie within the unit circle. When 
K = 10, we have 


q(z) = 2 + 2.310z + 3.012 
= (z + 1.155 + j1.295)(z + 1.155 — 1.295), (13.32) 


and the system is unstable because both roots lie outside the unit circle. This sys- 
tem is stable for 0 < K < 2.39. The locus of the roots as K varies is discussed in 
Section 13.8. 

We notice that a second-order sampled system can be unstable with increasing 
gain where a second-order continuous system is stable for all values of gain (assum- 
ing both the poles of the open-loop system lie in the left half s-plane). m 


13.6 PERFORMANCE OF A SAMPLED-DATA, SECOND-ORDER SYSTEM 


Let us consider the performance of a sampled second-order system with a zero- 
order hold, as shown in Figure 13.18, when the process is 


K 





G,(s) = s(ts + 1)" (13.33) 
We then obtain G(z) for the arbitrary sampling period T as 
K{(z ~ EMIT - (z — 1)] + rz - 1} 
G(z) = y 13.34 
@) (@-)@-5) ee 
stir 


where E = e /, The stability of the system is analyzed by considering the charac- 


teristic equation 


q(z) = 2 + e{K[T - 7(1 - E)] - (1 + E)} + K[(1 - E) - TE] + E = 0. 
(13.35) 


Because the polynomial q(z) is a quadratic and has real coefficients, the necessary 
and sufficient conditions for q(z) to have all its roots within the unit circle are 


lqO)| <1,  q@)>0, and q(-1) > 0. 


These stability conditions for a second-order system can be established by mapping 
the z-plane characteristic equation into the s-plane and checking for positive coeffi- 
cients of q(s). Using these conditions, we establish the necessary conditions from 
Equation (13.35) as 





i=£ 
Kr< 1E- (J) (13.36) 
Kr < AP (13.37) 


(T/T)(1 + E) — 201 - EY 


and K > 0,7 > 0. For this system, we can calculate the maximum gain permissible 
for a stable system. The maximum gain allowable is given in Table 13.3 for several 


FIGURE 13.19 
The maximum 
overshoot |y| for a 
second-order 
sampled system for 
a unit step input. 


FIGURE 13.20 
The loci of integral 
squared error for a 
second-order 
sampled system for 
constant values of /. 
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Table 13.3 Maximum Gain for a Second-Order Sampled System 


T/t 0 0.1 0.5 1 2 
Maximum Kr oo 20.4 4.0 2.32 1.45 








values of T/7. If the computer system has sufficient speed of computation and data 
handling, it is possible to set 7/7 = 0.1 and obtain system characteristics approach- 
ing those of a continuous (nonsampled) system. 

The maximum overshoot of the second-order system for a unit step input is 
shown in Figure 13.19. 

The performance criterion, integral squared error, can be written as 


I= if e(t) dt. (13.38) 
T Jo 


The loci of this criterion are given in Figure 13.20 for constant values of I. For a 
given value of T/r, we can determine the minimum value of J and the required 
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FIGURE 13.21 
The steady-state 
error of a second- 
order sampled 
system for a unit 
ramp input 

nt) = £t> 0. 
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value of Kr. The optimal curve shown in Figure 13.20 indicates the required Kr for 
a specified T/r that minimizes Z. For example, when T/7 = 0.75, we require Kr = 1 
in order to minimize the performance criterion J. 

The steady-state error for a unit ramp input r(t) = t is shown in Figure 13.21. 
For a given T/r, we can reduce the steady-state error, but then the system yields a 
greater overshoot and settling time for a step input. 


EXAMPLE 13.6 Design of a sampled system 
Let us consider a closed-loop sampled system as shown in Figure 13.18 when 


K 


Gols) = Os + 1)(0.005s + 1) (1339) 


and we need to select T and K for suitable performance. As an approximation, we 
neglect the effects of the time constant 72 = 0.005 s, because it is only 5% of the pri- 
mary time constant 7, = 0.1. Then we can use Figures 13.19, 13.20, and 13.21 to se- 
lect K and T. Limiting the overshoot to 30% for the step input, we select 
T/r = 0.25, yielding Kr = 1.4. For these values, the steady-state error for a unit 
ramp input is approximately 0.6 (see Figure 13.21). 

Because 7 = 0.1, we then set T = 0.025s and K = 14. The sampling rate is 
then required to be 40 samples per second. 

The overshoot to the step input and the steady-state error for a ramp input may 
be reduced if we set T/r to 0.1. The overshoot to a step input will be 25% for 
Kr = 1.6. Using Figure 13.21, we estimate that the steady-state error for a unit 
ramp input is 0.55 for Kr = 1.6. m 


13.7 CLOSED-LOOP SYSTEMS WITH DIGITAL COMPUTER COMPENSATION 


A closed-loop, sampled system with a digital computer used to improve the perfor- 
mance is shown in Figure 13.15. The closed-loop transfer function is 
Y(z G(z)D(z 
© ro = G@2O_ 
R(z) 1 + G(z)D(z) 








(13.40) 


FIGURE 13.22 
The response of a 
sampled-data 
second-order 
system to a unit 
step input. 
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The transfer function of the computer is represented by 


a = D(z). 


Fa) (13.41) 


In our prior calculations, D(z) was represented simply by a gain K. As an illus- 
tration of the power of the computer as a compensator, we will consider again the 
second-order system with a zero-order hold and process 


G,(s) = when T = 1. 


i 
s(s + 1) 


Then (see Equation 13.16) 


0.3678(z + 0.7189) 


CO = @— tye — 03678) 


(13.42) 


If we select 


K(z — 0.3678) 


D(z) = goer 


, (13.43) 


we cancel the pole of G(z) at z = 0.3678 and have to set two parameters, r and K. If 
we select 
_ 1.359(z — 0.3678) 


D(z) = 240240.” (13.44) 


we have 
0.50(z + 0.7189) 


GDC) = Fae + 0.240)" 


(13.45) 

If we calculate the response of the system to a unit step, we find that the output 
is equal to the input at the fourth sampling instant and thereafter. The responses for 
both the uncompensated and the compensated system are shown in Figure 13.22. 















Compensated | 
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FIGURE 13.23 
The continuous 
system model of a 
sampled system. 
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Ris) G(s) Ys) 





The overshoot of the compensated system is 4%, whereas the overshoot of the 
uncompensated system is 45%. It is beyond the objective of this book to discuss all 
the extensive methods for the analytical selection of the parameters of D(z); other 
texts [2-4] can provide further information. However, we will consider two meth- 
ods of compensator design: (1) the G,(s)-to-D(z) conversion method (in the fol- 
lowing paragraphs) and (2) the root locus z-plane method (in Section 13.8). 

One method for determining D(z) first determines a controller G,(s) for a 
given process G,(s) for the system shown in Figure 13.23. Then, the controller is 
converted to D(z) for the given sampling period T. The methods described in 
Chapter 10 are used to determine G,(s). This design method is called the 
G,({s)-to-D(z) conversion method. It converts the G,(s) of Figure 13.23 to D(z) of 
Figure 13.15 [7]. 

We consider a first-order compensator 


+ 
Gds) = K 





(13.46) 


s+b 


and a digital controller 





(13.47) 


We determine the z-transform corresponding to G,(s) and set it equal to D(z) as 
Z{G(s)} = D(z). (13.48) 


Then the relationship between the two transfer functions is A = e°, B = e*T, 
and when s = 0, we require that 


c—+=xk* (13.49) 


EXAMPLE 13.7 Design to meet a phase margin specification 


Consider a system with a process 


1740 


Gals) = S055 + 1)" 


(13.50) 


We will attempt to design G,(s) so that we achieve a phase margin of 45° with a 
crossover frequency w, = 125 rad/s. Using the Bode diagram of G,(s), we find that 
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the phase margin is 2°. Using the method of Section 10.4, we find that the required 
pole-zero ratio is œ = 6.25. It is specified that w, = 125, so we note that 
w, = (ab)'/”. Therefore, a = 50 and b = 312. The lead compensator is then 


K(s + 50) 


s+312° pam 


Gds) = 


We select K in order to yield |GG,(jw)| = 1 when w = w, = 125 rad/s. Then we 
find that K = 5.6. The compensator G,(s) is to be realized by D(z), so we solve 
the relationships with a selected sampling period. Setting T = 0.001 s, we have 


A=6¢° = 0.95, B=e?=0,73, and C = 4.85. 
Then we have 


4.85(z — 0.95) 
D(z) = =e 13.52 
(z) z 073 (13.52) 
Of course, if we select another value for the sampling period, then the coefficients of 
D(z) would differ. m 


In general, we select a small sampling period so that the design based on the 
continuous system will accurately carry over to the z-plane. However, we should not 
select too small a T, or the computation requirements may be more than necessary. 
In general, we use a sampling period T ~ 1/(10fg), where fg = œwg/(27), and wp is 
the bandwidth of the closed-loop continuous system. 

The bandwidth of the system designed in Example 13.7 is œg = 180 rad/s or 
fg = 28.6 Hz. Thus we select a period T = 0.003 s. Note that T = 0.001 s was used 
in Example 13.7. 


13.8 THE ROOT LOCUS OF DIGITAL CONTROL SYSTEMS 


FIGURE 13.24 
Closed-loop system 
with a digital 
controller. 


Let us consider the transfer function of the system shown in Figure 13.24. Recall 
that G(s) = Go(s)G,(s). The closed-loop transfer function is 


Yz) KG(z)D(z) 
R(z) 1 + KG(z)D(z)' 


(13.53) 





Y(s) 
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Table 13.4 Root Locus in the z-Plane 


1. The root locus starts at the poles and progresses to the zeros. 

2. The root locus lies on a section of the real axis to the left of an odd number of poles and 
Zeros. 

3. The root locus is symmetrical with respect to the horizontal real axis. 

4, The root locus may break away from the real axis and may reenter the real axis. The 
breakaway and entry points are determined from the equation 





N(2) 
= ———_ =F b; 
DO) (z) 
. , ; dF(o) 
with z = ø. Then obtain the solution of ai 0. 


5. Plot the locus of roots that satisfy 
1 + KG(z)D(z) = 0, 
or 
|KG(z)D(z)| = 1 
and 
/G(z)D(z) = 180° + k360°, k = 0,1,2,... 





The characteristic equation is 


1 + KG(z)D(z) = 0, 


which is analogous to the characteristic equation for the s-plane analysis of KG(s). 
Thus, we can plot the root locus for the characteristic equation of the sampled sys- 
tem as K varies. The rules for obtaining the root locus are summarized in Table 13.4. 


EXAMPLE 13.8 Root locus of a second-order system 


Consider the system shown in Figure 13.24 with D(z) = 1 and G,(s) = 1/s?. Then 
we obtain 


T? K(z + 1) 
KG(2) = = ——— z. 
(z) 2 (2-1 
Let T = V2 and plot the root locus. We now have 
K(z + 1) 
KG(z) = j 
@) (z - 1) 


and the poles and zeros are shown on the z-plane in Figure 13.25. The characteristic 
equation is 


1+ KOl) = 1 45224 
z) = in 
@-1F 
Let z = o and solve for K to obtain 
— 1) 
fe Se 


er 


FIGURE 13.25 
Root locus for 
Example 13.8. 
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A Im{z} 


K increasing 







Root locus 







Unit 
circle 






One zero 
az=-l 








> 

+1 Re{z} 
Then obtain the derivative dF(7)/do = 0 and calculate the roots as 7, = —3 and 
a = 1. The locus leaves the two poles at o} = 1 and reenters at 7; = —3, as shown 


in Figure 13.25. The unit circle is also shown in Figure 13.25. The system always has 
two roots outside the unit circle and is always unstable for all K > 0. m 


We now turn to the design of a digital controller D(z) to achieve a specified 
response utilizing a root locus method. We will select a controller 





gaa 
D(z) = A 
(2) Z— Bb 

We then use z — a to cancel one pole at G(z) that lies on the positive real axis of the 
z-plane. Then we select z — b so that the locus of the compensated system will give 


a set of complex roots at a desired point within the unit circle on the z-plane. 


EXAMPLE 13.9 Design of a digital compensator 


Let us design a compensator D(z) that will result in a stable system when G,(s) is as 
described in Example 13.8. With D(z) = 1, we have an unstable system. Select 





a a 
D = 
(2) z= 
so that 
K(z +1)\(z -a 
KG()D() = DE, 
z= =b) 
If we set a = 1 and b = 0.2, we have 
K(z + 1) 
KG(z)D(z) = —————: 
ODO = Gaye = 02) 
Using the equation for F(), we obtain the entry point as z = —2.56, as shown in 


Figure 13.26. The root locus is on the unit circle at K = 0.8. Thus, the system is stable 
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FIGURE 13.26 
Root locus for 
Example 13.9. 
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K increasing 





Re(z} 






Entry point at 
z= -2.56 










Breakaway 
point at 
z= 0.55 
Root locus 





for K < 0.8. If we select K = 0.25, we find that the step response has an overshoot 
of 20% and a settling time (with a 2% criterion) equal to 8.5 seconds. 

If the system performance were inadequate, we would improve the root locus 
by selecting a = 1 and b = —0.98 so that 


Kz+1) K 
(z — 1)(z + 0.98) z-1' 





KG(z)D(z) = 


Then the root locus would lie on the real axis of the z-plane. When K = 1, the root 
of the characteristic equation is at the origin, and T(z) = 1/z = z™*. Then the 
response of the sampled system (at the sampling instants) is the input step delayed 
by one sampling period. m 


We can draw lines of constant ¢ on the z-plane. The mapping between the 
s-plane and the z-plane is obtained by the relation z = e'f, The lines of constant ¢ 
on the s-plane are radial lines with 


4 
vi- ë 


O E. 
g 7 tano = —tan(sin ln=- 


Since s = o + jw, we have 


where 


FIGURE 13.27 
Curves of constant 
{on the z-plane. 
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Re (z) 


The plot of these lines for constant ¢ is shown in Figure 13.27 for a range of T. 
A common value of ¢ for many design specifications is ¢ = 1/ V2. Then we have 
o = —w and 

z= eee! = eT o, 


where 0 = oT. 


13.9 IMPLEMENTATION OF DIGITAL CONTROLLERS 


We will consider the PID controller with an s-domain transfer function 


U(s) _ 
STOR 





K 
(8) = Kp + = + Kps. (13.54) 
We can determine a digital implementation of this controller by using a discrete 
approximation for the derivative and integration. For the time derivative, we use 


the backward difference rule 
d 1 
u(kT) = = = =(x(kT) — x[(k - 1)T)). (13.55) 
dt |r T 
The z-transform of Equation (13.55) is then 
TESEI g~1 
= = = X(2). 
U(z) T 4 =F 4O 


The integration of x(t) can be represented by the forward-rectangular integration at 
t = kT as 


u(kT) = uf(k — 1)T] + Tx(kT), (13.56) 
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where u(kT) is the output of the integrator at t = kT. The z-transform of Equation 
(13.56) is 


U(z) = z1U(z) + TX(2), 
and the transfer function is then 


UG) _ Tz 
Xz) z- 





Hence, the z-domain transfer function of the PID controller is 








F Korz (13.57) 





The complete difference equation algorithm that provides the PID controller is 
obtained by adding the three terms to obtain [we use x(kT) = x(k)] 


u(k) = Kpx(k) + Kj[u(k — 1) + Tx(k)] + (Kp/T)[x(k) — x(k - 1)] 
= [Kp + K,T + (Kp/T)]x(k) — KpT x(k — 1) + Kju(k - 1). (13.58) 
Equation (13.58) can be implemented using a digital computer or microprocessor. 


Of course, we can obtain a PI or PD controller by setting an appropriate gain equal 
to zero. 


13.10 DESIGN EXAMPLES 


In this section we present two illustrative examples. In the first example, two con- 
trollers are designed to control the motor and lead screw of a movable worktable. 
Using a zero-order hold formulation, a proportional controller and a lead compen- 
sator are obtained and their performance compared. In the second example, a control 
system is designed control an aircraft control surface as part of a fly-by-wire system. 
Using root locus methods, the design process focuses on the design of a digital con- 
troller to meet settling time and percent overshoot performance specifications. 


EXAMPLE 13.10 Worktable motion control system 


An important positioning system in manufacturing systems is a worktable motion 
control system. The system controls the motion of a worktable at a certain loca- 
tion [21]. We assume that the table is activated in each axis by a motor and lead 
screw, as shown in Figure 13.28(a). We consider the x-axis and examine the motion 
control for a feedback system, as shown in Figure 13.28(b). The goal is to obtain a 
fast response with a rapid rise time and settling time to a step command while not 
exceeding an overshoot of 5%. 

The specifications are then (1) a percent overshoot equal to 5% and (2) a mini- 
mum settling time (with a 2% criterion) and rise time. Rise time is defined as the 
time to reach the magnitude of the command and is illustrated in Figure 5.7 by Tp. 


FIGURE 13.28 
A table motion 
control system: 
(a) actuator and 
table; (b) block 
diagram. 


FIGURE 13.29 
Model of the wheel 
control for a work 
table. 
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(b) 


To configure the system, we choose a power amplifier and motor so that the sys- 
tem is described by Figure 13.29. Obtaining the transfer function of the motor and 
power amplifier, we have 


1 


S(s + 10)(s + 20)" (13.59) 


G,(s) = 


We will initially use a continuous system and design G,(s) as described in Section 
13.8. We then obtain D(z) from G,(s). First, we select the controller as a simple gain 
K in order to determine the response that can be achieved without a compensator. 
Plotting the root locus, we find that when K = 700, the dominant complex roots 
have a damping ratio of 0.707, and we expect a 5% overshoot. Then, using a simula- 
tion, we find that the overshoot is 5%, the rise time is 0.48 second, and the settling 
time (with a 2% criterion) is 1.12 seconds. These values are recorded as item 1 in 
Table 13.5. 

The next step is to introduce a lead compensator, so that 
K(s + a) 


Gds) = ar (13.60) 












Power 


amplifier Mate 





ys) 
Wheel 
position 


R(s) 
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Table 13.5 Performance for Two Controllers 








Percent Settling Time Rise Time 
Compensator G,(s) K Overshoot (seconds) (seconds) 
1K 700 5.0 1.12 0.40 
2. K(s + 11)/(s + 62) 8000 5.0 0.60 0.25 
We will select the zero at s = —11 so that the complex roots near the origin 


dominate. Using the method of Section 10.5, we find that we require the pole at 
s = —62. Evaluating the gain at the roots, we find that K = 8000. Then the step 
response has a rise time of 0.25 second and a settling time (with a 2% criterion) of 
0.60 second. This is an improved response, and we finalize this system as acceptable. 

It now remains to select the sampling period and then use the method of 
Section 13.7 to obtain D(z). The rise time of the compensated continuous system is 
0.25 second. Then we require T << Tp in order to obtain a system response predict- 
ed by the design of the continuous system. Let us select T = 0.01 s. We have 


8000(s + 11) 





KOTT 
Then 
D(z) =C : = 4, 
where 
A =e" = 0.8958 and B =e! = 0.5379. 
We now have 


a(1 — B) _ 8000(11)(0.462) 
b(1— A)  62(0.1042) 





C=K = 6293. 


Using this D(z), we expect a response very similar to that obtained for the continu- 
ous system model. m 


EXAMPLE 13.11  Fly-by-wire aircraft control surface 


Increasing constraints on weight, performance, fuel consumption, and reliability cre- 
ated a need for a new type of flight control system known as fly-by-wire. This 
approach implies that particular system components are interconnected electrically 
rather than mechanically and that they operate under the supervision of a computer 
responsible for monitoring, controlling, and coordinating the tasks. The fly-by-wire 
principle allows for the implementation of totally digital and highly redundant con- 
trol systems reaching a remarkable level of reliability and performance [24]. 
Operational characteristics of a flight control system depend on the dynamic 
stiffness of an actuator, which represents its ability to maintain the position of the 
control surface in spite of the disturbing effects of random external forces. One 


FIGURE 13.30 

(a) Fly-by-wire 
aircraft control 
surface system and 
(b) block diagram. 
The sampling 
period is 0.1 
second. 
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(b) 


flight actuator system consists of a special type of DC motor, driven by a power 
amplifier, which drives a hydraulic pump that is connected to either side of a 
hydraulic cylinder. The piston of the hydraulic cylinder is directly connected to a con- 
trol surface of an aircraft through some appropriate mechanical linkage, as shown in 





Figure 13.30. The elements of the design process emphasized in this example are 
highlighted in Figure 13.31. 
The process model is given by 
1 
=——_.. 3.61 
G(s) s(s + 1) ( ) 
The zero-order hold is modeled by 
{= re 
G4) =— (13.62) 
Combining the process and the zero-order hold in series yields 
1- e 
G(s) = G,(s)G,(s) = (13.63) 


s'(s +1) 
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FIGURE 13.31 
Elements of the 
control system 
design process 
emphasized in this 
fly-by-wire aircraft 
control surface 
example. 


If the performance does not meet the 
specifications, then iterate the configuration. 
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E Topics emphasized in this example 
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analyze the performance 









Control Goal 
Design a controller D(z) so that the control surface angle tracks the desired angle. 


The variable to be controlled is the control surface angle 0(t): 


Variable to Be Controlled 
Control surface angle 6(t). 


The design specifications are as follows: 
Design Specifications 


DS1 Percent overshoot less than 5% to a unit step input. 
DS2 Settling time less than 1 second to a unit step input. 


Identify the variables to be controlled | <——— 


Design a controller D(z) 
so that the control surface 
angle tracks the desired 
angle. 


Control surface angle 6(1). 


Design specifications: 
DSI: P.O. < 5% 
DS2: T;< ls 


See Figure 13.30. 


See Equation (13.63). 


See Equation (13.65). 


See Figures 13.32-13.35. 


If the performance meets the specifications, 
then finalize the design, 


The control goal is to design a compensator, D(z), so that the control surface angle 
Y(s) = 0(s) tracks the desired angle, denoted by R(s). We state the control goal as 


FIGURE 13.32 
Root locus for 


D(z) = K. 
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We begin the design process by determining G(z) from G(s). Expanding G(s) in 
Equation (13.63) in partial fractions yields 


Gs) = (1 ea$ La L} 


s Ss +j 








and 

eT-z+Tz+1-e"-Te" 
(z — 1)(z - e”) 

where Z{ + } represents the z-transform. Choosing T = 0.1, we have 


0.004837z + 0.004679 
(z — 1)(z — 0.9048) ` 





G(z) = Z{G(s)} = * 


> 


G(z) = (13.64) 

For a simple compensator, D(z) = K, the root locus is shown in Figure 13.32. 
For stability we require K < 21. Note that the stability region for discrete-time sys- 
tems is inside the unit circle in the complex plane. Recall that for continuous-time 
systems, the stability region is the left half-plane. 

Using an iterative approach we discover that as K — 21, the step response is 
very oscillatory, and the percent overshoot is too large; conversely, as K gets smaller, 
the settling time gets too long, although the percent overshoot decreases, In any case 
the design specifications cannot be satisfied with a simple proportional controller, 
D(z) = K. We need to utilize a more sophisticated controller. 





N 










1 i 
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Imaginary Axis 
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We have the freedom to select the controller type. As with control design for 
continuous-time systems, the choice of compensator is always a challenge and prob- 
lem-dependent. Here we choose a compensator with the general structure 
Z m 
D(z) = K 3 

CT 


Therefore, the key tuning parameters are the compensation parameters: 





(13.65) 


Select Key Tuning Parameters 
K,a,and b. 


For continuous systems we know that a design rule-of-thumb formula for the settling 
time is 
4 
T; = > 
fa, 





where we use a 2% bound to define settling. This design rule-of-thumb is valid for 
second-order systems with no zeros. So to meet the T, requirement, we want 
4 
~Re(s) = San, > 7> (13.66) 
S 
where s; i = 1,2 are the dominant complex-conjugate poles. In the definition of the 
desired region of the z-plane for placing the dominant poles, we use the transform 
z= eT = o(-bontionVO-AY = p-to,T ot jo,TVO-2), 
Computing the magnitude of z yields 
ro = lal = ete, 
To meet the settling time specification, we need the z-plane poles to be inside the 
circle defined by 
ro = ets, (13.67) 
where we have used the result in Equation (13.66). 
Consider the settling time requirement T, < 1s. In our case T = 0.1 s. From 


Equation (13.67) we determine that the dominant z-plane poles should lie inside 
the circle defined by 


r, = ¢ 4 = 0.67. 


As shown previously we can draw lines of constant ¢ on the z-plane. The lines of 
constant ¢ on the s-plane are radial lines with 


== int 7) = —£_ 
o = —wtan(sin™ ¢) = VETA 
Then, with s = o + jw and using the transform z = e”, we have 
gs e eE, (13.68) 
For a given ¢, we can plot Re(z) vs Im(z) for z given in Equation (13.68). 


If we were working with a second-order transfer function in the s-domain, we 
would need to have the damping ratio associated with the dominant roots be greater 


FIGURE 13.33 
Root locus for 
D(z) = K with the 
stability and 
performance 
regions shown. 
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than ¢ = 0.69. When ¢ = 0.69, the percent overshoot for a second-order system 
(with no zeros) will be less than 5%. The curves of constant ¢ on the z-plane will 
define the region in the z-plane where we need to place the dominant z-plane poles 
to meet the percent overshoot specification. 

The root locus in Figure 13.32 is repeated in Figure 13.33 with the stability and 
desired performance regions included. We can see that the root locus does not lie in 
the intersection of the stability and performance regions. The question is how to 
select the controller parameters K, a, and b so that the root locus lies in the desired 
regions. 

One approach to the design is to choose a such that the pole of G(z) at 
z = 0.9048 is cancelled. Then we must select b so that the root locus lies in the 
desired region. For example, when a = —0.9048 and b = 0.25, the compensated 
root locus appears as shown in Figure 13.34. The root locus lies inside the perfor- 
mance region, as desired. 

A valid value of K is K = 70. Thus the compensator is 


s — 0.9048 
D(z) = 70-—————. 
Ka) = 70 s + 0.25 

The closed-loop step response is shown in Figure 13.35. Notice that the per- 
cent overshoot specification (P.O. = 5%) is satisfied, and the system response 
settles in less than 10 samples (10 samples = 1 second because the sampling time 
is 0.1 second). m 
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13.11 DIGITAL CONTROL SYSTEMS USING CONTROL DESIGN SOFTWARE 


The process of designing and analyzing sampled-data systems is enhanced with the use 
of interactive computer tools. Many of the control design functions for continuous-time 
control design have equivalent counterparts for sampled-data systems. Discrete-time 
transfer function model objects are obtained with the tf function, similar to continuous 
time models discussed in Chapter 2. Figure 13.36 illustrates the use of tf. Model conver- 
sion can be accomplished with the functions c2d and d2c, shown in Figure 13.36. The 
function c2d converts continuous-time systems to discrete-time systems; the function 
d2c converts discrete-time systems to continuous-time systems. For example, consider 
the process transfer function 
1 
Gols) s(s + 1) 

as shown in Figure 13,16. For a sampling period of T = 1 s, we know from Equation 
(13.16) that 


0.3678(z + 0.7189) _  0.3679z + 0.2644 


G(z) = ———-—————— = ; 
@) (z — 1)(z — 0.3680) z? — 1.368z + 0.3680 


(13.69) 


We can use an m-file script to obtain the G(z), as shown in Figure 13.37. 


T, = sample time 












Discrete-time 
transfer function 
object 







(a) 





sys=tf(num,den,Ts) 


G(2) = sysd Convert to discrete-time 
Toe | Sampling ine | time assuming a zero-order hold. 
© ir | 


[sysd]=c2d(sysc,T,'zoh') 














G,(s) = = sysc 
































Convert to continuous-time 


G(s) = 
PUA | Sampling tie | time assuming a zero-order hold. 


G(z) = sysd 


























{c 


FIGURE 13.36 
(a) The tf function. 
(b) The c2d 
function. (c) The 
d2c function. 





m= 


[sysc]=d2c(sysd,T,'zoh') 
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FIGURE 13.37 
Using the c2d 
function to convert 
G(s) = Go(s)G,(s) 
to G2). 


FIGURE 13.38 
The step function 
generates the 
output y(k7) for a 
step input. 
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% This script converts the transfer function 
% Gp(s) = 1/s(s+1) to a discrete-time system 
% with a sampling period of T=1 sec. 

9 

Yo 

num=[1]; den=[1 1 0]; sysc=tf(num,den); 
wats 
[sysd]=c2d(sysc,T,'zoh'); 





Sampling time 









Zero-order hold 


























| Output 
>> 
Transfer function: 


0.3679 z + 0.2642 
z^2 - 1.368 z + 0.3679 


Sampling time: 1 


The functions step, impulse, and Isim are used for simulation of sampled-data 
systems. The unit step response is generated by step. The step function format is 
shown in Figure 13.38. The unit impulse response is generated by the function 
impulse, and the response to an arbitrary input is obtained by the Isim function. The 
impulse and Isim functions are shown in Figure 13.39 and 13.40, respectively. These 
sampled-data system simulation functions operate in essentially the same manner as 
their counterparts for continuous-time (unsampled) systems. The output is y(kT) 
and is shown as y(KT) held constant for the period T. 

We now consider again Example 13.4 and approach the problem of obtaining a 
step response without utilizing long division. 


EXAMPLE 13.12 Unit step response 


In Example 13.4, we considered the problem of computing the step response of a 
closed-loop sampled-data system. In that example, the response, y(k T), was computed 
using long division. We can compute the response y(kT) using the step function, 


Step 
Ri) = z input 
@-1) 


Output 
Y) 











y = output response T should be in the form 
T = simulation time G(z) = sys T;T Tp, where T, is 
vector the sample time. 


—_ 


ly. T]=step(sys,T) 


























FIGURE 13.39 
The impulse 
function generates 
the output y(k7) for 
an impulse input. 


FIGURE 13.40 
The Isim function 
generates the 
output y(kT) for an 
arbitrary input. 
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y = output response T should be in the form 
T = simulation time G(@) = sys 0:7,:T;, where T, is 
vector the sample time, 
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ly, T]=impulse(sys,T) 
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y = output response u: input should be 
T = simulation time G(z) = sys sampled at the same 
vector rate as sys 











ly, T]=Isim(sys,u) 








shown in Figure 13.38. With the closed-loop transfer function given by 


Y(z) _ 0.3678z + 0.2644 
R(z) z — z + 0.6322’ 
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the associated closed-loop step response is shown in Figure 13.41. The discrete step 
response shown in this figure is also shown in Figure 13.17. To determine the actual 
continuous response y(t), we use the m-file script as shown in Figure 13.42. The zero- 


order hold is modeled by the transfer function 


eT 


Gla = e, 


In the m-file script in Figure 13.42, we approximate the e~” term using the pade 
function with a second-order approximation and a sampling time of 1 second. 
We then compute an approximation for Gp(s) based on the Padé approximation 


ofe. m 
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% This script generates the unit step response, y(kT), 
% for the sampled data system given in Example 13.4. 
% 

num=[1]; den=[1 1 0]; 

sysc=tf(num,den); 

sysd=c2d(sysc,1,'zoh'); 

sys=feedback(sysd,[1]); 

T=(0:1:20]; step(sys,T) 
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FIGURE 13.41 02 
The discrete i 
response, y(kT), of a 6 
sampled second- 
order system to a 9 5 10 15 20 
unit step. No. of Samples 


The subject of digital computer compensation was discussed in Section 13.7. In 
the next example, we consider again the subject utilizing control design software. 


EXAMPLE 13.13 Root locus of a digital control system 
Recall from Equation (13.16) that the process was given by 


0.3678(z + 0.7189) 


CO = Gaye — 0.3680)" 


The compensator is selected to be 


K(z — 0.3678) 


DO) = 502400 | 
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% This script computes the continuous-time unit 
% step response for the system in Example 13.4 
% 

1 
numg=(1]; deng=[1 1 0]; sysg=tf(numg,deng); <——_ Gps) = e+) 
% OS 2 ey os 
[nd,dd]=pade(1,2); sysp=tf(nd,dd); 
sysi=tf({1],[1,0]); 
sys1=series(1-sysp,sysi); Poe? 
% s 
syso=series(sys1,sysg); 
sys=feedback(syso,[1]); 
t=[0:0.1:20)]; 
step(sys,t) 








Approximation of 




















15 


Amplitude 








Time (s) 


FIGURE 13.42 The continuous response y(t) to a unit step for the system of Figure 13.16. 


with the parameter K as a variable yet to be determined. When 


0.3678(z + 0.7189) 
(z — 1)(z + 0.2400)’ 





G(z)D(z) = K (13.70) 


we have the problem in a form for which the root locus method is directly applic- 
able. The rlocus function works for discrete-time systems in the same way as for 
continuous-time systems. Using a m-file script, the root locus associated with 
Equation (13.70) is easily generated, as shown in Figure 13.43. Remember that the 
stability region is defined by the unit circle in the complex plane. The function 
rlocfind can be used with the discrete-time system root locus in exactly the same 
way as for continuous-time systems to determine the value of the system gain asso- 
ciated with any point on the locus. Using rlocfind, we determine that K = 4.639 
places the roots on the unit circle. m 


940 


FIGURE 13.43 
The rlocus function 
for sampled data 
systems. 


Chapter 13 Digital Control Systems 





% This script generates the root locus for 
% the sampled data system 

% 

%  K(0.3678)(z+0.7189) 


% (z-1)(z+0.2400) 
% 

num=[0.3678 0.2644]; den=[1.0000 -0.7600 -0.2400]; sys=tf(num,den); 
rlocus(sys);hold on 


x=[-1:0.1:1];y=sqrt(1-x.2); z5] 
plot(x,y,’--',x,-y,'--') <ta Plot unit circle. 
Unit circle 
stability region. 
























Real Axis 







>>rlocfind(sys) 
Select a point in the graphics window Determine K at 
the unit circle 


boundary. 






selected_point = 
-0.4787 + 0.8530i 


ans = a 
4.6390 * | K = 4.639 





13.12 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 


In this chapter, we will design a digital controller for the disk drive system. As the 
disk rotates, the sensor head reads the patterns used to provide the reference error 
information. This error information pattern is read intermittently as the head reads 
the stored data, and then the pattern in turn. Because the disk is rotating at a con- 
stant speed, the time T between position-error readings is a constant. This sampling 
period is typically 100 ųs to 1 ms [25]. Thus, we have sampled error information. We 
may also use a digital controller, as shown in Figure 13.44, to achieve a satisfactory 
system response. In this section, we will design D(z). 
First, we determine 


G(z) = Z[Go(s)G,(s)].- 
Since 


5 


S(s + 207 (13.71) 


G,(s) = 


FIGURE 13.44 
Feedback control 
system with a 
digital controller. 
Note that G(z) = 
Z[Go(s)G,(s)]- 
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we have 


= en 
Go(s)G,(s) = Sr 


We note that for s = 20 and T = 1 ms, e°” is equal to 0.98. Then we see that 
the pole at s = —20 in Equation (13.71) has an insignificant effect. Therefore, we 
could approximate 


G,(s) x oie 
Then we need 


1- e7025 
sS S 


G(z) = z| 


=(1- yo2syz| +] 


x Tz 
= (1 — z1)(0.25)———, 
( X( -I 
< 0257 _ 025K 102 
“zg-1 z-1 ' 


We need to select the digital controller D(z) so that the desired response is achieved 
for a step input. If we set D(z) = K, then we have 


K(0.25 X 10°) 


D(z)G(z) = za 
The root locus for this system is shown in Figure 13.45. When K = 4000, 
1 
D(z)G(z) = ——. 
oca = 


Therefore, the closed-loop transfer function is 


D(z)G(z 1 
1) = POOH) __1, 
1+ D(z)G(z) z 
We expect a rapid response for the system. The percent overshoot to a step 
input is 0%, and the settling time is 2 ms. 
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ae a Root when K = 4000 
FIGURE 13.45 
Root locus. 


13.13 SUMMARY 


The use of a digital computer as the compensation device for a closed-loop con- 
trol system has grown during the past two decades as the price and reliability of 
computers have improved dramatically. A computer can be used to complete 
many calculations during the sampling interval T and to provide an output sig- 
nal that is used to drive an actuator of a process. Computer control is used today 
for chemical processes, aircraft control, machine tools, and many common 


processes. 


The z-transform can be used to analyze the stability and response of a sampled 
system and to design appropriate systems incorporating a computer. Computer con- 
trol systems have become increasingly common as low-cost computers have become 


readily available. 


EXERCISES 


E13.1 State whether the following signals are discrete or 
continuous: 


(a) Elevation contours on a map. 
(b) Temperature in a room. 

(c) Digital clock display. 

(d) The score of a basketball game. 
(e) The output of a loudspeaker. 


E13.2 Find z transform of 


(a) aX, 
(b) ai 
(c) Kak, 
E13.3 Find inverse z transform of 
Ei 
(a) 


(2 — 3z + 2Y(z — 4) 


E13.4 Solve the difference equation 
x(k) — 3x(k — 2) + 2x(k — 2) = 44. 
Given x(k) =0, k<0 
E13.5 The space shuttle, with its robotic arm, is shown in 
Figure E13.5(a). An astronaut controls the robotic arm 
and gripper by using a window and the TV cameras [9]. 
Discuss the use of digital control for this system and 


sketch a block diagram for the system, including a 
computer for display generation and control. 


Exercises 


FIGURE E13.5 
(a) Space shuttle 
and robotic arm. 
(b) Astronaut 

control of the arm. (b) 


FIGURE E13.6 
Automobile 
spraypaint system. 


E13.6 Computer control of a robot to spraypaint an auto- 
mobile is shown by the system in Figure E13.6 [1]. The 
system is of the type shown in Figure 13.24, where 


20 
s(s/2 +1) 
and we want a phase margin of 45°. A compensator for 
this system was obtained in Section 10.8. Obtain the 
D(z) required when T = 0.001 s. 


E13.7 Consider the ideal sampler and ZOH shown in 
Figure E13.7. If x(t) = 10 sin (3142), draw the graph of 
x*(t) and p(t) fort = 0 to 25 ms. 


KG,(s) = 





F camera 


Line conveyor 


Computer 





(a) Sampling time T = 2 ms. 
(b) Sampling time T = 8 ms. 











x(t) | x*(t) ZOH 

















FIGURE E13.7 





Ideal 
Sampler 
Sampling time = T 


Ideal Sampler and ZOH. 
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FIGURE E13.8 A system with ideal sampler and ZOH. 























Y(z 
E13.8 Obtain the transfer function z ; for the system 
z, 





shown in Figure E13.8. 
E13.9 (a) Determine y(kT) for k = 0 to 3 when 
z+1 
Y(z)= i 
(z) Aai 


(b) Determine the closed form solution for y(kT) as a 
function of k. 


E13.10 A system has G(z) as described by Equation 
(13.34) with T = 0.01 s and 7 = 0.008 s. (a) Find K 
so that the overshoot is less than 40%. (b) Determine 
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the steady-state error in response to a unit ramp 
input. (c) Determine K to minimize the integral 
squared error. 


E13.11 A system has a process transfer function 


100 


Gols) = F400" 


(a) Determine G(z) for G,(s) preceded by a zero-order 
hold with T = 0.05 s. (b) Determine whether the digi- 
tal system is stable. (c) Plot the impulse response of 
G(z) for the first 15 samples. (d) Plot the response for a 
sine wave input with the same frequency as the natural 
frequency of the system. 

E13.12 Consider the closed-loop system shown in Figure 
E13.12. Find, 


Y¥(@) 
E(z) 
Y(@) 
U(z)" 


(a) 


(b) 





E(2) 
—>| Z.0.H. 


Ut) > Ul) 
T=ls 














Y2) 














FIGURE E13.12 
A closed-loop 
system. 


E13.13 The characteristic equation of a sampled system is 
z? + (K — 2)z + 0.75 = 0. 
Find the range of K so that the system is stable. 


Answer :0.25 < K < 3.75 
E13.14 The overall transfer function of a system, 





(a) Find the impulse response of the system. 
(b) Find the step response of the system. 
(c) Is the system stable? 


E13.15 Consider the open-loop sampled-data system 
shown in Figure E13.15. Determine the transfer func- 
tion G(z) when the sampling time is T = 1 s. 


E13.16 Consider the open-loop sampled-data system 






























T(z) = tM > shown in Figure E13.16. Determine the transfer 
(z — 0.5)(z — 0.9) function G(z) and when the sampling time T = 0.5 s. 
p! 
FIGURE E13.15 Zero-order 
An open-loop hold G,(s) 
sampled-data 
system with ; F iii 1 
sampling time r(t) i Gols) CESET v(t) 
FIGURE E13.16 
An open-loop G(s) 
sampled-data 
system with 3 
sampling time r(t) get FET reo } 
T=05s. ee) 











Problems 


PROBLEMS 


P13.1 Consider the system given in Figure P13.1. 


(a) Find the overall transfer function T(z). 

(b) Is the system stable if T = 0.15? 

(c) Is the system stable if T = 1s? 

(d) Comment on the results obtained in (b) and (c). 


1 
Sampling s 


Period T 












FIGURE P13.1 Effect of sampling period on stability. 


P13.2 The transfer function of a lead network is 
(s + 10) 
(s + 60) 


Obtain an equivalent digital controller D(z). 


Gc(s) = G 


P13.3 A unit ramp r(t) = t,t > 0, is used as an input to 
a process where G(s) = 1/(s + 1), as shown in 
Figure P13.3. Determine the output y(k7) for the first 
four sampling instants. 


r*(t) 
rn) —Mo wr) 


FIGURE P13.3 Sampling system. 


P13.4 A closed-loop system has a hold circuit and process as 
shown in Figure 13,18. Determine G(z) when T = 1 and 


2 
Sick Bi 
P13.5 For the system in Problem P13.4, let r(t) be a unit 
step input and calculate the response of the system by 
synthetic division. 


P13.6 For the output of the system in Problem P13.4, 
find the initial and final values of the output directly 
from Y(z). 


P13.7 A closed-loop system is shown in Figure 13.18. This 
system represents the pitch control of an aircraft. The 
process transfer function is G,(s) = K/[s(0.5s + 1)]. 
Select a gain K and sampling period T so that the 
overshoot is limited to 0.3 for a unit step input and the 
steady-state error for a unit ramp input is less than 1.0. 





G,(s) = 


P13.8 Consider the computer-compensated system shown 
in Figure 13.24 when T = 1 and 
K 


KGA) = oy: 
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Select the parameters K and r of D(z) when 


z — 0.3678 


D(z) = ztr 


Select within the range 1 < K <2 and0 < r < 1. 
Determine the response of the compensated sys- 

tem and compare it with the uncompensated system. 
P13.9 A suspended, mobile, remote-controlled system to 
bring three-dimensional mobility to professional NFL 
football is shown in Figure P13.9. The camera can be 
moved over the field as well as up and down. The motor 
control on each pulley is represented by Figure 13.18 with 


10 


GA) = <4 DGA + 


We wish to achieve a phase margin of 45° using G(s). 
Select a suitable crossover frequency and sampling 
period to obtain D(z). Use the G,(s)-to-D(z) conver- 
sion method. 








Motor and 
pulley 


FIGURE P13.9 Mobile camera for football field. 


P13.10 Consider a system as shown in Figure 13.15 with a 
zero-order hold, a process 


andT = 0.1s. 


(a) Let D(z) = K and determine the transfer 
function G(z)D(z). (b) Determine the characteris- 
tic equation of the closed-loop system. (c) Calculate 
the maximum value of K for a stable system. 
(d) Determine K such that the overshoot is less than 
30%. (e) Calculate the closed-loop transfer function 
T(z) for K of part (d) and plot the step response. 
(f) Determine the location of the closed-loop roots 
and the overshoot if K is one-half of the value deter- 
mined in part (c). (g) Plot the step response for the 
K of part (f). 
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P13.11 (a) For the system described in Problem 13.10, 
design a lag compensator G,(s) using the meth- 
ods of Chapter 10 to achieve an overshoot less 
than 30% and a steady-state error less than 0.01 
for a ramp input. Assume a continuous nonsam- 
pled system with G,(s). 

(b) Determine a suitable D(z) to satisfy the require- 
ments of part (a) with a sampling period T = 0.1 s. 
Assume a zero-order hold and sampler, and use the 
G(s)-to-D(z) conversion method. 

(c) Plot the step response of the system with the con- 
tinuous-time compensator G,(s) of part (a) and 
of the digital system with the D(z) of part (b). 
Compare the results. 

(d) Repeat part (b) for T = 0.01 s and then repeat 
part (c). 

(e) Plot the ramp response for D(z) with T = 0.1 s 
and compare it with the continuous-system re- 
sponse. 


P13.12 The transfer function of a plant and a zero-order 
hold (Figure 13.18) is 


K(z + 0.2) 
2(z-1)° 


(a) Plot the root locus. (b) Determine the range of 
gain K for a stable system. 


G(z) = 


P13.13 The space station orientation controller described 
in Exercise E7.6 is implemented with a sampler and 
hold and has the transfer function (Figure 13.18) 


K(z? + 1.1206z — 0.0364) 
2 — 1.735827 + 0.8711z — 0.1353" 


(a) Plot the root locus. (b) Determine the value of K 
so that two of the roots of the characteristic equation 
are equal. (c) Determine all the roots of the character- 
istic equation for the gain of part (b). 





G(z) = 


P13.14 A sampled-data system with a sampling period 
T = 0.05s (Figure 13.18) is 


K(z> + 10.3614z? + 9.758z + 0.8353) 
z“ — 3.71232? + 5.16442” — 3.195z + 0.7408" 





G(z) = 


ADVANCED PROBLEMS 


AP13.1 A closed-loop system, as shown in Figure 13.18, 
has a process 


G,(s) = ae 


where a is adjustable to achieve a suitable response. 
Plot the root locus when a = 10. Determine the range 
of K for stability when T = 1 s. 


AP13.2 A manufacturer uses an adhesive to form a seam 
along the edge of the material, as shown in Figure 
AP13.2. It is critical that the glue be applied evenly to 
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(a) Plot the root locus. (b) Determine K when the two 
real poles break away from the real axis. (c) Calculate 
the maximum K for stability. 

P13.15 A closed-loop system with a sampler and hold, as 
shown in Figure 13.18, has a process transfer function 


20 
G,(s) = Tog 
Calculate and plot y(kT) for 0 = T = 0.6 when 
T = 0.1 s. The input signal is a unit step. 


P13.16 A closed-loop system as shown in Figure 13.18 has 


Calculate and plot y(kT) for0 = k = 8whenT = 1s 
and the input is a unit step. 


P13.17 A closed-loop system, as shown in Figure 13.18, has 


a 
s(s + 0.5) 


and T = 1s. Plot the root locus for K = 0, and de- 
termine the gain K that results in the two roots of the 
characteristic equation on the z-circle (at the stability 
limit). 

P13.18 A unity feedback system, as shown in Figure 13.18, 
has 


G,(s) = 


K 

Gals) s(s + 1)" 

If the system is continuous (T = 0), then K = 1 
yields a step response with an overshoot of 16% anda 
settling time (with a 2% criterion) of 8 seconds, Plot 
the response for 0 = T < 1.2, varying T by incre- 
ments of 0.2 when K = 1. Complete a table recording 
overshoot and settling time versus T. 


avoid flaws; however, the speed at which the material 
passes beneath the dispensing head is not constant. 
The glue needs to be dispensed at a rate proportional 
to the varying speed of the material. The controller 
adjusts the valve that dispenses the glue [12]. 

The system can be represented by the block 
diagram shown in Figure 13.15, where G,(s) = 
2/(0.03s + 1) with a zero-order hold Go(s). 

Use a controller 


KT _ KTz 


D(z) = pad 








Design Problems 


Valve 
control 





Conveyer 
motor 





FIGURE AP13.2 A glue control system. 


that represents an integral controller. Determine 
G(z)D(z) for T = 30 ms, and plot the root locus. Select 
an appropriate gain K and plot the step response. 


FIGURE AP13.5 
A closed-loop 
sampled-data 
system with 
sampling time 
T=0.1s. 


Ris) 


QP) DESIGN PROBLEMS 


CDP13.1 Design a digital controller for the system using 
the second-order model of the motor-capstan-slide 
as described in CDP2.1 and CDP4.1. Use a sampling 
period of T = 1 ms and select a suitable D(z) for the 
system shown in Figure 13.15. Determine the response 
of the designed system to a step input r(t). 


DP13.1 A temperature system, as shown in Figure 13.15, 
has a process transfer function 


0.8 
3st 1 





Gols) = 


and a sampling period T of 0.5 second. 

(a) Using D(z) = K, select a gain K so that 
the system is stable. (b) The system may be slow 
and overdamped, and thus we seek to design a lead 
network using the method of Section 10.5. Deter- 
mine a suitable controller G,(s) and then calculate 
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AP13.3 A system of the form shown in Figure 13.15 has 
D(z) = K and 





G,(s) = 5 
a(s) s(s + 8) 

When T = 0.04, find a suitable K for a rapid step 

response with an overshoot less than 10%. 


AP13.4 A system of the form shown in Figure 13.18 has 


Determine the range of sampling period T for which 
the system is stable, Select a sampling period T so that 
the system is stable and provides a rapid response. 
AP13.5 Consider the closed-loop sampled-data system 
shown in Figure AP13.5. Determine the acceptable 
range of the parameter K for closed-loop stability. 


Ys) 


D(z). (c) Verify the design obtained in part (b) by 
plotting the step response of the system for the 
selected D(z). 

DP13.2 A disk drive read-write head-positioning system 
has a system as shown in Figure 13.15 [11]. The process 
transfer function is 


9 


G,(s) = ——— 
ols) s? + 0.855 + 788 


Accurate control using a digital compensator is required. 
Let T = 10 ms and design a compensator, D(z), using 
(a) the G,(s)-to-D(z) conversion method and (b) the 
root locus method. 

DP13.3 Vehicle traction control, which includes antiskid 
braking and antispin acceleration, can enhance vehi- 
cle performance and handling. The objective of this 
control is to maximize tire traction by preventing the 


948 


FIGURE DP13.3 sip 
Vehicle fraction 
control system. 


FIGURE DP13.5 
Control system for 
an extruder. 
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Ri) = 0 
Desired 


wheels from locking during braking and from spinning 
during acceleration. 

Wheel slip, the difference between the vehicle 
speed and the wheel speed (normalized by the vehi- 
cle speed for braking and the wheel speed for accel- 
eration), is chosen as the controlled variable for most 
of the traction-control algorithm because of its 
strong influence on the tractive force between the 
tire and the road [20]. 

A model for one wheel is shown in Figure DP13.3 
when y is the wheel slip. The goal is to minimize the 
slip when a disturbance occurs due to road condi- 
tions. Design a controller D(z) so that the Z of the sys- 
tem is 1/2, and determine the resulting K. Assume 
T = 0.1 s. Plot the resulting step response, and find 
the overshoot and settling time (with a 2% criterion). 


DP13.4 A machine-tool system has the form shown in 


Figure 13.28 with [10] 


0.1 


Gps) = s(s + 0.1)" 


The sampling rate is chosen as T = 1 s. We desire the 
step response to have an overshoot of 16% or less and 


Heated barrel 


Disturbance 





¥(z) 
Slip 


a settling time (with a 2% criterion) of 12 seconds or 
less. Also, the error to a unit ramp input, r(¢) = t, 
must be less than or equal to 1. Design a D(z) to 
achieve these specifications. 

DP13.5 Plastic extrusion is a well-established method 
widely used in the polymer processing industry [12]. 
Such extruders typically consist of a large barrel divid- 
ed into several temperature zones, with a hopper at 
one end and a die at the other. Polymer is fed into the 
barrel in raw and solid form from the hopper and is 
pushed forward by a powerful screw. Simultaneously, 
it is gradually heated while passing through the vari- 
ous temperature zones set in gradually increasing 
temperatures. The heat produced by the heaters in 
the barrel, together with the heat released from the 
friction between the raw polymer and the surfaces of 
the barrel and the screw, eventually causes the melt- 
ing of the polymer, which is then pushed by the screw 
out from the die, to be processed further for various 
purposes. 

The output variables are the outflow from the die 
and the polymer temperature. The main controlling 
variable is the screw speed, since the response of the 
process to it is rapid. 


Polymer 




















R(s) 
Temperature 
setting 





Ys) 
Actual 
temperatu: re 


(b) 


Computer Problems 


The control system for the output polymer tem- 
perature is shown in Figure DP13.5. Select a gain K and 
a sampling period T to obtain a step overshoot of 10% 
while reducing the steady-state error for a ramp input. 


DP13.6 A sampled-data system closed-loop block dia- 
gram is shown in Figure DP13.6. Design D(z) to such 






Digital 
FIGURE DP13.6 controller 
A closed-loop 4 : 
sampled-data Ris) Ar hee 
system with 
sampling time 
T=1s. 


COMPUTER PROBLEMS 


CP13.1 (a) Using MATLAB, obtain the step response of 
the system given in Figure CP13.1(a). 
(b) Using MATLAB, obtain the step response of the 
system given in Figure CP13.1(b) 
(i) if T = 0.1; (ii) if T = 1s. 
(c) Compare the step responses obtained in (a), b(i) 
and b(ii). 


R(s) 
(a) 


i 
mae an ZOH | 2 ec (b) 
RG) s(s+2) 


FIGURE CP13.1 Comparison of continuous time system 
and discrete time system. 


ys) 

















CP13.2 Convert the following continuous-time transfer 
functions to sampled-data systems using the c2d func- 
tion. Assume a sample period of 1 second and a zero- 
order hold Go(s). 


(a) Gs) = = 











(b) G(s) = S 
+4 
OGO 
aI 
() Gls) = F 
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that the closed-loop system response to a unit step 
response has a percent overshoot P.O. = 15% anda 
settling time T, = 20s. 










Zero-order 
hold 


Ys) 


CP13.3 The closed-loop transfer function of a sampled- 
data system is given by 


-Y _ Le + 0.46) 
ORO P+e+ 05" 


(a) Compute the unit step response of the system 
using the step function. (b) Determine the continu- 
ous-time transfer function equivalent of T(z) using 
the d2c function and assume a sampling period of 
T = 0.1 s. (c) Compute the unit step response of the 
continuous (nonsampled) system using the step func- 
tion, and compare the plot with part (a). 


CP13.4 Plot the root locus for the system 


Zz 

GOD) =k>—— 

(z)D(z) Poet Ol 
Find the range of K for stability. 

CP13.5 Consider the feedback system in Figure CP13.5. 
Obtain the root locus and determine the range of K 
for stability. 

CP13.6 Consider the sampled data system with the loop 
transfer function 


2 
z+ Sz + 3175 
G(z)D(z) = K>————.. 
DG © Bo Os ~ 18 
(a) Plot the root locus using the rlocus function. 
(b) From the root locus, determine the range of K for 
stability. Use the rlocfind function. 


950 Chapter 13 





Digital Control Systems 





Controller 















z-0.2 
i z-0.8 





FIGURE CP13.5 





Yz) 





Control system with 
a digital controller. 


CP13.7 An industrial grinding process is given by the 
transfer function [17] 
10 
ser 5y 
The objective is to use a digital computer to improve 
the performance, where the transfer function of the 
computer is represented by D(z). The design specifi- 
cations are (1) phase margin greater than 45°, and (2) 
settling time (with a 2% criterion) less than 1 second. 


Gs) = 


TERMS AND CONCEPTS 


Amplitude quantization error The sampled signal avail- 
able only with a limited precision. The error between 
the actual signal and the sampled signal. 


Backward difference rule A computational method of 
approximating the time derivative of a function given 


kT) — x((k — 1)T 
by (ery = ZED = xk = DT) 
T is the sample time, and k = 1, 2,.... 


Digital computer compensator A system that uses a digi- 
tal computer as the compensator element. 


, where t = kT, 


Digital control system A control system using digital sig- 
nals and a digital computer to control a process. 


Forward rectangular integration A computational 
method of approximating the integration of a function 
given by x(kT) ~ x((k — 1)T) + Tx((k - 1)T), 
where t = kT, Tis the sample time, and k = 1,2,.... 

Microcomputer A small personal computer (PC) based 
on a microprocessor. 


Minicomputer A stand-alone computer with size and 
performance between a microcomputer and a large 
mainframe. The term is not commonly used today, and 
computers in this class are now often known as mid- 
range servers. 

PID controller A controller with three terms in 
which the output is the sum of a proportional 
term, an integrating term, and a differentiating 





(a) Design a controller 

sg 

SED: 

to meet the design specifications. (b) Assuming a 
sampling time of T = 0.02 s, convert G,(s) to D(z). 
(c) Simulate the continuous-time, closed-loop system 
with a unit step input. (d) Simulate the sampled-data, 
closed-loop system with a unit step input. (e) Com- 
pare the results in parts (c) and (d) and comment. 





G(s) = K 


term, with an adjustable gain for each term, given by 
KTs z-1 
G = K,+ + y 
e(z) Le asi 3 F 

Precision The degree of exactness or discrimination with 
which a quantity is stated. 

Sampled data Data obtained for the system variables 
only at discrete intervals. Data obtained once every 
sampling period. 

Sampled-data system A system where part of the system 
acts on sampled data (sampled variables). 


Sampling period The period when all the numbers leave 
or enter the computer. The period for which the sam- 
pled variable is held constant. 


Stability of a sampled-data system The stable condition 
exists when all the poles of the closed-loop transfer 
function T(z) are within the unit circle on the z-plane. 

z-plane The plane with the vertical axis equal to the 
imaginary part of z and the horizontal axis equal to 
the real part of z. 

z-transform A conformal mapping from the s-plane to 
the z-plane by the relation z = e'. A transform from 
the s-domain to the z-domain. 

Zero-order hold A mathematical model of a sample and 


data hold operation whose input-output transfer func- 
1- eT 








tion is represented by G,(s) = 
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APPENDIX 


A MATLAB Basics 





A.1 INTRODUCTION 


MATLAB is an interactive program for scientific and engineering calculations. The 
MATLAB family of programs includes the base program plus a variety of 
toolboxes, a collection of special files called m-files that extend the functionality of 
the base program [1-8]. Together, the base program plus the Control System Tool- 
box provide the capability to use MATLAB for control system design and analysis. 
Whenever MATLAB is referenced in this book, it means the base program plus the 
Control System Toolbox. 

Most of the statements, functions, and commands are computer-platform-inde- 
pendent. Regardless of what particular computer system you use, your interaction 
with MATLAB is basically the same. This appendix concentrates on this computer 
platform-independent interaction. A typical session will utilize a variety of objects 
that allow you to interact with the program: (1) statements and variables, (2) matri- 
ces, (3) graphics, and (4) scripts. MATLAB interprets and acts on input in the form 
of one or more of these objects. The goal in this appendix is to introduce each of the 
four objects in preparation for our ultimate goal of using MATLAB for control sys- 
tem design and analysis. 

The manner in which MATLAB interacts with a specific computer system is 
computer-platform-dependent. Examples of computer-dependent functions include 
installation, the file structure, hard-copy generation of the graphics, the invoking 
and exiting of a session, and memory allocation. Questions related to platform-de- 
pendent issues are not addressed here. This does not mean that they are not impor- 
tant, but rather that there are better sources of information such as the MATLAB 
User’s Guide or the local resident expert. 

The remainder of this appendix consists of four sections corresponding to the 
four objects already listed. In the first section, we present the basics of statements 
and variables. Following that is the subject of matrices. The third section presents an 
introduction to graphics, and the fourth section is a discussion on the important 
ae topic of scripts and m-files. All the figures in this appendix can be constructed using 
the m-files found at the MCS website. 


A.2 STATEMENTS AND VARIABLES 


Statements have the form shown in Figure A.1. MATLAB uses the assignment so that 
equals (“=”) implies the assignment of the expression to the variable. The command 


953 


954 


Appendix A MATLAB Basics 


Command prompt >>A=[1 2; 46] < ret > 
| A 


Carriage return 























a I 


>>variable=expression 














FIGURE A.1 MATLAB 
statement form. 


FIGURE A.2 Entering and displaying a 
matrix A. 


prompt is two right arrows, “ >> .” A typical statement is shown in Figure A.2, where 
we are entering a2 X 2 matrix to which we attach the variable name A. The statement 
is executed after the carriage return (or enter key) is pressed. The carriage return is 
not explicitly denoted in the remaining examples in this appendix. 

The matrix A is automatically displayed after the statement is executed follow- 
ing the carriage return, If the statement is followed by a semicolon (;), the output 
matrix A is suppressed, as seen in Figure A.3. The assignment of the variable A has 
been carried out even though the output is suppressed by the semicolon. It is often 
the case that your MATLAB sessions will include intermediate calculations for 
which the output is of little interest. Use the semicolon whenever you have a need 
to reduce the amount of output. Output management has the added benefit of in- 
creasing the execution speed of the calculations since displaying screen output 
takes time. 

The usual mathematical operators can be used in expressions. The common op- 
erators are shown in Table A.1. The order of the arithmetic operations can be al- 
tered by using parentheses, 

The example in Figure A.4 illustrates that MATLAB can be used in a “calculator” 
mode. When the variable name and “=” are omitted from an expression, the result is 
assigned to the generic variable ans. MATLAB has available most of the trigonomet- 
ric and elementary math functions of a common scientific calculator. Type help elfun 
at the command prompt to view a complete list of available trigonometric and ele- 
mentary math functions; the more common ones are summarized in Table A.2. 





>> 





=[1 2:4 6}; e a. 
>>A=[1 2:4 6]; 4 l Semicolon suppresses 


Table A.1 Mathematical 


the output. Operators 























>>Ac[1 2;4 6] 
| + Addition 
A= No semicolon displays = Subtraction 
1 2 the output. 2 Multiplication 
4 6 / Division 
A Power 





FIGURE A.3 Using semicolons to suppress the 


output. 


FIGURE A.4 
Using the calculator 
mode. 





>>12.4/6.9 


ans = 
1.7971 
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Table A.2 Common Mathematical Functions 


sin(x) Sine acoth(x) Inverse hyperbolic cotangent 

sinh(x) Hyperbolic sine exp(x) Exponential 

asin(x) Inverse sine log(x) Natural logarithm 

asinh(x) Inverse hyperbolic sine log10(x) Common (base 10) logarithm 

cos(x) Cosine log2(x) Base 2 logarithm and dissect floating point number 
cosh(x) Hyperbolic cosine pow2(x) Base 2 power and scale floating point number 
acos(x) Inverse cosine sqrt(x) Square root 

acosh(x) Inverse hyperbolic cosine nextpow2(x) Next higher power of 2 

tan(x) Tangent abs(x) Absolute value 

tanh(x) Hyperbolic tangent angle(x) Phase angle 

atan(x) Inverse tangent complex(x,y) Construct complex data from real and imaginary parts 
atan2(y,x) Four quadrant inverse tangent conj(x) Complex conjugate 

atanh(x) Inverse hyperbolic tangent imag(x) Complex imaginary part 

sec(x) Secant real(x) Complex real part 

sech(x) Hyperbolic secant unwrap(x) Unwrap phase angle 

asec(x) Inverse secant isreal(x) True for real array 

asech(x) Inverse hyperbolic secant cplxpair(x) Sort numbers into complex conjugate pairs 
csc(x) Cosecant fix(x) Round towards zero 

csch(x) Hyperbolic cosecant floor(x) Round towards minus infinity 

acsc(x) Inverse cosecant ceil(x) Round towards plus infinity 

acsch(x) Inverse hyperbolic cosecant round(x) Round towards nearest integer 

cot(x) Cotangent mod(x,y) Modulus (signed remainder after division) 
coth(x) Hyperbolic cotangent rem(x,y) Remainder after division 


acot(x) Inverse cotangent 





FIGURE A.5 
Variables are case 
sensitive. 


Variable names begin with a letter and are followed by any number of letters 
and numbers (including underscores). Keep the name length to N characters, since 
MATLAB remembers only the first N characters, where N = namelengthmax. It is 
a good practice to use variable names that describe the quantity they represent. For 
example, we might use the variable name vel to represent the quantity aircraft ve- 
locity. Generally, we do not use extremely long variable names even though they 
may be legal MATLAB names. 

Since MATLAB is case sensitive, the variables M and m are not the same. By 
case, we mean upper- and lowercase, as illustrated in Figure A.5. The variables M 
and m are recognized as different quantities. 

MATLAB has several predefined variables, including pi, Inf, NaN, i, and j. Three ex- 
amples are shown in Figure A.6. NaN stands for Not-a-Number and results from unde- 
fined operations. Inf represents +0, and pi represents 7. The variable i = V-1 is 
used to represent complex numbers. The variable j = V=1 can be used for complex 
arithmetic by those who prefer it over i. These predefined variables can be inadvertent- 
ly overwritten. Of course, they can also be purposely overwritten in order to free the 
variable name for other uses. For instance, you might want to use i as an integer and re- 
serve j for complex arithmetic. Be safe and leave these predefined variables alone, as 


>>M=[1 2]; 
>>m=[3 5 7]; 
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FIGURE A.6 
Three predefined 
variables í, Inf, and 
NaN. 


FIGURE A.8 
Using the whos 
function to display 
variables. 
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>>z=344" pewno 
z= Your variables are: 
3.0000 + 4.0000i A M ans m z 
f 
>>ini FIGURE A.7 Using the who function to 
ans = display variables. 
Inf 
>>0/0 
Warning: Divide by zero 
ans = 
NaN 











there are plenty of alternative names that can be used. Predefined variables can be reset 
to their default values by using clear name (e.g,, clear pi). 

The matrix A and the variable ans, in Figures A.3 and A.4, respectively, are 
stored in the workspace. Variables in the workspace are automatically saved for 
later use in your session. The who function gives a list of the variables in the work- 
space, as shown in Fig. A.7. MATLAB has a host of built-in functions. Refer to the 
MATLAB User's Guide for a complete list or use the MATLAB help browser. Each 
function will be described as the need arises. 

The whos function lists the variables in the workspace and gives additional in- 
formation regarding variable dimension, type, and memory allocation. Figure A.8 
gives an example of the whos function. The memory allocation information given by 
the whos function can be interpreted as follows: Each element of the 2 x 2 matrix 
A requires 8 bytes of memory for a total of 32 bytes, the 1 X 1 variable ans requires 
8 bytes, and so forth. All the variables in the workspace use a total of 96 bytes. 

Variables can be removed from the workspace with the clear function. Using 
the function clear, by itself, removes all items (variables and functions) from the 
workspace; clear variables removes all variables from the workspace; clear 
namel name2...removes the variables namel, name2, and so forth. The procedure 
for removing the matrix A from the workspace is shown in Figure A.9. 





>>whos 


Name Size Bytes Class Attributes 


A 2x2 32 double 
M 1x2 16 double 
ans 1x1 8 double 
m 1x3 24 double 
z 1x1 16 double complex 











FIGURE A.9 
Removing the 
matrix A from the 
workspace. 


FIGURE A.10 
Output format 
control illustrates 
the four forms of 
output. 
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>>clear A 
>>who 
Your variables are: 


M ans m z 








Computations in MATLAB are performed in double precision. However, the 
screen output can be displayed in several formats. The default output format con- 
tains four digits past the decimal point for nonintegers. This can be changed by using 
the format function shown in Figure A.10. Once a particular format has been speci- 
fied, it remains in effect until altered by a different format input. The output format 
does not affect internal MATLAB computations. On the other hand, the number of 
digits displayed does not necessarily reflect the number of significant digits of the 
number. This is problem-dependent, and only the user can know the true accuracy 
of the numbers input and displayed by MATLAB. Other display formats (not shown 
in Figure A.10) include format long g (best of fixed or floating point format with 15 
digits after the decimal point), format short g (same as format long g but with 4 dig- 
its after the decimal point), format hex (hexidecimal format), format bank (fixed 
format for dollars and cents), format rat (ratio of small integers) and format (same 
as format short). 

Since MATLAB is case sensitive, the functions who and WHO are not the same 
functions. The first function, who, is a built-in function, and typing who lists the vari- 
ables in the workspace. On the other hand, typing the uppercase WHO results in the 
error message shown in Figure A.11. Case sensitivity applies to all functions. 





>>pi 
ans = 


3.1416 — 4-digit scaled fixed point 


>>format long; pi 


ans = 
3.141592653589793 — 15-digit scaled fixed point 














>>format short e; pi 


ans = 
3.1416e+00 a 4-digit scaled floating point 











>>format long e; pi 15-digit scaled floating point 
ans = $ 
3.141592653589793e+000 
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FIGURE A.11 
Function names are 
case sensitive. 


A.3 MATRICES 


FIGURE A.12 
Complex and real 
matrix input with 
automatic 
dimension and type 
adjustment. 
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>>WHO 
22? Undefined 
function or variable ‘WHO'. 


>>Who 
22? Undefined function or 
variable ‘Who'. 











MATLAB is short for matrix laboratory. Although we will not emphasize the ma- 
trix routines underlying our calculations, we will learn how to use the interactive ca- 
pability to assist us in the control system design and analysis. We begin by 
introducing the basic concepts associated with manipulating matrices and vectors. 
The basic computational unit is the matrix. Vectors and scalars can be viewed as 
special cases of matrices. A typical matrix expression is enclosed in square brackets, 
[: ]. The column elements are separated by blanks or commas, and the rows are sep- 
arated by semicolons or carriage returns. Suppose we want to input the matrix 


1 —4j V2 
A =| log(—1) sin(7/2) — cos(z/3) |. 
asin(0.8) acos(0.8) — exp(0.8) 


One way to input A is shown in Figure A.12. The input style in Figure A.12 is not 
unique. 

Matrices can be input across multiple lines by using a carriage return following 
the semicolon or in place of the semicolon. This practice is useful for entering large 
matrices. Different combinations of spaces and commas can be used to separate the 
columns, and different combinations of semicolons and carriage returns can be used 
to separate the rows, as illustrated in Figure A.12. 











ae aa es 
| log(-1) sin(pi/2) cos(pi/3) 
asin(0.5), acos(0.8) eo lamar] 
Carriage return 
A= 
1.0000 0-4.0000i 1.4142 
0+ 3.14161 1.0000 0.5000 
| 0.5236 0.6435 2.2255 
| a 
A= 
| A 32 
4 5 











FIGURE A.13 
Three basic matrix 
operations: 
addition, 
multiplication, and 
transpose. 
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No dimension statements or type statements are necessary when using matri- 
ces; memory is allocated automatically. Notice in the example in Figure A.12 that 
the size of the matrix A is automatically adjusted when the input matrix is rede- 
fined. Also notice that the matrix elements can contain trigonometric and elemen- 
tary math functions, as well as complex numbers. 

The important basic matrix operations are addition and subtraction, multiplica- 
tion, transpose, powers, and the so-called array operations, which are element-to-el- 
ement operations. The mathematical operators given in Table A.1 apply to matrices. 
We will not discuss matrix division, but be aware that MATLAB has a left- and 
right-matrix division capability. 

Matrix operations require that the matrix dimensions be compatible. For matrix 
addition and subtraction, this means that the matrices must have the same dimen- 
sions. If A is an n X m matrix and B is a p X r matrix, then A + B is permitted only 
if n = p and m =r. Matrix multiplication, given by A * B, is permitted only if 
m = p. Matrix-vector multiplication is a special case of matrix multiplication. Sup- 
pose b is a vector of length p. Multiplication of the vector b by the matrix A, where A 
is ann X m matrix, is allowed if m = p.Thus,y = A * bis the n X 1 vector solution 
of A * b. Examples of three basic matrix-vector operations are given in Figure A.13. 

The matrix transpose is formed with the apostrophe ('). We can use the matrix 
transpose and multiplication operation to create a vector inner product in the fol- 
lowing manner. Suppose w and v are m X 1 vectors. Then the inner product (also 
known as the dot product) is given by w’ * v. The inner product of two vectors is a 
scalar. The outer product of two vectors can similarly be computed as w * v’. The 
outer product of two m X 1 vectors is an m X m matrix of rank 1. Examples of 
inner and outer products are given in Figure A.14. 

The basic matrix operations can be modified for element-by-element operations 
by preceding the operator with a period. The modified matrix operations are known 





>>Az[1 3; 5 9]; B=[4 -7; 10 0); 
ans = 


5 -4 
15 9 





>>b=[1;5]; 
>>A*b 4————————— Matrix multiplication 
ans = 
16 
50 


>>A' Matrix transpose 
ans = 


15 
3 9 
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>>x=[5;pi;sin(pi/2)); y=[exp(-0.5);-13;piA2]; 
ans = 
-27.9384 
Selina lan e eae Table A.3 Mathematical 
3.0327 -65.0000 49.3480 Array Operators 
1.9055 -40.8407 31.0063 =f Addii 
0.6065 -13.0000 9.8696 Š Subtraction 
a Multiplication 
J Division 
A Power 
FIGURE A.14 Inner and outer products of two vectors. 
as array operations. The commonly used array operators are given in Table A.3. Ma- 
trix addition and subtraction are already element-by-element operations and do not 
require the additional period preceding the operator. However, array multiplication, 
division, and power do require the preceding dot, as shown in Table A.3. 
Consider A and B as 2 X 2 matrices given by 
a, a by b 
A=|% œ| pg=|’u Ory 
an n ba by 
Then, using the array multiplication operator, we have 
anbı anb 
A*Ba=| 8n 412912 | 
anba  anbz 
The elements of A .* B are the products of the corresponding elements of A and B. 
A numerical example of two array operations is given in Figure A.15. 
>>A=(1;2;3];B=[-6;7;10]; 
ans= 
6 
14 
30 
>>AA2 
4 
9 
FIGURE A.15 
Array operations. 











FIGURE A.16 
The colon notation. 
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FIGURE A.17 
Generating vectors 
using the colon 
notation. 
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Starting value er 


x=[xi:dx:xf] 
Increment 


Before proceeding to the important topic of graphics, we need to introduce the 
notion of subscripting using colon notation. The colon notation, shown in Figure A.16, 
allows us to generate a row vector containing the numbers from a given starting value, 
x;, to a final value, xç, with a specified increment, dx. 

We can easily generate vectors using the colon notation, and as we shall soon 
see, this is quite useful for developing x-y plots. Suppose our objective is to generate 
a plot of y = x sin(x) versus x for x = 0, 0.1, 0.2,..., 1.0. Our first step is to gener- 
ate a table of x-y data. We can generate a vector containing the values of x at which 
the values of y(x) are desired using the colon notation, as illustrated in Figure A.17. 
Given the desired x vector, the vector y(x) is computed using the multiplication 
array operation. Creating a plot of y = x sin(x) versus x is a simple step once the 
table of x-y data is generated. 

















Graphics plays an important role in both the design and analysis of control systems. 
An important component of an interactive control system design and analysis tool 
is an effective graphical capability. A complete solution to the control system design 
and analysis will eventually require a detailed look at a multitude of data types in 
many formats. The objective of this section is to acquaint the reader with the basic 








>>x=[0:0.1:1]';y=x.*sin(x); F 
>>[xy] Starting value Final value 
| Increment | 
ans = | 
0 x=[0:0.1:1]' 
0.1000 











0.2000 0.0397 
0.3000 0.0887 
0.4000 0.1558 
0.5000 0.2397 
0.6000 0.3388 
0.7000 0.4510 
0.8000 0.5739 
0.9000 0.7050 
1.0000 0.8415 











962 


Appendix A MATLAB Basics 


Table A.4 Plot Formats 


plot(x,y) Plots the vector x versus the vector y. 
semilogx(x,y) Plots the vector x versus the vector y. 
The x-axis is logo; the y-axis is linear. 
semilogy(x,y) Plots the vector x versus the vector y. 
The x-axis is linear; the y-axis is logyg. 
loglog(x,y) Plots the vector x versus the vector y. 


Creates a plot with logo scales on both axes. 





x-y plotting capability of MATLAB. More advanced graphics topics are addressed 
in the chapter sections on MATLAB. 

MATLAB uses a graph display to present plots. The graph display is activated 
automatically when a plot is generated using any function that generates a plot (e.g., 
the plot function). The plot function opens a graph display, called a FIGURE win- 
dow. You can also create a new figure window with the figure function. Multiple fig- 
ure windows can exist in a single MATLAB session; the function figure (n) makes n 
the current figure. The plot in the graph display is cleared by the clf function at the 
command prompt. The shg function brings the current figure window forward. 

There are two basic groups of graphics functions. The first group, shown in 
Table A.4, specifies the type of plot. The list of available plot types includes the x-y 
plot, semilog plots, and log plots. The second group of functions, shown in Table A.5, 
allows us to customize the plots by adding titles, axis labels, and text to the plots and 
to change the scales and display multiple plots in subwindows. 

The standard x-y plot is created using the plot function. The x-y data in Figure A.17 
are plotted using the plot function, as shown in Figure A.18. The axis scales and line 
types are automatically chosen. The axes are labeled with the xlabel and ylabel func- 
tions; the title is applied with the title function. The legend function puts a legend on 
the current figure. A grid can be placed on the plot by using the grid on function. A 
basic x-y plot is generated with the combination of functions plot, legend, xlabel, yla- 
bel, title, and grid on. 

Multiple lines can be placed on the graph by using the plot function with multi- 
ple arguments, as shown in Figure A.19. The default line types can also be altered. 
The available line types are shown in Table A.6. The line types will be automatically 


Table A.5 Functions for Customized Plots 


title(‘text’) Puts ‘text’ at the top of the plot 
legend (string1, string2, ...) Puts a legend on current plot using specified strings as labels 
xlabel(‘text’) Labels the x-axis with ‘text’ 
ylabel(‘text’) Labels the y-axis with ‘text’ 
text(p1,p2, ‘text’) Adds ‘text’ to location (p1,p2), where (p1,p2) is 
in units from the current plot 
subplot Subdivides the graphics window 
grid on Adds grid lines to the current figure 
grid off Removes grid lines from the current figure 
grid Toggles the grid state 
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Table A.6 Commands for Line 
Types for Customized Plots 


- Solid line 

-- Dashed line 
: Dotted line 
Dashdot line 





chosen unless specified by the user. The use of the text function and the changing of 
line types are illustrated in Figure A.19. 

The other graphics functions—loglog, semilogx, and semilogy—are used in a 
fashion similar to that of plot.To obtain an x-y plot where the x-axis is a linear scale 
and the y-axis is a logy scale, you would use the semilogy function in place of the 
plot function. The customizing features listed in Table A.5 can also be utilized with 
the loglog, semilogx, and semilogy functions. 

The graph display can be subdivided into smaller subwindows. The function 
subplot(m,n,p) subdivides the graph display into an m X n grid of smaller subwin- 
dows. The integer p specifies the window, numbered left to right, top to bottom, as illus- 
trated in Figure A.20, where the graphics window is subdivided into four subwindows. 





>>x=[0:0.1:1]'; 


>>y=x."sin(x); >> x=[0:0.1:1]'; 
>>plot(x,y) eee et eae, 
>ətitle('Plot of x sin(x) vs x ') as Pinan n 

















































































































sane >> text(0.1,0.85,'y_1 = x sin(x) ---') 
>>grid on >> text(0.1,0.80,'y_2 = sin(x) .\_.\_’) 
>> xlabel('x'), ylabel(‘y_1 and y_2'), grid on 
w (a) 
0.9 > 
og Eii= x sin(x) —— 
| yo=sin(x) =- 
0.7 7 j hiid 
06 J] i 1 
= o.s H Text indicating lines 
E 
~ 04 
aX | 
0.3 = i 
0.2 | 
01 | i 
02 04 06 08 1 ae eal ee i 
(a 
x -clébel 0 01 02 03 04 05 06 07 08 09 1 
x 
(b) (b) 
FIGURE A.18 (a) MATLAB commands. (b) A basic x-y FIGURE A.19 (a) MATLAB commands. (b) A basic x-y 


plot with multiple lines. 
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FIGURE A.20 
Using subplot to 
create a2 X 2 
partition of the 
graph display. 


A.5 SCRIPTS 


Appendix A MATLAB Basics 














supa.) ~ ny") | subplot(2,2,2),plot(x,y1,'--',x,y2,." 











1 T 1 T 
































| subpit@2.)potiytxy2.") subplot(2,2,4),plot(x,y1,'--!,x,y2,'-.') | 





Up to this point, all of our interaction with MATLAB has been at the command 
prompt. We entered statements and functions at the command prompt, and 
MATLAB interpreted our input and took the appropriate action. This is the 
preferable mode of operation whenever the work sessions are short and non- 
repetitive. However, the real power of MATLAB for control system design and 
analysis derives from its ability to execute a long sequence of commands stored 
in a file. These files are called m-files, since the filename has the form 
filename.m. A script is one type of m-file. The Control System Toolbox is a col- 
lection of m-files designed specifically for control applications. In addition to the 
preexisting m-files delivered with MATLAB and the toolboxes, we can develop 
our own scripts for our applications. Scripts are ordinary ASCII text files and are 
created using a text editor. 

A script is a sequence of ordinary statements and functions used at the com- 
mand prompt level. A script is invoked at the command prompt level by typing in 
the filename or by using the pull-down menu. Scripts can also invoke other scripts. 
When the script is invoked, MATLAB executes the statements and functions in the 
file without waiting for input at the command prompt. The script operates on vari- 
ables in the workspace. 

Suppose we want to plot the function y(t) = sin at, where a is a variable that 
we want to vary. Using a text editor, we write a script that we call plotdata.m, as 


FIGURE A.21 

A simple script to 
plot the function 
y) = sin at. 
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>>alpha=50; 
>>plotdata 








plotdata.m 





% This is a script to plot the function y=sin(alpha*t). 

% 

% The value of alpha must exist in the workspace prior 
% to invoking the script. 





y=sin(alpha*t); 

plot(ty) 

xlabel(‘Time (sec)') 
ylabel(‘y(t) = sin(\alpha t )') 
grid on 











shown in Figure A.21, then input a value of « at the command prompt, placing a in 
the workspace. Then we execute the script by typing in plotdata at the command 
prompt; the script plotdata.m will use the most recent value of a in the workspace. 
After executing the script, we can enter another value of a at the command prompt 
and execute the script again. 

Your scripts should be well documented with comments, which begin with a 
%. Put a header in the script; make sure the header includes several descriptive 
comments regarding the function of the script, and then use the help function to 
display the header comments and describe the script to the user, as illustrated in 
Figure A.22. 

Use plotdata.m to develop an interactive capability with œ as a variable, as 
shown in Figure A.23. At the command prompt, input a value of a = 10 followed by 
the script filename, which in this case is plotdata. The graph of y(t) = sin at is auto- 
matically generated. You can now go back to the command prompt, enter a value of 
a = 50, and run the script again to obtain the updated plot. 

A limited subset of TeX! characters are available to allow you to annotate plots 
with symbols and mathematical characters. Table A.7 shows the available symbols. 
Figure A.21 illustrates the use of ‘\alpha’ to generate the a character in the y-axis 
label. The ‘\’ character preceeds all TeX sequences. Also, you can modify the charac- 
ters with the following modifiers: 


2 \bf—bold font 

2 \it—italics font 

Q \rm—normal font 

Q \fontname—specify the name of the font family to use 
Q \fontsize—specify the font size 


'TeX is a trademark of the American Mathematical Society. 
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FIGURE A.22 
Using the help 
function. 


FIGURE A.23 
An interactive 
session using a 
script to plot 
the function 
y(t) = sin at. 
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>>help plotdata 
This is a script to plot the function y=sin(alpha"t). 


The value of alpha must exist in the workspace prior 
to invoking the script. 















Command prompt 





>>alpha=10; plotdata 


0 0.5 
Time (sec) 





Script filename 


>>alpha=50; plotdata 


y(t) = sin(at) 
> 
| 





i 
0.5 


=i 
0 
Time (sec) 
i Graph display 

















Subscripts and superscripts are obtained with “_” and “^”, respectively. For exam- 
ple, ylabel(‘y_1 and y_2’) generates the y-axis label shown in Figure A.19. 

The graphics capability of MATLAB extends beyond the introductory material 
presented here. A table of MATLAB functions used in this book is provided in 
Table A.8. 
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Table A.7 TeX Symbols and Mathematics Characters 
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Table A.8 MATLAB Functions 





Function Name Function Description 

abs Computes the absolute value 

acos Computes the arccosine 

ans Variable created for expressions 

asin Computes the arcsine 

atan Computes the arctangent (2 quadrant) 

atan2 Computes the arctangent (4 quadrant) 

axis Specifies the manual axis scaling on plots 

bode Generates Bode frequency response plots 

c2d Converts a continuous-time state variable system representation to a 
discrete-time system representation 

clear Clears the workspace 

clf Clears the graph window 

conj Computes the complex conjugate 

conv Multiplies two polynomials (convolution) 

cos Computes the cosine 

ctrb Computes the controllability matrix 

diary Saves the session in a disk file 

d2c Converts a discrete-time state variable system representation to a 
continuous-time system representation 

eig Computes the eigenvalues and eigenvectors 

end Terminates control structures 

exp Computes the exponential with base e 

expm Computes the matrix exponential with base e 

eye Generates an identity matrix 

feedback Computes the feedback interconnection of two systems 

for Generates a loop 

format Sets the output display format 

grid on Adds a grid to the current graph 

help Prints a list of HELP topics 

hold on Holds the current graph on the screen 

i V-i1 

imag Computes the imaginary part of a complex number 

impulse Computes the unit impulse response of a system 

inf Represents infinity 

j V-1 

legend Puts a legend on the current plot 

linspace Generates linearly spaced vectors 

load Loads variables saved in a file 

log Computes the natural logarithm 

log10 Computes the logarithm base 10 

loglog Generates log-log plots 

logspace Generates logarithmically spaced vectors 

Isim Computes the time response of a system to an arbitrary input and initial 
conditions 

margin Computes the gain margin, phase margin, and associated crossover 
frequencies from frequency response data 

max Determines the maximum value 

mesh Creates three-dimensional mesh surfaces 

meshgrid Generates arrays for use with the mesh function 

min Determines the minimum value 

minreal Transfer function pole-zero cancellation 


Table A.8 continued 
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Table A.8 Continued 


Function Name 


Function Description 





NaN 
ngrid 
nichols 
nume2str 
nyquist 
obsv 
ones 
pade 
parallel 
plot 
pole 
poly 
polyval 
printsys 


pzmap 
rank 

real 
residue 
rlocfind 
rlocus 
roots 
semilogx 


semilogy 


series 


step 
subplot 
tan 
text 
title 

tf 
who 
whos 
xlabel 
ylabel 
zero 
zeros 


Representation for Not-a-Number 

Draws grid lines on a Nichols chart 

Computes a Nichols frequency response plot 

Converts numbers to strings 

Calculates the Nyquist frequency response 

Computes the observability matrix 

Generates a matrix of integers where all the integers are 1 

Computes an nth-order Padé approximation to a time delay 

Computes a parallel system connection 

Generates a linear plot 

Computes the poles of a system 

Computes a polynomial from roots 

Evaluates a polynomial 

Prints state variable and transfer function representations of linear 
systems in a pretty form 

Plots the pole-zero map of a linear system 

Calculates the rank of a matrix 

Computes the real part of a complex number 

Computes a partial fraction expansion 

Finds the gain associated with a given set of roots on a root locus plot 

Computes the root locus 

Determines the roots of a polynomial 

Generates an x-y plot using semilog scales with the x-axis log and the 
y-axis linear 

Generates an x-y plot using semilog scales with the y-axis log and the 
x-axis linear 

Computes a series system connection 

Shows graph window 

Computes the sine 

Computes the square root 

Creates a state-space model object 

Calculates the unit step response of a system 

Splits the graph window into subwindows 

Computes the tangent 

Adds text to the current graph 

Adds a title to the current graph 

Creates a transfer function model object 

Lists the variables currently in memory 

Lists the current variables and sizes 

Adds a label to the x-axis of the current graph 

Adds a label to the y-axis of the current graph 

Computes the zeros of a system 

Generates a matrix of zeros 
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MATLAB BASICS: PROBLEMS 


A1 Consider the two matrices 
4 2m 
A= 
[s 10 + A 


_[6j -13r 
TE 16 | 


Using MATLAB, compute the following: 


(a) At B (b) AB 
(c) A (d) A’ 
(e) BO (f) B'A' 


(g) A? + B? - AB 


A.2 Consider the following set of linear algebraic equations: 


5x + 6y + 10z = 4, 
—3x + 14z = 10, 
—Ty + 21z = 0. 


Determine the values of x, y, and z so that the set of al- 
gebraic equations is satisfied. (Hint: Write the equa- 


tions in matrix vector form.) 
A.3 Generate a plot of 


—0.5x 


y(x) = &°™* sin wx, 


where w = 10 rad/s,and0 = x = 10. Utilize the colon 
notation to generate the x vector in increments of 0.1. 


A. Develop a MATLAB script to plot the function 


AS 


y(x) = pine wx + Bi 3wx. 
T on 
where w is a variable input at the command prompt. 
Label the x-axis with time(sec) and the y-axis with 
y(x) = (4/7) * cos(wx) + (4/97) * cos(3wx). Include 
a descriptive header in the script, and verify that the 
help function will display the header. Choose 
w = 1,3, 10 rad/s and test the script. 


Consider the function 
y(x) = 10 + 5e™ cos(wx + 0.5). 


Develop a script to co-plot y(x) for the three values of 
w = 1,3, 10 rad/s with 0 = x < 5 seconds. The final 
plot should have the following attributes: 





Title 
x-axis label 


y(x) = 10 + 5 exp(—x) * cos(wx + 0.5) 
Time (sec) 


y-axis label y(x) 


Line type w = 1: solid line 
= 3: dashed line 
w = 10: dotted line 
Grid grid on 
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B MathScript Basics 





B.1 INTRODUCTION 


LabVIEW is short for Laboratory Virtual Instrument Engineering Workbench. It is 
a flexible graphical development environment from National Instruments, Inc. En- 
gineers and scientists in research, development, production, test, and service indus- 
tries as diverse as automotive, semiconductor, aerospace, electronics, chemical, 
telecommunications, and pharmaceutical use LabVIEW, especially in the area of 
testing and measurements, industrial automation, and data analysis. Users of Lab- 
VIEW are familiar with the use of the graphical programming language to create 
programs relying on graphic symbols to describe programming actions. An important 
new development introduced in LabVIEW 8.0 or higher is the MathScript environ- 
ment. LabVIEW MathScript is a text-based command line environment using m-files 
and command line prompts. It is assumed here that the reader has LabVIEW 8 in- 
stalled and knows how to access the LabVIEW Getting Started window. This appen- 
dix only provides an introduction to MathScript. Readers should refer to Learning 
with LabVIEW"! for a more complete introduction to LabVIEW and MathScript. 

In this appendix, we discuss the MathScript Interactive Window. The essentials 
of creating user-defined functions and scripts, of saving and loading data files, and of 
using the MathScript Node are presented. With the MathScript Interactive Window, 
students will be able to interact with LabVIEW through a command prompt. 


B.2 WHAT IS MATHSCRIPT? 


MathScript is a high-level, text-based programming language with an easily ac- 
cessible syntax and ample functionality to address programming tasks related to 
signal processing, analysis, and mathematics. MathScript includes more than 500 
built-in functions. There are linear algebra functions, curve fitting function, digi- 
tal filters, functions for solving differential equations, and probability and statis- 
tics functions. And since MathScript employs a commonly used syntax, it follows 
that you can work with many of your previously developed mathematical compu- 
tation scripts, or any of those openly available in engineering textbooks or on the 
Internet. 


‘Bishop, R. H., Learning with LabVIEW, Prentice Hall Publishing, 2007. 
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The fundamental math-oriented data types in MathScript are matrices with 
built-in operators for generating data and accessing elements. You can extend Math- 
Script by defining your own custom functions. You can find more information on 
MathScript at http://ni.com/mathscript including lists of built-in MathScript func- 
tions and links to online examples. 


B.3 ACCESSING THE MATHSCRIPT INTERACTIVE WINDOW 


The interactive interface is provided by the MathScript Interactive Window. You can 
access the interactive window from the Getting Started window or any VI by selecting 
Tools»MathScript Window..., as illustrated in Figure B.1. The MathScript Interactive 
Window is a user interface comprised of a Command Window (the user command in- 
puts), an Output Window echoing the inputs and showing the resulting outputs, a Script 
Editor window (for loading, saving, compiling, and running scripts), a Variables window 
(showing variables, dimensions, and type), and a Command History window providing 
a historical account of commands and interactions with MathScript. A new MathScript 
Interactive Window is shown in Figure B.2 with the various components highlighted. 

As you work, the Output Window updates to show your inputs and the subse- 
quent results. The Command History window tracks your commands. The history 
view is very useful because there you can access and reuse your previously executed 
commands by double clicking a previous command to execute it again. You can also 
navigate up and down through the previous commands (which will appear in the 
Command Window) by using the “q” and ‘p ” keys. In the Script Editor window, you 
can enter and execute groups of commands and then save the commands in a file 
(called a script) for use in a later LabVIEW session. 


Select MathScript Window 








TE Gotting Starod 




















[tAn  eesurenent& Automation Expierer.. 











Prepare Engle Vis for N Example Finder... 
| Renate Panel Connection Manager,» 
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FIGURE B.1 Accessing the MathScript Interactive Window from (a) the Getting Started window, or (b) the Tools 
pull-down menu on the front panel or block diagram. 


FIGURE B.2 

The basic 
components of the 
MathScript 
Interactive Window. 
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MathScript Interactive Variables Script Editor Command History 
Window —— S tasview saunseriot m a oog) 
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Pectioniverebie Berrien Tepe aa 
Output 
Window if 
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|| 
a = Preview 
Command Wado | Pane 
Command 
Window f.o x 








Clearing the Command History Window 


The commands entered in previous sessions using the MathScript Interactive Win- 
dow will reappear in subsequent sessions. In the Command History window you will 
find a header that shows the day and time that you entered the commands. This fea- 
ture allows you to easily discern when the commands were entered. If the Com- 
mand History window gets too full and you want to clear it out, you can right-click 
the Command History window and select Clear History from the shortcut menu. 
This process is illustrated in Figure B.3. 


Clearing the Output Window 


Ina manner similar to the clearing the Command History window, you can clear the 
Output Window. To accomplish this task, right-click the Output Window and select 
Clear from the shortcut menu, as shown in Figure B.3. You also can use the Math- 
Script function clc to clear the Output Window by typing in clc in the Command 
Window. 


Copying Output Window Data 


You can copy data from the Output Window and paste it in the Script Editor win- 
dow or a text editor. Right-click the Output Window and select Copy Data from the 
shortcut menu to copy the contents of the Output Window to the clipboard. You 
also can highlight text in the Output Window and select Edit»Copy or press the 
<Ctrl-C> keys to copy the selected text to the clipboard. 


Viewing Data in a Variety of Formats 


In the MathScript Interactive Window you can view the variables in a variety of for- 
mats, as shown in Figure B.4. Depending on the variable type, the available formats 
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FIGURE B.3 Clearing the Command History and the Output Window. 
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include: numeric, string, graph, XY graph, sound, surface, and picture. You can edit 
a variable in the Preview Pane when the display type is Numeric or String. Selecting 
Sound plays the data as a sound, but works for one-dimensional variables only. The 
remaining display types show the data as graphs of one sort or another: Graph dis- 
plays the data on a waveform graph, XY Graph displays the data on an XY graph, 
Surface displays the data on a 3D surface graph, and Picture displays the data on an 
intensity graph. 
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Open a new MathScript Interactive Window from the Getting Started window 
by selecting Tools»MathScript Window. .., as illustrated in Figure B.1, In the Com- 
mand Window input the time from t = 0 seconds tot = 10 seconds in increments of 
0.1 seconds, as follows: 


t = [0:0.1:10]; 


Then, compute the y = cos(t)as follows: 


y = cos(t); 


Notice that in the Variables window the two variables t and y appear, as illustrated in 
Figure B.5a. Select the variable y and note that in the Preview Pane the variable ap- 
pears in the numeric format. Now, in the pull-down menu above the Preview Pane, se- 
lect Graph. The data will now be shown in graphical form, as illustrated in Figure B.5b. 
The graph can be undocked from the Preview Pane for re-sizing and customization. To 
undock the graph, right-click on the graph and select Undock Window. The window 
can now be re-sized and the plot can be customized interactively and printed. 

As an alternative to using the Preview Pane, you can also obtain a plot of the y 
versus t programmatically using the plot command: 





plot(ty) 
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Select the Numeric to show data 
values in numeric format 














(a) 


(b) 


Select the Graph to show data in graph format 


FIGURE B.5 (a) Entering the time, computing y = cos(t) and viewing the variable y in numerical form. 


(b) Viewing the variable y in graphical form. 
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FIGURE B.6 
Obtaining a plot of 
the cosine function 
using the plot 
command. 
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Command Won 
plot(t.v¥ 


Using the plot command 








The process is illustrated in Figure B.6. A new window appears that presents the 
graph of y versus ¢. Following the same procedure, see if you can obtain a plot of 
y = cos(vt) where v = 4 rad/sec. 


B.4 MATHSCRIPT HELP 


You can display several types of help content for MathScript by calling different 
help commands from the Command Window. Table B.1 lists the help commands you 
can call and the type of help these commands display in the Output Window. 

As illustrated in Figure B.7, entering help classes in the Command Window 
launches the LabVIEW Help showing all classes of functions and commands that Math- 
Script supports. Examples of the classes of functions are basic and matrixops. Entering 
help basic in the Command Window results in a list of the members of the basic 


Table B.1 Help Commands for MathScript 


Command Description of Help Provided 





help Provides an overview of the MathScript window. 
help classes Provides a list of all classes of MathScript functions and topics as well as a 
short description of each class. 


help cdt Provides a list of the additional classes of functions that are installed with the 
classes LabVIEW Control Design Toolkit. 
help class Provides a list of the names and short descriptions of all functions in a par- 


ticular MathScript class. 
Example: help basic 
help Provides reference help for a particular MathScript function or topic, in 
function cluding its name, syntax, description, inputs and outputs, examples to type in 
the Command Window, and related functions or topics. 
Example: help abs 
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FIGURE B.7 Accessing the help for MathScript classes, members, and functions. 


class, including abs (i.e., the absolute value), conj (i.e., the complex conjugate func- 
tion), and exp (i.e., the exponential function). Then, entering help abs in the Com- 
mand Window will result in an output that contains a description of the abs 
function, including examples of its usage and related topics. 


B.5 SYNTAX 


The syntax associated with MathScript is straightforward. Most students with some 

experience programming a text-based language will be comfortable with the pro- 

gramming constructs in MathScript. If you need help getting started with Math- 

Script, you can access help by selecting Help » Search the LabVIEW Help from the 

MathScript Interactive Window and typing mathscript in the search window. 
Eleven basic MathScript syntax guidelines are: 

1. Scalar operations: MathScript is ideally suited for quick mathematical operations, 
such as addition, subtraction, multiplication, and division. For example, consider the 
addition of two scalar numbers, 16 and 3. This is a simple operation that you might 
perform on a calculator. This can be accomplished using the MathScript command: 


>>16+3 


an= Output Window display 


19 





In MathScript, if you perform any calculation or function without assigning the result 
to a variable, the default variable ans is used. If you want to assign the value of the 
addition of two scalars to the variable x, enter the following command: 
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>>x=16+3 
X= 


19 











In the same manner, you can add two scalar variables y and z by entering the follow- 
ing commands: 


>>y=16; ol Semicolon eliminates output display 
>>z=3; 


>>ytZ <-> No semicolon leads to output display 
ans= 
19 


>>disp(y); —— Using disp leads to output even with the semicolon 
16 


Notice that in the previous example a semicolon was used for the first two lines, and 
no output was displayed. In MathScript, if you end a command line with a semicolon, 
the MathScript Interactive Window does not display the output for that command. 
Some functions display output even if you end the command line with a semicolon. 
For example, the disp function displays an output even if followed by a semicolon. 

You use the symbol ‘-’ for subtraction, the symbol ‘/’ for division, and the symbol 
“* for multiplication, as illustrated below: 


>>16-3 pra Sere Subtraction 


ans= 
13 












































>>16/3 _———_ Division 




















ans= 
5.3333 
>>16*3 —_————_ Multiplication 
ans= 
48 
———— 


2. Creating matrices and yectors: To create row or column vectors and matrices, use 
white space or commas to separate elements, and use semicolons to separate rows, 
Consider for example, the matrix A (a column vector), 


In MathScript syntax, you would form the matrix as 


A = [1; 2; 3] 


Consider for example, the matrix B (a row vector) 





B= [1 —2 J]. 
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In MathScript syntax, you would form the matrix as 
B = [1, -2, 7] or B = [1 -2 7] 


As a final example, consider the matrix C (a3 X 3 matrix) 


=1 2. 0 
C=C4 10 -2S. 
1100 6 


In MathScript syntax, you would form the matrix as 





C = [-120;4 10 —2; 106] or C = [-1, 2, 0; 4, 10, -2; 1, 0, 6] 





3. Creating vectors using the colon operator: There are several ways to create a one- 
dimensional array of equally spaced elements. For example, you will often need to cre- 
ate a vector of elements representing time. To create a one-dimensional array equally 
spaced and incremented by 1, use the MathScript syntax 











To create a one-dimensional array equally spaced and incremented by 0.5, use the 
MathScript syntax 





> t = 1:05:10 
t= 

1 15, 2 25 3 35 4 45 5 S5 
6465 7 TS- 38 85 9 95 10 








4. Accessing individual elements of a vector or matrix: You may want to access specific 
elements or subsets of a vector or matrix. Consider the 3 X 3 matrix C: 


= 2 Q 
C=C4 10 -28. 
1 0 6 


In MathScript syntax, you can access the element in the second row and third column 
of the matrix C, as follows: 





>>C =[-1 2 0;4 10 -2;1 06] 


C= 
A 2 Q 
10 2 
1 208 6) 





(2,3) denotes the second row of 


teed 
>>C(2,3) the third column 


ans= 











-2 
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You can assign this value to a new variable by entering the following command: 


>>F=C(2,3) 
F= 


-2 








You can also access an entire row or an entire column of a matrix using the colon op- 
erator. In MathScript syntax, if you want to access the entire second row of matrix C, 
enter the following command: 








The second row of C 








In the same way, if you wish to access the entire third column of matrix C, enter the 
following command: 








Suppose you want to extract the 2 X 2 submatrix from C consisting of rows 2 and 3 and 
columns 1 and 2. You use brackets to specify groups of rows and columns to access a 
subset of data as follows: 








>>C([2 3], [1 2]) 
ans= 





A submatrix of C 





5. Calling functions in MathScript: You can call MathScript functions from the Com- 
mand Window. Consider the creation of a vector of a certain number of elements that 
are equally distributed in a given interval. To accomplish this in MathScript syntax, you 
can use the built-in function linspace. Using the command help linspace you find that 
this function uses the syntax 


linspace(a, b, n) 


where a specifies the start of the interval, b specifies the end of the interval, and n 
identifies the number of elements. Thus, to create a vector of n = 13 numbers equally 
distributed between a = 1 and b = 10, use the following command: 
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>>G = linspace (1, 10, 13) 
G= 
1 1.75 2.5 3.25 4 4.75 §:5 6.25 7 


7.75 8.5 9.25 10 








If you do not specify a value for n, the linspace command will automatically return a vec- 
tor of 100 elements. To select a subset of G that consists of all elements after a specified 
index location, you can use the syntax described in guideline 4 and the end function to 
specify the end of the vector. For example, the following command will return all elements 
of G from the fifth element to the final element: 





>>H=G(5: end(@)) 
H= 
4 475 55 625 7 775 85 9.25 10 








The function linspace is an example of a built-in MathScript function. Calling user-defined 
functions are discussed further in Section B.4.1. 


6. Assigning data types to variables: MathScript variables adapt to data types. For 
example, if 


a = sin(3* pi/2) 


then a is a double-precision floating-point number. If 


a = ‘temperature’ 


then a is a string. 





7. Using complex numbers: You can use either i or j to represent the imaginary unit equal 
to the square root of —1. If you assign values to either i or j in your scripts, then those 
variable names are no longer complex numbers. For example, if you let y = 4 + j, then 
y is a complex number with real part equal to 4 and imaginary part equal to +j. If how- 
ever, you assign j = 3, and then compute y = 4 + j, the result is y = 7, a real number. 


8. Matrix operations: Many of the same mathematical functions used on scalars can also 
be applied to matrices and vectors. Consider adding two matrices K and L, where 


Al. T i) 1 0 0 
K=C4 10 -2SandL=Q 1 OS. 
t 0 6 0 01 
To add the two matrices K and L, element by element, enter the following MathScript 
command: 
>>K+L 
ans = 
0 2 0 
4 11 2 
1 0 7 








982 


Appendix B_ MathScript Basics 


In a similar fashion, you can also multiply two matrices K and L, as follows: 


>>K*L | 
ans = | 
-1 2 0 
4 10 -2 
1 0 6 





Consider the 3 X 1 matrix M (column vector) and the 1 X 3 matrix N (row vector) 


1 
M= @SandN=[0 1 2]. 
3 


Then, the product M *N is the 3 X 3 matrix 





>>M*N 

ans = 
0 1 2 
0 2 4 
0 3 6 











To multiply two matrices, they must be of compatible dimensions. For example, suppose 
a matrix M is of dimension m X n, and a second matrix N is of dimension n X p. Then 
you can multiply M X N resulting in an m X p matrix. In the example above, the 3 X 1 
matrix M (column vector) was multiplied with the 1 X 3 matrix N (row vector) result- 
ing in a 3 X 3 matrix. You cannot multiply N X M unless m = p. In the example 
above, the 1 X 3 matrix N (row vector) was multiplied with the 3 x 1 matrix M 
(column vector) resulting in a 1 X 1 matrix (a scalar), so in this case, m = p = 1. 
When working with vectors and matrices in MathScript, it is often useful to per- 
form mathematical operations element-wise. For example, consider the two vectors 


=f 2 
M = C4 SandN = C-2S. 
0 1 


In light of our previous discussion, it is not possible to compute M*N since the dimen- 
sions are not compatible. However, you can multiply the vectors element-wise using the 
syntax *.* for the multiplication operator, as follows: 


=1¢2 a 
M.*N = C4*(-2)S = C-8S. 
0*1 0 
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By definition, matrix addition and subtraction occurs element-wise. However, it is also 
possible to perform division element-wise. For M and N as above, we find that element- 
wise division yields 


-1/2 —0.5 
MIN = C4/(-2)S = C -2 S. 
o1 0 


Element-wise operations are useful in plotting functions, For example, suppose that 
you wanted to plot y = fsin(t) for t = [0:0.1:10]. This would be achieved via the 
commands 






t=[0:0.1:10]; 
y=t .* sin(t); -— Element-wise multiplication using .* 


plot(ty) 








9. Logical expressions: MathScript can evaluate logical expressions such as EQUAL, 
NOT EQUAL, AND, and OR. To perform an equality comparison, use the statement 


a== 


If a is equal to b, MathScript will return a 1 (indicating True); if a and b are not equal, 
MathScript will return a 0 (indicating False). To perform an inequality comparison, use 
the statement 


a~=b 


If a is not equal to b, MathScript will return a 1 (indicating True); if a and b are equal, 
MathScript will return a 0 (indicating False). 


In other scenarios, you may want to use MathScript to evaluate compound logical 
expressions, such as when at least one expression of many is True (OR), or when all of 
your expressions are True (AND). The compound logical expression AND is executed 
using the ‘&’ command. The compound logical expression OR is executed using the ‘|’ 
command. 

10. Control flow constructs: Table B.2 provides the MathScript syntax for commonly used 
programming constructs. 
11. Adding comments: To add comments to your scripts, precede each line of documenta- 


tion with a % character. For example, consider a script that has two inputs, x and y, and 
computes the addition of x and y as the output variable z. 





% In this script, the inputs are x and y 
% and the output is z. r Comments 
% zis the addition of x and y 
ZX pty; 








The script shown above has three comments, all preceded by the % character. In the 
next section, we will discuss more details on how to use comments to provide help doc- 
umentation. 


Some considerations that have a bearing on your usage of MathScript follow: 


1. You cannot define variables that begin with an underscore, white space, or digit. For 
example, you can name a variable time, but you cannot name a variable 4time or _time. 


2. MathScript variables are case sensitive. The variables X and x are not the same variables. 
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Table B.2 MathScript syntax for commonly used constructs 





Construct Grammar Example 
switch switch mode 
expression case ‘start’ 


Case-Switch 
Statement 


For Loop 


If-Else 
Statement 


Range 


While Loop 


case expression a = 0; 
statement-list case ‘end’ 


[case a=-1; 

expression otherwise 

statement-list] a=a+t1; 

en end 

[otherwise When a case in a case-switch statement executes, LabVIEW does not 
statement-list] select the next case automatically. Therefore, you do not need to 

end use break statements as in C. 


for expression fork = 1:10 
statement-list a = sin(2*pi*k/10) 


end end 

if expression ifb==1 
statement-list c=3 
[elseif else 
expression c=4 


statement-list] end 

[else 

statement-list] 

end 

start:[stepsjend t = 0:0.1:10 or t = [0:0.1:10] 
t returns an array of numbers 0 = t = 10 witha step size of 0.1 
If you do not specify a step size, LabVIEW uses a step size of 1. 


while while k < 10 
expression a = cos(2* pi*k/10) 
statement-list k=k+1; 

end end 





Key MathScript Functions 


MathScript offers more than 500 textual functions for math, signal processing, 
and analysis. These are in addition to the more than 600 graphical functions for 
signal processing, analysis, and math that are available as VIs within LabVIEW. 
Table B.3 lists many of the key areas with supporting MathScript functions. For 
a comprehensive function list, visit the National Instruments website at 
http://www.ni.com/mathscript or see the online help. 


B.6 DEFINING FUNCTIONS AND CREATING SCRIPTS 


You can define functions and create scripts to use in the MathScript Interactive Win- 
dow. Functions and scripts can be created in the Script Editor window on the Math- 
Script Interactive Window (see Figure B.2). You can also use your favorite text editor 
to create functions and scripts. Once your function or script is complete, you should 
save it for use later. The filename for a function must be the same as the name of the 
function and must have a lowercase .m extension. For example, the filename for a 
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Table B.3 MathScript Function Classes 





Function Classes 


Brief Description 





Control Design and Analysis 


Plots 
(2D and 3D) 


Digital Signal Processing 
(DSP) 


Approximation 
(Curve Fitting & Interpolation) 


Ordinary Differential Equation 
(ODE) Solvers 
Polynomial Operations 


Linear Algebra 


Matrix Operations 
Vector Operations 
Probability and Statistics 
Optimization 

Advanced Functions 


Basic 


Trigonometric 


Boolean and Bit Operations 


Data Acquisition/Generation 
Other 


Classical and state-space control design and analysis functions. Dynamic 
characteristics, root locus, frequency response, Bode, Nyquist, Nichols, model 
contstruction, connection, reduction and more. 

Standard x-y plot; mesh plot; 3D plot; surface plot; subplots; stairstep plot; 
logarithmic plots; stem plot and more. 

Signal synthesis; Butterworth, Chebyshev, Parks-McClellan, windowed FIR, 
elliptic (Cauer), lattice and other filter designs; FFT (1D/2D); inverse FFT 
(1D/2D); Hilbert transform; Hamming, Hanning, Kaiser-Bessel and other 
windows; pole/zero plotting and others. 

Cubic spline, cubic Hermite and linear interpolation; exponential, linear and 
power fit; rational approximation and others. 

Adams-Moulton, Runge-Kutta, Rosenbrock and other continuous ordinary 
differential equation (ODE) solvers. 

Convolution; deconvolution; polynomial fit; piecewise polynomial; partial 
fraction expansion and others. 

LU, OR, QZ, Cholesky, Schur decomposition; SVD; determinant; inverse; 
transpose; orthogonalization; solutions to special matrices; Taylor series; real 
and complex eigenvalues and eigenvectors; polynomial eigenvalue and more. 
Hankel, Hilbert, Rosser, Vandermonde special matrices; inverse; 
multiplication; division; unary operations and others. 

Cross product; curl and angular velocity; gradient; Kronecker tensor product 
and more. 

Mean; median; Poisson, Rayleigh, chi-squared, Weibull, T, gamma 
distributions; covariance; variance; standard deviation; cross correlation; 
histogram; numerous types of white noise distributions and other functions. 
Quasi-Newton, quadratic, Simplex methods and more. 


Bessel, spherical Bessel, Psi, Airy, Legendre, Jacobi functions; trapezoidal, 
elliptic exponential integral functions and more. 

Absolute value; Cartesian to polar and spherical and other coordinate 
conversions; least common multiple; modulo; exponentials; logarithmic 
functions; complex conjugates and more. 

Standard cosine, sine and tangent; inverse hyperbolic cosine, cotangent, 
cosecant, secant, sine and tangent; hyperbolic cosine cotangent, cosecant, 
secant, sine and tangent; exponential; natural logarithm and more. 

AND, OR, NOT and other logic operations; bitwise shift, bitwise OR and 
other bitwise operations. 


Perform analog and digital I/O using National Instruments devices. 


Programming primitives such as if, for and while loops; unsigned and signed 
datatype conversions; file I/O; benchmarking and other timing functions; 
various set and string operations and more. 





user-defined starlight’ function must be starlight.m. Use unique names for all func- 
tions and scripts and save them in a directory that you specified in the Path section of 
the File»MathScript Preferences dialog box. 


?The name starlight does not represent a real function. It is used here for illustrative purposes only. 
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User-Defined Functions 


MathScript offers more than 500 textual functions for math, signal processing, and 
analysis. But what if you have a special purpose function that you want to add to 
your personal library? This function may be particular to your area of study or re- 
search, and is one that you need to call as part of a larger program. With MathScript 
it is simple to create a function once you understand the basic syntax. 

A MathScript function definition must use the following syntax: 





function out puts = function name(inputs) 
% documentation 
script 





An example of a user-defined function definition utilizing the proper syntax is 





function ave = compute_average(x, y) 
% compute_average determines the average of the two inputs x and y. 
ave = (x + y)/2; 








Begin each function definition with the term function. The outputs lists the output 
variables of the function. If the function has more than one output variable, enclose 
the variables in square brackets and separate the variables with white space or com- 
mas. The function_name is the name of the function you want to define and is the 
name that you use when calling the function. The inputs lists the input variables to the 
function. Use commas to separate the input variables. The documentation is the set of 
comments that you want MathScript to return for the function when you execute the 
help command. Comments are preceded with a % character. You can place comments 
anywhere in the function; however, LabVIEW returns only the first comment block in 
the Output Window to provide the help to the user. All other comment blocks are for 
internal documentation. The script defines the executable body of the function. 

Checking the help on the function compute_average.m and then executing the 
function with x = 2 and y = 4 as inputs yields 





»help compute average 
compute_average determines the average of the two inputs x and y. 
»x = 2; y = 4; compute _average(x, y) 
ans = 

3 








Note that there is a MathScript function named mean that can also be used to com- 
pute the average of two inputs, as follows: 

a Ae a 

»mean([2 4]) | 


ans = 
3 








Functions can be edited in the Script Editor window and saved for later use. In Figure 
B.8, the buttons Load Script, Save Script As, Save & Compile Script As and Run 
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Script are shown. You can compile a function when you save it to decrease the run- 
time compilation time. Selecting Load Script will open a window to browse for the 
desired function (or script) to load into MathScript. Similarly, selecting Save Script 
As will open a browser to navigate to the desired folder to save the function. 

In Figure B.8, the function compute_average is used to compute the average 
of two arrays. Notice that the function computes the average element-wise. If 
compute_average had inadvertently been named mean, then LabVIEW would ex- 
ecute the user-defined function instead of the built-in function. Generally it is not a 
good idea to redefine LabVIEW functions, and students should avoid doing so. If 
you define a function with the same name as a built-in MathScript function, Lab- 
VIEW executes the function you defined instead of the original MathScript func- 
tion. When you execute the help command, LabVIEW returns help content for the 
function you defined and not the help content for the original MathScript function. 

Other examples of valid function syntax for the starlight function include: 











function starlight % No inputs and no outputs 
function a = starlight % No inputs and one output 
function [a b] = starlight % No inputs and two outputs 
function starlight (g) % One input and no outputs 
function a = starlight (g) % One input and one output 
function [a b] = starlight (g) % One input and two outputs 
function starlight (g, h) % No inputs and two outputs 
function a = starlight (g, h) % One input and two outputs 
function [a b] = starlight (g, h) % Two inputs and two outputs 





There are several restrictions on the use of functions. First, if you define multiple 
functions in one MathScript file, all functions following the first are subfunctions 
and are accessible only to the main function. A function can call only those func- 
tions that you define below it. Second, you cannot call functions recursively. For ex- 
ample, the function starlight cannot call starlight. And third, LabVIEW also does 
not allow circular recursive function calls. For example, the function starlight cannot 
call the function bar if bar calls starlight. 


Scripts 


A script is a sequence of MathScript commands that you want to perform to accom- 
plish a task. For convenience and reusability, once you have created a script, you can 
save it and load it into another session of LabVIEW at a later time. Also, often you 
can use a script designed for a different task as a starting point for the development 
of a new script. Since the scripts themselves are saved as common ascii text and ed- 
itable with any text editor (including the one found in the MathScript Interactive 
Window), it is easy to do this. The MathScript functions as well as the user-defined 
functions can be employed in scripts. 

Continuing the example above, suppose that we used a script to compute the 
average of two numbers. The compute_average function could be used within the 
script. Once saved, the script can subsequently be loaded into MathScript for use in 
another session. A script using the compute_average function is shown in Figure B.9. 
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Select Save to browse for a 


Select Load to browse for a 
directory to save the function 


function to load in MathScript 





- . rt 6 X 
Running the function er] al 


popoyte,ererepe ta.n) E E mpraet | 


for x = [1 4] and y = [2 6] 4 j a Script Editor 
uss r 


yields the average [1.5 5] 


| X The function 
| compute_average.m 











FIGURE B.8 Loading and saving functions. 


B.7 SAVING AND LOADING DATA FILES AND SCRIPTS 


In MathScript you can save and load data files in the MathScript Interactive Win- 
dow. A data file contains numerical values for variables. Being able to save and load 
djata gives you the flexibility to save important data output from a MathScript ses- 
sion for use in external programs. There are two ways to save data files. The first 


Select Run 





Results of { 
executing script y | 
are displayed a Script that uses the 
compute_average 
function 











FIGURE B.9 Editing, saving, and running a script to compute the average of two arrays element-wise. 
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method saves the data for all the variables in the workspace, and the second method 
allows you to select the variables to save to a file. 

To save all the variables in the workspace, select File»Save Data in the Math- 
Script Interactive Window. You also can right-click the Variable List on the Vari- 
ables window and select Save Data from the shortcut menu. In the file dialog box, 
navigate to the directory in which you want to save the data file. Enter a name for 
the data file in the File name field and click the OK button to save the data file. 

The second method allows you to select the variables to save. In this case, in the 
Command Window, enter the command save filename var1, var2, ...., varn, where 
filename is the name of the file to store the data and var1, var2, ... varn are the vari- 
ables that you want to save. In this case, the data will be saved in filename in the 
LabVIEW Data directory in the path specified in File»MathScript Preferences. . .. 
In Figure B.10 the process of saving data is illustrated. In Figure B.10a, all the vari- 
ables are saved in the file save_all.mlv after navigating to the folder LabVIEW Data. 
In Figure B.10b, the variable x is saved in the file save_x.mlv. 

You also can load existing data files into your MathScript session. In the Math- 
Script Interactive Window, select File»Load Data or right-click the Variable List on 
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FIGURE B.10 Saving data files. (a) Saving all the variables in the workspace. (b) Saving select variables. 
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FIGURE B.11 Loading data from a previous MathScript session. 


the Variables window and select Load Data from the shortcut menu to load the data 
file you want, as illustrated in Figure B.11. Note that you must save data files before 
you can load them into the MathScript Interactive Window. 

Being able to save scripts is an important feature giving you the capability to de- 
velop a library of scripts that you can readily access in future MathScript sessions. To 
save a script that you have created in the Script Editor window, select 
File»Saye Script As, as illustrated in Figure B.12a. You can also save your script by 
clicking the Save button on the Script Editor window of the MathScript Interactive 
Window, as illustrated in Figure B.12b. In both cases, a file dialog box will appear for 
you to navigate to the directory in which you want to save the script. Enter a name 
for the script in the File name field. The name must have a lowercase .m extension if 
you want LabVIEW to run the script (in this example, we use the name average_ 
example.m). Click the OK button to save the script. 

You can compile a script by selecting File»Save & Compile Script or by clicking 
on the Save & Compile Script As button in the MathScript Interactive Window. This will 
save and compile the script to decrease the run-time compilation time. You can load ex- 
isting scripts into the MathScript Interactive Window. This will be useful upon returning 
to a MathScript session or if you want to use a script in the current session that was de- 
veloped in a previous session. To load an existing script, select File»Load Script or click 
the Load button on the Seript page on the MathScript Interactive Window. 

Figure B.13 illustrates the process of loading scripts. In the example, the script 
compute_average.m is loaded into a MathScript session, and then using the Run 
Script As button, the script is executed. 
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FIGURE B.12 (a) Saving a script using the File»Save Script As pull-down menu. (b) Saving a 
script using the Save Script As button on the MathScript Interactive Window. 
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FIGURE B.13 
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MATHSCRIPT BASICS: PROBLEMS 


B.1 Write a script to generate a 3 X 2 matrix M of ran- 
dom numbers using the rand function. Use the help 
command for syntax help on the rand function. Verify 
that each time you run the script the matrix M changes. 


B.2 In the MathScript Interactive Window, create a script 
that generates a time vector over the interval 0 to 10 
with a step size of 0.5 and creates a second vector, y, 


according to the equation 
y = e “(0.5 sin 0.1t — 0.25 cos 0.2t). 


Add the plot function to generate a graph of y versus £. 
Type the script in the Script Editor window and, when 
done, use the Save button in the Script Editor to save 
the script. Clear the script from the Script Editor win- 
dow, and then Load the script back into the Script Edi- 
tor and select Run. 

Create a plot of the cosine function, y = cos(t), 
where £ varies from 0 to p , with an increment of p/20. 


Open the MathScript Interactive Window. In the 
Command Window, create the matrices A and B: 


B.4 


1 -2 
3SandB=B ! IR 
i 3 2 0 -2 


B.5 


B.6 


Is it possible to perform the following math opera- 
tions on the matrices? If so, what is the result? 

(a) A*B 

(b) B*A 

(c) A+B 

(d) A + B’ (where B’ is the transpose of B) 

(e) A/B’ 


Using MathScript, generate a plot of a sine wave of 
frequency v = 10 rad/sec. Use the linspace function 
to generate the time vector starting at t = 0 and end- 
ing att = 10. Label the x-axis as Time (sec). Label the 
y-axis as sin(w*t). Add the following title to the plot: 
Sine wave with frequency w 5 10 rad/sec. 


The rand function generates uniformly distributed 
random numbers between 0 and 1. This means that the 
average of all of the random values generated by the 
rand function should approach 0.5 as the number of 
random numbers increases. Using the rand function, 
generate random vectors of length 5, 100,500, and 1000. 
Confirm that as the number of elements increases, the 
average of the random numbers approaches 0.5. Gen- 
erate a plot of the average of the random numbers as a 
function of the number of random numbers. Use both 
rand and mean functions in your script. 
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Absolute stability, A system 
description that reveals 
whether a system is stable 
or not stable without 
consideration of other system 
attributes such as degree 
of stability, 356, 406 

Acceleration error constant, K, 
The constant evaluated as 

lim{[s’G(s)]. The steady- 
state error for a parabolic 
input, r(t) = At?/2, is equal 
to A/K,, 298 

Acceleration input, steady-state 
error, 297-298 

Accelerometer, 71,83 

Ackermann’s formula, 756, 
767-768, 772, 777-778, 
809-810, 816 

Across-variable, 43, 45 

Actuator, The device that 
causes the process to provide 
the output; the device that 
provides the motive power 
to the process, 62,142 

Additive perturbation, A system 
perturbation model 
expressed in the additive 
form Gals) = G(s) + A(s). 
where G(s) is the nominal 
plant, A(s) is the perturba- 
tion that is bounded in 
magnitude, and G,(s) is 
the family of perturbed 
plants, 834,899 

Agricultural systems, 13 

Aircraft, and computer-aided 
design, 19 

unmanned, 15 

Aircraft autopilot, 853 

Aircraft attitude control, 319 

Airplane control, 266, 474-475, 
482, 747-748 

All-pass network, A nonmini- 
mum phase system that 


passes all frequencies with 
equal gain, 513-514, 566 

Alternative signal flow graph, and 
block diagram models, 
165-170 

Amplidyne, 127 

Amplifier, feedback, 219 

Amplitude quantization error, 
906-907, 950 

Analogous variables, 47 

Analog-to-digital converter, 
902, 906 

Analysis of robustness, 834-836 

Angle of departure, The angle at 
which a locus leaves a com- 
plex pole in the s-plane, 
422-423, 426, 441-443, 491 

Angle of the asymptotes, The 
angle that the asymptote 
makes with respect to the real 
axis, $4, 415,418, 491 

Armature-controlled motor, 
64-65, 69, 81, 94, 117, 127, 137, 
139 

Atray operations in MathScript, 
979 

Array operations in MATLAB, 
959-960 

Artificial hand, 11, 14, 36 

Assumptions, Statements that 
reflect situations and condi- 
tions that are taken for grant- 
ed and without proof. 
In control systems, assump- 
tions are often employed to 
simplify the physical dynami- 
cal models of systems under 
consideration to make the 
control design problem more 
tractable, 42, 83-84, 142 

Asymptote, The path the root 
locus follows as the parame- 
ter becomes very large and 
approaches infinity, 415 

of root locus, 415 


Asymptote centroid, The center 
of the linear asymptotes, 
aa 416 

Asymptotic approximation for a 
Bode diagram, 502 

Automatic control, history of, 4-8 

Automatic fluid dispenser, 
200,202 

Automatic test system, 795-797 

Automation, The control of an 
industrial process by 
automatic means, 6,39 

Automobile steering control 
system, 9 

Automobiles, hybrid fuel 
vehicles, 21, 40 

Auxiliary polynomial, The equa- 
tion that immediately 
precedes the zero entry in 
the Routh array, 365,496 

Avemar ferry hydrofoil, 736 

Axis shift, 369 


Backward difference rule, A 
computational method of 
approximating the time 
derivative of a function 
given by (kT) = 
a(kT) — x((k 1)T) 

T ` 
where t = KT, Tis the sample 
time, and k = 1,2,..., 
925,950 

Bandwidth, The frequency at 
which the frequency response 
has declined 3 dB from its 
low-frequency value, 520, 
566, 596, 665 

Bellman,R., 7 

Biological control system, 14 

Black, H. S., 5-6, 8, 130, 830 

Block diagram, Unidirectional, 
operational block that 
represents the transfer 
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functions of the elements of 
the system, 71,72 
Block diagram models, 71-76, 
107-116 
alternative signal-flow graphs, 
165-170 
signal-flow graphs, 154-165 
Block diagram transformations, 
N-74 
Bobbin drive, 356 
Bode, H. W., 500,830 
Bode plot, The logarithm of 
magnitude of the transfer 
function is plotted versus the 
logarithm cf w, the frequen- 
cy. The phase, #, of the trans- 
fer function is separately 
plotted versus the logarithm 
of the frequency, 500-501, 
541, 567 
asymptotic approximation, 
502 
Boring machine system, 232 
Bounded response, 356 
Branch on signal-flow graph, 76 
Break frequency, The frequency 
at which the asymptotic ap- 
proximation of the frequen- 
cy response for a pole (or 
zero) changes slope, 502, 
505, 566 
Breakaway point, The point on 
the real axis where the locus 
departs from the real axis of 
the s-plane, 418-420, 491 
Bridge, Tacoma Narrows, 357-359 


Camera control, 308-312, 341 
Canonical form, A fundamental 
or basic form of the state 

variable model representa- 
tion, including phase variable 
canonical form, input feedfor- 
ward canonical form, 
diagonal canonical form, 
and Jordan canonical 
form, 211 

Capek, Karel, 10 

Cascade compensation network, 
A compensator nctwork 
placed in cascade or series 


with the system process, 
671-675, 755 
Cauchy's theorem, [f a contour 
encircles Z zeros and P poles 
of F(s), the corresponding 
contour encircles the origin of 
the F(s)-plane N = Z — P 
times clockwise, 568, 
571-575,665 
Characteristic equation, The 
relation formed by equating to 
zero the denominator of a 
transfer function, 52, 142,387 
Circles, constant, 596 
Closed-loop feedback control 
system, A system that uses a 
measurement of the output 
and compares it with the 
desired output, 3,39,214 
Closed-ioop sampled-data 
system, 912 
Closed-loop transfer function, 
A ratio of the output signal to 
the input signal for an inter- 
connection of systems when 
all the feedback or feed- 
foward loops have heen 
closed or otherwise accounted 
for. Generally obtained by 
block diagram or signal flow 
graph reduction, 74,142, 
387. 388 
Command following, An impor- 
tant aspect of control system 
design wherein a nonzero ref- 
erence input is tracked, 779, 
826 
Compensation, The alteration or 
adjustment of a control 
system to provide a suitable 
performance, 668 
using a phase-lag network on 
the Bode diagram, 691 
using a phase-lag network on 
the s-plane, 692 
using a phase-lead network on 
the Bode diagram, 675 
using a phase-lead network on 
the s-plane, 681 
using analytical methods, 
700 


using integration networks, 688 
using state-variable feedback. 
757 
Compensator, An additional 
component or circuit that is 
inserted into the system 
to equalizc or compensate 
for the performance 
deficiency, 477,668,755, 757 
Compensator design, full-state 
feedback and observer, 773 
Complementary sensitivity 
function, The function 
ct -O80 
1+ G(s)G(s) 
satisfies the relationship 
S(s) + C(s) = 1, where S(s) 
is the sensitivity function. The 
function C(s) = T (s) is the 
closed-loop transfer function, 
216, 834, 899 
Complexity, A measure of the 
structure, intricateness, or be- 
havior of a system that char- 
acterizes the relationships and 
interactions between various 
components, 16, 39,276 
in cost of feedback, 231 
Complexity of design. The intri- 
cate pattern of interwoven 
parts and knowledge 
tequired, 16 
Components, The parts, subsys- 
tems, or subassemblies that 
comprise a total system, 276 
in cost of feedback, 231 
Computer control systems, 
901, 902 
for electric power plant, 13 
Computer-aided design, 19 
Computer-aided engineering 
(CAE), 21 
Conditionally stable system, 475 
Conformal mapping, A contour 
mapping that retains the 
angles on the s-plane on the 
F(s)-plane, 570,655 
Congress, 14 
Constant M circles, 597 
Constant N circles, 597 
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Continuous design problem, 38, 
139, 208, 270, 349, 402, 485, 
561, 659, 747, 821, 891, 947 
Contour map, A contour or 
trajectory in one plane is 
mapped into another plane 
by arclation F(s), 569 
Contours in the s-plane, 569 
Control engineering, 2, 8-9 
Control system, An interconnec- 
tion of components forming a 
system configuration that will 
provide a desired response, 
2,39 
characteristics using m-files, 
246 
design, 17 
modern examples, 8-16 
Controllability, 757-763 
Controllability matrix, A lincar 
system is (completely) 
controllable if and only if the 
controllability matrix 
P.=({B AB AB... A"B] 
has full rank, where A is an 
nxn matrix; for single-input, 
single-output linear systems, 
the system is controllable if 
and only if the determinant of 
the nxn controllability matrix 
P, is nonzero, 758,826 
Controllable system, A system 
with unconstrained control 
input u that transfers any initial 
state x(0) to any other state 
x(t), 758,826 
cony function, 105,968 
Convolution integral, 280 
Corner frequency. See Break 
frequency 
Cost of feedback, 231-232 
Coulomb damper. 45 
Critical damping, The case where 
damping is on the boundary 
between underdamped and 
overdamped, 54, 142 
Critically damped system, 103 


Damped oscillation, An oscilla- 
tion in which the amplitude 
decreases with time, 56,142 


Dampers, 45 
Damping ratio, A measure of 
damping; a dimensionless 
number for the second-order 
characteristic equation, 54, 
142, 292 
estimation of, 292 
DC motor, An electric actuator 
that uses an input voltage as a 
control variable, 142 
armature controlled, 64,81 
field controlled, 63 
Deadbeat response, 755 
Decade, A factor of ten in fre- 
quency (c.g., the range of 
frequencies from 1 rad/sec 
to 10 rad/sec is one decade), 
502, 566 
of frequencies, 502 
Decibel (dB), The units of the 
logarithmic gain, 566 
Decoupled state variable format, 
166 
Design, The process of con- 
ceiving or inventing the 
forms, parts, and details of a 
system to achieve a rea- 
soned purpose, 16-17, 39 
Design of a control system, The 
arrangement or the plan of the 
system structure and the selec- 
tion of suitable components 
and parameters, 755 
robot control, 396 
in the time domain, 757 
using a phase-lag network on 
the Bode diagram, 696 
using a phase-lag network on 
the s-plane, 691 
using a phase-lead network on 
the Bode diagram, 675 
using a phase-lead network on 
the s-plane, 681 
using integration networks, 
688 
using state-feedback, 756 
Design specifications, 278 
Detectable, A system in which 
the states that are unobserv- 
able are naturally stable, 
761, 826 
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Diagonal canonical form, 
A decoupled canonical form 
displaying the distinct 
system poles on the diagonal 
of the state variable represen- 
tation A matrix, 166,211 

Differential equations, An equa- 
tion including differentials of 
afunction, 42,143 

Differential operator, 50 

Differentiating circuit, 68 

Digital computer compensator, 
A system that uses a digital 
computer as the compensator 
element, 918-921 

Digital control system, A con- 
trol system using digital 
signals and a digital 
computer to control a 
process, 901-950 

Digital control systems using con- 
trol design software, 935 

Digital controllers, implementa- 
tion of, 925 

Digital to analog converter, 905 

Direct system, 213. See also 
Open-loop control system 

Discrete-time approximation, 
An approximation used to 
obtain the time response 
of a system based on the 
division of the time into 
smallincrements Ar, 211 

Disk drive read system, See 
Sequential design example 

Disturbance rejection property, 
221-224 

Disturbance signal, An unwanted 
input signal that affects the sys- 
tem’s output signal, 
220-225, 276 

Dominant roots, The roots of 
the characteristic equation 
that represent or 
dominate the closed-loop 
transient response, 288, 353. 
427,491, 521, 566 

Dynamics of physical systems, 41 


Electric power industry. 13 
Electric traction motor, 93-95 
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Electrohydraulic actuator, 66, 
69, 129 

Engineering design, The process 
of designing a technical 
system, 16-17, 40 

English channe! tunnel boring 
system, 232 

Engraving machine. 523-526, 
537-538 

Epidemic disease, model of, 
167-168, 372 

Equilibrium state, 167 

Error, steady-state, 228 

Error constants, acceleration, 


296 
ramp, 297 
step, 295 


Error signal, The difference 
between the desired output, 
R(s), and the actual output 
Y (s); therefore E(s) = 
R(s) — Y(s). 110,143,276 

Estimation error, The difference 
between the actual state and 
the estimated state 
e(t) = x(t) — X(t), 769,826 

Euler’s method, A first-order 
explicit integration method 
utilized to obtain numerical 
solutions of differential 
equations, 211 

Evans, W.R., 408 

Examples of control systems, 8 

Exponential matrix function, 150 

Extender, 135, 206,742 


Federal Reserve Board, 14 
Feedback, 3 
amplifier, 219 
control system, 3,9-11, 
720-726 
cost of, 231-232 
full-state control design, 763 
negative, 3,6 
Positive, 32 
of state variables, 782,784 
Feedback control system, and 
disturbance signals, 220-225 
feedback function, 111-113, 968 
Feedback signal, A measure of 
the output of the system used 


as feedback to control the 
system, 3,40,110 
Feedhack systems, history of, 4 
Final value, The value that the 
output achieves after all the 
transient constituents of the 
response have faded. Also 
referred to as the steady-state 
value, 54 
of response of y(t), 54 
Final value theorem, The theo- 
rem that states that im, y(t) 
= lim sY(s), where Y (s) is 
the Laplace transform of 
y(t), 54 
Flow graph. See Signal-flow graph 
Flyball governor, A mechanical 
device for controlling the speed 
of a steam engine, 4-5,40 
Forward rectangular integration, 
A computational method of 
approximating the integra- 
tion of a function given by 
x(kT) = x((k-1)T) 
+Tx((k —1)T), where 
t = kT, Tis the sample time, 
and k = 1,2,..., 925,950 
Fourier transform, The transfor- 
mation of a function of time, 
f(t) into the frequency 
domain, 496 
Fourier transform pair, A pair of 
functions, one in the time 
domain, denoted by f(t), and 
the other in the frequency 
domain, denoted by F (ja), 
related by the Fourier trans- 
form as F(jw) = ¥{f(t)}, 
where denotes the 
Fourier transform, 495-496, 
566 
Frequency response, The stcady- 
state response of a system 
to a sinusoidal input 
signal, 494,566 
closed-loop, 594 
Measurements, 517-519 
plots, 497-501, 566 
using control design software, 
534 $ 


Full-state feedback control law, 
A control law of the form 
u = —Kx where x is the state 
of the system assumed known 
at all times, 26,757 

Fundamental matrix, 151. See 
also Transition matrix 

Future evolution of control 
systems, 24 


Gain margin, 622-623, 632,665 
The reciprocal of the gain 

G(s)G(s) at the frequency at 
which the phase angle reaches 
180°, 588-589 

Gap, The void between what is 
intended (or visualized) as the 
product or device and the actu- 
al, practical form of the final 
design, 16 

Gear train, 67,70 

Graphical evaluation of residues 
of F(s), 53 

Graphics in MATLAB, 953, 
961-964 

Gun controllers, 7 

Gyroscope, 205 


Hand, robotic, 11, 14,36 
Helicopter control, 472- 473, 480 
Help, 976 
High-fidelity simulations. 90 
History of automatic contro}, 4 
Home appliances, 24 
Homogeneity, The property of a 
linear system in which the 
system response, y(t), to an 
input u(t) leads to the 
response By(z), when the 
input is u(t), 47-48, 143 
Hubbie telescope, 315-319 
Hurwitz, Routh- stability 
criterion, 360-368, 373, 
382-384, 406 
Hybrid fuel vehicles, 21,40 
Hydraulic actuator, 66,69, 129, 
812 


Impulse signal, 278 
Index of performance, 303,783 
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Input feedforward canonical 
form, A canonical form 
described by n feedback 
loops involving the a,, coeffi- 
cients of the n-th order de- 
nominator polynomial of the 
transfer function and feed- 
forward loops obtained by 
feeding forward the input 
signal, 161-162, 211 

Input signals, 278 

Instability, An attribute of a 
system that describes a 
tendency of the system to 
depart from the equilibrium 
condition when initially 
displaced, 276 

in cost of feedback, 231 

Insulin delivery system, 27-28 

Integral of absolute magnitude of 
error, 304 

Integral of square of error, 303 

Integral of time multiplied by 
absolute error, 304 

optimum coefficients of T(s) 
for, 308,312 

Integral of time multiplied by error 
squared, 304 

Integral operator, 52 

Integrating filter, 68 

Integration network, A network 
that acts, in part, like an 
integrator, 674 

Interactive Window, 972 

Internal model design, A method 
of tracking reference inputs 
with guaranteed steady-state 
tracking errors, 793-794, 826 

Internal model principle, The 
principle that states that if 
G,(s)G(s) contains the input 
A(s), then the output y(t) 
will track r(¢) asymptotically 
(in the steady-state) and the 
tracking is robust, 793, 899 

Internal Revenue Service, 14 

Inverse Laplace transform, 50, 
52, 54-55 

Inverted pendulum, 169,766, 
775, 778, 818, 820 

ISE, 303,344 


ITAE, 304 
optimal coefficients of T(s), 

308, 312 

ITSE, 304 


Jordan canonical form, A block 
diagonal canonical form for 
systems that do not possess dis- 
tinct system poles, 166,211 


Kalman state-space decomposi- 
tion, A partition of the state 
space that illuminates the 
states that are controllable 
and unobservable, uncontrol- 
lable and unobservable, con- 
trollable and observablc, and 
uncontrollable and 
observable, 758,761,826 

Kirchhoff voltage laws, 147 


Laboratory robot, 98-99 

Lag network. See Phase lag 
network 

Laplace transform, A transfor- 
mation of a function f(t) 
from the time domain into the 
complex frequency domain 
F(s), 42,50-57, 143, 145 

Laplace transform pair, A pair 
of functions, one in the time 
domain, denoted by f(t), and 
the other in the frequency 
domain, denoted by F(s), re- 
lated by the Laplace trans- 
form as F(s) ~ £{f(t)}, 
where £ denotes the 
Laplace transform, 
51, 495-496, 566 

Laser manipulator control 
system, 447-448 

Lead network. See Phase lead 
network 

Lead-lag network, A network 
with the characteristics of 
both a lead network and a lag 
network, 700 

Linear approximation, An ap- 
proximate model that results 
in a linear relationship be- 
tween the output and the 
input of the device, 49,143 
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Linear approximations of physical 
systems, 47-50 

Linear quadratic regulator, An 
optimal controller designed 
to minimize the quadratic 


performance index 
0 


J= (x"Qx + oT Ru) dt, 


where Q and R are design 
parameters, 791,826 
Linear systems, 47-48, 143 
simplification of, 312, 332 
Linearized, Made linear or 
placed in a linear form; 
Taylor series approximations 
are commonly employed to 
obtain linear models of 
physical systems, 42,143 
Locus, A path or trajectory that 
is traced out as a parameter is 
changed, 408,491 
Logarithmic (decibel) measure, 
A measure of the gain margin 
defined as 20 logyo(1/d), 


1 1 
where — = ———— 

d |GH(je)| 
when the phase shift is 


—180°, 588, 665 
Logarithmic magnitude, The 
logarithm of the magnitude 
of the transfer function 
20 logis |G|, 503-506, 522, 
550-551, 566 
Logarithmic plot, 500-501. See 
also Bode plot 
Logarithmic sensitivity, A mea- 
sure of the sensitivity of the 
system performance to specific 
parameter changes, given by 
aT (s)/T(s) 
aK/K 
T(s) is the system transfer 
function and K is the parame- 
ter of interest, 437, 491-492 
Log-magnitude-phase diagram, 
589 
Loop on signal-flow graph, 77 
Loss of gain, A reduction in 
the amplitude of the ratio of 
the output signal to the 


S(s) = , where 
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input signal through a 
system, usually measured 
in decibels, 276 
in cost of feedback, 231 
Low-fidelity simulations, 90 
Low-pass filter, 99-102 
isim function, 192, 193, 329, 331, 
332, 825, 936, 968 
Lunar landing vehicle, 734 


M circles, 597 
Magnetic levitation, 131,742,896 
Magnetic tape transport, 474 
Manual control system, 10 
Mapping of contours in the 
s-plane, 569 
Margin, gain, 588-589, 622-623, 
632, 665 
phase, 589,593, 622-623, 632, 
666, 920-921 
margin function, 621,754, 968 
Marginally stable, A system is 
marginally stable if and only 
if the zero input response 
remains bounded as t > 00, 
359, 406 
Mars rover, 235, 403, 486, 896 
Mason, 76 
Mason loop rule, A rule that 
enables the user to obtain a 
transfer function by tracing 
paths and loops within a 
system, 143 
Mason’s signal-flow gain formula, 
77, 88, 128, 156, 172 
Mathematical models, Descrip- 
tions of the behavior of a 
system using mathematics, 
42, 143 
Mathematical models of systems, 
41-120 
MathScript, 971-992 
Functions and scripts, 984 
MATLAB, 953 
basics, 953-970 
Bode plot, 534 
control system characteristics, 
246 
functions, 966, 968-969 
graphics, 953, 961-964 
mathematical functions, 955 


plots, 962 
scripts, 953, 964-967 
simulation of systems, 102 
and state variables, 189 
symbols, 967 
and system performance, 329 
Matrices for MathScript, 978-980 
Matrices for MATLAB, 959-960 
Matrix exponential function, An 
important matrix function, 
defined ase™ = I + At + 
(At)7/2! + + (ADEK ++, 
that plays a role in the solution 
of linear constant coefficient 
differential equations, 150, 
211 
Maximum overshoot, 283 
Maximum value of the frequency 
response, A pair of 
complex poles will result 
in a maximum value for 
the frequency response 
occurring at the resonant 
frequency, 508,519, 566 
Maxwell, J.C., 5,8 
Mechatronic systems, 20-24 
Metallurgical industry, 13 
Microcomputer, A small personal 
computer (PC) based on a mi- 
croprocessor, 902,950 
Micro-electromechanical systems 
(MEMS), 21 
Minicomputer, A stand-alone 
computer with size and perfor- 
mance between a microcom- 
puter and a large mainframe. 
The term is not commonly 
used today, and computers in 
this class are now often known 
as mid-range servers, 902,950 
Minimum phase, All the zeros of 
a transfer function lie in the 
left-hand side of the s-plane, 
511, 566 
Minorsky, N., 121 
Mobile robot, 298 
Model creation, Simulink, 985 
Model of, DC motor, 62 
epidemic disease, 167-168, 372 
hydraulic actuator, 66,69, 
129,812 


inverted pendulum and cart, 
169, 766, 775, 778, 818, 820 
Motor,DC, 142 
Multiloop reduction, 113 
Multiple loop feedback system, 75 
Multiplicative perturbation, 
A system perturbation model 
expressed in the multiplica- 
tive form 
G,,{s) = G(s)[1 + M(s)], 
where G(s) is the nominal 
plant, M(s) is the perturba- 
tion that is bounded in mag- 
nitude, and G(s) is the 
family of perturbed plants, 
834, 835, 899 
Multivariable control system, 
A system with more than one 
input variable and more than 
one output variable, 3,40 


N circles, 597 

Natural frequency, The frequency 
of natural oscillation that oc- 
curs for two complex poles 
when the damping equals 
zero, 54,143,566 

Necessary condition, A condi- 
tion or statement that must 
be satisfied to achieve a de- 
sired effect or result. For ex- 
ample, for a linear system it is 
necessary that the input 
u(t) + u(t) results in the 
response y(t) + y2(t), where 
the input w(t) results in the 
response y,(f) and the input 
i(t) results in the response 
y(t), 47,143 

Negative feedback, The output 
signal is fed back so that it 
subtracts from the input 
signal, 3,40 

ngrid function, 621, 624,969 

Nichols chart, A chart display- 
ing the curves for the 
relationship between the 
open-loop and closed-loop 
frequency response, 
597-601, 621, 624-626, 632, 
665, 870 
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nichols function, 621,624,969 

Nodes of signal flow graph, 77 

Noise, 214-216, 220-225, 231, 
239, 241, 256-259, 269-275 

Nomenclature, 45 

Nonminimum phase, Transfer 
functions with zeros in the 
right-hand s-plane, 510-511, 
513-514, 566 

Nonunity feedback systems, 
300-303 

Nuclear reactor controls, 32, 200 

Number of separate loci, Equal to 
the number of poles of the 
transfer function assuming that 
the number of poles is greater 
than the number of zeros of 
the transferfunction, 415 

Numerical experiments, 90 

Nyquist, H., 568 

Nyquist contour, 575 

Nyquist criterion, A feedback 
control system is stable if, and 
only if, for the contour in the 
G,(s)G(s) plane the number 
of counterclockwise encir- 
clements of the (—1, 0) point 
is equal to the number of 
poles of G,(s)G(s) with posi- 
tive real parts, 567, 568, 
575-586, 601, 632, 665-666 

nyquist function, 621,969 

Nyquist stability criterion, A 
feedback system is stable if, 
and only if, the contour in the 
G,(s)G(s) plane does not en- 
circle the (—1, 0) point when 
the number of poles of 
G,{s)G(s) in the right-hand 
s-plane is zero., 567, 568, 
575-586, 601, 632, 665-666 


Observability, 757-763 

Observability matrix, A linear 
system is (completely) observ- 
able if and only if the observ- 
ability matrix P, = [C7(CA)? 
(CA2)’... (CA”)" JT has full 
rank, where A is an nxn 
matrix; for single-input, 


single-output linear systems, 
the system is observable if and 
only if the determinant of the 
nxn observability matrix P, is 
nonzero, 761,827 

Observable system, A system 
with an output that possesses 
a component due to each 
state variable, 760 

Observer, A dynamic system 
used to estimate the state of 
another dynamic system 
given knowledge of the sys- 
tem inputs and measurements 
of the system outputs, 827 

Observer design, 769-772 

Octave of frequencies, 503,520 

Open-loop control system, A 
system that utilizes a device 
to control the process with- 
out using feedback, 2-3, 
40, 218 

Operational amplifier, 729,878 

Operators, differential and 
integral, 50 

Optimal coefficients of T (s) for 
ITAE, 308,312 

Optimal control system, A sys- 
tem whose parameters are 
adjusted so that the perfor- 
mance index reaches an 
extremum value, 781-791, 
827 

Optimization, The adjustment of 
the parameters to achieve the 
most favorable or advanta- 
geous design, 17,40 

Optimize parameters, 17 

Output equation, The algebraic 
equation that relates the state 
vector, x, and the inputs, u, to 
the outputs, y, through the rela- 
tionship y = Cx + Du, 149, 
211 

Overdamped, The case where the 
damping ratio is ¢ > 1, 
103, 143 

Overshoot, The amount the 
system output response 
proceeds beyond the desired 
response, 249 
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Padé approximation of a time 
delay, 604-606, 621 

pade function, 621,626, 898, 969 

Parabolic input signal, 279 

parallel function, 110, 113, 969 

Parameter design, A method of 
selecting one or two parame- 
ters using the root locus 
method, 432,492 

Parameter variations and system 
sensitivity, 217 

Parkinson, D. B., 7 

Path on signal-flow graph, 77 

Peak time, The time for a system 
to respond to a step input 
and rise to a peak response, 
283, 353 

Pendulum oscillator, 49 

Percent overshoot, 283,353 

for a second-order system, 286 

Performance index, A quantitative 
measure of the performance of 
asystem, 303-312, 353 

Performance of a control 
system, 277 

Performance specifications in the 
frequency domain, 519,682 

Phase-lag compensation. A 
widely-used compensator 
that possesses one zero and 
one pole with the pole closer 
to the origin of the s-plane. 
This compensator reduces 
the steady- state tracking er- 
Tors, 674 

Phase-lag network, A network 
that provides a negative 
phase angle and a significant 
attenuation over the 
frequency range of 
interest, 674-675, 755 

Phase-lead compensation, 
A widely-used compensator 
that possesses one zero and 
one pole with the zero closer 
to the origin of the s-plane. 
This compensator increases 
the system bandwidth and 
improves the dynamic 
response, 670-673,729 
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Phase-lead nctwork, A network 
that provides a positive 
phase angle over the 
frequency range of 
interest, 671 

Phase lock loop (detector), 397 

Phase margin, The phase angle 
through which the G.G(jw) 
locus must be rotated so that 
the unity magnitude point 
passes through the (—1, 0) 
point in the G.G(jw) plane, 
589, 593, 622-623, 632, 666 

Phase variable canonical form, 
A canonical form described 
by n feedback loops 
involving the a, coefficients 
of the n-th order denomina- 
tor polynomial of the 
transfer function and m 
feedforward loops involving 
the bm coefficients of the 
m-th order numerator 
polynomial of the transfer 
function, 158,211 

Phase variables, The state 
variables associated with the 
phase variable canonical 
form, 158 

Physical state variables, 

147-148 

Physica! variables, The state 
variables representing the 
physical variables of the 
system, 165-166, 211 

PID controller, A widely used 
controller used in industry of 
the form G.(s) = K, + 


= + Kps, where Kp is the 
proportional gain, X; is the 
integral gain, and Kp is 
the derivative gain, 
444-447, 492, 899, 950 
in frequency domain, 620-621 
Plant, 12, See Process 
Plotting using MATLAB, 116, 
962, 969 
Polar plot, A plot of the real 
versus the imaginary part of 
G,G(jw), 497,566 


Pole placement, A design 
methodology wherein the 
objective is to place the 
eigenvalues of the closed- 
loop system in desired 
regions of the complex 
plane, 758,827 

Poles, The roots of the denomi- 
nator polynomial (i.e., the 
roots of the characteristic 
equation) of the transfer 
function, 52-53,143 

Pole-zero map, 106-108 

Political feedback model, 15 

poly function, 104, 388, 824, 969 

polyval function, 105,969 

Polzunov, I., 5 

Pontryagin, L. S, 7-8 

Position error constant, K, 

The constant evaluated as 
lim G,G(s). The steady-state 
error for a step input (of 
magnitude A) is equal to 
A/(1 + Ky), 296,353 

Positive feedback, The output 
signal is fed back so that it 
adds to the input signal, 
40,75 

Potentiometer, 70 

Power plants, 12 

Precision, The degree of 
exactness or discrimiation 
with which a quantity is 
stated, 906,950 

Prefilter, A transfer function 
G,(s) that filters the input sig- 
nal R(s) prior to the calcula- 
tion of the error signal, 
702-705, 755, 899 

Principle of superposition, The 
law that states that if two in- 
puts are scaled and summed 
and routed through a linear, 
time-invariant system, then 
the output will be identical to 
the sum of outputs due to the 
individual scaled inputs when 
routed through the same 
system, 47,143 

Principle of the argument, 572. 
See also Cauchy’s theorem 

Printer belt drive, 183-189 


Process, The device, plant, or 
system under control, 40 

Process controller. See PID 
controller 

Productivity, The ratio of physi- 
cal output to physical input of 
an industrial process, 6,40 

Proportional plus deriviative (PD) 
controller, A two-term con- 
troller of the form 
G,(s) = Kp + Kps, where Kp 
is the proportional gain and 
Kp is the derivative gain, 
445,492,755 

Proportional plus integral (PI) 
controller, A two-term 
controller of the form 


Kı 
G(s) = K, + E where K, 


is the proportional gain and 
K; is the integral gain, 445, 
492, 689, 755 
Pseudo-quantitative feedback 
system, 870-871 
pzmap function, 106-107, 141, 
969 


Rack and pinion, 67,71 
Ramp input, optimum coefficients 
of T(s), 312 
steady-state error, 297 
test signal equation, 279 
Reference input, The input to a 
control system often repre- 
senting the desired output, 
denoted by R(s), 110,143, 
779-781 
Regulator problem, 764 
Regulatory bodies, 14 
Relative stability, The property 
that is measured by the rela- 
tive real part of each root or 
Pair of roots of the character- 
istic equation, 356, 368, 406 
by the Nyquist criterion, 
586-593 
by the Routh-Hurwitz criterion, 
368 
Remote manipulators, 205,738 
Remotely operated vehicle, 
607-610, 607-629 
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Residues, The constants k; asso- 
ciated with the partial frac- 
tion expansion of the output 
¥(s), when the output is 
written in a residue-pole 
format, 53,55, 56, 143 

Resonant frequency, The fre- 
quency, w, , at which the maxi- 
mum value of the frequency 
response of a complex pair of 
poles is attained, 507-508, 
566 

Rise time, The time for a system 
to respond to a step input and 
attain a response equal to the 
magnitude of the input, 283, 
353 

Risk, Uncertainties embodied in 
the unintended consequences 
of the design, 16 

Robot, A programmable 
computer integrated with a 
reprogrammable, multifunc- 
tional manipulator used for a 
variety of tasks, 10-11, 40 

design of laboratory, 98 
mobile, steering control, 331 

Robot control system, 448-452 

Robust control, A system that 
exhibits the desired 
performance in the 
presence of significant 
plant uncertainty, 

8, 828-900 
using contro] design software, 
871-875 

Robust PID control, 844-850 

Robust stability criterion, A 
test for robustness with 
respect to multiplicative 
perturbations in which 
stability is guaranteed if 

: 1 
< 
Mual < i+ aih 
all w, where M (s) is the mul- 
tiplicative perturbation, 
834-835, 899 

Root contours, The family of loci 
that depict the effect of vary- 
ing two parameters on the 
roots of the characteristic 
equation, 436,492 





for 


Root locus, The lacus or path of 
the roots traced out on the 
s-plane as a parameter is 
changed, 408—412, 492, 632, 
921-925 

angle of departure, 422 

asymptote, 415 

breakaway point, 418 

concept, 408-412 

of digital control systems, 921 

and sensitivity, 437-444 

steps in sketching, 424 

using control design software, 
458-463 

in the z-plane, 922-923 

Root locus procedure, The 
method for determining 
the locus of roots of the 
characteristic equation 
1+ KP(s) = 0 as K varies 
from 0 to infinity, 413-431 

parameter design, 431-436, 
492 

Root locus segments on the real 
axis, The root locus lying in 
a section of the real axis to the 
left of an odd number of poles 
and zeros, 414,416,492 

Root sensitivity, Thc sensitivity 
of the roots as a parameter 
changes from its normal 
value; or the incremental 
change in the root divided by 
the proportional change of 
the parameter, 437, 492, 
830, 900 

roots function, 107,383, 387-388, 
969 

Rotor winder system, 707-711 

Routh-Hurwitz criterion, A cri- 
terion for determining the 
stability of a system by exam- 
ining (he characteristic equa- 
tion of the transfer function, 
360-368, 373, 382-384, 406 

Routh-Hurwitz stability, 355 


Sampled data, Data obtained for 
the system variables only at 
discrete intervals; data 
obtained once every sampling 
period, 904,950 
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Sampled data system, A system 
where part of the system acts 
on sampled data (sampled 
variables), 904-907, 950 

Sampling period, The period 
when all the numbers leave or 
enter the computer; the period 
for which the sampled variable 
is held constant, 904,950 

Saving and loading data files, 988 

Script Editor window, MathScript, 
972 

Scripts, 953, 964 

comments, 965 

defined, 964 

header, 965 

invoking, 964 

TeX characters, use of, 965, 
967 

Second order system response, 
effects of third pole and zero, 
287-293 

Second-order system, perfor- 
mance of, 281-287 

Self-balancing scale, 427 

Semiconductors, 12 

Sensitivity. See also System 
sensitivity 

of control systems to parameter 
variations, 217-220 
of roots of control systems, 437 

Sensitivity function, The func- 
tion S(s) = 
(1 + G(s)G(s)]"! that satis- 
fies the relationship 
S(s) + C(s) = 1, where C(s) 
is the complementary sensi- 
tivity function, 216,221,224, 
243, 256, 834, 900 

Separation principle, The full- 
state feedback law and the ob- 
server can be designed 
independently and when 
connected will function as 
an integrated control system 
in the desired manner (i.e., 
stable), 763,774, 827, 

Sequential design example, 

28-30, 117-119, 192-196, 
251-255, 333-337, 390-393, 
463-465, 629-632, 726-728, 
810-812, 876-878, 940-941 
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Series connection, 109 
series function, 109, 112, 113, 
969 
Settling time, The time required 
for the system output to 
settle within a certain 
percentage of the input 
amplitude, 284 
Ship stabilization, 261,736 
Signal-flow graph, A diagram 
that consists of nodes con- 
nected by several directed 
branches and that is a graphi- 
cal representation of a set of 
linear relations, 76-82 
and block diagram models, 
154-165 
models, 76 
Simplification of linear systems, 
312 
Simulation, A model of a systein 
used to investigate the 
behavior of a system by 
utilizing actual input 
signals, 90, 102-116, 143 
Social feedback model, 15 
Space shuttle, 554-555, 647-649, 
942-943 
Space station, 176-182 
Space telescope, 853-856 
Spacecraft, 122, 141, 176 182 
Specifications, Statements that 
explicitly state what the de- 
vice or product is to be and is 
to do; a set of prescribed per- 
formance criteria, 16,40 
Speed control system, 221-223, 
226-228, 246-248, 263, 266, 
270, 271 
for automobiles, 263 
for power generator, 
473-474 
for steel rolling mill, 221 
s-plane, The complex plane 
where, given the complex num- 
bers = œ + jw, the x-axis (or 
horizontal axis) is the s-axis, 
and the y-axis (or vertical axis) 
is the jw-axis, 143 
Spring-mass-damper system, 
103-106 


Stability, A performance 
measure of a system; a 
system is stable if all the 
poles of the transfer function 
have negative real parts, 
356, 406 

in the frequency-domain, 
567-666 

of linear feedback systems. 
355-406 

of state variable systems, 
370-373 

for unstable process, 388 

using the Nyquist criterion, 
575 

using the Routh-Hurwitz 
criterion, 360-368, 373, 
382-384 

Stabilizable, A system in which 
the states that are not control- 
lable are naturally stable, 

758, 827 

Stabilizing controller, A con- 
troller that stabilizes the 
closed-loop system, 775, 
827 

Stable system, A dynamic sys- 
tem with a bounded system 
response to a bounded 
input, 356,406 

State differential equation, The 
differential equation for the 
state vector: x = Ax + Bu, 
149-154, 211 

State of a system, A set of num- 
bers such that the knowledge 
of these numbers and the 
input function will, with the 
equations describing the dy- 
namics, provide the future 
state of the system, 

145-148, 211 

State transition matrix, ®(t), 
The matrix exponential func- 
tion that describes the un- 
forced response of the 
system, 151,211 

State variable models, 143 

State variable system design using 
control design software, 
804-810 


State variables, The set of 
variables that describe the 
system, 144 211 

of adynamicsystein, 145-148 

State vector, The vector matrix 
containing all n state vari- 
ables, .x;,%2,---,%,, 149,211 

State-space representation, A 
time-domain mode] com- 
prised of the state differential 
equation, x = Ax + Bu, and 
the output equation, 
y= Cx + Du, 150, 
190-192, 211 

State-variable feedback, When 
the control signal] for the 
process is a direct function of 
all the state variables, 206, 
211,827 

Steady state, The value that the 
output achieves after all 
the transient constitucnts 
of the response have faded. 
Also referred to as the final 
value, 54,143 

of response of y(t), 54 

Steady-state error, The error 
when the time period is large 
and the transient response 
has decayed, leaving the con- 
tinuous response, 228-231 

of feedback control system, 
295 

Steady-state response, The 
constituent of the system 
response that exists a long 
time following any signal 
initiation, 278,353 

Steel rolling mill, 13,221,602-604, 
659, 662, 883, 885 

Steering control system, of anto- 
mobile, 9,561 

of mobile robot, 298 
of ship, 651 
Step input, 295-297 
optimum coefficients of 7(s). 
308 
steady-state error, 295 
test signal equation, 278 

Submarine control system, 200, 

202-203 


Index 


Superposition, principle of, 47 
Syinbols,in MATLAB, 967 
used in book, 45 
Syntax, 977 
Synthesis, The process by which 
new physical configurations 
axe created. The combining of 
separate elements or devices to 
form a coherent whole, 17,40 
sys function, 106, 109-110 
System, An interconnection of 
elements and devices for a 
desired purpose, 2 
System sensitivity, See also 
Sensitivity 
The proportional change of the 
transfer function of a system 
to a proportional change 
in the system parameter, 900 
Systems with uncertain 
parameters, 836 


Tables, of differential equations 
for elements, 44 
of Laplace transform pairs, 51 
through- and across-variables 
for physical systems, 43 
of transfer function plots, 
633-640 
of transfer functions, 68-71 
Tachometer, 70 
Tacoma Narrows Bridge, 357-359 





Taylor series, A power series 
defined by g(x) = 
© pf) X 
>; gio) (x — xo)”. For 
mao m! 


m < 00 series is an approxi- 
mation which is used to 
linearize functions and 
system models, 48-49, 143 
Test input signal. An input sig- 
nal used as a standard test of 
a system’s ability to respond 
adequately, 278-281,353 
Thermal heating system, 71 
Three-term controller. See PID 
controller 
Through-variable, 42-43, 45 
Time constant, The time interval 
necessary for a system to 


change from one state to 
another by a specified per- 
centage. For a first order sys- 
tem, the time constant is the 
time it takes the output to 
manifest a 63.2% change due 
to a step input, 58,143 
Time delay, A pure time delay, 
T, so that events occurring at 
time ¢ at one point in the sys- 
tem occur at another point in 
the system at a later time, 
(t+ T), 601-606, 666 
Time domain, The mathematical 
domain that incorporates the 
time response and the descrip- 
tion of a system in terms of 
time,#, 145,211 
design, 757 
Time-domain specifications, 329 
Time response, by a discrete-time 
evaluation, 171 
and state transition matrix, 
172-175 
Time-varying control system, A 
system for which one or more 
parameters may vary with 
time, 145 
Tracked vehicle turning control, 
373-375, 384-387 
Tradeoff, The need to make a 
judgment about how much 
compromise is made between 
conflicting criteria, 1, 16,40 
Transfer function in the frequency 
domain, Thc ratio of thc 
output to the input signal 
where the input is a sinusoid, 
expressed as G(jw), 500, 
566 
Transfer function(s), The ratio 
of the Laplace transform of 
the output variable to the 
Laplace transform of the 
input variable, 57,143 
of complex system, 82 
of DC motor, 62 
of dynamic elements and 
networks, 68-71 
of hydraulic acluator, 66 
of interacting system, 79 


1017 


of linear systems, 57 
in m-file script, 106 
minimum phase and nonmini- 
mum phase, 511 
of multiple-loop system, 81 
table of dynamic elements and 
networks, 68-71 
Transient response, The con- 
stituent of the system re- 
sponse that disappears with 
time, 225,276, 278. 354 
relationship to the root loca- 
tion, 293 
of a second-order system, 282 
Transition matrix, ®(/), The ma- 
trix exponential function that 
describes the unforced 
response of the system, 
151,211 
evaluation by signal flow graph 
methods, 173 
Twin-T network, 510 
Type number, The number, N, of 
poles of the transfer function, 
G(s)G(s), at the origin. 
G,(s)G(s) is the forward path 
transfer function, 206,298, 
354 


Uncertain parameters, 836 

Underdamped, The case where 
the damping ratio is < 1, 
46, 103, 143 

Unit impulse, A test input con- 
sisting of an impulse of infi- 
nite amplitude and zcro 
width, and having an area of 
unity; used to determine the 
impulse response, 354 

Unity feedback. A feedback 
control system wherein the 
gain of the feedback loop is 
one, 110,143 

Unmanned aerial vehicles 
(UAVs), 15 

Unstable system, 357 


Variables for physical systems, 43 

Velocity error constant, K,, The 
constant evaluated as limit 
for a type one system. The 


Index 
steady state error for a ramp 
input for a type one system is 
equal to A/K,, 297,354 

Velocity input, 297 

Vertical takeoff aircraft (VTOL), 
394, 646, 824 

Viscous damper, 45 

Vyshnegradskii, I.A., 5 


Water clock, 4 
Water level control, 4-5,33, 
86-93, 136 


Watt. James, 4.8 

Welding control, 367-368 

Wind power, 22-23 

Worktable motion control, 
928-934 


X-Y plotter, 711-713 
Zero-order hold, A mathemati- 


cal model of a sample and 
data hold operation whose 
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input-output transfer function 


is represented by 
L-e 

G,(s) = — oO 906-950 
Zeros, The roots of the numera- 

tor polynomial of the transfer 

function, 52-53, 143 
Z-plane root locus, 922-923 
Z-transform, 907-912, 950 








Design Process 





If the performance does not meet the 
specifications, then iterate the configuration. 





| Establish the control goals a 


—— 


Identify the variables to be controlled 


L 


Write the specifications 
























Establish the system configuration 


l 


Obtain a model of the process, the 
actuator, and the sensor 


ł 


Describe a controller and select key 
parameters to be adjusted 

















i 


Optimize the parameters and 
analyze the performance 


> 














EXAMPLES 


CRU ODoOEBOD oOo o 


Insulin delivery control system (Section 1.8) 

Fluid flow modeling (Section 2.8) 

Space station orientation modeling (Section 3.8) 
Blood pressure control during anesthesia (Section 4.8) 
Attitude control of an airplane (Section 5.9) 
Robot-controlled motorcycle (Section 6.5) 
Automobile velocity control (Section 7.7) 

Control of one leg of a six-legged robot (Section 8.6) 
Hot ingot robot control (Section 9.8) 

Milling machine control system (Section 10.12) 
Diesel electric locomotive control (Section 11.9) 
Digital audio tape controller (Section 12.8) 
Fly-by-wire aircraft control surface (Section 13.10) 


(1) Establishment of goals, 


variables to be controlled, 


and specifications. 


(2) System definition 
and modeling. 


(3) Control system design, 


simulation, and analysis. 


Tf the performance meets the specifications, 
then finalize the design. 


27. 

83 
176 
237 
319 
375 
452 
526 
610 
714 
798 
861 
928 








Selected Tables and Formulas for Design 
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A second-order 
closed-loop 
system 





UNIT STEP RESPONSE CLOSED-LOOP MAGNITUDE PLOT 
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Rise dine Peak time Settling time 
~ Settling time (to within 2% of the final value) _! Maximum magnitude (¢ = 0.7) 
E 
w E 
2 Percent overshoot 
M,=1+ eI | and 1007! 
| Time-to-peak 2 Resonant frequency (¢ = 0.7) 
_ T o, = o, V1- 22 
Yi = 
-2 Rise time (time to rise from 10% to . Bandwidth (0.3 = ¢ = 0.8) 





90% of final value) 
wg = (—1.196% + 1.85), 











(0.3 = č = 08) 








K s+ z)(s t+ z 
PID Controller: | G(s) = Kp + Kps +" = e 
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